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 لأي عدد حقيقي موجب

 الوحدة التخيلية

 هي العدد الذي مربعه             ويرمز إليه بالرمز

الأعداد التخيلية

تسمى الأعداد التي على الصورة        حيث                 أعداداً تخيلية

مثال  1
    بسط كلاً مما يلي مستخدماً الوحدة التخيلية

حاول أن تحل  1
    بسط كل عدد مما يلي مستخدماً الوحدة التخيلية

أ : سلامة علي الركاص

7 - 1

 الوحدة السابعة : الأعداد المركبة
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العدد المركب هو عدد على الصورة                      حيث         عددان حقيقيان ,     الوحدة التخيلية

تسمى الصورة الجبرية للعدد المركب

العدد المركب

الجزء الحقيقي

الجزء التخيلي

الوحدة التخيلية

عدد تخيلي

ويرمز لمجموعة الأعداد المركبة بالرمز

العدد المركبالجزء الحقيقيالجزء التخيلي

 
 
  

نشاط

مثال  2
اكتب كلاً من الأعداد المركبة التالية على  الصورة الجبرية


 الوحدة السابعة : الأعداد المركبة
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:ŠƔůǈƯ
 ŌżŬƫř  Ʋǀŝ  żǀǀưŤƫř  ŜŬƿ
bi ƾƬǀŴŤƫř ŵŶƘƫřƹ b ƾƬǀŴŤƫř

: i ŠǀƬǀŴŤƫř şŶůƺƫř Ś ÔƯŶŴŤƀƯ ƾƬƿ ŚưƯ ĐǈƧ Ǝ ĵƀŝ
a  4-  b  8-

:ƪŰƫř
a  24- = i  m mi- =  ƭŶŴŤſř

b  i88- =  8  Ǝ ĵƀŝ

 i22=

:i ŠǀƬǀŴŤƫř şŶůƺƫř Ś ÔƯŶŴŤƀƯ ƾƬƿ ŚưƯ ŵŶƗ ƪƧ Ǝ ĵƀŝ  1

a  2-  b  12- -  c  36-

Complex Number  ŜƧźưƫř ŵŶƘƫř :ƞƿźƘţ

.ŠǀƬǀŴŤƫř şŶůƺƫř i ¬ƱŚǀƤǀƤů ƱřŵŶƗ a , b Ŧǀů a bi+  şŹƺƈƫř ƼƬƗ ŵŶƗ ƺƷ ŜƧźưƫř ŵŶƘƫř

a biz +=  şŹƺƈƫř ƼƬƗ ŜƧźƯ ŵŶƗ ƽŏ ŠŝŚŤƧ Ʋƨưƿ

.ŜƧźưƫř ŵŶƘƬƫ ŠƿźŞŬƫř şŹƺƈƫř Ƽưƀţ a bi+  şŹƺƈƫř

 ŌżŬƫř
ƾƬǀŴŤƫř

 ŌżŬƫř
ƾƤǀƤŰƫř

z a bi= +

 Real Part ƾƤǀƤŰƫř ŌżŬƫř a Ƽưƀƿƹ

Imaginary Part ƾƬǀŴŤƫř ŌżŬƫř b Ƽưƀƿƹ

.C żƯźƫŚŝ ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬưƫ żƯźƿƹ

: a biz +=  ŜƧźưƫř ŵŶƘƫř ƾƟ

.ŚĐǀƤǀƤů řÔŵŶƗ Ƽưƀƿ az =  ƱŔƟ ¬ 0b =  ƱŚƧ řŷœ  

.ŚĐǀƬǀŴţ řÔŵŶƗ Ƽưƀƿ z bi=  ƱŔƟ ¬ , 0ba 0 !=  ƱŚƧ řŷœ  

(1) ƍŚƄƳ
:ƾƫŚŤƫř ƩƹŶŬƫř ƪưƧŏ

ƾƬǀŴŤƫř ŌżŬƫřƾƤǀƤŰƫř ŌżŬƫřŜƧźưƫř ŵŶƘƫř
322 i3+

5-4
1i -

7
-10

13

ملاحظات

:ŠƿźŞŬƫř şŹƺƈƫř ƼƬƗ ŠǀƫŚŤƫř ŠŞƧźưƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŜŤƧř
a  9 6- +  b  4

1 25+ -  c  1 20- -

:ƪŰƫř
a  6 6i9 3+ +- =  i9 9 3- = = i

 i36= +  a bi+  ŠƿźŞŬƫř şŹƺƈƫř

b  = i
4

1 25
4
1 5+ - +  i25 25 5- = = i

 i4
1
4
5

= +  ŠƿźŞŬƫř şŹƺƈƫř

c  = 20 i1 120- - -  i20 20- =

 = 2 i1 5-  20 2 5=

:ŠƿźŞŬƫř şŹƺƈƫř ƼƬƗ ŠǀƫŚŤƫř ŠŞƧźưƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŜŤƧř  �

a  18 7- +  b  5
10 100- -  c  7

59- +

•  .a a i0= +  :ŜƧźƯ ŵŶƗ Ś Ôƌƿŏ ƺƷ ƾƤǀƤů ŵŶƗ ƪƧ
•  .ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƲƯ ƱŚŤǀŗżū ƱŚŤƗƺưŬƯ ŚưƷ ŠǀƬǀŴŤƫř ŵřŶƗǃř ŠƗƺưŬƯƹ ŠǀƤǀƤŰƫř ŵřŶƗǃř ŠƗƺưŬƯ

.ŠƗƺưŬƯ ƪƧ ƼƬƗ ŠƬŨƯŏ Ƽƫœ ŠƟŚƋœ ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƲƯ Šǀŗżū šŚƗƺưŬƯ ƾƷ ƾŤƫř ŵřŶƗǃř šŚƗƺưŬƯ ƵŚƳŵŏ ƎƐŴưƫř ƲÚǀŞƿ

Complex NumberS ŠŞƧźưƫř ŵřŶƗǃř

, , , . .i i i i3 2 1 5 2 4 2 7 5 1+ - + +

Real NumberS ŠǀƤǀƤŰƫř ŵřŶƗǃřŠǀƬǀŴŤƫř ŵřŶƗǃř

Imaginary NumberS

2 i

i3-

.7 3 i

- i5
3

ŠǀŞƀƴƫř źǀƛ ŵřŶƗǃř

Irrational NumberS

, , e ,2 π-

2
1 3+

Rational NumberS ŠǀŞƀƴƫř ŵřŶƗǃř

. ,,7
4 0 3 5

8

IntegerS ŠŰǀŰƈƫř ŵřŶƗǃř
,,1 2 3- - -

7Hole NumberS ŠǀƬƨƫř ŵřŶƗǃř
�  ,  1  ,  �  ,  �

14

   تساوي عددين مركبين

اكتب كلاً من الأعداد المركبة التالية على  الصورة الجبرية حاول أن تحل  2

                     

أ : سلامة علي الركاص


 الوحدة السابعة : الأعداد المركبة
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أوجد قيم كل من                   في كل ممايلي مثال 3

Equal Complex Numbers  ƲǀŞƧźƯ ƲƿŵŶƗ ƽƹŚƀţ

.ƱŚǀƬǀŴŤƫř ŚưƷřŌżū ƻƹŚƀţƹ ƱŚǀƤǀƤŰƫř ŚưƷřŌżū ƻƹŚƀţ řŷœ ƎƤƟƹ řŷœ ƱŚŞƧźƯ ƱřŵŶƗ ƻƹŚƀŤƿ

,a b a bz zi= + = +21 1 1 22 i     :Ʋƨǀƫ

,a a b bz z += = =1 2 1 21 2     

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ
a  i x y12 3 4 9+ = - i  b  x y 9 252 2- = -i i  c  x y2 1+ =i

:ƪŰƫř
a  i x y12 3 4 9+ = - i

 ,x x12 4 3&` = =  ,a a b bz z += = = 21 2 11 2

  3 9 3
1y&= - = -y  Ǝ ĵƀŝ

b  x y 9 252 2- = -i i

 ,,x x x9 3 32
&` = = = -  ,a a b bz z += = = 21 2 11 2

 ,y y y525 52
&- == - = -  Ǝ ĵƀŝ

c  x y2 1+ =i

 1 1x x2 2&` = =  i1 1 0= +

 y 0=

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ  3
a  x i y5 7 3+ = - i  b  ( )x y y3 52+ + = -i i  c  5yx3 2= -i i

•  .ŮǀŰƇ žƨƘƫřƹ ¬Ś Ôƌƿŏ źƠƈƫř ƽƹŚƀƿ ƾƬǀŴŤƫř ƵŌżūƹ źƠƈƫř ƽƹŚƀƿ ƾƤǀƤŰƫř ƵŌżū ƱŔƟ źƠƈƫř ŜƧźƯ ŵŶƗ ƻƹŚſ řŷœ
,x yi x y0 0 0,+ = = =^ h

Representation of a Complex Number  ŜƧźƯ ŵŶƘƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

.(a, b) Ŝţźưƫř ũƹżƫř şŹƺƇ ƼƬƗ z a bi= +  ŜƧźưƫř ŵŶƘƫř ƖƋƹ Ʋƨưƿ

.ƾƬǀŴŤƫř ŌżŬƫř ƺƷ ƽŵŚƈƫř ƾŧřŶůǈřƹ ƾƤǀƤŰƫř ŌżŬƫř ƺƷ ƾƴǀƀƫř ƾŧřŶůǈř

15

أ : سلامة علي الركاص

 الوحدة السابعة : الأعداد المركبة

أوجد قيم كل من                   في كل ممايليحاول أن تحل  3

Equal Complex Numbers  ƲǀŞƧźƯ ƲƿŵŶƗ ƽƹŚƀţ

.ƱŚǀƬǀŴŤƫř ŚưƷřŌżū ƻƹŚƀţƹ ƱŚǀƤǀƤŰƫř ŚưƷřŌżū ƻƹŚƀţ řŷœ ƎƤƟƹ řŷœ ƱŚŞƧźƯ ƱřŵŶƗ ƻƹŚƀŤƿ

,a b a bz zi= + = +21 1 1 22 i     :Ʋƨǀƫ

,a a b bz z += = =1 2 1 21 2     

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ
a  i x y12 3 4 9+ = - i  b  x y 9 252 2- = -i i  c  x y2 1+ =i

:ƪŰƫř
a  i x y12 3 4 9+ = - i

 ,x x12 4 3&` = =  ,a a b bz z += = = 21 2 11 2

  3 9 3
1y&= - = -y  Ǝ ĵƀŝ

b  x y 9 252 2- = -i i

 ,,x x x9 3 32
&` = = = -  ,a a b bz z += = = 21 2 11 2

 ,y y y525 52
&- == - = -  Ǝ ĵƀŝ

c  x y2 1+ =i

 1 1x x2 2&` = =  i1 1 0= +

 y 0=

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ  3
a  x i y5 7 3+ = - i  b  ( )x y y3 52+ + = -i i  c  5yx3 2= -i i

•  .ŮǀŰƇ žƨƘƫřƹ ¬Ś Ôƌƿŏ źƠƈƫř ƽƹŚƀƿ ƾƬǀŴŤƫř ƵŌżūƹ źƠƈƫř ƽƹŚƀƿ ƾƤǀƤŰƫř ƵŌżū ƱŔƟ źƠƈƫř ŜƧźƯ ŵŶƗ ƻƹŚſ řŷœ
,x yi x y0 0 0,+ = = =^ h

Representation of a Complex Number  ŜƧźƯ ŵŶƘƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

.(a, b) Ŝţźưƫř ũƹżƫř şŹƺƇ ƼƬƗ z a bi= +  ŜƧźưƫř ŵŶƘƫř ƖƋƹ Ʋƨưƿ

.ƾƬǀŴŤƫř ŌżŬƫř ƺƷ ƽŵŚƈƫř ƾŧřŶůǈřƹ ƾƤǀƤŰƫř ŌżŬƫř ƺƷ ƾƴǀƀƫř ƾŧřŶůǈř

15
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Equal Complex Numbers  ƲǀŞƧźƯ ƲƿŵŶƗ ƽƹŚƀţ

.ƱŚǀƬǀŴŤƫř ŚưƷřŌżū ƻƹŚƀţƹ ƱŚǀƤǀƤŰƫř ŚưƷřŌżū ƻƹŚƀţ řŷœ ƎƤƟƹ řŷœ ƱŚŞƧźƯ ƱřŵŶƗ ƻƹŚƀŤƿ

,a b a bz zi= + = +21 1 1 22 i     :Ʋƨǀƫ

,a a b bz z += = =1 2 1 21 2     

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ
a  i x y12 3 4 9+ = - i  b  x y 9 252 2- = -i i  c  x y2 1+ =i

:ƪŰƫř
a  i x y12 3 4 9+ = - i

 ,x x12 4 3&` = =  ,a a b bz z += = = 21 2 11 2

  3 9 3
1y&= - = -y  Ǝ ĵƀŝ

b  x y 9 252 2- = -i i

 ,,x x x9 3 32
&` = = = -  ,a a b bz z += = = 21 2 11 2

 ,y y y525 52
&- == - = -  Ǝ ĵƀŝ

c  x y2 1+ =i

 1 1x x2 2&` = =  i1 1 0= +

 y 0=

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ  3
a  x i y5 7 3+ = - i  b  ( )x y y3 52+ + = -i i  c  5yx3 2= -i i

•  .ŮǀŰƇ žƨƘƫřƹ ¬Ś Ôƌƿŏ źƠƈƫř ƽƹŚƀƿ ƾƬǀŴŤƫř ƵŌżūƹ źƠƈƫř ƽƹŚƀƿ ƾƤǀƤŰƫř ƵŌżū ƱŔƟ źƠƈƫř ŜƧźƯ ŵŶƗ ƻƹŚſ řŷœ
,x yi x y0 0 0,+ = = =^ h

Representation of a Complex Number  ŜƧźƯ ŵŶƘƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

.(a, b) Ŝţźưƫř ũƹżƫř şŹƺƇ ƼƬƗ z a bi= +  ŜƧźưƫř ŵŶƘƫř ƖƋƹ Ʋƨưƿ

.ƾƬǀŴŤƫř ŌżŬƫř ƺƷ ƽŵŚƈƫř ƾŧřŶůǈřƹ ƾƤǀƤŰƫř ŌżŬƫř ƺƷ ƾƴǀƀƫř ƾŧřŶůǈř

15

ملاحظة

التمثيل البياني لعدد مركب

Equal Complex Numbers  ƲǀŞƧźƯ ƲƿŵŶƗ ƽƹŚƀţ

.ƱŚǀƬǀŴŤƫř ŚưƷřŌżū ƻƹŚƀţƹ ƱŚǀƤǀƤŰƫř ŚưƷřŌżū ƻƹŚƀţ řŷœ ƎƤƟƹ řŷœ ƱŚŞƧźƯ ƱřŵŶƗ ƻƹŚƀŤƿ

,a b a bz zi= + = +21 1 1 22 i     :Ʋƨǀƫ

,a a b bz z += = =1 2 1 21 2     

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ
a  i x y12 3 4 9+ = - i  b  x y 9 252 2- = -i i  c  x y2 1+ =i

