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Applications of Differentiation 

Learn the notions of local and absolute extrema. 

Find the critical points of a given function. 

Find the local extrema of a given function. 

Find the absolute extrema of a given function. 
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Find Critical Numbers  
 

 

 

 

 

 

 

 

4x+3  -2f(x)=x 2) 

 

 

 

 

 

 

 +5 23x-33)  f(x)=x 

  

 

 

 

 

Critical Numbers 



 

x4) f(x)=xe 

 

 

 

 

 

 

5) f(x)= √𝒙𝟐 − 𝟐𝒙
𝟑

 

 

 

 

 

 

 

 

 

6) f(x)= x-
𝟏

𝒙
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Finding the absolute extrema of a continuous function on a closed interval 
1- Find all critical numbers in the interval and compute the function values at these points   

2-Compute function values at the endpoints 

3-The largest  of these function value is the absolute maximum, and the smallest of these 

function values is the absolute minimum. 

 

 

Absolute Extremum  



 

Find the absolute extrema  

 

 

 

 

 

 

 

  𝒙 ∈ [−𝟎 , 𝟑]    4x+3 -22)  f(x)=x 

 

  

 

 

 

 

 

    𝒙 ∈ [−𝟐 , 𝟐]             3x+5 -33)  f(x)=x 

 

 

 

 

 

 

 

 

 

 

 

 



 

4) f(x)= √𝒙𝟐 − 𝟐𝒙
𝟑

           𝒙 ∈ [−𝟐 , 𝟏] 

 

 

 

 

 

 

 

 

 

5) f(x)= |𝒙 − 𝟏|               𝒙 ∈ [−𝟑 , 𝟐] 

 

 

 

 

 

 

 

 

6)   𝒇(𝒙) = 𝒔𝒊𝒏𝒙 + 𝒄𝒐𝒔𝒙 on interval [𝟎, 𝟐𝝅] 

 

 

 

 

 

 

 

 



 

 

 

 

increasing and decreasing functions. 

local extrema 

 

• Identify increasing and decreasing functions. 

• Find the local extrema of a given function using the First Derivative Test. 
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Definition  

(i) 𝒇(𝒄) is the local maximum of 𝒇 if 𝒇(𝒄) ≥ 𝒇(𝒙) for all 𝒙 in some open 

interval containing 𝒄 

(ii) 𝒇(𝒄) is the local minimum of 𝒇 if 𝒇(𝒄) ≤ 𝒇(𝒙) for all 𝒙 in some open 

interval containing 𝒄 
In either case, we call f(c) a local extremum of 𝒇. 

 

Increasing and Decreasing Functions and local extremum 



 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

THEOREM 4.1 
Suppose that 
f is differentiable on an interval I. 

• (i) If 𝒇′(𝒙) > 𝟎 for all x ε I, then f is increasing on I. 

• (ii) If 𝒇′(𝒙) < 𝟎 for all x ε I, then f is decreasing on I. 

 

 

 

 

 

 

 

 

 

 

𝟐) 𝒇(𝒙) Is decreasing on… 

𝒇(𝒙)  𝟏) 𝒇(𝒙) Is increasing on …. 

𝟑) 𝑻𝒉𝒆 𝒗𝒂𝒍𝒖𝒖𝒆𝒔 𝒐𝒇  𝒙 𝒘𝒊𝒄𝒉  𝒇(𝒙) 

has a local maximum are …. 

𝟒) 𝑻𝒉𝒆 𝒗𝒂𝒍𝒖𝒖𝒆𝒔 𝒐𝒇  𝒙 𝒘𝒊𝒄𝒉  𝒇(𝒙) 

has a local minimum are …. 



 

Determine intervals of increasing and decreasing  and the local extremum 

6x+5  -3f(x)=2x 1)   

 

 

 

 

 

 

 

 

+1  23x-3f(x)=x 2)   

 

 

 

 

 

 

 

f(x)=
𝒙

𝒙𝟐+𝟏
   3)   

 

 

 

 

 

 

 

 

 



 

 

 xf(x)=xe 4)   

 

 

 

 

 

 

 

 

 

 

5) f(x)= 2sinx-x+2          𝒙 ∈ [𝟎, 𝟐𝝅] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

Concavity and the Second Derivative Test 

 

• Determine the concavity of a function using the first and second derivatives. 

• Learn the notion of an Inflection Point and find one. 

• Find the local extrema of a function using the Second Derivative test. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

United Arab Emirates    Emirates school establishment    Education Council 3 / Domain 5           

   Almahmood school                                                                             12 Advanced 

DEFINITION 5.1 
For a function  𝒇 that is differentiable on an interval 

 i) The graph of 𝒇 is  concave up on I if 𝒇′ is increasing on I or 

(ii)Concave down on I if 𝒇′ is decreasing on I

 
 

 

 

 

 

 

 

Concavity 



 

 

The figure shown is F(x)  

1)   F(x) concave up on …… 

2)   F(x) concave down on …… 

3)  The inflection points of F(x) is  …… 

 

 

 

 

 

The figure shown is g(x)  

1)   g(x) concave up on …… 

2)   g(x) concave down on …… 

3)  The inflection points of g(x) is  …… 

 

 

 
 

 

 

 

 

 



 

Determine where the graph of 𝒇(𝒙) is concave up and concave down, find any inflection points 

9x+10-26x-3F(x)=2x   (1 

 

 

 

 

 

 

 

2)  F(x)=x4-6x2-x+10 

  

 

 

 

 

 

 

𝟑)   𝒇(𝒙) = 𝒙𝒆−𝟒𝒙 
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second derivative test                     



 

Find the extrema points using the second derivative test 

+532x-31 ) f(x)= x 

 

 

 

 

 

 

 

 

+102x+434x-4) f(x)= x 2 

 

 

 

 

 

 

 

 

 

 f(x) has acritical points at x=2 , x= 3  5 ,-(x)=2x//3) If f 

1) f(x) has local maximum value at x= …… 

2) f(x) has local minimum value at x= …… 
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The figure represent f(x) on  [ -4  ,  4  ]  

       1) Critical numbers are … 

 2) Intervals of increasing for f(x) are … 

3) Intervals of decreasing f(x) are … 

4) The absolute maximum for f(x)---- 

5) The absolute minimum for f(x)---- 

6) The values of x where f(x) has a local maximum are ….. 

7) The values of x where f(x) has a local minimum are ….. 

8) The intervals of concaving up for f(x) are … 

9) The intervals of concaving down for f(x) are … 

10) The infliction points are ….. 

is …. 2)-(//) . f 2-( /fof   11) The sign  

 

 

 

 

 

 

 

 



 

(x)/The figure represent f 

 where f(x) is continues  

       1) Critical numbers for f(x)  are … 

 2) Intervals of increasing for f(x) are … 

3) Intervals of decreasing for f(x) are … 

4) The values of x where f(x) has a local maximum are ….. 

5) The values of x where f(x) has a local minimum are ….. 