:ƪŰƫř
a  i x y12 3 4 9+ = - i

 ,x x12 4 3&` = =  ,a a b bz z += = = 21 2 11 2

  3 9 3
1y&= - = -y  Ǝ ĵƀŝ

b  x y 9 252 2- = -i i

 ,,x x x9 3 32
&` = = = -  ,a a b bz z += = = 21 2 11 2

 ,y y y525 52
&- == - = -  Ǝ ĵƀŝ

c  x y2 1+ =i

 1 1x x2 2&` = =  i1 1 0= +

 y 0=

:ƾƬƿ ŚưƯ ƪƧ ƾƟ ,x y R!  ƲƯ ƪƧ Ʈǀƣ Ŷūƹŏ  3
a  x i y5 7 3+ = - i  b  ( )x y y3 52+ + = -i i  c  5yx3 2= -i i

•  .ŮǀŰƇ žƨƘƫřƹ ¬Ś Ôƌƿŏ źƠƈƫř ƽƹŚƀƿ ƾƬǀŴŤƫř ƵŌżūƹ źƠƈƫř ƽƹŚƀƿ ƾƤǀƤŰƫř ƵŌżū ƱŔƟ źƠƈƫř ŜƧźƯ ŵŶƗ ƻƹŚſ řŷœ
,x yi x y0 0 0,+ = = =^ h

Representation of a Complex Number  ŜƧźƯ ŵŶƘƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

.(a, b) Ŝţźưƫř ũƹżƫř şŹƺƇ ƼƬƗ z a bi= +  ŜƧźưƫř ŵŶƘƫř ƖƋƹ Ʋƨưƿ

.ƾƬǀŴŤƫř ŌżŬƫř ƺƷ ƽŵŚƈƫř ƾŧřŶůǈřƹ ƾƤǀƤŰƫř ŌżŬƫř ƺƷ ƾƴǀƀƫř ƾŧřŶůǈř

15

الصورة الديكارتية: يمثل كل عدد مركب بنقطة في مستوى أرجاند )المستوى المركب( ونكتب
.ŜƧźưƫř ŵŶƘƬƫ ŠǀţŹŚƨƿŶƫř şŹƺƈƫŚŝ ƝźƘţƹ

ŠƿźŞŬƫř şŹƺƈƫřŠǀţŹŚƨƿŶƫř şŹƺƈƫř
,	 � �^ h � i� �= +

 

.ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŠƐƤƳ (ƶƬŨưţ) źƓŚƴƿ ŜƧźƯ ŵŶƗ ƪƧƹ ¬ŚÔŞƧźƯ řÔŵŶƗ ƪŨưţ ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŠƐƤƳ ƪƧ

 Ƽưƀƿƹ ¬ƾƤǀƤŰƫř ŹƺŰưƫŚŝ šŚƴǀƀƫř ŹƺŰƯ Ƽưƀƿƹ ¬�ŶƳŚūŹŏ ƻƺŤƀƯ� ŜƧźưƫř ƻƺŤƀưƫř ƾŧřŶůǈř ƻƺŤƀưƫř Ƽưƀƿ ŠƫŚŰƫř ƵŸƷ ƾƟ
.ƾƬǀŴŤƫř ŹƺŰưƫŚŝ šřŵŚƈƫř ŹƺŰƯ

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƪÚŨƯ

a  � i3 2= +1  b  � 1�=2  c  � i 23 = - -  $  � i=4

:ƪŰƫř

. ( , )� 3 2  ŠƐƤƴƫř ƶƬŨưţ � i3 2= +1  a

�

�

�

�

3:3 :�

:�

:�
:�

�

�

�

�

 . ( , )� 1 0-  ŠƐƤƴƫř ƶƬŨưţ � 1= -2  b
. ( , )� 2 1- -  ŠƐƤƴƫř ƶƬŨưţ � i i2 2= - - = - -3  c

. ( , )� 0 1  ŠƐƤƴƫř ƶƬŨưţ � i4 =  $

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƪÚŨƯ  

a  � i4= -1  b  � i3= -2  c  � i4 33 = - -  $  � 2=4

. , , , , ,� 	� 0 5 2 1 3 2- -^ ^ ^h h h :ƍŚƤƴƫř ƲƯ ƪƨƫ źƓŚƴưƫř ŜƧźưƫř ŵŶƘƫř ŜŤƧř
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يسمى محور السينات بالمحور الحقيقي ويسمى محور الصادات بالمحور التخيلي

مثل كلاً مما يلي في المستوى المركبمثال 4
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أ : سلامة علي الركاص
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ŠŞƧźưƫř ŵřŶƗǃř

Complex NumberS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

i  ŠǀƬǀŴŤƫř şŶůƺƫř Ś ÔƯŶŴŤƀƯ ŵŶƗ ƪƧ Ǝ Úƀŝ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) 16-   (�) 15-  

(�) 3 9-   (�) 2
1 100- -  

.ŠƿźŞŬƫř şŹƺƈƫř ƾƟ ŵŶƗ ƪƧ ŜŤƧř ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) 2 3+ -   (�) 1 2- +   

(�) 6
50 2- - -   (�) 2

8 8- +

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƪů ¬(�¥11) ƲǀƴƿźưŤƫř ƾƟ

(�) x yi i2 3 14 9+ =- +   (1�) x i yi3 19 16 8+ = -  

(11) ( )i i x y i14 3 2 52 - = + +  

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǆƧ ƪÚŨƯ   (1�)

(a) z i2 31 = - +  (b) z 42 = -  (c) z i3 = -  (D) ( )z i2 24 = +

:ŠǀƫŚŤƫř ƍŚƤƴƫř ƲƯ ƪƨƫ źƓŚƴưƫř ŜƧźưƫř ŵŶƘƫř ŜŤƧř   (1�)

(a) ( , )L 4 5  (b) ( , )M 4 2- -  (c) ( , )N 2 6-  (D) ( ),P 0 3-

:ƾƬƿ ŚưƯ źǀŞƘţ ƪƧ Ǝ Úƀŝ ¬(1�¥��) ƲƿŹŚưŤƫř ƾƟ

(1�) i i2 4 4+ + -^ ^h h  (1�) i6 8 3- +^ h 
(1�) ( ) ( )4 69 49+ - + - -  (1�) ( ) ( )8 31 16- - - - + -

(1�) i i2 5-^ ^h h  (1�) i i4 9 2-^ ^h h
(��) ( ) ( )i i i1 2 3 35 4- + + -  (�1) i i6 5 1 3- - +^ ^h h 
(��) 2 9 6 25- + - + -^ ^h h (��) ( )i i6 3-
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ŠŞƧźưƫř ŵřŶƗǃř

Complex NumberS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

i  ŠǀƬǀŴŤƫř şŶůƺƫř Ś ÔƯŶŴŤƀƯ ŵŶƗ ƪƧ Ǝ Úƀŝ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ
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:ƾƬƿ ŚưƯ źǀŞƘţ ƪƧ Ǝ Úƀŝ ¬(1�¥��) ƲƿŹŚưŤƫř ƾƟ
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ÛƱ ĳźưţ
7-1

كراسة التمارين

اكتب العدد المركب المناظر لكل من النقاط مثال 5

.ŜƧźưƫř ŵŶƘƬƫ ŠǀţŹŚƨƿŶƫř şŹƺƈƫŚŝ ƝźƘţƹ

ŠƿźŞŬƫř şŹƺƈƫřŠǀţŹŚƨƿŶƫř şŹƺƈƫř
,	 � �^ h � i� �= +

 

.ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŠƐƤƳ (ƶƬŨưţ) źƓŚƴƿ ŜƧźƯ ŵŶƗ ƪƧƹ ¬ŚÔŞƧźƯ řÔŵŶƗ ƪŨưţ ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŠƐƤƳ ƪƧ

 Ƽưƀƿƹ ¬ƾƤǀƤŰƫř ŹƺŰưƫŚŝ šŚƴǀƀƫř ŹƺŰƯ Ƽưƀƿƹ ¬�ŶƳŚūŹŏ ƻƺŤƀƯ� ŜƧźưƫř ƻƺŤƀưƫř ƾŧřŶůǈř ƻƺŤƀưƫř Ƽưƀƿ ŠƫŚŰƫř ƵŸƷ ƾƟ
.ƾƬǀŴŤƫř ŹƺŰưƫŚŝ šřŵŚƈƫř ŹƺŰƯ

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƪÚŨƯ

a  � i3 2= +1  b  � 1�=2  c  � i 23 = - -  $  � i=4

:ƪŰƫř

. ( , )� 3 2  ŠƐƤƴƫř ƶƬŨưţ � i3 2= +1  a

�

�

�

�

3:3 :�

:�

:�
:�

�

�

�

�

 . ( , )� 1 0-  ŠƐƤƴƫř ƶƬŨưţ � 1= -2  b
. ( , )� 2 1- -  ŠƐƤƴƫř ƶƬŨưţ � i i2 2= - - = - -3  c

. ( , )� 0 1  ŠƐƤƴƫř ƶƬŨưţ � i4 =  $

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƪÚŨƯ  

a  � i4= -1  b  � i3= -2  c  � i4 33 = - -  $  � 2=4

. , , , , ,� 	� 0 5 2 1 3 2- -^ ^ ^h h h :ƍŚƤƴƫř ƲƯ ƪƨƫ źƓŚƴưƫř ŜƧźưƫř ŵŶƘƫř ŜŤƧř

:ƪŰƫř

.� 0 5 5= - -=1 i i  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ,� 0 5-^ h ŠƐƤƴƫř

.� 2= -2 i  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ,� 2 1-^ h ŠƐƤƴƫř

.� i3 23 = +  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ,	 3 2^ h ŠƐƤƴƫř

. , , , ,,� � 
1 17 0 2 4- -^ ^ ^h h h ƍŚƤƴƫř ƲƯ ƪƨƫ źƓŚƴưƫř ŜƧźưƫř ŵŶƘƫř ŜŤƧř  �

1�

.ŜƧźưƫř ŵŶƘƬƫ ŠǀţŹŚƨƿŶƫř şŹƺƈƫŚŝ ƝźƘţƹ

ŠƿźŞŬƫř şŹƺƈƫřŠǀţŹŚƨƿŶƫř şŹƺƈƫř
,	 � �^ h � i� �= +

 

.ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŠƐƤƳ (ƶƬŨưţ) źƓŚƴƿ ŜƧźƯ ŵŶƗ ƪƧƹ ¬ŚÔŞƧźƯ řÔŵŶƗ ƪŨưţ ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ŠƐƤƳ ƪƧ

 Ƽưƀƿƹ ¬ƾƤǀƤŰƫř ŹƺŰưƫŚŝ šŚƴǀƀƫř ŹƺŰƯ Ƽưƀƿƹ ¬�ŶƳŚūŹŏ ƻƺŤƀƯ� ŜƧźưƫř ƻƺŤƀưƫř ƾŧřŶůǈř ƻƺŤƀưƫř Ƽưƀƿ ŠƫŚŰƫř ƵŸƷ ƾƟ
.ƾƬǀŴŤƫř ŹƺŰưƫŚŝ šřŵŚƈƫř ŹƺŰƯ

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƪÚŨƯ

a  � i3 2= +1  b  � 1�=2  c  � i 23 = - -  $  � i=4

:ƪŰƫř

. ( , )� 3 2  ŠƐƤƴƫř ƶƬŨưţ � i3 2= +1  a

�

�

�

�

3:3 :�

:�

:�
:�

�

�

�

�

 . ( , )� 1 0-  ŠƐƤƴƫř ƶƬŨưţ � 1= -2  b
. ( , )� 2 1- -  ŠƐƤƴƫř ƶƬŨưţ � i i2 2= - - = - -3  c

. ( , )� 0 1  ŠƐƤƴƫř ƶƬŨưţ � i4 =  $

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƪÚŨƯ  

a  � i4= -1  b  � i3= -2  c  � i4 33 = - -  $  � 2=4

. , , , , ,� 	� 0 5 2 1 3 2- -^ ^ ^h h h :ƍŚƤƴƫř ƲƯ ƪƨƫ źƓŚƴưƫř ŜƧźưƫř ŵŶƘƫř ŜŤƧř

:ƪŰƫř

.� 0 5 5= - -=1 i i  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ,� 0 5-^ h ŠƐƤƴƫř

.� 2= -2 i  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ,� 2 1-^ h ŠƐƤƴƫř

.� i3 23 = +  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ,	 3 2^ h ŠƐƤƴƫř

. , , , ,,� � 
1 17 0 2 4- -^ ^ ^h h h ƍŚƤƴƫř ƲƯ ƪƨƫ źƓŚƴưƫř ŜƧźưƫř ŵŶƘƫř ŜŤƧř  �

1�

اكتب العدد المركب المناظر لكل من النقاط حاول أن تحل  4


 الوحدة السابعة : الأعداد المركبة
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�perations 6it( Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƼƬƗ šŚǀƬưƘƫř

�$$in' an$ �ubtractin' Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř ŭźƏƹ Ɩưū : ÔǇƹŏ

.Ś ÔƘƯ ƲǀǀƬǀŴŤƫř ŚưƸƿŏżū ƖưŬƳƹ Ś ÔƘƯ ƲǀǀƤǀƤŰƫř ŚưƸƿŌżū ƖưŬƳ ƲǀŞƧźƯ ƲƿŵŶƗ ƖưŬƫ

�ƾƫŚŤƫŚƧ ƲǀǀƬǀŴŤƫř ƲƿŌżŬƫř ŭźƐƳƹ ƲǀǀƤǀƤŰƫř ƲƿŌżŬƫř ŭźƐƳ ƲǀŞƧźƯ ƲƿŵŶƗ ŭźƐƫ ƦƫŸƧ

:ƱŔƟ ƲǀŞƧźƯ ƲƿŵŶƗ ,z z� � i � � i= + = +1 1 1 2 2 2  ƱŚƧ řŷœ

z z i� � � �=+ + + +1 1 12 2 2^ ^h h
iz z � � � �=- - + -1 1 12 2 2^ ^h h

�ƾƬƿ ŚưƧ ŠŞƧźưƫř ŵřŶƗǃř ƼƬƗ ƖưŬƫř ŠǀƬưƗ ƖƯ źưŤƀţ ŠǀƤǀƤŰƫř ŵřŶƗǃř ƼƬƗ ƖưŬƫř ŠǀƬưƗ ƅřƺų

 ŠǀƇŚŴƫř��� � � C6 !1 2 3

ŠǀƫřŶŝǅř� � � �+ = +1 2 2 1

ŠǀƘǀưŬŤƫř� � � � � �+ + = + + 331 2 1 2^ ^h h

:ŶūƹŐƟ z z z, ,i i i2 3 � 	 2= + = - =1 2 3  :ƱŚƧ řŷœ

a  z z+1 2 b  � �-1 2 c  � � �+ + 123

:ƪŰƫř

a  ( ) ( )� � i i2 3 4 7+ = + + -21

 ( ) ( ) i2 4 3 7= + + -  1 1a a b bz z i+ = + + + 221 2 ^ ^h h
 46= - i Ǝ ĵƀŝ

b  � � i i2 3 4 7- = + - -21 ^ ^h h
 ( ) ( )( ) i2 4 3 7= - + - -  1 1a a b bz z i- = - + - 221 2 ^ ^h h
 2 10= - + i Ǝ ĵƀŝ

c  � � � � � �+ + = + +2 21 13 3 ^ h ŠǀƘǀưŬŤƫř ŠǀƇŚŴƫř
 � � �= + + 213 ^ h ŠǀƫřŶŝǅř ŠǀƇŚŴƫř
 2 6 4= + -i i

 6 2= - i

:ŶūƹŐƟ , . . , .z z� 2 5 3 4 1 2 0 3= - + = - = -1 3i i i2  ƱŚƧ řŷœ  �
a  � �+1 2 b  � �- 12   c  � � �- - 123

1


العمليات على مجموعة الأعداد المركبة
أولاً : جمع وطرح الأعداد المركبة

, عددين مركبين فإنإذا كان

  .الجمع في       عملية إبدالية وتجميعية

ملاحظات

:šŚƔůǈƯ
•  . i0 0 0= +^ h ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƼƬƗ ƖưŬƫř ŠǀƬưƘƫ ŶƿŚŰưƫř źƈƴƘƫř ƺƷ źƠƈƫř
•  z a bi- =- -  ŜƧźưƫř ŵŶƘƫř ƺƷ z a bi= +  ŜƧźưƫř ŵŶƘƬƫ ƾƘưŬƫř ŽƺƨƘưƫř

z i2 5- =- -  ƱŔƟ z i2 5= +  ƱŚƧ řŷœ : ÔǆŨƯ  
•  .ŮǀŰƇ žƨƘƫřƹ źųǂƫ ƾƘưū ŽƺƨƘƯ ŚưƸƴƯ ĐǆƧ ƱŔƟ ř ÔźƠƇ ƽƹŚƀƿ ƲǀŞƧźƯ ƲƿŵŶƗ ƕƺưŬƯ ƱŚƧ řŷœ

z z z z0,+ = = -2 21 1  :Ʊŏ ƽŏ  
•  z z z z- = + -2 21 1 ^ h ƽŏ z1 Ƽƫœ z2  É Ùƫ ƾƘưŬƫř ŽƺƨƘưƫř ŠƟŚƋœ Ʋƨưƿ z z- 21  :ŭźƏ ŪţŚƳ ŵŚŬƿǈ

Multiplying Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř śźƋ :ŚÔǀƳŚŧ

:ŠǀƫŚŤƫř śźƌƫř şŶƗŚƣ ƭřŶŴŤſř Ʋƨưƿƹ

, ,z z cC R! !1 2   ƱŚƧ řŷœ

:ƱŔƟ ,a b i a bz z= + = + 21 1 1 22 i  Ŧǀů    
1  c ca c b iz = +1 1 1

2  a a b b a b a b iz z: +-= +2 2 2 21 1 1 121
^ ^h h

:ƱŚƷźŞƫř
 ( )( )z z a b a bi i: = + +2 221 1 1

 a a a b a b b bi i i= + + +2 2 2 2
2

1 1 1 1

 ( )a a a b a b b bi i 1= + + + -2 2 21 1 121

 ba a b b a a b i= - + +2 2 2 2 11 1 1^ ^h h

:ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƼƬƗ śźƌƫř ŠǀƬưƗ ƅřƺų

 ŠǀƇŚŴƫř,,z z z C6 !1 2 3

ŠǀƫřŶŝǅřz z z z# #=1 2 2 1

ŠǀƘǀưŬŤƫřz z z z z z# # # #= 331 2 1 2^ ^h h

ŠǀƘƿŻƺŤƫř
z z z z z z z# # #+ = +21 2 1 13 3^ h
z z z z z z z# # #- = -21 2 1 13 3^ h
( )i1 1 0+=  ŠŞƧźưƫř ŵřŶƗǃř śźƋ ŠǀƬưƘƫ ŶƿŚŰưƫř źƈƴƘƫř ƺƷ 1 ŵŶƘƫř

:Ʋƨưƿ ƲǀŞƧźƯ ƲƿŵŶƗ śźƌƫ

.ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƬưƗ ƾƟ ƭŶŴŤƀţ ƾŤƫř ŚƸƀƠƳ šřƺƐŴƫřƹ i 12 =-  ŠƤǀƤůƹ ƵǆƗŏ ƅřƺŴƫř ƭřŶŴŤſř

18

مثال 6

�perations 6it( Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƼƬƗ šŚǀƬưƘƫř

�$$in' an$ �ubtractin' Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř ŭźƏƹ Ɩưū : ÔǇƹŏ

.Ś ÔƘƯ ƲǀǀƬǀŴŤƫř ŚưƸƿŏżū ƖưŬƳƹ Ś ÔƘƯ ƲǀǀƤǀƤŰƫř ŚưƸƿŌżū ƖưŬƳ ƲǀŞƧźƯ ƲƿŵŶƗ ƖưŬƫ

�ƾƫŚŤƫŚƧ ƲǀǀƬǀŴŤƫř ƲƿŌżŬƫř ŭźƐƳƹ ƲǀǀƤǀƤŰƫř ƲƿŌżŬƫř ŭźƐƳ ƲǀŞƧźƯ ƲƿŵŶƗ ŭźƐƫ ƦƫŸƧ

:ƱŔƟ ƲǀŞƧźƯ ƲƿŵŶƗ ,z z� � i � � i= + = +1 1 1 2 2 2  ƱŚƧ řŷœ

z z i� � � �=+ + + +1 1 12 2 2^ ^h h
iz z � � � �=- - + -1 1 12 2 2^ ^h h

�ƾƬƿ ŚưƧ ŠŞƧźưƫř ŵřŶƗǃř ƼƬƗ ƖưŬƫř ŠǀƬưƗ ƖƯ źưŤƀţ ŠǀƤǀƤŰƫř ŵřŶƗǃř ƼƬƗ ƖưŬƫř ŠǀƬưƗ ƅřƺų

 ŠǀƇŚŴƫř��� � � C6 !1 2 3

ŠǀƫřŶŝǅř� � � �+ = +1 2 2 1

ŠǀƘǀưŬŤƫř� � � � � �+ + = + + 331 2 1 2^ ^h h

:ŶūƹŐƟ z z z, ,i i i2 3 � 	 2= + = - =1 2 3  :ƱŚƧ řŷœ

a  z z+1 2 b  � �-1 2 c  � � �+ + 123

:ƪŰƫř

a  ( ) ( )� � i i2 3 4 7+ = + + -21

 ( ) ( ) i2 4 3 7= + + -  1 1a a b bz z i+ = + + + 221 2 ^ ^h h
 46= - i Ǝ ĵƀŝ

b  � � i i2 3 4 7- = + - -21 ^ ^h h
 ( ) ( )( ) i2 4 3 7= - + - -  1 1a a b bz z i- = - + - 221 2 ^ ^h h
 2 10= - + i Ǝ ĵƀŝ

c  � � � � � �+ + = + +2 21 13 3 ^ h ŠǀƘǀưŬŤƫř ŠǀƇŚŴƫř
 � � �= + + 213 ^ h ŠǀƫřŶŝǅř ŠǀƇŚŴƫř
 2 6 4= + -i i

 6 2= - i

:ŶūƹŐƟ , . . , .z z� 2 5 3 4 1 2 0 3= - + = - = -1 3i i i2  ƱŚƧ řŷœ  �
a  � �+1 2 b  � �- 12   c  � � �- - 123

1


أ : سلامة علي الركاص


 الوحدة السابعة : الأعداد المركبة
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�perations 6it( Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƼƬƗ šŚǀƬưƘƫř

�$$in' an$ �ubtractin' Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř ŭźƏƹ Ɩưū : ÔǇƹŏ

.Ś ÔƘƯ ƲǀǀƬǀŴŤƫř ŚưƸƿŏżū ƖưŬƳƹ Ś ÔƘƯ ƲǀǀƤǀƤŰƫř ŚưƸƿŌżū ƖưŬƳ ƲǀŞƧźƯ ƲƿŵŶƗ ƖưŬƫ

�ƾƫŚŤƫŚƧ ƲǀǀƬǀŴŤƫř ƲƿŌżŬƫř ŭźƐƳƹ ƲǀǀƤǀƤŰƫř ƲƿŌżŬƫř ŭźƐƳ ƲǀŞƧźƯ ƲƿŵŶƗ ŭźƐƫ ƦƫŸƧ

:ƱŔƟ ƲǀŞƧźƯ ƲƿŵŶƗ ,z z� � i � � i= + = +1 1 1 2 2 2  ƱŚƧ řŷœ

z z i� � � �=+ + + +1 1 12 2 2^ ^h h
iz z � � � �=- - + -1 1 12 2 2^ ^h h

�ƾƬƿ ŚưƧ ŠŞƧźưƫř ŵřŶƗǃř ƼƬƗ ƖưŬƫř ŠǀƬưƗ ƖƯ źưŤƀţ ŠǀƤǀƤŰƫř ŵřŶƗǃř ƼƬƗ ƖưŬƫř ŠǀƬưƗ ƅřƺų

 ŠǀƇŚŴƫř��� � � C6 !1 2 3

ŠǀƫřŶŝǅř� � � �+ = +1 2 2 1

ŠǀƘǀưŬŤƫř� � � � � �+ + = + + 331 2 1 2^ ^h h

:ŶūƹŐƟ z z z, ,i i i2 3 � 	 2= + = - =1 2 3  :ƱŚƧ řŷœ

a  z z+1 2 b  � �-1 2 c  � � �+ + 123

:ƪŰƫř

a  ( ) ( )� � i i2 3 4 7+ = + + -21

 ( ) ( ) i2 4 3 7= + + -  1 1a a b bz z i+ = + + + 221 2 ^ ^h h
 46= - i Ǝ ĵƀŝ

b  � � i i2 3 4 7- = + - -21 ^ ^h h
 ( ) ( )( ) i2 4 3 7= - + - -  1 1a a b bz z i- = - + - 221 2 ^ ^h h
 2 10= - + i Ǝ ĵƀŝ

c  � � � � � �+ + = + +2 21 13 3 ^ h ŠǀƘǀưŬŤƫř ŠǀƇŚŴƫř
 � � �= + + 213 ^ h ŠǀƫřŶŝǅř ŠǀƇŚŴƫř
 2 6 4= + -i i

 6 2= - i

:ŶūƹŐƟ , . . , .z z� 2 5 3 4 1 2 0 3= - + = - = -1 3i i i2  ƱŚƧ řŷœ  �
a  � �+1 2 b  � �- 12   c  � � �- - 123

1


حاول أن تحل  6

 الوحدة السابعة : الأعداد المركبة

ثانياً : ضرب الأعداد المركبة

قاعدة الضرب

الضرب في      عملية إبدالية وتجميعية وتقبل التوزيع على الجمع والطرح من اليمين واليسار
 العدد      هو العنصر المحايد لعملية ضرب الأعداد المركبة  

 خواص عملية الضرب على

 عند ضرب عددين مركبين نستخدم نفس الخطوات التي تستخدم في عملية ضرب

ملاحظة

مع مراعاة أن

:šŚƔůǈƯ
•  . i0 0 0= +^ h ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƼƬƗ ƖưŬƫř ŠǀƬưƘƫ ŶƿŚŰưƫř źƈƴƘƫř ƺƷ źƠƈƫř
•  z a bi- =- -  ŜƧźưƫř ŵŶƘƫř ƺƷ z a bi= +  ŜƧźưƫř ŵŶƘƬƫ ƾƘưŬƫř ŽƺƨƘưƫř

z i2 5- =- -  ƱŔƟ z i2 5= +  ƱŚƧ řŷœ : ÔǆŨƯ  
•  .ŮǀŰƇ žƨƘƫřƹ źųǂƫ ƾƘưū ŽƺƨƘƯ ŚưƸƴƯ ĐǆƧ ƱŔƟ ř ÔźƠƇ ƽƹŚƀƿ ƲǀŞƧźƯ ƲƿŵŶƗ ƕƺưŬƯ ƱŚƧ řŷœ

z z z z0,+ = = -2 21 1  :Ʊŏ ƽŏ  
•  z z z z- = + -2 21 1 ^ h ƽŏ z1 Ƽƫœ z2  É Ùƫ ƾƘưŬƫř ŽƺƨƘưƫř ŠƟŚƋœ Ʋƨưƿ z z- 21  :ŭźƏ ŪţŚƳ ŵŚŬƿǈ

Multiplying Complex Numbers  ŠŞƧźưƫř ŵřŶƗǃř śźƋ :ŚÔǀƳŚŧ

:ŠǀƫŚŤƫř śźƌƫř şŶƗŚƣ ƭřŶŴŤſř Ʋƨưƿƹ

, ,z z cC R! !1 2   ƱŚƧ řŷœ

:ƱŔƟ ,a b i a bz z= + = + 21 1 1 22 i  Ŧǀů    
1  c ca c b iz = +1 1 1

2  a a b b a b a b iz z: +-= +2 2 2 21 1 1 121
^ ^h h

:ƱŚƷźŞƫř
 ( )( )z z a b a bi i: = + +2 221 1 1

 a a a b a b b bi i i= + + +2 2 2 2
2

1 1 1 1

 ( )a a a b a b b bi i 1= + + + -2 2 21 1 121

 ba a b b a a b i= - + +2 2 2 2 11 1 1^ ^h h

:ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƼƬƗ śźƌƫř ŠǀƬưƗ ƅřƺų

 ŠǀƇŚŴƫř,,z z z C6 !1 2 3

ŠǀƫřŶŝǅřz z z z# #=1 2 2 1

ŠǀƘǀưŬŤƫřz z z z z z# # # #= 331 2 1 2^ ^h h

ŠǀƘƿŻƺŤƫř
z z z z z z z# # #+ = +21 2 1 13 3^ h
z z z z z z z# # #- = -21 2 1 13 3^ h
( )i1 1 0+=  ŠŞƧźưƫř ŵřŶƗǃř śźƋ ŠǀƬưƘƫ ŶƿŚŰưƫř źƈƴƘƫř ƺƷ 1 ŵŶƘƫř

:Ʋƨưƿ ƲǀŞƧźƯ ƲƿŵŶƗ śźƌƫ

.ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƬưƗ ƾƟ ƭŶŴŤƀţ ƾŤƫř ŚƸƀƠƳ šřƺƐŴƫřƹ i 12 =-  ŠƤǀƤůƹ ƵǆƗŏ ƅřƺŴƫř ƭřŶŴŤſř
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:ŪţŚƴƫř Ŷūƹŏ
a  i i5 4-^ ^h h   b  i3 7 5+^ h
c  i i2 3 53+ - +^ ^h h   d  i i i1 14 2

1
2
1

- +a ak k
:ƪŰƫř

a  i i5 204 2- = - i^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 20 1= - -^ h 1-  Éŝ i2  ƲƗ ƉÚƺƗ
 20=  Ǝ ĵƀŝ 

b  i i3 7 3 53 7 5 # #+ = +^ h  ŠǀƘƿŻƺŤƫř ŠǀƇŚŴƫř

 i1521= +  Ǝ ĵƀŝ
c  i i i i i2 3 5 6 10 9 153 2+ - + = - + - +^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 ( )i 156 1= - + + -  1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i21= - +  Ǝ ĵƀŝ
d  - +i i i i i4 1 2 1 2 4 1 2

1 1 12
2

-=` `` ^ ``j jj h j j ( )( )a b a b a b2 2- + = -  ŠƤŝŚƐŤưƫř

 i4 1 4
1 1= - -^a hk 1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i4 4
5

= a k Ǝ ĵƀŝ
 i5=

:ŪţŚƴƫř Ŷūƹŏ  7

a  ii 46 5 3- -^ ^h h b  ii4 49 9+ -^ ^h h c  i i i12 7 1+^ ^ ^h h h

:ŶūƹŐƟ ,z i z i2 3 5= + = -1 2  ƱŚƧ řŷœ
a  z3- 2  b  z z:1 2

:ƪŰƫř
a  )(z i3 3 5- = - -2

 )( ) ( i3 5 3= - - -

 i15 3= - +

19

أوجد الناتجمثال 7

أ : سلامة علي الركاص

 الوحدة السابعة : الأعداد المركبة

:ŪţŚƴƫř Ŷūƹŏ
a  i i5 4-^ ^h h   b  i3 7 5+^ h
c  i i2 3 53+ - +^ ^h h   d  i i i1 14 2