6) The intervals of concaving up for f(x) are … 

 

7) The intervals of concaving down for f(x) are … 

 

8) The infliction points are ….. 

 

9) The sign of   f ( 3 ) - f (2) is …. 

 

 

 

 

 

 

 



 

(x)  where 7/The figure represent f

f(x) is continues  

1) The intervals of concaving up for 

f(x) are ….. 

2) The intervals of concaving down 

for f(x) are … 

3)The values of x where f(x) has infliction points are ---- 

(4)=0 /3)=f-(/4) If f 

f(x) has a local maximum value at x= …… 

f(x) has a local minimum value at x= …… 

 

 تمرين 

and has infliction point at   +kx+h has acritical point at x=1 ,2+bx3f(x)=xIf  

(1 ,10)  find b , k , h 
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Draw the graph of the function        

3x+5-3f(x)=x 

 

 

 

 

 

 

 

 

 

 

 

 

+534x-42) f(x)= x 

 

 

 

 

 

 

 

 

 

 

 

graphing  functions                     
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Draw a graph of 𝒇(𝒙) showing all significant features of the function          𝒇(𝒙) = 𝒙 +
𝟐𝟓

𝒙
 

 

 

 

 

 

 

 

 

 

 

 

Draw a graph of 𝒇(𝒙) showing all significant features of the function      

𝒇(𝒙) = (𝒙 + 𝟐) 𝟏/𝟓 + 𝟒 

 

 

 

 

 

 

 

 

 

 

 

Drawing  graph  of a  function 



 

s𝐤𝐞𝐭𝐜𝐡 𝐚 𝐠𝐫𝐚𝐩𝐡 𝐨𝐟 𝐚 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐩𝐫𝐨𝐩𝐞𝐫𝐭𝐢𝐞𝐬: 

𝒇(𝟎) = 𝟎, 𝒇′(𝒙) > 𝟎 𝒇𝒐𝒓 𝒙 < −𝟏 𝒂𝒏𝒅 − 𝟏 < 𝒙 < 𝟏 ,  𝒇′(𝒙) < 𝟎 𝒇𝒐𝒓 𝒙 > 𝟏, 

 𝒇′′(𝒙) > 𝟎 𝒇𝒐𝒓 𝒙 < −𝟏,  𝟎 < 𝒙 < 𝟏𝒂𝒏𝒅 𝒙 > 𝟏  

,  𝒇′′(𝒙) < 𝟎 𝒇𝒐𝒓 − 𝟏 < 𝒙 < 𝟎 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

Optimization 

Solve mathematical and real-life optimization problems 
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Two positive numbers whose sum is 12 Find the two numbers when they 

have the  largest  product  

اوجد العددين ليكون حاصل ضربهما اكبر مايمكن  12عددان موجبان مجموعهما   

 

 

 

 

 

 

 

 

 

Two positive numbers whose product is 100 Find the two numbers to 

minimize their sum  

مجموعهما اقل ما يمكناوجد العددين ليكون  100حاصل ضربهما عددان موجبان   

 

 

 

 

 

 

 

 

Optimization                     



 

Two positive numbers whose sum is 12 Find the two numbers so that the 

sum of their squares is as small as possible 
 

 

 

 

 

 

 

 

 

 

Two positive numbers whose sum is 12 . Find the two numbers so that the 

product of one of them and the square of the other is as large as possible 
 

 

 

 

 

 

 

 

 

 

 



 

A rectangle has a perimeter of 20, find its dimensions to maximize its area 
 

 

 

 

 

 

 

For a rectangle whose area is 100 cm2, find its dimensions to minimize its 

perimeter  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

The sum of the length of its base and height in a right triangle is 10 cm 

Find its height so that its area is as large as possible 
 

 

 

 

 

 

Right-angled triangle with hypotenuse 10 cm Find its height so that its area 

is as large as possible 
 

 

 

 

 

 

 

a farmer, wants to fence-in a three-sided area next to river, using of the 

river as the fourth side of the rectangle.  If he has 𝟏𝟎𝟒 feet of available 

fencing, what  are the dimensions of  a maximum area rectangle 

 

 

 

 

 

 

 



 

A rope whose length is 12 cm is to be divided into two parts to make two 

squares. Find the length of each square so that the sum of their squares is 

as small as possible 

 

 

 

 

 

 

 

 

 

A circular sector with a perimeter of 12 cm Find its radius so that its area is 

as large as possible 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

A cone whose height and radius sum is 10. Find its height and volume as 

large as possible 

 

 
 

 

 

A cylinder has an outer area of 600π, find its dimensions to make it as large 

as possible 
 

 

 

 

The point (x,y) moves in the graph on the graph of the function f(x)=√x 

Find (x,y) to be as close as possible to the point (4,0). 
 

 

 

 

 

 

 

 

 

 

 



 

A factory produces x devices per day, and one device is sold at a price of 

200 dirhams. If the cost of producing devices is x2-10x + 100, find the 

number of devices manufactured to achieve the largest possible profit. 
 

 

 

 

 

 

 

 

 

 

A factory produces x devices per day, so if the cost of producing devices is 

x3-200 x 2 + 5000 x dirhams, find the number of devices manufactured to 

achieve the lowest possible average cost 
 

 

 

 

 

 

 

 

 

 



 

 

 

Related Rates 
• Solve mathematical and real-life problems on related rates. 
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A rectangle whose length increases at the rate of 2 cm/s and whose width decreases 

at the rate of 5 cm/s Find the rate of change in its area when its length becomes 10 cm 

and its width becomes 8 cm 
 

 

 

 

 

A triangle whose base length is twice its height, if its height increases at a rate of 2 

cm/s, find the rate of change in its area when its height becomes 10 cm 
 

 

 

 

 

 

 

A circle whose circumference increases at a rate of 2 cm/s Find the rate of change in 

its area when its radius becomes 10 cm 
 

 

 

 

 

 

Related Rates 

                     



 

A man moves north at a speed of 10m/s and another man moves from the same place 

eastward at a speed of 15m/s Find the rate of change between the two men when the 

first is 20m away and the second is 30m away from the intersection point 

 

 

 

 

 

 

 

A ladder of length 10m rests on a vertical wall. If the bottom of the ladder starts to 

slide away from the wall at a speed of 2m/s when the ladder becomes 8m away from 

the wall, find 

1) The speed of the top of the ladder  

2) The rate of change in the angle measure between the ground and the ladder 
 

 

 

 

 

 

 

 

 

 

 



 

A cylinder of ice is melting as its height is twice its radius. If its height changes at a 

rate of 2 cm/s, find the rate  of  change in its volume when the height becomes 10cm 
 

 

 

 

 

 

An ice cube melts as the length of its edge decreases at a rate of 2 cm/s Find the rate 

of change in its volume when its side length becomes 10 cm 
 

 

 

 

 

A water tank in the form of a circular cone with its top down, its height is twice its 

radius, and water is poured into it at a rate of 2 cm3/s. The velocity of water 

descending into the tank when its height becomes 10 cm equals 0.02 cm/s 
 

 

 

 

 

 

 

 

 



 

A spherical balloon into which air is pumped at a rate of 2 cm2/s Find the rate of 

change of its outer surface area when its radius becomes 10 cm 
 

 

 

 

 

 

The point (x,y) moves in the graphic plane on the curve of the function y=√x and x 

was increasing at a rate of 2cm/s Find the rate of change in the distance of the moving 

point from the point (4,0) when x=10 
 

 

 

 

 

 

A lamppost with a length of 6m a man is moving towards the pole at a speed of 2m/s. 

Find the rate of change in the length of the man's shadow 
 

 

 

 

 

 

 

 



 

 

 

 

Rates of Change in Economics and Sciences 

• Solve economical and scientific problems on extrema 
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Suppose that 𝑪(𝒙) = 𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎  is the total cost (in AED) for a company to 

produce 𝒙 units of a certain product. Compute the marginal cost at 𝒙 = 𝟏𝟎𝟎 and 

compare this to the actual cost of producing the 100
th

 unit. 

 

If the cost of manufacturing 𝒙 items is 𝑪(𝒙) = 𝒙𝟑 + 𝟐𝟎𝒙𝟐 + 𝟗𝟎𝒙 + 𝟏𝟓 (in AED), find 

the marginal cost function and compare the marginal cost at 𝒙 = 𝟓𝟎 with the actual 

cost of manufacturing the 50
th

 item. 

 

Rates of Change in Economics and Sciences 

                    



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Suppose that 𝑪(𝒙) = 𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎  is the total cost (in dollars) for a company to 

produce 𝒙 units of a certain product. Find the production level 𝒙 that minimize the average 

cost. 

  Find the production level that will minimize the average cost    𝑪(𝒙) = 𝟏𝟎𝒆𝟎.𝟎𝟐𝒙 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Suppose that 𝒇(𝒑) = 𝟒𝟎𝟎(𝟐𝟎 − 𝒑)is the demand for an item at price 𝒑 (in dirhams) with 

𝒑 < 𝟐𝟎  

a) Find the elasticity of demand. 
b) Find the range of prices for which 𝑬 < −𝟏. Compare this to the range of prices for 

which revenue is a decreasing function of 𝒑. 

Suppose that 𝒇(𝒑) = 𝟒𝟎𝟎(𝟐𝟎 − 𝒑)is the demand for an item at price 𝒑 (in dirhams) with 

𝒑 < 𝟐𝟎  

a) Find the elasticity of demand. 
b) Find the range of prices for which 𝑬 < −𝟏. Compare this to the range of prices for 

which revenue is a decreasing function of 𝒑. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In an autocatalytic chemical reaction, the reactants and the product are the same. The 

reaction continues until some saturation level is reached. From experimental evidence, 

chemists know that the rate of reaction is jointly proportional to the amount of the 

product present and the difference between the saturation level and the amount of 

the product. If initial concentration of the chemical is 0 and the saturation level is 1 

(100%).  The concentration 𝒙(𝒕) of the chemical satisfies the equation : 

 𝒙′(𝒕) = 𝒓𝒙(𝒕)[𝟏 − 𝒙(𝒕)],    where 𝑟 > 0 is a constant. 

Find the concentration of chemical for which  𝒙′(𝒕) is maximum.    



 

 

 

 

 

 

 

 

 

 

Find the value of 𝒙 at which the rate of change of 𝒑𝑯 is the smallest. Identify the 

corresponding point on the titration curve 

 

 

 

 

 

 

 

 

Find the value of 𝒙 at which the rate of change of 𝒑𝑯 is the smallest. Identify the 

corresponding point on the titration curve. 



 

 

 

 

 

 

 

 

 

 

 

Suppose that the mass of the first 𝒙 meter of a thin rod is given by 𝒇(𝒙) = √𝟐𝒙 . 

Compute the linear density at 𝒙 = 𝟐 and 𝒙 = 𝟖  𝒂𝒏𝒅 compare the densities at 

the two points. 

 

 

 

 

 

 

 

In the titration of a weak acid and strong base, the 𝒑𝑯 is given by 𝒄 + 𝒍𝒏 (
𝒙

𝟏−𝒙
) where 

𝑓 is the fraction     (𝟎 < 𝒙 < 𝟏) of converted acid. What happens to the rate of 

change of 𝒑𝑯 as 𝒙 approaches 1 ? 



 

The mass of the first 𝒙 meters of a thin rod is given by the function 𝒎(𝒙) on the 

indicated interval. Find the linear mass density function for the rod. Briefly 

describe the composition of the rod. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 In the given electric circuit 14-ohm resistor , a 2-henry inductor, a 0.05-farad capacitor and 

a battery supplying 232 volts of AC current modeled by the oscillating function 

(𝟑𝟐𝟑𝒔𝒊𝒏𝟐𝒕,  where 𝑡 is measured in seconds. Find the current in the circuit at any time t. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  Suppose that the charge in an electrical circuit is 𝑸(𝒕) = 𝒆−𝟐𝒕(𝒄𝒐𝒔𝟑𝒕 − 𝟐𝒔𝒊𝒏𝟑𝒕) coloumbs. 

Find the current. 

Suppose that a population grows according to the equation 𝒑′(𝒕) = 𝟐𝒑(𝒕)[𝟏 − 𝒑(𝒕)] 

(logistic growth with 𝒓 = 𝟐).  Find the population for which the growth rate is a maximum. 

Interpret this point graphically. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Suppose that a population grows according to the equation 𝒑′(𝒕) = 𝟐𝒑(𝒕)[𝟏 − 𝒑(𝒕)] 

(logistic growth with 𝒓 = 𝟐).  Find the population for which the growth rate is a maximum. 

Interpret this point graphically. 



 

 

 

 

 

Antiderivatives 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

• Find the antiderivative of a given function. 
• Understand the notion of indefinite integral as finding an 

antiderivative. 
• Compute straightforward indefinite integrals. 
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Definition 

 

Suppose that 𝑭and 𝑮 are both antiderivatives of 𝒇 on an interval 𝑰. Then. 

𝐆(𝐱) = 𝐅(𝐱) + 𝐜, 

For some constant 𝐜. 