1
2
1

- +a ak k
:ƪŰƫř

a  i i5 204 2- = - i^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 20 1= - -^ h 1-  Éŝ i2  ƲƗ ƉÚƺƗ
 20=  Ǝ ĵƀŝ 

b  i i3 7 3 53 7 5 # #+ = +^ h  ŠǀƘƿŻƺŤƫř ŠǀƇŚŴƫř

 i1521= +  Ǝ ĵƀŝ
c  i i i i i2 3 5 6 10 9 153 2+ - + = - + - +^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 ( )i 156 1= - + + -  1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i21= - +  Ǝ ĵƀŝ
d  - +i i i i i4 1 2 1 2 4 1 2

1 1 12
2

-=` `` ^ ``j jj h j j ( )( )a b a b a b2 2- + = -  ŠƤŝŚƐŤưƫř

 i4 1 4
1 1= - -^a hk 1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i4 4
5

= a k Ǝ ĵƀŝ
 i5=

:ŪţŚƴƫř Ŷūƹŏ  7

a  ii 46 5 3- -^ ^h h b  ii4 49 9+ -^ ^h h c  i i i12 7 1+^ ^ ^h h h

:ŶūƹŐƟ ,z i z i2 3 5= + = -1 2  ƱŚƧ řŷœ
a  z3- 2  b  z z:1 2

:ƪŰƫř
a  )(z i3 3 5- = - -2

 )( ) ( i3 5 3= - - -

 i15 3= - +
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أوجد الناتجحاول أن تحل  7
























































































































1110

:ŪţŚƴƫř Ŷūƹŏ
a  i i5 4-^ ^h h   b  i3 7 5+^ h
c  i i2 3 53+ - +^ ^h h   d  i i i1 14 2

1
2
1

- +a ak k
:ƪŰƫř

a  i i5 204 2- = - i^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 20 1= - -^ h 1-  Éŝ i2  ƲƗ ƉÚƺƗ
 20=  Ǝ ĵƀŝ 

b  i i3 7 3 53 7 5 # #+ = +^ h  ŠǀƘƿŻƺŤƫř ŠǀƇŚŴƫř

 i1521= +  Ǝ ĵƀŝ
c  i i i i i2 3 5 6 10 9 153 2+ - + = - + - +^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 ( )i 156 1= - + + -  1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i21= - +  Ǝ ĵƀŝ
d  - +i i i i i4 1 2 1 2 4 1 2

1 1 12
2

-=` `` ^ ``j jj h j j ( )( )a b a b a b2 2- + = -  ŠƤŝŚƐŤưƫř

 i4 1 4
1 1= - -^a hk 1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i4 4
5

= a k Ǝ ĵƀŝ
 i5=

:ŪţŚƴƫř Ŷūƹŏ  7

a  ii 46 5 3- -^ ^h h b  ii4 49 9+ -^ ^h h c  i i i12 7 1+^ ^ ^h h h

:ŶūƹŐƟ ,z i z i2 3 5= + = -1 2  ƱŚƧ řŷœ
a  z3- 2  b  z z:1 2

:ƪŰƫř
a  )(z i3 3 5- = - -2

 )( ) ( i3 5 3= - - -

 i15 3= - +

19

مثال 8

:ŪţŚƴƫř Ŷūƹŏ
a  i i5 4-^ ^h h   b  i3 7 5+^ h
c  i i2 3 53+ - +^ ^h h   d  i i i1 14 2

1
2
1

- +a ak k
:ƪŰƫř

a  i i5 204 2- = - i^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 20 1= - -^ h 1-  Éŝ i2  ƲƗ ƉÚƺƗ
 20=  Ǝ ĵƀŝ 

b  i i3 7 3 53 7 5 # #+ = +^ h  ŠǀƘƿŻƺŤƫř ŠǀƇŚŴƫř

 i1521= +  Ǝ ĵƀŝ
c  i i i i i2 3 5 6 10 9 153 2+ - + = - + - +^ ^h h  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 ( )i 156 1= - + + -  1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i21= - +  Ǝ ĵƀŝ
d  - +i i i i i4 1 2 1 2 4 1 2

1 1 12
2

-=` `` ^ ``j jj h j j ( )( )a b a b a b2 2- + = -  ŠƤŝŚƐŤưƫř

 i4 1 4
1 1= - -^a hk 1-  Éŝ i2  ƲƗ ƉÚƺƗ

 i4 4
5

= a k Ǝ ĵƀŝ
 i5=

:ŪţŚƴƫř Ŷūƹŏ  7

a  ii 46 5 3- -^ ^h h b  ii4 49 9+ -^ ^h h c  i i i12 7 1+^ ^ ^h h h

:ŶūƹŐƟ ,z i z i2 3 5= + = -1 2  ƱŚƧ řŷœ
a  z3- 2  b  z z:1 2

:ƪŰƫř
a  )(z i3 3 5- = - -2

 )( ) ( i3 5 3= - - -

 i15 3= - +

19
حاول أن تحل  8

b  i� � � � � � � � � �: = - + +1 1 1 1 12 2 2 2 2^ ^h h
 ( )( ) ( )( ) ( )( ) ( )( ) i2 5 3 1 2 1 5 3= - - + - +^ ^h h
 i10 3 2 15= + + - +^ ^h h
  i13 13= +

:ŶūƹŐƟ ,� i �2 3 1 4= - = +1 2 i  ƱŚƧ řŷœ  �
a  �2
1
1  b  � �:1 2

�o6ers of a Complex Number  ŜƧźưƫř ŵŶƘƫř ƻƺƣ

�ƾƬƿ ŚưƧ (�) ƻƺƣ śŚƀů ƖǀƐŤƀƳ

, ( ) ,i i i i i i1 12 3 2 : #= - = = - = -

( ) ( )i i i 1 1 14 2 2: #= = - - =

:ŠƯŚƗ şŹƺƈŝ

:ƱŔƟ ƾƬƧ ŵŶƗ p ƱŚƧ řŷœ

1 , , 1 ,i i i i i i4 4 1 4 2 4 3p p p p= = = - = -+ + +

� � �i i� �� �" , ŠƗƺưŬưƫř źƇŚƴƗ Ŷůŏ Ʊƺƨƿ ŪţŚƴƫř ƱŔƟ ƾƬƧ ŵŶƘƫ (�) ƖƟŹ ŶƴƗ ƶƳŏ ƒůǅ

� ÔǆŨưƟ

, ,i i i i i i i i i29 4 7 1 15 4 3 3 2013 4 503 1= = = = - = =# # #+ + +

•  .ŚƸƀƠƳ ŵƹŶŰƫř šřźǀŨƧ śźƋ šřƺƐų ƭŶŴŤƀƳ ŜƧźƯ ŵŶƗ ƻƺƣ ŵŚŬƿǈ

2, ,� i � i � i2
1

2
3

= = - = +1 2 3  ƱŚƧ řŷœ

:ŶūƹŐƟ

a  z211   b  z62
c  z23   $  z33

��

إذا كان       عدد كلي فإن   قوى العدد المركب

b  i� � � � � � � � � �: = - + +1 1 1 1 12 2 2 2 2^ ^h h
 ( )( ) ( )( ) ( )( ) ( )( ) i2 5 3 1 2 1 5 3= - - + - +^ ^h h
 i10 3 2 15= + + - +^ ^h h
  i13 13= +

:ŶūƹŐƟ ,� i �2 3 1 4= - = +1 2 i  ƱŚƧ řŷœ  �
a  �2
1
1  b  � �:1 2

�o6ers of a Complex Number  ŜƧźưƫř ŵŶƘƫř ƻƺƣ

�ƾƬƿ ŚưƧ (�) ƻƺƣ śŚƀů ƖǀƐŤƀƳ

, ( ) ,i i i i i i1 12 3 2 : #= - = = - = -

( ) ( )i i i 1 1 14 2 2: #= = - - =

:ŠƯŚƗ şŹƺƈŝ

:ƱŔƟ ƾƬƧ ŵŶƗ p ƱŚƧ řŷœ

1 , , 1 ,i i i i i i4 4 1 4 2 4 3p p p p= = = - = -+ + +

� � �i i� �� �" , ŠƗƺưŬưƫř źƇŚƴƗ Ŷůŏ Ʊƺƨƿ ŪţŚƴƫř ƱŔƟ ƾƬƧ ŵŶƘƫ (�) ƖƟŹ ŶƴƗ ƶƳŏ ƒůǅ

� ÔǆŨưƟ

, ,i i i i i i i i i29 4 7 1 15 4 3 3 2013 4 503 1= = = = - = =# # #+ + +

•  .ŚƸƀƠƳ ŵƹŶŰƫř šřźǀŨƧ śźƋ šřƺƐų ƭŶŴŤƀƳ ŜƧźƯ ŵŶƗ ƻƺƣ ŵŚŬƿǈ

2, ,� i � i � i2
1

2
3

= = - = +1 2 3  ƱŚƧ řŷœ

:ŶūƹŐƟ

a  z211   b  z62
c  z23   $  z33

��

b  i� � � � � � � � � �: = - + +1 1 1 1 12 2 2 2 2^ ^h h
 ( )( ) ( )( ) ( )( ) ( )( ) i2 5 3 1 2 1 5 3= - - + - +^ ^h h
 i10 3 2 15= + + - +^ ^h h
  i13 13= +

:ŶūƹŐƟ ,� i �2 3 1 4= - = +1 2 i  ƱŚƧ řŷœ  �
a  �2
1
1  b  � �:1 2

�o6ers of a Complex Number  ŜƧźưƫř ŵŶƘƫř ƻƺƣ

�ƾƬƿ ŚưƧ (�) ƻƺƣ śŚƀů ƖǀƐŤƀƳ

, ( ) ,i i i i i i1 12 3 2 : #= - = = - = -

( ) ( )i i i 1 1 14 2 2: #= = - - =

:ŠƯŚƗ şŹƺƈŝ

:ƱŔƟ ƾƬƧ ŵŶƗ p ƱŚƧ řŷœ

1 , , 1 ,i i i i i i4 4 1 4 2 4 3p p p p= = = - = -+ + +

� � �i i� �� �" , ŠƗƺưŬưƫř źƇŚƴƗ Ŷůŏ Ʊƺƨƿ ŪţŚƴƫř ƱŔƟ ƾƬƧ ŵŶƘƫ (�) ƖƟŹ ŶƴƗ ƶƳŏ ƒůǅ

� ÔǆŨưƟ

, ,i i i i i i i i i29 4 7 1 15 4 3 3 2013 4 503 1= = = = - = =# # #+ + +

•  .ŚƸƀƠƳ ŵƹŶŰƫř šřźǀŨƧ śźƋ šřƺƐų ƭŶŴŤƀƳ ŜƧźƯ ŵŶƗ ƻƺƣ ŵŚŬƿǈ

2, ,� i � i � i2
1

2
3

= = - = +1 2 3  ƱŚƧ řŷœ

:ŶūƹŐƟ

a  z211   b  z62
c  z23   $  z33

��

b  i� � � � � � � � � �: = - + +1 1 1 1 12 2 2 2 2^ ^h h
 ( )( ) ( )( ) ( )( ) ( )( ) i2 5 3 1 2 1 5 3= - - + - +^ ^h h
 i10 3 2 15= + + - +^ ^h h
  i13 13= +

:ŶūƹŐƟ ,� i �2 3 1 4= - = +1 2 i  ƱŚƧ řŷœ  �
a  �2
1
1  b  � �:1 2

�o6ers of a Complex Number  ŜƧźưƫř ŵŶƘƫř ƻƺƣ

�ƾƬƿ ŚưƧ (�) ƻƺƣ śŚƀů ƖǀƐŤƀƳ

, ( ) ,i i i i i i1 12 3 2 : #= - = = - = -

( ) ( )i i i 1 1 14 2 2: #= = - - =

:ŠƯŚƗ şŹƺƈŝ

:ƱŔƟ ƾƬƧ ŵŶƗ p ƱŚƧ řŷœ

1 , , 1 ,i i i i i i4 4 1 4 2 4 3p p p p= = = - = -+ + +

� � �i i� �� �" , ŠƗƺưŬưƫř źƇŚƴƗ Ŷůŏ Ʊƺƨƿ ŪţŚƴƫř ƱŔƟ ƾƬƧ ŵŶƘƫ (�) ƖƟŹ ŶƴƗ ƶƳŏ ƒůǅ

� ÔǆŨưƟ

, ,i i i i i i i i i29 4 7 1 15 4 3 3 2013 4 503 1= = = = - = =# # #+ + +

•  .ŚƸƀƠƳ ŵƹŶŰƫř šřźǀŨƧ śźƋ šřƺƐų ƭŶŴŤƀƳ ŜƧźƯ ŵŶƗ ƻƺƣ ŵŚŬƿǈ

2, ,� i � i � i2
1

2
3

= = - = +1 2 3  ƱŚƧ řŷœ

:ŶūƹŐƟ

a  z211   b  z62
c  z23   $  z33

��

b  i� � � � � � � � � �: = - + +1 1 1 1 12 2 2 2 2^ ^h h
 ( )( ) ( )( ) ( )( ) ( )( ) i2 5 3 1 2 1 5 3= - - + - +^ ^h h
 i10 3 2 15= + + - +^ ^h h
  i13 13= +

:ŶūƹŐƟ ,� i �2 3 1 4= - = +1 2 i  ƱŚƧ řŷœ  �
a  �2
1
1  b  � �:1 2

�o6ers of a Complex Number  ŜƧźưƫř ŵŶƘƫř ƻƺƣ

�ƾƬƿ ŚưƧ (�) ƻƺƣ śŚƀů ƖǀƐŤƀƳ

, ( ) ,i i i i i i1 12 3 2 : #= - = = - = -

( ) ( )i i i 1 1 14 2 2: #= = - - =

:ŠƯŚƗ şŹƺƈŝ

:ƱŔƟ ƾƬƧ ŵŶƗ p ƱŚƧ řŷœ

1 , , 1 ,i i i i i i4 4 1 4 2 4 3p p p p= = = - = -+ + +

� � �i i� �� �" , ŠƗƺưŬưƫř źƇŚƴƗ Ŷůŏ Ʊƺƨƿ ŪţŚƴƫř ƱŔƟ ƾƬƧ ŵŶƘƫ (�) ƖƟŹ ŶƴƗ ƶƳŏ ƒůǅ

� ÔǆŨưƟ

, ,i i i i i i i i i29 4 7 1 15 4 3 3 2013 4 503 1= = = = - = =# # #+ + +

•  .ŚƸƀƠƳ ŵƹŶŰƫř šřźǀŨƧ śźƋ šřƺƐų ƭŶŴŤƀƳ ŜƧźƯ ŵŶƗ ƻƺƣ ŵŚŬƿǈ

2, ,� i � i � i2
1

2
3

= = - = +1 2 3  ƱŚƧ řŷœ

:ŶūƹŐƟ

a  z211   b  z62
c  z23   $  z33

��

أ : سلامة علي الركاص


 الوحدة السابعة : الأعداد المركبة
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b  i� � � � � � � � � �: = - + +1 1 1 1 12 2 2 2 2^ ^h h
 ( )( ) ( )( ) ( )( ) ( )( ) i2 5 3 1 2 1 5 3= - - + - +^ ^h h
 i10 3 2 15= + + - +^ ^h h
  i13 13= +