Prove that F(x)=x2+sinx cosx+5  is an antiderivatives for f(x)=2x+cos2x 

  

 

 

 

 

Prove that F(x)=e2x lnx  is   an antiderivatives for  f(x)= e2x(  
𝟏

𝒙
  + Lnx2 ) 

 

 

  

 

If F(x)=(x2+3)2 and G(x)=x4+6x2+15 are antiderivatives of the function 

f(x), find the value of the constant for which F(x) differs from G(x) 

 

 

 

𝑭  is an antiderivatives for f(x)  if  F/(x)=f(x) 

indefinite integral                     



 

Let 𝐹 be any antiderivatives of 𝑓 on an interval 𝐼. The Indefinite Integral of 𝑓(𝑥) (with 

respect to 𝑥) on 𝐼, is defined by   ∫ 𝑓(𝑥)𝑑𝑥 = 𝐹(𝑥) + 𝑐, 

Where c is an arbitrary constant (the constant of integration). 

integration derivative function  

∫ 𝟎 𝒅𝒙 = 𝒄 

 

𝒅𝒚

𝒅𝒙
= 𝟎 

Y = c 1 

∫ 𝒂𝒅𝒙 = 𝒂𝒙 + 𝒄 

 

𝒅𝒚

𝒅𝒙
=   𝐚𝐱 

Y=ax 2 

∫ 𝒙𝒏𝒅𝒙 =
𝒙𝒏+𝟏

𝒏 + 𝟏
+ 𝒄 

 

𝒅𝒚

𝒅𝒙
= 𝒏𝒙𝒏−𝟏 

Y=xn 3 

∫ 𝒄𝒐𝒔𝒙𝒅𝒙 = 𝒔𝒊𝒏𝒙 + 𝒄 

 

𝒅𝒚

𝒅𝒙
= −𝒄𝒐𝒔𝒙 

Y=sinx 5 

∫ 𝒔𝒊𝒏𝒙𝒅𝒙 = −𝒄𝒐𝒔𝒙 + 𝒄 
𝒅𝒚

𝒅𝒙
= 𝒔𝒊𝒏𝒙 

Y=cosx 6 

∫ 𝒔𝒆𝒄𝟐𝒙𝒅𝒙 = 𝒕𝒂𝒏𝒙 + 𝒄 

 

𝒅𝒚

𝒅𝒙
= 𝒔𝒆𝒄𝟐𝒙 

Y=tanx 7 

∫ 𝒄𝒔𝒄𝟐𝒙𝒅𝒙 = −𝒄𝒐𝒕𝒙 + 𝒄 

 

𝒅𝒚

𝒅𝒙
= −𝒄𝒔𝒄𝟐𝒙 

Y=cotx 8 

∫ 𝒔𝒆𝒄𝒙 𝒕𝒂𝒏𝒙𝒅𝒙 = 𝒔𝒆𝒄𝒙 + 𝒄 

 

𝒅𝒚

𝒅𝒙
= 𝒔𝒆𝒄𝒙 𝒕𝒂𝒏𝒙 

Y= sec x 9 

∫ 𝒄𝒔𝒄𝒙 𝒄𝒐𝒕𝒙𝒅𝒙 = −𝒄𝒔𝒄𝒙 + 𝒄 

 

𝒅𝒚

𝒅𝒙
= −𝒄𝒔𝒄𝒙 𝒄𝒐𝒕𝒙 

Y=cscx 11 

∫
𝒇(́ 𝒙)

𝒇(𝒙)
𝒅𝒙 = 𝒍𝒏 |𝒇(𝒙)| + 𝒄 

 

𝒅𝒚

𝒅𝒙
=

𝒇(𝒙)

𝒇(𝒙)
 

Y= Ln f(x) 
 

12 

∫ 𝒆𝒃𝒙𝒅𝒙 =
𝒆𝒃𝒙

𝒃
+ 𝒄 

𝒅𝒚

𝒅𝒙
= 𝒃𝒆𝒃𝒙 

Y=𝒃𝒆𝒃𝒙  13 

∫
𝟏

𝟏 + 𝒙𝟐
𝒅𝒙 =  𝒕𝒂𝒏−𝟏𝒙 + 𝒄 

𝒅𝒚

𝒅𝒙
=

𝟏

𝟏 + 𝒙𝟐
 

Y= tan-1x 14 

∫
𝟏

√𝟏 − 𝒙𝟐
𝒅𝒙 = 𝒔𝒊𝒏−𝟏𝒙 + 𝒄 

𝒅𝒚

𝒅𝒙
=

𝟏

√𝟏 − 𝒙𝟐
 

Y= sin-1x 15 

∫
𝟏

|𝒙|√𝒙𝟐 − 𝟏
𝒅𝒙 = 𝒔𝒆𝒄−𝟏 𝒙 + 𝒄 

 

𝒅𝒚

𝒅𝒙
=

𝟏

|𝒙|√𝒙𝟐 − 𝟏
 

Y= sec-1x 16 



 

THEOREM 1.2   (Power Rule) 

∫ F/(𝑥) dx  = F(x) + c 

∫ F/(𝑥) dx  = F(x) + c 

𝟏)   ∫(𝟐𝒙𝟐 + 𝟓𝒙 − 𝟑)𝒅𝒙 

 

𝟐) ∫ 𝟓𝒙𝟑(𝒙𝟐 + 𝟐𝒙 − 𝟑))𝒅𝒙 

 

 

𝟑) ∫(𝟒 𝒙 − 𝟐)(𝟑𝒙𝟐 − 𝟓)𝒅𝒙 =    

 

   

   

𝟒)   ∫
𝟑𝒙𝟐 + 𝟓𝒙𝟑 + 𝟕

𝒙𝟐
𝒅𝒙 = 

 

𝟓) ∫ (√𝒙 +
𝟓

√𝒙
𝟑 +

𝒙𝟐 − 𝟐𝒙

√𝒙𝟑𝟒 ) 𝒅𝒙 

 

1) ∫ 𝑥𝑛𝑑𝑥 =
𝑥𝑛+1

𝑛 + 1
+ 𝑐 

 2)  ∫ 𝑏𝑑𝑥 = 𝑏𝑥 + 𝑐 



 

𝟏)   ∫(𝟐𝒔𝒊𝒏𝒙 + 𝟑𝒄𝒐𝒔𝒙 + 𝟓)𝒅𝒙 

 

 

𝟐) ∫(𝟑𝒔𝒆𝒄𝟐𝒙 + 𝟓𝒔𝒆𝒄𝒙 𝒕𝒂𝒏𝒙 + 𝟒𝒔𝒊𝒏𝒙)𝒅𝒙 

 

 

 

𝟑) ∫(𝟑𝒄𝒔𝒄𝟐𝒙 + 𝟓𝒄𝒔𝒄𝒙 𝒄𝒐𝒕𝒙 + 𝟒 𝒄𝒐𝒔𝒙)𝒅𝒙 

                

 

 

𝟒) ∫ 𝒄𝒐𝒕𝒙(𝒄𝒐𝒕𝒙 + 𝟑𝒔𝒊𝒏𝒙 + 𝟓𝒄𝒔𝒄𝒙 + 𝟏)𝒅𝒙            

 

 

 

 

 

 𝟏) ∫ 𝒔𝒊𝒏𝒙𝒅𝒙 = −𝒄𝒐𝒔𝒙 + 𝒄                                 2)  ∫ 𝒄𝒐𝒔𝒙𝒅𝒙 = 𝒔𝒊𝒏𝒙 + 𝒄 

3)  ∫ 𝒔𝒆𝒄𝟐𝒙𝒅𝒙 = 𝒕𝒂𝒏𝒙 + 𝒄                                 4)  ∫ 𝒄𝒔𝒄𝟐𝒙𝒅𝒙 = −𝒄𝒐𝒕𝒙 + 𝒄 

𝟓) ∫ 𝒔𝒆𝒄𝒙 𝒕𝒂𝒏𝒙𝒅𝒙 = 𝒔𝒆𝒄𝒙 + 𝒄                          𝟔) ∫ 𝒄𝒔𝒄𝒙 𝒄𝒐𝒕𝒙𝒅𝒙 = −𝒄𝒔𝒄𝒙 + 𝒄 

     

 

 

 تذكر 

𝟏)𝒕𝒂𝒏𝒙 =
𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙
 

  2) 𝒄𝒐𝒕𝒙 =
𝒄𝒐𝒔𝒙

𝒔𝒊𝒏𝒙
 

3) 𝒔𝒆𝒄𝒙 =
𝟏

𝒄𝒐𝒔𝒙
 

4) 𝒄𝒔𝒄𝒙 =
𝟏

𝒔𝒊𝒏𝒙
 

𝟓)𝒕𝒂𝒏𝟐𝒙 = 𝒔𝒆𝒄𝟐𝒙 − 𝟏 

𝟔)𝒄𝒐𝒕𝟐𝒙 = 𝒄𝒔𝒄𝟐𝒙 − 𝟏 

7) sin2x=
𝟏

𝟐
(𝒄𝒐𝒔𝟐𝒙 − 𝟏) 

8) cos2x=
𝟏

𝟐
(𝒄𝒐𝒔𝟐𝒙 + 𝟏) 

 9)  𝒕𝒂𝒏𝟐𝒙 = 𝒄𝒔𝒄𝟐𝒙 − 𝟏 

𝟏𝟎) 𝒔𝒊𝒏𝟐𝒙 + 𝒄𝒐𝒔𝟐𝒙 = 𝟏 

11) sin2x=2sinx cosx 

𝟏𝟐) 𝒄𝒐𝒔𝟐𝒙 = 𝒄𝒐𝒔𝟐𝒙 − 𝒔𝒊𝒏𝟐𝒙 

 

 

 

 



 

𝟓) ∫
𝒔𝒊𝒏𝟑𝒙+𝟏

𝒔𝒊𝒏𝟐𝒙
𝒅𝒙   

 

 

 

 

𝟔) ∫
𝒔𝒆𝒄𝟑𝒙 + 𝟓

𝒔𝒆𝒄𝒙
𝒅𝒙 

 

 

 

 

 

𝟕) ∫
𝒕𝒂𝒏𝟑𝒙 + 𝒄𝒔𝒄𝒙

𝒕𝒂𝒏𝒙
𝒅𝒙 

 

 

 

 

𝟖) ∫
𝒄𝒐𝒔𝒙 + 𝟏

𝒔𝒊𝒏𝟐𝒙
𝒅𝒙 

 

 تذكر 

𝟏)𝒕𝒂𝒏𝒙 =
𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙
 

  2) 𝒄𝒐𝒕𝒙 =
𝒄𝒐𝒔𝒙

𝒔𝒊𝒏𝒙
 

3) 𝒔𝒆𝒄𝒙 =
𝟏

𝒄𝒐𝒔𝒙
 

4) 𝒄𝒔𝒄𝒙 =
𝟏

𝒔𝒊𝒏𝒙
 

𝟓)𝒕𝒂𝒏𝟐𝒙 = 𝒔𝒆𝒄𝟐𝒙 − 𝟏 

𝟔)𝒄𝒐𝒕𝟐𝒙 = 𝒄𝒔𝒄𝟐𝒙 − 𝟏 

7) sin2x=
𝟏

𝟐
(𝒄𝒐𝒔𝟐𝒙 − 𝟏) 

8) cos2x=
𝟏

𝟐
(𝒄𝒐𝒔𝟐𝒙 + 𝟏) − 𝟏 

𝟗) 𝒔𝒊𝒏𝟐𝒙 + 𝒄𝒐𝒔𝟐𝒙 = 𝟏 

11) sin2x=2sinx cosx 

𝟏𝟐) 𝒄𝒐𝒔𝟐𝒙 = 𝒄𝒐𝒔𝟐𝒙 −  𝒔𝒊𝒏𝟐𝒙 

𝟏) ∫ 𝒔𝒊𝒏𝒙𝒅𝒙 = −𝒄𝒐𝒔𝒙 + 𝒄 

  2)  ∫ 𝒄𝒐𝒔𝒙𝒅𝒙 = 𝒔𝒊𝒏𝒙 + 𝒄 

𝟑)∫ 𝒔𝒆𝒄𝟐𝒙𝒅𝒙 = 𝒕𝒂𝒏𝒙 + 𝒄 

 4)  ∫ 𝒄𝒔𝒄𝟐𝒙𝒅𝒙 = −𝒄𝒐𝒕𝒙 + 𝒄 

𝟓) ∫ 𝒔𝒆𝒄𝒙 𝒕𝒂𝒏𝒙𝒅𝒙 = 𝒔𝒆𝒄𝒙 + 𝒄 

𝟔) ∫ 𝒄𝒔𝒄𝒙 𝒄𝒐𝒕𝒙𝒅𝒙 = −𝒄𝒔𝒄𝒙 + 𝒄 

     

 

 



 

F/(x) dx  = F(x) + c  ∫   

𝟏) ∫(
𝟐𝒙 + 𝟏

𝒙𝟐 + 𝒙 + 𝟑
+

𝟏

𝒙𝟐 + 𝟏
+ 𝒆𝟑𝒙)𝒅𝒙 

 

 

𝟐) ∫(
𝒄𝒐𝒔𝒙 + 𝟏

𝒔𝒊𝒏𝒙 + 𝒙 − 𝟐
+

𝟓

𝟓𝒙 + 𝟏
+ 𝒆−𝟐𝒙)𝒅𝒙 

 

 

𝟑) ∫(
𝒔𝒆𝒄𝟐𝒙

𝟏 + 𝒕𝒂𝒏𝒙
+

𝟏

√𝟏 − 𝒙𝟐
+ 𝒆𝟓𝒙)𝒅𝒙 

 

 

𝟒) ∫(𝒄𝒐𝒕𝒙 + 𝟏)𝟐𝒅𝒙 

 

 

 

𝟓) ∫
𝒆𝟓𝒙 + √𝒆𝟒𝒙 + 𝟏

𝒆𝟑𝒙
𝒅𝒙 

 

 

 

 

 

𝟏) ∫
𝒇(́ 𝒙)