:ŶūƹŐƟ ,� i �2 3 1 4= - = +1 2 i  ƱŚƧ řŷœ  �
a  �2
1
1  b  � �:1 2

�o6ers of a Complex Number  ŜƧźưƫř ŵŶƘƫř ƻƺƣ

�ƾƬƿ ŚưƧ (�) ƻƺƣ śŚƀů ƖǀƐŤƀƳ

, ( ) ,i i i i i i1 12 3 2 : #= - = = - = -

( ) ( )i i i 1 1 14 2 2: #= = - - =

:ŠƯŚƗ şŹƺƈŝ

:ƱŔƟ ƾƬƧ ŵŶƗ p ƱŚƧ řŷœ

1 , , 1 ,i i i i i i4 4 1 4 2 4 3p p p p= = = - = -+ + +

� � �i i� �� �" , ŠƗƺưŬưƫř źƇŚƴƗ Ŷůŏ Ʊƺƨƿ ŪţŚƴƫř ƱŔƟ ƾƬƧ ŵŶƘƫ (�) ƖƟŹ ŶƴƗ ƶƳŏ ƒůǅ

� ÔǆŨưƟ

, ,i i i i i i i i i29 4 7 1 15 4 3 3 2013 4 503 1= = = = - = =# # #+ + +
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حاول أن تحل  9

:ŠƯƺƬƘƯ
ƾƤǀƤů ŵŶƗ a� =  ƱŚƧ řŷœ

z z a= =  ƱŔƟ

:ƪŰƫř
a  z i i i4 5 121 21= = =# +

1

b  ( ) ( )z ii2 26 6 6 6#= - = -2

 ( )i i64 64 64 1 642 24# # #= = = - = -+

c  +z i2
1

2
32

2

=3
c m

 i i4
1 2 2

1
2
3

4
3 2# #+ +=  ( )� � � �� �22 2 2+ = + +

 i4
1

2
3

4
3

+= -  ( )i 12 = -  Ǝ ĵƀŝ

 i2
1

2
3

+= -

$  z z z3 2
:=3 3 3

 i i2
1

2
3

2
1

2
3

= - + +c cm m - i2
1

2
3

+   : Éŝ z23  ƲƗ ƉÚƺƗ

 i i i4
1

4
3

4
3

4
3 2+ += - -

 ( )4
1 0 4
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:Ŷūƹŏ  �
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3
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3

+c m  c  i2
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2
2

4

+c m
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Complex Con*u'ate  ŜƧźưƫř ŵŶƘƫř ƢƟřźƯ
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ثالثاً : قسمة الأعداد المركبة
مرافق العدد المركب

مرافق العدد المركب                        هو العدد المركب

خواص مرافق العدد المركب

كراسة التمارين

�

ŠŞƧźưƫř ŵřŶƗǃř

Complex NumberS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

i  ŠǀƬǀŴŤƫř şŶůƺƫř Ś ÔƯŶŴŤƀƯ ŵŶƗ ƪƧ Ǝ Úƀŝ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) 16-   (�) 15-  

(�) 3 9-   (�) 2
1 100- -  

.ŠƿźŞŬƫř şŹƺƈƫř ƾƟ ŵŶƗ ƪƧ ŜŤƧř ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) 2 3+ -   (�) 1 2- +   

(�) 6
50 2- - -   (�) 2

8 8- +

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƪů ¬(�¥11) ƲǀƴƿźưŤƫř ƾƟ

(�) x yi i2 3 14 9+ =- +   (1�) x i yi3 19 16 8+ = -  

(11) ( )i i x y i14 3 2 52 - = + +  

:ŜƧźưƫř ƻƺŤƀưƫř ƾƟ ƾƬƿ ŚưƯ ĐǆƧ ƪÚŨƯ   (1�)

(a) z i2 31 = - +  (b) z 42 = -  (c) z i3 = -  (D) ( )z i2 24 = +

:ŠǀƫŚŤƫř ƍŚƤƴƫř ƲƯ ƪƨƫ źƓŚƴưƫř ŜƧźưƫř ŵŶƘƫř ŜŤƧř   (1�)

(a) ( , )L 4 5  (b) ( , )M 4 2- -  (c) ( , )N 2 6-  (D) ( ),P 0 3-

:ƾƬƿ ŚưƯ źǀŞƘţ ƪƧ Ǝ Úƀŝ ¬(1�¥��) ƲƿŹŚưŤƫř ƾƟ

(1�) i i2 4 4+ + -^ ^h h  (1�) i6 8 3- +^ h 
(1�) ( ) ( )4 69 49+ - + - -  (1�) ( ) ( )8 31 16- - - - + -

(1�) i i2 5-^ ^h h  (1�) i i4 9 2-^ ^h h
(��) ( ) ( )i i i1 2 3 35 4- + + -  (�1) i i6 5 1 3- - +^ ^h h 
(��) 2 9 6 25- + - + -^ ^h h (��) ( )i i6 3-

ÛƱ ĳźưţ
7-1
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:ŜƧźưƫř ŵŶƘƫř ƢƟřźƯ ƅřƺų

,� � i � � i� �= + = +1 1 1 2 2 2   ƱŚƧ řŷœ

:ƱŔƟ
  • � � 2+ = 11 1 �
  • � � 2� =1 1 i�
  • � �� � 2 2: = +1 11 1

  • � � � �! !=1 12 2

  • � � � �: :=1 12 2

  • � �=1 1^ h

:ŶūƹŐƟ ,� i � i3 4 5 2= + = -1 2  ƱŚƧ řŷœ

a  1z z+1  b  1z z-1  c  � �z1

$  z z+1 2  e  2z z:1  f  z z:1 2
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 الوحدة السابعة : الأعداد المركبة





















































































































14

:z 1-  żƯźƫŚŝ ƶƫ żƯźƿ iz a b= +  ƽźƠƇ źǀƛ ŜƧźƯ ŵŶƘƫ ƾŝźƌƫř ŽƺƨƘưƫř
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نضرب البسط والمقام بمرافق المقام
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كراسة التمارين

1�

,z z12 27 :ŶūƹŐƟ z i
i

1
1

=
+
-  ƱŚƧ řŷœ   (��)

:ŶūƹŐƟ ,z i z i2 3 41 2= + =- +  ƱŚƧ řŷœ   (��)

(a) - z3
1
2  (b) �z z1 2  (c) z31  (D) �z z1 2

(e) z z1 2-  (F) �z z1 2

z  :ŶūƹŐƟ z
i
i

1 3
4

=
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 ƱŚƧ řŷœ   (��)

:ƾƬƿ ŚưƯ ƪƨƫ ƾŝźƌƫř ŽƺƨƘưƫř Ŷūƹŏ   (��)
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22 2
a k :ŶūƹŐƟ ,z zi i3 3 2= + =- +21  ƱŚƧ řŷœ   (��)

.ŚÔǀƬÚǀŴţ řÔŵŶƗ � �x yi 2�  Ʊƺƨƿ ŚƯŶƴƗ x 
 y Ʋǀŝ ŠƣǆƘƫř Ŷūƹŏ :ŶƣŚƳ źǀƨƠţ   (��)

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ
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7 - 2
الإحداثيات القطبية والصورة المثلثية لعدد مركب

مطلق العدد المركب


:�ŜƧźƯ ŵŶƘƫ ŠǀŨƬŨưƫř şŹƺƈƫřƹ ŠǀŞƐƤƫř šŚǀŧřŶůǅř
�olar Coor$inates an$ �ri'onometric �orm of

a Complex Number

ƮƬƘŤţ Ɲƺſ
• .ŠǀŞƐƤƫř šŚǀŧřŶůǅř
• .ŚĐǀƳŚǀŝ ŠŞƧźưƫř ŵřŶƗǃř ƪǀŨưţ
•  ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫř 

.ŜƧźưƫř
•  ŠƿźŞŬƫř şŹƺƈƫř Ʋǀŝ ƪƿƺŰŤƫř 

.ŠǀŨƬŨưƫř şŹƺƈƫřƹ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
•  ŠǀŞƐƣ šŚǀŧřŶůœ

�olar Coor$inates  
•  ŠǀŨƬŨưƫř şŹƺƈƫř

�(e �ri'onometric  
�orm  

•  ŜƧźưƫř ŵŶƘƫř ŽŚǀƤƯ
 Norme of t(e  
Complex Number  

• ŜƧźưƫř ŵŶƘƫř ŠƘſ
�a'nitu$e of t(e  
Complex Number  

•  ƪƿƺŰţ
�ransformation  

:ŠƯƺƬƘƯ
 źǀŞƘŤƫř  ƭřŶŴŤſř  Ʋƨưƿ
 ƼƬƗ  ŠƫǇŶƬƫ  �o$ulus
.ŜƧźưƫř ŵŶƘƬƫ ŠƤƬƐưƫř ŠưǀƤƫř

:źƧŸţ�



�   :ťŹƺƛŚŨǀƟ ŠƿźƔƳ


 � �2 2 2
= +  �  


 � �2 2
= +  

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ

�

�
�
θ

�

��
���

�




 ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ �(
, �) ŠƐƤƳ ŸųŐƴƫ

� ƪƇǃř ŠƐƤƳ Ţƀǀƫ ��Ŧǀů
 ƖƋƺƫř ƾƟ ŠƸūƺưƫř Šƿƹřżƫř ŽŚǀƤŝ ŠƐƤƴƫř ƖƣƺƯ ŶƿŶŰţ Ʋƨưƿ
��¬� ƲǀŤƐƤƴƫř Ʋǀŝ � ŠƟŚƀưƫŚŝƹ ��� OMe = ^ h ƾſŚǀƤƫř

��¬θ ŠǀƯƺƬƘưŝ 
, � Ŷūƹŏ  �

, � ŠƫǅŶŝ � ƲƗ źǀŞƘŤƬƫ ťŹƺƛŚŨǀƟ ŠƿźƔƳ ƭŶŴŤſř  �

®θ ŽŚǀƣ ŶƿŶŰţ Ś Ôưŗřŵ Ʋƨưƿ ƪƷ  3
�� � �	

^ h ¬ �� � �� ^ h ¬ �� 	 �� �^ h ƍŚƤƴƫř ƲƯ ƪƨƫ θ ŽŚǀƣƹ � Šưǀƣ Ŷūƹŏ  


�bsolute �alue of a Complex Number  ŜƧźƯ ŵŶƘƫ ŠƤƬƐưƫř ŠưǀƤƫř

�

�

�
e

�

( , )	 � �

 ƪŨưţ ƾŤƫř ŠƐƤƴƫř Ʋǀŝ ŠƟŚƀưƫř ƾƷ ŜƧźưƫř ŵŶƘƬƫ ŠƤƬƐưƫř ŠưǀƤƫř

 ŜƧźưƫř ƾŧřŶůǈř ƻƺŤƀưƫř ƾƟ ƪƇǃř ŠƐƤƳƹ ŵŶƘƫř řŸƷ

.ťŹƺƛŚŨǀƟ ŠƿźƔƳ ƭřŶŴŤſŚŝ ŚƷŵŚŬƿœ Ʀƴƨưƿ ƾŤƫřƹ

� � �i= +   ƱŚƧ řŷœ ŠƯŚƗ ŠƠƈŝ

� � �i � �2 2= + = +   �ƱŔƟ

:Ŷūƹŏ
a  i5  b  i3 4-

:ƪŰƫř

.ƾƬǀŴŤƫř ŹƺŰưƫř ƼƬƗ ƪƇǃř ŠƐƤƳ ƲƯ ŚÔƣǈƐƳř šřŶůƹ � ƾƷ i5  a
 i5 5` =

b  i3 4-

 ( )432 2= + -  � �i � �2 2+ = +

 169= +  Ǝ ĵƀŝ
 5=

�5

مثال 1

حاول أن تحل  1

:źƧŸţ

cos 4 2
2π

=
 

sin 4 2
2π

=

 

:Ŷūƹŏ  1
a  i6 4-  b  i2 5- +

Polar Coordinates  ŠǀŞƐƤƫř šŚǀŧřŶůǅř

 ŜƧźưƫř ƾŧřŶůǈř ƻƺŤƀưƫř ƼƬƗ M ŠƐƤƴƬƫ ŠǀŞƐƤƫř šŚǀŧřŶůǈř ( , )r e  Ŝţźưƫř ũƹżƫř ƪÚŨưƿ
 ƻƺŤƀưƫř žƠƳ ƾƟ M ŠƐƤƴƬƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǈř ƪŨưƿ ( , )x y  Ŝţźưƫř ũƹżƫř Ʊŏ Ś Ôƌƿŏ ƮƬƘƳƹ

r

( ),M x y

e
x

y

 .ƾŧřŶůǈř

 ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǈřƹ ŠǀŞƐƤƫř šŚǀŧřŶůǈř Ʋǀŝ ƪƿƺŰŤƫř Ʋƨưƿ

cos

sin

r x y
x r
y r

2 2

e

e

= +

=

=

 :ƭřŶŴŤſŚŝ

. M ŠƐƤƴƫŚŝ ƾŗŚƸƴƫř ŚƸƘƬƋ źưƿ ƾŤƫř ƾſŚǀƤƫř ƖƋƺƫř ƾƟ ŠƸūƺưƫř Šƿƹřżƫř ƾƷ e  Ŧǀů

:ŠǀţŹŚƨƿŵ šŚǀŧřŶůœ Ƽƫœ ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ʃ Úƺů

a  ,M 5 4
π` j  b  ,N 2 6

5π` j
:ƪŰƫř

a  ,M 5 4
π` j
, πr 5 4e= =   :Ŧǀů M ŠƐƤƴƬƫ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƪŨưƿ ,5 4

π` j Ŝţźưƫř ũƹżƫř

cosx r e= siny r e=

cos 45 π
= sin 45 π

=

2
25 #= 2

25 #=

2
5 2

= 2
5 2

=

5 2
2
5 2
,2

c m : M ŠƐƤƴƬƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƪŨưƿ ƽŸƫř Ŝţźưƫř ũƹżƫř  `
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كراسة التمارين

1�

ŜƧźƯ ŵŶƘƫ ŠǀŨƬŨưƫř şŹƺƈƫřƹ ŠǀŞƐƤƫř šŚǀŧřŶůǅř

Polar CoorDinateS anD 4rigonometric &orm oF a Complex Number

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

 :Ŷūƹŏ (1)

(a) i5 12�  (b) i2 2-  (c) i2

:ŠǀţŹŚƨƿŵ šŚǀŧřŶůœ Ƽƫœ ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ʃƺů ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) ,2 3
/` j (�) ,1 4

3/a k
(�) . ,1 5 3

7/a k (�) ,2 /^ h
(�) ,2 270c^ h (�) ,2 6

/
-` j

:ŠǀƫŚŤƫř ƍŚƤƴƫř ƲƯ ƪƨƫ ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ŷūƹŏ ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) 	1
 1
 (�) 	-2
 �


(1�) 	-3
 0
 (11) 	0
 4


(1�) ,2 2 3- -^ h (1�) ,3 3 3-^ h
:ŠǀſŚſǃř ŠƘƀƫř Ś ÔƯŶŴŤƀƯ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ ¬(1�¥�1) ƲƿŹŚưŤƫř ƾƟ

(1�) 3I (1�) 2 � 2I

(1�) i2 2 3- +  (1�) i2
1

2
3

-

(1�) -2I (1�) i3 +

(��) 8 (�1) i2
3
2
1

- -

: �0 2! /e h6  Ŧǀů � �FRV VLQz r ie e �  ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ŠǀƫŚŤƫř ŵřŶƗǃř ŜŤƧř ¬(��¥��) ƲƿŹŚưŤƫř ƾƟ