𝒇(𝒙)
𝒅𝒙 = 𝒍𝒏 |𝒇(𝒙)| + 𝒄 

𝟐) ∫ 𝒆𝒃𝒙𝒅𝒙 =
𝒆𝒃𝒙

𝒃
+ 𝒄 

𝟑) ∫
𝟏

𝟏 + 𝒙𝟐
𝒅𝒙 =  𝒕𝒂𝒏−𝟏𝒙 + 𝒄 

𝟒) ∫
𝟏

√𝟏 − 𝒙𝟐
𝒅𝒙 = 𝒔𝒊𝒏−𝟏𝒙 + 𝒄 

𝟓) ∫
𝟏

|𝒙|√𝒙𝟐 − 𝟏
𝒅𝒙 = 𝒔𝒆𝒄−𝟏 𝒙 + 𝒄 

 

 

 

 

 

 

 

 

 

 



 

Find the function 𝒇(𝒙) satisfying a given conditions: 

If f/(x)=3x2+2x-5   and f(1)=10, find f(2) 
 

 

 

 

 

If the slope of the tangent to the function f(x) is 
𝟓

𝒙𝟐+𝟏
+

𝟐𝒙

𝒙𝟐+𝟏
+ 𝟐𝒆𝟐𝒙 and 

f(0)=10, find f(x) 
 

 

 

 

 

 

A particle moves in a straight line where its velocity at instant t is given by 

the relationship v(t)=sint+cost+5 and if s(0)=10 find s(t) 
 

 

 

 

 

 



 

A particle is moving in a straight line where its acceleration at moment t is 

given by the relationship a(t)=2t+6 and v(0)=10 Find v(2) 

 

 

 

 

1) ∫ 𝑐𝑜𝑡𝑥 𝑠𝑖𝑛𝑥 𝑑𝑥 = 

𝑎)  𝑠𝑖𝑛𝑥 + 𝑐              𝑏) 𝑐𝑜𝑠𝑥 + 𝑐             𝑐)𝑠𝑒𝑐𝑥 + 𝑐          𝑑) 𝑐𝑠𝑐𝑥 + 𝑐 

2) ∫
𝑠𝑖𝑛𝑥

𝑐𝑜𝑠2𝑥
𝑑𝑥 

𝑎)  𝑠𝑖𝑛𝑥 + 𝑐              𝑏) 𝑐𝑜𝑠𝑥 + 𝑐             𝑐)𝑠𝑒𝑐𝑥 + 𝑐          𝑑) 𝑐𝑠𝑐𝑥 + 𝑐 

3) ∫
𝑥+3

𝑥2++6𝑥+7
𝑑𝑥 

𝑎) 
 1

2
𝑙𝑛|𝑥2 + 6𝑥 + 7| + 𝑐              𝑏)

 1

2
𝑙𝑛|𝑥 + 3| + 𝑐             

 

  𝑐) 
1

2
𝑙𝑛 |

𝑥3

3
+

6𝑥2

2
+ 7𝑥| + 𝑐         𝑑) 

𝑥3

3
+

6𝑥2

2
+ 7𝑥 + 𝑐 

 

4) ∫(𝑒2𝑥 +
5

𝑥+1
)𝑑𝑥 

𝑎) 2𝑒2𝑥 +
1

5
𝑙𝑛|𝑥 + 1| + 𝑐                   𝑏)

 𝑒2𝑥

2
+ 5𝑙𝑛|𝑥 + 1| + 𝑐             

               𝑐) 2𝑒2𝑥 +
−5

(𝑥 + 1)2
+ 𝑐                        𝑑) 𝑒𝑥2

+
5𝑥

𝑥2

2
+ 𝑥

+ 𝑐 

5) ∫(
4

𝑥2+ + 1
+ 𝑐𝑜𝑡𝑥)𝑑𝑥 

𝑎) 4𝑡𝑎𝑛𝑥 − 𝑐𝑠𝑐 2𝑥 + 𝑐              𝑏)
1

4
𝑡𝑎𝑛−1𝑥 + 𝑙𝑛|𝑐𝑜𝑠𝑥| + 𝑐             

 

  𝑐) 𝑙𝑛|𝑐𝑜𝑠𝑥(𝑥2 + 1)| + 𝑐         𝑑) 4𝑡𝑎𝑛−1𝑥 + 𝑙𝑛|𝑐𝑜𝑠𝑥| + 𝑐 



 

 

 

 

Sums and Sigma Notation 

Use the sigma notation to compute basic summation. 
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Find  

1)   ∑ 2𝑖 + 3) = ⋯

5

𝑖=1

 

 

 

2)   ∑
𝑗2

𝑗 + 1
) = ⋯

3

𝑗=1

 

 

 

 

3)   ∑ 3𝑖3 = ⋯

4

𝑖=1

 

Sums and Sigma Notation 

 



 

Rules of summation notation 

1)     ∑ 𝒄 = 𝒄𝒏𝒏
𝒊=𝟏  

2)     ∑ 𝒊 =
𝒏(𝒏+𝟏)

𝟐

𝒏
𝒊=𝟏  

3)     ∑ 𝒊𝟐 =
𝒏(𝒏+𝟏)(𝟐𝒏+𝟏)

𝟔

𝒏
𝒊=𝟏  

4) ∑ 𝑎𝑓(𝑖) = 𝑎 ∑ 𝑓(𝑖)           𝑛
𝑖=1

𝑛
𝑖=1  

  5) ∑(𝑓(𝑖) ± 𝑔(𝑖)) = ∑ 𝑓(𝑖) ± ∑ 𝑔(𝑖)

𝑛

𝑖=1

𝑛

𝑖=1

𝑛

𝑖=1

 

Find  

1)   ∑ (2𝑖 + 3)
10

𝑖=1
 

 

 

 

2)   ∑ (3𝑖2 + 5)
10

𝑖=1
 

 

 

 

3)   ∑ (𝑖2)
10

𝑖=4
 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Write in summation notation :    

 𝒂) √𝟏 + √𝟐 + √𝟑 + ⋯ + √𝟏𝟎 

 

 

 

 

    𝒃)  𝟑𝟑 + 𝟒𝟑 + 𝟓𝟑 + ⋯ + 𝟒𝟓𝟑 

𝒄)   𝟐(𝟏)𝟐 +   𝟐(𝟐)𝟐 +   𝟐(𝟑)𝟐 + ⋯ +   𝟐(𝟏𝟒)𝟐 

 

 

 

 

 

𝒅) √𝟐 − 𝟏 + √𝟑 − 𝟏 + √𝟒 − 𝟏 + ⋯ + √𝟏𝟓 − 𝟏 



 

 

 

 

 

 

 

 

 

Area and Definite of Integral 

Estimate the area under a curve on a given interval using rectangles. 

Compute the area under a curve using summations and limits. 

Understand the notion of a definite integral. 

Compute a definite integral using Riemann sums. 

Find the area under a curve on a given interval using Riemann sums. 

Learn the properties of definite integrals. 

Apply the Integral Mean Value Theorem. 
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Approximate the area under the curve  

𝒇(𝒙) = 𝟏𝟐 − 𝟑𝒙𝟐 on the interval [−𝟐, 𝟐], 

 Using 4 rectangles  and Left Endpoint 

 

 

 

 

Approximate the area under the curve 𝒇(𝒙) = 𝟖 − 𝒙 on the interval 

[𝟎, 𝟖], Using 4 rectangles  and right  Endpoint 

 

 

 

 

Approximate the area under the curve 𝒇(𝒙) = 𝟐𝒙 + 𝟏 on the interval 

[𝟎, 𝟏𝟎], Using 5 rectangles  and midpoint 

 

 

 

 

 

Area and Definite of Integral 

 



 

 

 

 

 

Find the area under the curve 𝒚 = 𝒇(𝒙) = 𝟒 − 𝒙𝟐 on the interval [−𝟏, 𝟏]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For a function 𝒇 defined on interval [𝒂, 𝒃], if 𝒇 is continuous on [𝒂, 𝒃] and 

𝒇(𝒙) ≥ 𝟎 on [𝒂, 𝒃], the area 𝑨 under the curve 𝒚 = 𝒇(𝒙)on [𝒂, 𝒃] is given by 

𝐴 = lim
𝑛→∞

𝐴𝑛 = 𝑙𝑖𝑚
𝑛→∞

∑ 𝑓(𝑥𝑖)∆𝑥

𝑛

𝑖=1

 

For any function 𝑓 defined on [𝑎, 𝑏], the definite integral of 𝑓 from 𝑎 to 𝑏 is 

∫ 𝑓(𝑥)𝑑𝑥 = 𝑙𝑖𝑚
𝑛→∞

∑ 𝑓(𝑐𝑖)∆𝑥

𝑛

𝑖=1

𝑏

𝑎

, 

Whenever the limit exists and is the same for every choice of evaluation 

points, 𝑐1,  𝑐2,  … . . 𝑐𝑛. When the limit exists, we say that 𝑓 is integrable 

on[𝑎, 𝑏]. 



 

Remarks 

1 )  If  f(x)≥ 0  on [ a , b]  then  ∫ 𝑓(𝑥) = 𝐴
𝑏

𝑎
 

 

 

2 )  If  f(x)≤ 0  on [ a , b]  then  ∫ 𝑓(𝑥) = −𝐴
𝑏

𝑎
 

 

 

 

1A-2A  ∫ 𝑓(𝑥) =
𝑏

𝑎
then   on [ c , b]    ≥ 0f(x) , ]con [ a ,   ≤ 0)  If  f(x) 3 

 

 

 

 

The figure represents the function f(x)= -4x find ∫ −4x 𝑑𝑥
3

0
 ∫ −4x 𝑑𝑥

3

0
 

 

 

 

 

The figure represents the function f(x)=2x-4   

evaluate ∫ (2𝑥 − 4)𝑑𝑥
3

0
 

 

 

 

 

 

 

 

 

 

 



 

 The figure represents the function f(x)=√9 − 𝑥2find ∫ √9 − 𝑥2𝑑𝑥
3

−3
 

 

 

 

 

 

 

 

 The figure represents the function f(x) Evaluate ∫ 𝑓(𝑥)𝑑𝑥
5

−5
 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

∫ 𝑓(𝑥)𝑑𝑥 = lim
𝑥→∞

∑ 𝑓(𝑥𝑘 )𝑛
1 ∆𝑥

𝑏

𝑎
  

Use the limit (Riemann) to find 

1 )  ∫ (2𝑥 + 3)𝑑𝑥
3

1
 

 

 

 

 

 

 

 

 

 

2 )  ∫ (3𝑥2)𝑑𝑥
2

0
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1) ∫ 𝑓(𝑥)𝑑𝑥 = 0                                               
𝑎

𝑎
 

 2)     ∫ 𝑓(𝑥)𝑑𝑥 =
𝑏

𝑎

 − ∫ 𝑓(𝑥)𝑑𝑥
𝑎

𝑏

 

       3)    ∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥 + ∫ 𝑓(𝑥)𝑑𝑥                                                                                 
𝑏

𝑐

𝑐

𝑎

𝑏

𝑎
 

        4)    ∫ 𝑐𝑓(𝑥)𝑑𝑥 = 𝑐 ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
 

        5)    ∫ (𝑓(𝑥) + 𝑔(𝑥))𝑑𝑥 =
𝑏

𝑎
∫ 𝑓(𝑥)𝑑𝑥     ∫ 𝑓(𝑥)𝑑𝑥                 

𝑏

𝑎

𝑏

𝑎
 

        4)  𝑓(𝑥) > 0 → ∫ 𝑓(𝑥)𝑑𝑥 > 0              
𝑏

𝑎

 

       5)  𝑓(𝑥) > 𝑔(𝑥) → ∫ 𝑓(𝑥)𝑑𝑥 > ∫ 𝑔(𝑥)𝑑𝑥
𝑎

𝑎

𝑏

𝑎
 

Q1 
∫ 𝑓(𝑥)𝑑𝑥 = 2

2

1
  , ∫ 𝑓(𝑥)𝑑𝑥 = 3

4

2
 ,  ∫ 𝑓(𝑥)𝑑𝑥 = −5

4

6
 ,  ∫ 𝑔(𝑥)𝑑𝑥 = 6

2

4
   find  

1) ∫ 4𝑓(𝑥)𝑑𝑥 = ⋯ … …
1

2
                    

2)    ∫ 𝑓(𝑥)𝑑𝑥 = ⋯ … …
4

1
 

3) ∫ 𝑓(𝑥)𝑑𝑥 = ⋯ … …
1

6
         

4) ∫ (4𝑓(𝑥) + 𝑔(𝑥))𝑑𝑥 = ⋯ … …
4

2
 

5)   ∫ 4𝑓(𝑥) − 5)𝑑𝑥 = ⋯ … …
4

2

 

 𝑄2 )    ∫ 2𝑓(𝑥)𝑑𝑥 = 4
2

1
  , ∫ 𝑓(𝑥)𝑑𝑥 = 3

4

2
و    ∫

1

2
𝑓(𝑥)𝑑𝑥 = −5

7

4
اوجد          

1) ∫ 6𝑓(𝑥)𝑑𝑥 = ⋯ … …
1

2
                              

2)    ∫ 𝑓(𝑥)𝑑𝑥 = ⋯ … …
4

1
                          

3) ∫ 6𝑓(𝑥) + 4)𝑑𝑥 = ⋯ … …
4

7
 

 

properties of the definite integral 

 



 

 

 

 

 

 

 

 

 

 

Average Value of a Function (Integral Mean Value Theorem) 

Find the value of 𝒄 that satisfy the conclusion of 

the Integral Mean Value Theorem 
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𝒇𝒂𝒗𝒆 =   
𝟏

𝒃−𝒂
∫ 𝒇(𝒙)𝒅𝒙

𝒃

𝒂
 

             Remark  

 = ∫ 𝒇(𝒙)𝒅𝒙
𝒃

𝒂
 (b-a) 𝒇𝒂𝒗𝒆  

Theorem: 