(��) cos sini5 4 4
/ /-` j (��) ( )cos sini� 30 150- -c c^ h

(��) cos sini2 6
�

6
�� �

- +` j (��) cos sini2 45 405�+c^ h

ÛƱ ĳźưţ
7-2

الاحداثيات القطبية

:حیث   یمكن تمثیل أي نقطة في المستوى باستخدام الإحداثیات القطبیة   

یمرھي الزاویة الموجھة في الوضع القیاسي التي : بعد النقطة عن نقطة الأصل      :        

ضلعھا النھائي بالنقطة  

أ : سلامة علي الركاص


 الوحدة السابعة : الأعداد المركبة
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                                     :للتحویل من الاحداثیات القطبیة إلى الدیكارتي)١

r

( ),M x y

e
x

y

:źƧŸţ

cos 4 2
2π

=
 

sin 4 2
2π

=

 

:Ŷūƹŏ  1
a  i6 4-  b  i2 5- +

Polar Coordinates  ŠǀŞƐƤƫř šŚǀŧřŶůǅř

 ŜƧźưƫř ƾŧřŶůǈř ƻƺŤƀưƫř ƼƬƗ M ŠƐƤƴƬƫ ŠǀŞƐƤƫř šŚǀŧřŶůǈř ( , )r e  Ŝţźưƫř ũƹżƫř ƪÚŨưƿ
 ƻƺŤƀưƫř žƠƳ ƾƟ M ŠƐƤƴƬƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǈř ƪŨưƿ ( , )x y  Ŝţźưƫř ũƹżƫř Ʊŏ Ś Ôƌƿŏ ƮƬƘƳƹ

r

( ),M x y

e
x

y

 .ƾŧřŶůǈř

 ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǈřƹ ŠǀŞƐƤƫř šŚǀŧřŶůǈř Ʋǀŝ ƪƿƺŰŤƫř Ʋƨưƿ

cos

sin

r x y
x r
y r

2 2

e

e

= +

=

=

 :ƭřŶŴŤſŚŝ

. M ŠƐƤƴƫŚŝ ƾŗŚƸƴƫř ŚƸƘƬƋ źưƿ ƾŤƫř ƾſŚǀƤƫř ƖƋƺƫř ƾƟ ŠƸūƺưƫř Šƿƹřżƫř ƾƷ e  Ŧǀů

:ŠǀţŹŚƨƿŵ šŚǀŧřŶůœ Ƽƫœ ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ʃ Úƺů

a  ,M 5 4
π` j  b  ,N 2 6

5π` j
:ƪŰƫř

a  ,M 5 4
π` j
, πr 5 4e= =   :Ŧǀů M ŠƐƤƴƬƫ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƪŨưƿ ,5 4

π` j Ŝţźưƫř ũƹżƫř

cosx r e= siny r e=

cos 45 π
= sin 45 π

=

2
25 #= 2

25 #=

2
5 2

= 2
5 2

=

5 2
2
5 2
,2

c m : M ŠƐƤƴƬƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƪŨưƿ ƽŸƫř Ŝţźưƫř ũƹżƫř  `
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مثال 2

:źƧŸţ
 ŠŞſŚŰƫř  Šƫǁř  ƭřŶŴŤſř  ŶƴƗ
 ŜſŚƴƿ  Śưŝ  ŚƸƘƋƹ  ƲƯ  ŶƧŐţ

 :Šƿƹřżƫř ŽŚǀƣ

 ƾƴǀŤƀƫř

 :ƽźŗřŶƫř 

:şŚǀŰƫŚŝ Ǝŝźƫř
 ŠƿƺŬƫř ŠƧźŰƫř ƺŞƣřźƯ ŶưŤƘƿ
 ŠưƔƳŏ  ƼƬƗ  šřŹŚƐưƫř  ƾƟ
 šřźŗŚƐƫř ŹŚƀƯ ƶǀūƺŤƫ Źřŵřźƫř
 ŚƸţǈůŹ  ŠƯǈſ  ƲƯ  ŶÚƧŐŤƬƫƹ
 ƼƬƗ  ƑŚƠŰƫř  ƽŏ  ¬ŠƿƺŬƫř
 ¬ŚƸƴǀŝ ŚƯ ƾƟ ŠƯŻǈƫř ŠƟŚƀưƫř
 žƿŹŚƌŤƫř ƲƗ ř ÔŶǀƘŝ ŚƸŗŚƤŝœƹ
 ƮŤƿ  Ʀƫŷ  ƪƧƹ  .ŠǀƋŹǃř
 Źřŵřźƫř ŠƃŚƃ ƼƬƗ ŵŚưŤƗǇŚŝ
 ¬Śƿřƹżƫř  šŚſŚǀƣ  ƲÚǀŞţ  ƾŤƫř
 šřźŗŚƐƫř  Ʋǀŝ  šŚƟŚƀưƫřƹ

.ŚƸƴƯ ƪƧ ƖƣƺƯƹ

:źƧŸţ

 ŵŚƴſǅř  ŠƿƹřŻ  _  ŢƳŚƧ  řŷœ
:ƱŔƟ e  ŚƸſŚǀƣ ƾŤƫř ŠƿƹřżƬƫ

: ,

: ,

: ,

: ,

x y

x y

x y

x y

0 0

0 0

0 0

2 0 0

π

π

π

2 2

1 2

1 1

2 1

e

_

_

_

_

=
-

+

-

Z

[

\

]
]

]]

:źƧŸţ
 šŚǀŧřŶůǅř ƲƗ ťŶŰŤƳ ŚƯŶƴƗ
 Ŝţźưƫř  ũƹżƫř  ƾƴƘƳ  ŠǀŞƐƤƫř

. ( , )r e

 ƲƗ  ťŶŰŤƳ  ŚƯŶƴƗƹ
 ƾƴƘƳ  ŠǀţŹŚƨƿŶƫř  šŚǀŧřŶůǅř

. ( , )x y  Ŝţźưƫř ũƹżƫř

b  ,N 2 6
5πa k

,r 2 6
5πe= =  :Ŧǀů N ŠƐƤƴƬƫ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƪŨưƿ ,2 6

5πa k Ŝţźưƫř ũƹżƫř

 

cosx r e=

 cos 6
52 π

=

 2
3

2 #= -

 2
6

=
-

siny r e=

 sin2 6
5π

=

 2 2
1

#=

 2
2

=

2 2
2

,
6-c m : N ŠƐƤƴƬƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƪŨưƿ ƽŸƫř Ŝţźưƫř ũƹżƫř  `

:ƲǀŤƐƤƴƫř ƲƯ ƪƨƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƪŨưƿ ƽŸƫř ,x y^ h Ŝţźưƫř ũƹżƫř Ŷūƹŏ  2
a  , ºA 5 300^ h  b  ,B 3

22 πa k

 r  Šưǀƣ  ŶūƺƳ  ,r e^ h  ŠǀŞƐƤƫř  šŚǀŧřŶůǈř  Ƽƫœ  ( , )x y  ŠǀţŹŚƨƿŶƫř  šŚǀŧřŶůǈř  ƲƯ  ƪƿƺŰŤƬƫ

tan x
y

_ =  :ƭřŶŴŤſŚŝ _ ŵŚƴſǈř ŠƿƹřŻ ŽŚǀƣ ŶūƺƳ Ʈŧ r yx2 2= +  :şŶƗŚƤƫř ƭřŶŴŤſŚŝ

x, y ƲƯ ĲƪƧ şŹŚƃœ ƲƯ e ونوجدها.  Šƿƹřżƫř ƵŸƷ ƶǀƟ ƖƤţ ƽŸƫř Ɩŝźƫř ŶƿŶŰţ Ʀƫŷ ŶƘŝ

:ƾƬƿ ŚưƯ ƪƨƫ ,r e^ h ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ƽƫœ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƲƯ Ʃ Úƺů

a  ,,L 1 3 0 2π1# e-^ h  b  ,,M 3 4 0 360º º1# e- -^ h
:ƪŰƫř

a  ,L 1 3-^ h
 r 1 32 2

= + -^ ^h h  

L

1-1
-1

1

_
e

 1 3 4 2= + = =

ŵŚƴſǅř ŠƿƹřŻ _  Ʊŏ ƉźƠƳ  
tan x

y
3` _ = = -

 3=

 tan 31_ = -  :ƾƫŚŤƫŚŝƹ

 3` _ /
=

,x y0 0a 2 1

27

حاول أن تحل  2

أ : سلامة علي الركاص


 الوحدة السابعة : الأعداد المركبة
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كراسة التمارين

1�

ŜƧźƯ ŵŶƘƫ ŠǀŨƬŨưƫř şŹƺƈƫřƹ ŠǀŞƐƤƫř šŚǀŧřŶůǅř

Polar CoorDinateS anD 4rigonometric &orm oF a Complex Number

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

 :Ŷūƹŏ (1)

(a) i5 12�  (b) i2 2-  (c) i2

:ŠǀţŹŚƨƿŵ šŚǀŧřŶůœ Ƽƫœ ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ʃƺů ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) ,2 3
/` j (�) ,1 4

3/a k
(�) . ,1 5 3

7/a k (�) ,2 /^ h
(�) ,2 270c^ h (�) ,2 6

/
-` j

:ŠǀƫŚŤƫř ƍŚƤƴƫř ƲƯ ƪƨƫ ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ŷūƹŏ ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) 	1
 1
 (�) 	-2
 �


(1�) 	-3
 0
 (11) 	0
 4


(1�) ,2 2 3- -^ h (1�) ,3 3 3-^ h
:ŠǀſŚſǃř ŠƘƀƫř Ś ÔƯŶŴŤƀƯ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ ¬(1�¥�1) ƲƿŹŚưŤƫř ƾƟ

(1�) 3I (1�) 2 � 2I

(1�) i2 2 3- +  (1�) i2
1

2
3

-

(1�) -2I (1�) i3 +

(��) 8 (�1) i2
3
2
1

- -

: �0 2! /e h6  Ŧǀů � �FRV VLQz r ie e �  ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ŠǀƫŚŤƫř ŵřŶƗǃř ŜŤƧř ¬(��¥��) ƲƿŹŚưŤƫř ƾƟ

(��) cos sini5 4 4
/ /-` j (��) ( )cos sini� 30 150- -c c^ h

(��) cos sini2 6
�

6
�� �

- +` j (��) cos sini2 45 405�+c^ h

ÛƱ ĳźưţ
7-2

1�

ŜƧźƯ ŵŶƘƫ ŠǀŨƬŨưƫř şŹƺƈƫřƹ ŠǀŞƐƤƫř šŚǀŧřŶůǅř

Polar CoorDinateS anD 4rigonometric &orm oF a Complex Number

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

 :Ŷūƹŏ (1)

(a) i5 12�  (b) i2 2-  (c) i2

:ŠǀţŹŚƨƿŵ šŚǀŧřŶůœ Ƽƫœ ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ʃƺů ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) ,2 3
/` j (�) ,1 4

3/a k
(�) . ,1 5 3

7/a k (�) ,2 /^ h
(�) ,2 270c^ h (�) ,2 6
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:źƧŸţ
 ŠŞſŚŰƫř  Šƫǁř  ƭřŶŴŤſř  ŶƴƗ
 ŜſŚƴƿ  Śưŝ  ŚƸƘƋƹ  ƲƯ  ŶƧŐţ

 :Šƿƹřżƫř ŽŚǀƣ

 ƾƴǀŤƀƫř

 :ƽźŗřŶƫř 

:şŚǀŰƫŚŝ Ǝŝźƫř
 ŠƿƺŬƫř ŠƧźŰƫř ƺŞƣřźƯ ŶưŤƘƿ
 ŠưƔƳŏ  ƼƬƗ  šřŹŚƐưƫř  ƾƟ
 šřźŗŚƐƫř ŹŚƀƯ ƶǀūƺŤƫ Źřŵřźƫř
 ŚƸţǈůŹ  ŠƯǈſ  ƲƯ  ŶÚƧŐŤƬƫƹ
 ƼƬƗ  ƑŚƠŰƫř  ƽŏ  ¬ŠƿƺŬƫř
 ¬ŚƸƴǀŝ ŚƯ ƾƟ ŠƯŻǈƫř ŠƟŚƀưƫř
 žƿŹŚƌŤƫř ƲƗ ř ÔŶǀƘŝ ŚƸŗŚƤŝœƹ
 ƮŤƿ  Ʀƫŷ  ƪƧƹ  .ŠǀƋŹǃř
 Źřŵřźƫř ŠƃŚƃ ƼƬƗ ŵŚưŤƗǇŚŝ
 ¬Śƿřƹżƫř  šŚſŚǀƣ  ƲÚǀŞţ  ƾŤƫř
 šřźŗŚƐƫř  Ʋǀŝ  šŚƟŚƀưƫřƹ

.ŚƸƴƯ ƪƧ ƖƣƺƯƹ

:źƧŸţ

 ŵŚƴſǅř  ŠƿƹřŻ  _  ŢƳŚƧ  řŷœ
:ƱŔƟ e  ŚƸſŚǀƣ ƾŤƫř ŠƿƹřżƬƫ

: ,

: ,

: ,

: ,

x y

x y

x y

x y

0 0

0 0

0 0

2 0 0

π

π

π

2 2

1 2

1 1

2 1

e

_

_

_

_

=
-

+

-

Z

[

\

]
]

]]

:źƧŸţ
 šŚǀŧřŶůǅř ƲƗ ťŶŰŤƳ ŚƯŶƴƗ
 Ŝţźưƫř  ũƹżƫř  ƾƴƘƳ  ŠǀŞƐƤƫř

. ( , )r e

 ƲƗ  ťŶŰŤƳ  ŚƯŶƴƗƹ
 ƾƴƘƳ  ŠǀţŹŚƨƿŶƫř  šŚǀŧřŶůǅř

. ( , )x y  Ŝţźưƫř ũƹżƫř

b  ,N 2 6
5πa k

,r 2 6
5πe= =  :Ŧǀů N ŠƐƤƴƬƫ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƪŨưƿ ,2 6

5πa k Ŝţźưƫř ũƹżƫř
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,
6-c m : N ŠƐƤƴƬƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƪŨưƿ ƽŸƫř Ŝţźưƫř ũƹżƫř  `

:ƲǀŤƐƤƴƫř ƲƯ ƪƨƫ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƪŨưƿ ƽŸƫř ,x y^ h Ŝţźưƫř ũƹżƫř Ŷūƹŏ  2
a  , ºA 5 300^ h  b  ,B 3

22 πa k

 r  Šưǀƣ  ŶūƺƳ  ,r e^ h  ŠǀŞƐƤƫř  šŚǀŧřŶůǈř  Ƽƫœ  ( , )x y  ŠǀţŹŚƨƿŶƫř  šŚǀŧřŶůǈř  ƲƯ  ƪƿƺŰŤƬƫ

tan x
y

_ =  :ƭřŶŴŤſŚŝ _ ŵŚƴſǈř ŠƿƹřŻ ŽŚǀƣ ŶūƺƳ Ʈŧ r yx2 2= +  :şŶƗŚƤƫř ƭřŶŴŤſŚŝ

x, y ƲƯ ĲƪƧ şŹŚƃœ ƲƯ e ونوجدها.  Šƿƹřżƫř ƵŸƷ ƶǀƟ ƖƤţ ƽŸƫř Ɩŝźƫř ŶƿŶŰţ Ʀƫŷ ŶƘŝ

:ƾƬƿ ŚưƯ ƪƨƫ ,r e^ h ŠǀŞƐƤƫř šŚǀŧřŶůǅř Ƽƫœ ŠǀţŹŚƨƿŶƫř šŚǀŧřŶůǅř ƲƯ Ʃ Úƺů

a  ,,L 1 3 0 2π1# e-^ h  b  ,,M 3 4 0 360º º1# e- -^ h
:ƪŰƫř

a  ,L 1 3-^ h
 r 1 32 2

= + -^ ^h h  
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e

 1 3 4 2= + = =

ŵŚƴſǅř ŠƿƹřŻ _  Ʊŏ ƉźƠƳ  
tan x

y
3` _ = = -

 3=

 tan 31_ = -  :ƾƫŚŤƫŚŝƹ

 3` _ /
=

,x y0 0a 2 1
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مثال 3

:źƧŸţ
 ŠŞſŚŰƫř  Šƫǁř  ƭřŶŴŤſř  ŶƴƗ
 ŜſŚƴƿ  Śưŝ  ŚƸƘƋƹ  ƲƯ  ŶƧŐţ
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 ŠưƔƳŏ  ƼƬƗ  šřŹŚƐưƫř  ƾƟ
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 ¬ŚƸƴǀŝ ŚƯ ƾƟ ŠƯŻǈƫř ŠƟŚƀưƫř
 žƿŹŚƌŤƫř ƲƗ ř ÔŶǀƘŝ ŚƸŗŚƤŝœƹ
 ƮŤƿ  Ʀƫŷ  ƪƧƹ  .ŠǀƋŹǃř
 Źřŵřźƫř ŠƃŚƃ ƼƬƗ ŵŚưŤƗǇŚŝ
 ¬Śƿřƹżƫř  šŚſŚǀƣ  ƲÚǀŞţ  ƾŤƫř
 šřźŗŚƐƫř  Ʋǀŝ  šŚƟŚƀưƫřƹ
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حاول أن تحل  3

2 3 3
5π π π` e = - =  ¬Ɩŝřźƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ  L `
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b  ,M 3 4- -^ h
 ( ) ( )r 3 42 2= - + -

 9 16= +  

M

2

1

-1
-1-2

-2

-3

-
-3

-4

 25=

 5=

 ŵŚƴſǅř ŠƿƹřŻ _  Ʊŏ ƉźƠƳ

tan x
y

3
4

3
4` _ = =

-
-

=

tan 3
41_ = - a k  :ƾƫŚŤƫŚŝƹ

,x y0 0a 1 1

ŦƫŚŨƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ M `

° tan180 3
41` e = + - a k ŠŞſŚŰƫř Šƫǁř ƭŶŴŤſř

.°233 7 48 37e = l m

, .M 5 2 3 7 48 373 º l m^ h ƾƷ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƾƫŚŤƫŚŝƹ

π0 21G e  Ŧǀů ƾƬƿ ŚưƯ ŠƐƤƳ ƪƨƫ ,r e^ h Ŝţźưƫř ũƹżƫř Ŷūƹŏ  3
a  ,D 33 3^ h b  ,C 2 54 -^ h

Trigonometric Form  ŠǀŨƬŨưƫř şŹƺƈƫř

y

xO
θ

M

r

 z x yi= +  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ( , )M x y  ŠƐƤƴƫř
,M r rO 02=  ƾƷ M ŠƐƤƴƫřƹ O ƪƇǃř ŠƐƤƳ Ʋǀŝ ŠƟŚƀưƫř

,xO OM^ h ŠƸūƺưƫř Šƿƹřżƫř ŽŚǀƣ ƾƷ θ

:şŹƺƈƫř ƼƬƗ z x yi= +  ŜƧźưƫř ŵŶƘƫř ŠŝŚŤƧ Ʋƨưƿ

.z ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫŚŝ ƝźƘţƹ ( )icos sinz r e e= +

:ŠƣǆƘƫŚŝ ƲǀƘŤƿƹ z  żƯźƫŚŝ ŚÔƳŚǀůŏ ƶǀƫœ żƯźƿƹ ŠƤƬƐưƫř ŠưǀƤƫř ƹŏ ŵŶƘƫř ŽŚǀƤƯ r Ƽưƀƿ

r z x y2 2= = +

,r
y

r
xsin cose e= =  ƲƯ ƲÚǀƘŤţƹ ŜƧźưƫř ŵŶƘƫř ŠƘſ θ Ƽưƀţ

.Ɩŝźƫř ŶƿŶŰţƹ ,tan x
y x 0!e =  ƲƯ ƲǀƘŤţ ƹŏ  

 x yi+  ŜƧźưƫř ŵŶƘƫř ŠƘſ θ ŢƳŚƧ řŷœ ƶƳǃ ¬şŶǀůƹ Ţƀǀƫ ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫř
. π2e +  , π4e + , ... , :k k2 Z!e /+  :ƶƀƠƳ ŵŶƘƬƫ ŠƘſ ƾƬƿ ŚưƯ ĐǆƧ ƱŔƟ

.ŠǀſŚſǃř ŠƘƀƫŚŝ ŠƫŚŰƫř ƵŸƷ ƾƟ ŠƘƀƫř ƼưƀŤƟ º º0 3601G e  ƹŏ , π0 2!e h6  ŢƳŚƧ řŷœ

:ŠƯƺƬƘƯ
 źǀŞƘŤƫř  ŚÔƳŚǀůŏ  ƭŶŴŤƀƿ
 ƲƯ  ÔǇŶŝ  «ŠǀŨƬŨưƫř  şŹƺƈƫř»
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2 3 3
5π π π` e = - =  ¬Ɩŝřźƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ  L `

 ,L 2 3
5πa k  :ƾƷ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƾƫŚŤƫŚŝƹ

b  ,M 3 4- -^ h
 ( ) ( )r 3 42 2= - + -

 9 16= +  

M

2

1

-1
-1-2

-2

-3

-
-3

-4

 25=

 5=

 ŵŚƴſǅř ŠƿƹřŻ _  Ʊŏ ƉźƠƳ

tan x
y

3
4

3
4` _ = =

-
-

=

tan 3
41_ = - a k  :ƾƫŚŤƫŚŝƹ

,x y0 0a 1 1

ŦƫŚŨƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ M `

° tan180 3
41` e = + - a k ŠŞſŚŰƫř Šƫǁř ƭŶŴŤſř

.°233 7 48 37e = l m

, .M 5 2 3 7 48 373 º l m^ h ƾƷ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƾƫŚŤƫŚŝƹ

π0 21G e  Ŧǀů ƾƬƿ ŚưƯ ŠƐƤƳ ƪƨƫ ,r e^ h Ŝţźưƫř ũƹżƫř Ŷūƹŏ  3
a  ,D 33 3^ h b  ,C 2 54 -^ h

Trigonometric Form  ŠǀŨƬŨưƫř şŹƺƈƫř

y

xO
θ

M

r

 z x yi= +  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ( , )M x y  ŠƐƤƴƫř
,M r rO 02=  ƾƷ M ŠƐƤƴƫřƹ O ƪƇǃř ŠƐƤƳ Ʋǀŝ ŠƟŚƀưƫř

,xO OM^ h ŠƸūƺưƫř Šƿƹřżƫř ŽŚǀƣ ƾƷ θ

:şŹƺƈƫř ƼƬƗ z x yi= +  ŜƧźưƫř ŵŶƘƫř ŠŝŚŤƧ Ʋƨưƿ

.z ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫŚŝ ƝźƘţƹ ( )icos sinz r e e= +

:ŠƣǆƘƫŚŝ ƲǀƘŤƿƹ z  żƯźƫŚŝ ŚÔƳŚǀůŏ ƶǀƫœ żƯźƿƹ ŠƤƬƐưƫř ŠưǀƤƫř ƹŏ ŵŶƘƫř ŽŚǀƤƯ r Ƽưƀƿ

r z x y2 2= = +

,r
y

r
xsin cose e= =  ƲƯ ƲÚǀƘŤţƹ ŜƧźưƫř ŵŶƘƫř ŠƘſ θ Ƽưƀţ

.Ɩŝźƫř ŶƿŶŰţƹ ,tan x
y x 0!e =  ƲƯ ƲǀƘŤţ ƹŏ  

 x yi+  ŜƧźưƫř ŵŶƘƫř ŠƘſ θ ŢƳŚƧ řŷœ ƶƳǃ ¬şŶǀůƹ Ţƀǀƫ ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫř
. π2e +  , π4e + , ... , :k k2 Z!e /+  :ƶƀƠƳ ŵŶƘƬƫ ŠƘſ ƾƬƿ ŚưƯ ĐǆƧ ƱŔƟ

.ŠǀſŚſǃř ŠƘƀƫŚŝ ŠƫŚŰƫř ƵŸƷ ƾƟ ŠƘƀƫř ƼưƀŤƟ º º0 3601G e  ƹŏ , π0 2!e h6  ŢƳŚƧ řŷœ

:ŠƯƺƬƘƯ
 źǀŞƘŤƫř  ŚÔƳŚǀůŏ  ƭŶŴŤƀƿ
 ƲƯ  ÔǇŶŝ  «ŠǀŨƬŨưƫř  şŹƺƈƫř»

.«ŠǀŞƐƤƫř şŹƺƈƫř»
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أ : سلامة علي الركاص

 الوحدة السابعة : الأعداد المركبة

2 3 3
5π π π` e = - =  ¬Ɩŝřźƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ  L `

 ,L 2 3
5πa k  :ƾƷ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƾƫŚŤƫŚŝƹ

b  ,M 3 4- -^ h
 ( ) ( )r 3 42 2= - + -

 9 16= +  

M

2

1

-1
-1-2

-2

-3

-
-3

-4

 25=

 5=

 ŵŚƴſǅř ŠƿƹřŻ _  Ʊŏ ƉźƠƳ

tan x
y

3
4

3
4` _ = =

-
-

=

tan 3
41_ = - a k  :ƾƫŚŤƫŚŝƹ

,x y0 0a 1 1

ŦƫŚŨƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ M `

° tan180 3
41` e = + - a k ŠŞſŚŰƫř Šƫǁř ƭŶŴŤſř

.°233 7 48 37e = l m

, .M 5 2 3 7 48 373 º l m^ h ƾƷ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƾƫŚŤƫŚŝƹ

π0 21G e  Ŧǀů ƾƬƿ ŚưƯ ŠƐƤƳ ƪƨƫ ,r e^ h Ŝţźưƫř ũƹżƫř Ŷūƹŏ  3
a  ,D 33 3^ h b  ,C 2 54 -^ h

Trigonometric Form  ŠǀŨƬŨưƫř şŹƺƈƫř

y

xO
θ

M

r

 z x yi= +  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ( , )M x y  ŠƐƤƴƫř
,M r rO 02=  ƾƷ M ŠƐƤƴƫřƹ O ƪƇǃř ŠƐƤƳ Ʋǀŝ ŠƟŚƀưƫř

,xO OM^ h ŠƸūƺưƫř Šƿƹřżƫř ŽŚǀƣ ƾƷ θ

:şŹƺƈƫř ƼƬƗ z x yi= +  ŜƧźưƫř ŵŶƘƫř ŠŝŚŤƧ Ʋƨưƿ

.z ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫŚŝ ƝźƘţƹ ( )icos sinz r e e= +

:ŠƣǆƘƫŚŝ ƲǀƘŤƿƹ z  żƯźƫŚŝ ŚÔƳŚǀůŏ ƶǀƫœ żƯźƿƹ ŠƤƬƐưƫř ŠưǀƤƫř ƹŏ ŵŶƘƫř ŽŚǀƤƯ r Ƽưƀƿ

r z x y2 2= = +

,r
y

r
xsin cose e= =  ƲƯ ƲÚǀƘŤţƹ ŜƧźưƫř ŵŶƘƫř ŠƘſ θ Ƽưƀţ

.Ɩŝźƫř ŶƿŶŰţƹ ,tan x
y

x 0!e =  ƲƯ ƲǀƘŤţ ƹŏ  
 x yi+  ŜƧźưƫř ŵŶƘƫř ŠƘſ θ ŢƳŚƧ řŷœ ƶƳǃ ¬şŶǀůƹ Ţƀǀƫ ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫř

. π2e +  , π4e + , ... , :k k2 Z!e /+  :ƶƀƠƳ ŵŶƘƬƫ ŠƘſ ƾƬƿ ŚưƯ ĐǆƧ ƱŔƟ
.ŠǀſŚſǃř ŠƘƀƫŚŝ ŠƫŚŰƫř ƵŸƷ ƾƟ ŠƘƀƫř ƼưƀŤƟ º º0 3601G e  ƹŏ , π0 2!e h6  ŢƳŚƧ řŷœ

:ŠƯƺƬƘƯ
 źǀŞƘŤƫř  ŚÔƳŚǀůŏ  ƭŶŴŤƀƿ
 ƲƯ  ÔǇŶŝ  «ŠǀŨƬŨưƫř  şŹƺƈƫř»
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القیمة المطلقة "مقیاس العدد  :                      سعة العدد المركب :     "

الصورة المثلثية

الصورة الجبريةالصورة المثلثية

وحيث     مقياس العدد أو القيمة المطلقة                           سعة العدد المركب

ملاحظات

Trigonometric Form

y

x
θ

M

r

2 3 3
5π π π` e = - =  ¬Ɩŝřźƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ  L `

 ,L 2 3
5πa k  :ƾƷ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƾƫŚŤƫŚŝƹ

b  ,M 3 4- -^ h
 ( ) ( )r 3 42 2= - + -

 9 16= +  

M

2

1

-1
-1-2

-2

-3

-
-3

-4

 25=

 5=

 ŵŚƴſǅř ŠƿƹřŻ _  Ʊŏ ƉźƠƳ

tan x
y

3
4

3
4` _ = =

-
-

=

tan 3
41_ = - a k  :ƾƫŚŤƫŚŝƹ

,x y0 0a 1 1

ŦƫŚŨƫř Ɩŝźƫř Ƽƫœ ƾưŤƴţ M `

° tan180 3
41` e = + - a k ŠŞſŚŰƫř Šƫǁř ƭŶŴŤſř

.°233 7 48 37e = l m

, .M 5 2 3 7 48 373 º l m^ h ƾƷ ŠǀŞƐƤƫř šŚǀŧřŶůǅř ƾƫŚŤƫŚŝƹ

π0 21G e  Ŧǀů ƾƬƿ ŚưƯ ŠƐƤƳ ƪƨƫ ,r e^ h Ŝţźưƫř ũƹżƫř Ŷūƹŏ  3
a  ,D 33 3^ h b  ,C 2 54 -^ h

Trigonometric Form  ŠǀŨƬŨưƫř şŹƺƈƫř

y

xO
θ

M

r

 z x yi= +  ŜƧźưƫř ŵŶƘƫř ƪŨưţ ( , )M x y  ŠƐƤƴƫř
,M r rO 02=  ƾƷ M ŠƐƤƴƫřƹ O ƪƇǃř ŠƐƤƳ Ʋǀŝ ŠƟŚƀưƫř

,xO OM^ h ŠƸūƺưƫř Šƿƹřżƫř ŽŚǀƣ ƾƷ θ

:şŹƺƈƫř ƼƬƗ z x yi= +  ŜƧźưƫř ŵŶƘƫř ŠŝŚŤƧ Ʋƨưƿ

.z ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫŚŝ ƝźƘţƹ ( )icos sinz r e e= +