If Average Value of a Function of f(x) over the 

interval [a, b] is 𝒇𝒂𝒗𝒆 then there exist c on the 

interval [a, b] such that f(c)= 𝒇𝒂𝒗𝒆 
 

Q1)   Find the Average Value of a Function f(x)= 3x2+1 on the interval [0, 2] 

and then Find the value of 𝒄 that satisfy the conclusion of the Integral Mean 

Value Theorem 

 

 

 

 

 

 

 

 

 

 

 

 

Average Value of a Function (Integral 
Mean Value Theorem) 

 



 

Q2) A factory produces 100 devices per day, so if the profit of the factory is 

given by the formula p (x) = 200 x + 5000 dirhams 

Find the average value of  profit and then find the value at which the 

average value is achieved 

 
 

 

 

 

 

 

 

 

If the average value of the function f(x) over the interval [0,2] is 3 and the 

average value of the function f(x) over the interval 

  [2,6] is 1 Find   

∫ 𝒇(𝒙) − 𝟓)𝒅𝒙
𝟔

𝟎

 

 
 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

The Fundamental Theorem of Calculus 

- Learn the Fundamental Theorem of Calculus (Part I) and use it 

to compute various definite integrals. 

- Learn the Fundamental Theorem of Calculus (Part II) and use it 

to compute derivatives of functions defined as definite integrals. 

- Write the equation of a tangent line at a given point to a function 

defined as definite integral. 
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Compute 

1) ∫ 3𝑥2 + 2𝑥 − 5)𝑑𝑥
2

1
 

 

 

 

2)∫ (
2𝑥

𝑥2+1

1

0
+ 𝑒2𝑥 + √𝑥)𝑑𝑥 

 

 

 

 

3)∫ (
5

𝑥2+1

1

0
+ 𝑠𝑖𝑛𝜋𝑥))𝑑𝑥 

 

 

 

4)∫   (
12

𝜋
−

𝜋

3
𝜋

6

𝑠𝑒𝑐2𝑥 + 𝑐𝑜𝑠𝑥)𝑑𝑥 

 

 

 

(The Fundamental Theorem of Calculus. Part I) 
If 𝒇 is continuous on [𝒂, 𝒃] and F(𝒙) is any antiderivative of 𝒇(𝒙), then  

∫ 𝒇(𝒙)𝒅𝒙 = 𝑭(𝒃) − 𝑭(𝒂)
𝒃

𝒂

 

(The Fundamental Theorem of Calculus.) 

Mean Value Theorem) 

 



 

 

If 𝒇 is continuous on [𝒂, 𝒃] and F(𝒙) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
, then     𝐹′(𝑥) = 𝑓(𝑥),  on [𝒂, 𝒃] 

If    𝒚 = ∫ 𝒇(𝒕)𝒅𝒕
𝒈(𝒙)

𝒉(𝒙)
      then      

𝒅𝒚

𝒅𝒙
= 𝒇(𝒈(𝒙)). 𝒈/(𝒙) − 𝒇(𝒉(𝒙). 𝒉/ (𝒙) 

 𝒇𝒊𝒏𝒅  
𝒅𝒚

𝒅𝒙
   

𝟏)   𝒚 = ∫ (𝟓𝒙 − 𝟐)𝒅𝒙

𝒔𝒊𝒏𝒙

𝒙𝟐

 

 

 

 

 

𝟐)   𝒚 = ∫ (𝟓𝒕𝒂𝒏𝒙 − 𝒆𝟑𝒙)𝒅𝒙

𝒍𝒏𝒙

𝟑

 

 

 

 

 

𝟑)   𝒚 = ∫ (𝟑𝒙𝟐)𝒅𝒙

𝟕

𝒕𝒂𝒏𝒙

 

 

 

 

 

 

(The Fundamental Theorem of Calculus. Part II) 



 

Q2)         f(x)= ∫ (𝟐𝒕 − 𝟒)𝒅𝒙
𝒙𝟐

𝒙
    find 

1) f(2) =… 

 

 

2)  f/(2)=… 

 

 

 

 

Q3) Find the equation of the tangent line to the function  𝐟(𝐱) = ∫ 𝟒𝒙𝒅𝒙
𝒙𝟐

𝟎
 at 

x=1 

 

 

 

 

 

Q4 

               𝑯(𝒙) = ∫ 𝒇(𝒙)𝒅𝒙
𝒙

𝟎
د     find 

1) H(8)= ……. 

 

 

2) H/(3)= …….. 

 

3)  H//(5)= …….. 
 

f(x) 



 

 

 

 

 

 

 

 

Integration by Substitution 

 

Compute integrals using substitution. 
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Evaluate 

1)   ∫ 𝟐𝒙(𝒙𝟐 + 𝟏)𝟏𝟎𝒅𝒙 

 

 

 

 

2)   ∫ 𝟑𝒙𝟐√𝒙𝟑 + 𝟓𝒅𝒙      

 

 

 

 

3)   ∫
(√𝒙+𝟑)𝟓

√𝒙
𝒅𝒙      

 

 

 

 

4)   ∫
𝟏+𝒍𝒏𝒙

𝒙
𝒅𝒙    

 

 

 

Integration by Substitution 

Mean Value Theorem) 

 



 

5)   ∫ 𝟐𝒙𝒔𝒊𝒏𝒙𝟐𝒅𝒙       

 

 

 

 

 

∫ 𝒆𝒙𝒔𝒆𝒄𝒆𝒙 𝒕𝒂𝒏𝒆𝒙𝒅𝒙  6)      

 

 

 

 

 

 

7)     ∫
𝒕𝒂𝒏−𝟏𝒙

𝟏+𝒙𝟐 𝒅𝒙      

 

 

 

 

8)  ∫  𝒄𝒐𝒔𝒙 𝒔𝒊𝒏𝟓𝒙 𝒅𝒙 

 

 

 



 

9)   ∫  2𝑥 (5 + 𝑥)5 𝑑𝑥 

 

 

 

 

 

10)   ∫  2𝑥3 (𝑥2 + 1)5 𝑑𝑥  

 

 

 

 

 

 𝟏𝟏)     ∫
𝟑𝒙𝟐

𝟏+𝒙𝟔 𝒅𝒙 
𝟏

𝟎
  

 

 

 

 

 

12)   ∫ 𝟐𝒙(𝒙𝟐 + 𝟏)𝟒𝒅𝒙
𝟏

𝟎
 

 

 

 

 



 

13)           f(0)=2  , (2)=7 , f(1)=4      find     ∫ 𝒇/(𝒙)
𝟏

𝟎
𝒙 𝟐 + 𝟏)𝒅𝒙    .......  

 

 

 

 

 

∫ 𝟖𝒇/𝟑

𝟎
(𝒙)(𝒇(𝒙)𝟑𝒅𝒙 14)    f(0)=1,   f(3)=2 find   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 