:ŠƣǆƘƫŚŝ ƲǀƘŤƿƹ z  żƯźƫŚŝ ŚÔƳŚǀůŏ ƶǀƫœ żƯźƿƹ ŠƤƬƐưƫř ŠưǀƤƫř ƹŏ ŵŶƘƫř ŽŚǀƤƯ r Ƽưƀƿ

r z x y2 2= = +

,r
y

r
xsin cose e= =  ƲƯ ƲÚǀƘŤţƹ ŜƧźưƫř ŵŶƘƫř ŠƘſ θ Ƽưƀţ

.Ɩŝźƫř ŶƿŶŰţƹ ,tan x
y

x 0!e =  ƲƯ ƲǀƘŤţ ƹŏ  
 x yi+  ŜƧźưƫř ŵŶƘƫř ŠƘſ θ ŢƳŚƧ řŷœ ƶƳǃ ¬şŶǀůƹ Ţƀǀƫ ŜƧźưƫř ŵŶƘƬƫ ŠǀŨƬŨưƫř şŹƺƈƫř

. π2e +  , π4e + , ... , :k k2 Z!e /+  :ƶƀƠƳ ŵŶƘƬƫ ŠƘſ ƾƬƿ ŚưƯ ĐǆƧ ƱŔƟ
.ŠǀſŚſǃř ŠƘƀƫŚŝ ŠƫŚŰƫř ƵŸƷ ƾƟ ŠƘƀƫř ƼưƀŤƟ º º0 3601G e  ƹŏ , π0 2!e h6  ŢƳŚƧ řŷœ

:ŠƯƺƬƘƯ
 źǀŞƘŤƫř  ŚÔƳŚǀůŏ  ƭŶŴŤƀƿ
 ƲƯ  ÔǇŶŝ  «ŠǀŨƬŨưƫř  şŹƺƈƫř»
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بالسعة الأساسية

�ri'onometric �orm �n �pecial Cases  ŠƇŚų šǇŚů ƾƟ ŠǀŨƬŨưƫř şŹƺƈƫř

 ƾƬǀŴŤƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƬǀŴţ ŵŶƗ ƪƧƹ .(šŚƴǀƀƫř ŹƺŰƯ) ƾƤǀƤŰƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƤǀƤů ŵŶƗ ƪƧ
 .ƱŚŞūƺƯ ƱŚǀƤǀƤů ƱřŵŶƗ a, b .ŠƇŚŴƫř ƖŝŹǃř šǅŚŰƫř ƾƫŚŤƫř ƩƹŶŬƫř ƪŨưƿ .(šřŵŚƈƫř ŹƺŰƯ)

:ŠƔůǈƯ
:ƱŔƟ ¬z 0=  ƱŚƧ řŷœ

, ,yx r0 0 0= = =

.ŠƴÚǀƘƯ źǀƛ e

ŵŶƘƫř ŽŚǀƤưƫř�ra$� �ƱŚƿŵřźƫŚŝ� ŠƘſ

aa�

a�a a� =π

bib2
π

bi�b b� =2
3π

:ŠǀƫŚŤƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƖƋ

a  � 3=1  b  � �= -2  c  � i3 =  $  � i3= -4

:ƪŰƫř

a  � � 3 31 1= = =   � � =  ŠǀſŚſǃř ŠƘƀƫř cos sin� i3 � �( = +1 ^ h
b  � � 5 52 = = - =2   � π =  ŠǀſŚſǃř ŠƘƀƫř cos sin� i5 π π( = +2 ^ h
c  � � i 13 = = =3   � 2

π
=  ŠǀſŚſǃř ŠƘƀƫř cos sin� i2 21 π π

3( = +` j
$  � � i3 34 = = - =4   �  2

3π
=  ŠǀſŚſǃř ŠƘƀƫř cos sin� i3 2

3
2
3π π

4( = +a k

:ŠǀƫŚŤƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƖƋ  

a  � i2=1  b  � 5=2   c  � 4

3
=
-

3  $  � i2
5

4 = -

	�

�ri'onometric �orm �n �pecial Cases  ŠƇŚų šǇŚů ƾƟ ŠǀŨƬŨưƫř şŹƺƈƫř

 ƾƬǀŴŤƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƬǀŴţ ŵŶƗ ƪƧƹ .(šŚƴǀƀƫř ŹƺŰƯ) ƾƤǀƤŰƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƤǀƤů ŵŶƗ ƪƧ
 .ƱŚŞūƺƯ ƱŚǀƤǀƤů ƱřŵŶƗ a, b .ŠƇŚŴƫř ƖŝŹǃř šǅŚŰƫř ƾƫŚŤƫř ƩƹŶŬƫř ƪŨưƿ .(šřŵŚƈƫř ŹƺŰƯ)

:ŠƔůǈƯ
:ƱŔƟ ¬z 0=  ƱŚƧ řŷœ

, ,yx r0 0 0= = =

.ŠƴÚǀƘƯ źǀƛ e

ŵŶƘƫř ŽŚǀƤưƫř�ra$� �ƱŚƿŵřźƫŚŝ� ŠƘſ

aa�

a�a a� =π

bib2
π

bi�b b� =2
3π

:ŠǀƫŚŤƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƖƋ

a  � 3=1  b  � �= -2  c  � i3 =  $  � i3= -4

:ƪŰƫř

a  � � 3 31 1= = =   � � =  ŠǀſŚſǃř ŠƘƀƫř cos sin� i3 � �( = +1 ^ h
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:źƧŸţ
π

cos �
�2 e e� =` j  

��� �
�2
π

e e+ = -` j  

sin cos2
π

e e� =` j  

sin cos2
π

e e+ =` j  

:ŠƯƺƬƘƯ
 ŜƫŚƀƫř ŽŚǀƤƫŚŝ e  ŢƳŚƧ řŷœ
:ƽƹŚƀţ ŠǀſŚſǃř ŠƘƀƫř ƱŔƟ

,k kπ2 N!e +

	�

حاول أن تحل  4

أ : سلامة علي الركاص

 الوحدة السابعة : الأعداد المركبة
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c  cos sin� i2 � �
π π

= - +3 ` j
 ,sincos i x y2 6 6 0 0π π 1 1= - -` j
 cos sini2 6 6π π π π

= + + +` `` j jj
 cos sini2 6

7
6
7π π

= +a k
$  , ,cos sin� i x y3� 3�� � �2

� � � 2 2= +4 ^ h
 ( )cos sini30 360 302

9 � � �= + +^ h
 cos sini30 302

9 � �= +^ h

cos sin� � ie e= +^ h :ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ  �

a  cos sini3 33 π π
- +` j b  sin cosi� �2 π π

+` j
c  cos sini� �3 π π
- - -` j $  ( )icos3 50 130� - -sin c^ h

:ŠƿźŞŬƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ

a  cos sin� i2 �
	

�
	π π

1 = +` j b  cos sin� i3 � �
π π

=
-

+
-

2 ` `` j jj
:ƪŰƫř

a  cos sin� i2 6
7

6
7π π

= +1
a k

 � i2 2
3
2
1

= - -1
c m

 � i3= - -1

b  cos sin� i3 6 6
π π

=
-

+
-

2 ` `` j jj
 � i2

3
2
13= -2

c m
 � i3 3

2 2
3

= -2

:ŠƿźŞŬƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ  �
a  cos sin� i4 44 π π

= +1
` j b  cos sin� i3

5
3
5π π

2 = +a k

:źƧŸţ
cos cosπ e e� =-^ h  
sin sinπ e e� =^ h  

:źƧŸţ
cos cosπ e e+ = -^ h  
sin sinπ e e+ = -^ h  

	1

مثال 6
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π π

= - +3 ` j
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 cos sini2 6 6π π π π
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7
6
7π π
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� � � 2 2= +4 ^ h
 ( )cos sini30 360 302

9 � � �= + +^ h
 cos sini30 302

9 � �= +^ h

cos sin� � ie e= +^ h :ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ  �

a  cos sini3 33 π π
- +` j b  sin cosi� �2 π π

+` j
c  cos sini� �3 π π
- - -` j $  ( )icos3 50 130� - -sin c^ h

:ŠƿźŞŬƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ

a  cos sin� i2 �
	

�
	π π

1 = +` j b  cos sin� i3 � �
π π

=
-

+
-

2 ` `` j jj
:ƪŰƫř

a  cos sin� i2 6
7

6
7π π

= +1
a k

 � i2 2
3
2
1

= - -1
c m

 � i3= - -1

b  cos sin� i3 6 6
π π

=
-

+
-

2 ` `` j jj
 � i2

3
2
13= -2

c m
 � i3 3

2 2
3

= -2

:ŠƿźŞŬƫř şŹƺƈƫř ƾƟ ƾƬƿ ŚưƯ ĐǈƧ ƖƋ  �
a  cos sin� i4 44 π π

= +1
` j b  cos sin� i3

5
3
5π π

2 = +a k

:źƧŸţ
cos cosπ e e� =-^ h  
sin sinπ e e� =^ h  

:źƧŸţ
cos cosπ e e+ = -^ h  
sin sinπ e e+ = -^ h  

	1

حاول أن تحل  6

أ : سلامة علي الركاص

 الوحدة السابعة : الأعداد المركبة

�ri'onometric �orm �n �pecial Cases  ŠƇŚų šǇŚů ƾƟ ŠǀŨƬŨưƫř şŹƺƈƫř

 ƾƬǀŴŤƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƬǀŴţ ŵŶƗ ƪƧƹ .(šŚƴǀƀƫř ŹƺŰƯ) ƾƤǀƤŰƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƤǀƤů ŵŶƗ ƪƧ
 .ƱŚŞūƺƯ ƱŚǀƤǀƤů ƱřŵŶƗ a, b .ŠƇŚŴƫř ƖŝŹǃř šǅŚŰƫř ƾƫŚŤƫř ƩƹŶŬƫř ƪŨưƿ .(šřŵŚƈƫř ŹƺŰƯ)

:ŠƔůǈƯ
:ƱŔƟ ¬z 0=  ƱŚƧ řŷœ

, ,yx r0 0 0= = =

.ŠƴÚǀƘƯ źǀƛ e

ŵŶƘƫř ŽŚǀƤưƫř�ra$� �ƱŚƿŵřźƫŚŝ� ŠƘſ

aa�

a�a a� =π

bib2
π

bi�b b� =2
3π

:ŠǀƫŚŤƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƖƋ

a  � 3=1  b  � �= -2  c  � i3 =  $  � i3= -4

:ƪŰƫř

a  � � 3 31 1= = =   � � =  ŠǀſŚſǃř ŠƘƀƫř cos sin� i3 � �( = +1 ^ h
b  � � 5 52 = = - =2   � π =  ŠǀſŚſǃř ŠƘƀƫř cos sin� i5 π π( = +2 ^ h
c  � � i 13 = = =3   � 2

π
=  ŠǀſŚſǃř ŠƘƀƫř cos sin� i2 21 π π

3( = +` j
$  � � i3 34 = = - =4   �  2

3π
=  ŠǀſŚſǃř ŠƘƀƫř cos sin� i3 2

3
2
3π π

4( = +a k

:ŠǀƫŚŤƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƖƋ  

a  � i2=1  b  � 5=2   c  � 4

3
=
-

3  $  � i2
5

4 = -

	�

مثال 7

حاول أن تحل  7

�ri'onometric �orm �n �pecial Cases  ŠƇŚų šǇŚů ƾƟ ŠǀŨƬŨưƫř şŹƺƈƫř

 ƾƬǀŴŤƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƬǀŴţ ŵŶƗ ƪƧƹ .(šŚƴǀƀƫř ŹƺŰƯ) ƾƤǀƤŰƫř ŹƺŰưƫř ƼƬƗ ŠƐƤƴŝ ƪŨưƿ ƾƤǀƤů ŵŶƗ ƪƧ
 .ƱŚŞūƺƯ ƱŚǀƤǀƤů ƱřŵŶƗ a, b .ŠƇŚŴƫř ƖŝŹǃř šǅŚŰƫř ƾƫŚŤƫř ƩƹŶŬƫř ƪŨưƿ .(šřŵŚƈƫř ŹƺŰƯ)

:ŠƔůǈƯ
:ƱŔƟ ¬z 0=  ƱŚƧ řŷœ

, ,yx r0 0 0= = =

.ŠƴÚǀƘƯ źǀƛ e

ŵŶƘƫř ŽŚǀƤưƫř�ra$� �ƱŚƿŵřźƫŚŝ� ŠƘſ

aa�

a�a a� =π

bib2
π

bi�b b� =2
3π

:ŠǀƫŚŤƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƖƋ

a  � 3=1  b  � �= -2  c  � i3 =  $  � i3= -4

:ƪŰƫř

a  � � 3 31 1= = =   � � =  ŠǀſŚſǃř ŠƘƀƫř cos sin� i3 � �( = +1 ^ h
b  � � 5 52 = = - =2   � π =  ŠǀſŚſǃř ŠƘƀƫř cos sin� i5 π π( = +2 ^ h
c  � � i 13 = = =3   � 2

π
=  ŠǀſŚſǃř ŠƘƀƫř cos sin� i2 21 π π

3( = +` j
$  � � i3 34 = = - =4   �  2

3π
=  ŠǀſŚſǃř ŠƘƀƫř cos sin� i3 2

3
2
3π π

4( = +a k

:ŠǀƫŚŤƫř ŵřŶƗǃř ƲƯ ĐǈƧ ŠǀŨƬŨưƫř şŹƺƈƫř ƾƟ ƖƋ  

a  � i2=1  b  � 5=2   c  � 4

3
=
-

3  $  � i2
5

4 = -

	�
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7-3
حل معادلات

أولًا : حل معادلات من الدرجة الأولى في

šǇŵŚƘƯ ƪů
Solving Equations

7-3

ƮƬƘŤţ Ɲƺſ
•  ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů 

. C  ƾƟ Ƽƫƹǃř
•  ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř ŵŚŬƿœ 

.ŜƧźƯ ŵŶƘƫ
•  ƖƯ ŠǀƘǀŝźţ šǇŵŚƘƯ ƪů 

. 0T 1

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŜƧźƯ ŵŶƘƫ ƾƘǀŝźţ ŹŸū

Square Root of a  
Complex Number  

•   ŠǀƘǀŝźţ ŠƫŵŚƘƯ
 Quadratic Equation  
   

ƾƳƹŚƘţ ƪưƗ

:ƲǀŤǀƫŚŤƫř ƲǀŤƫŵŚƘưƫř ƲƯ ĐǆƧ C ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ ƪů  1
x 42 =-  a  

.ŜƫŚſ ƾƤǀƤů ŵŶƗ k Ŧǀů ¬x k2 =  b  
x x2 5 02 - + =  :ŠƫŵŚƘưƫř ƲƨŤƫ  2

.ŠƫŵŚƘưƬƫ ŠǀƤǀƤů ƩƺƬů Ŷūƺƿ ǅ ƶƳŏ ŢŞŧŏ  a  
. ( )x xx 2 5 412 2- + = - +  :Ʊŏ ŢŞŧŏƹ Ɩŝźưƫř ƩŚưƧœ ŠƤƿźƏ ƭŶŴŤſř  b  

. C ƾƟ ŠƫŵŚƘưƫř ƪů  c  
.C ƾƟ zz 4 13 02 + + =  :ŠƫŵŚƘưƫř ƪŰƫ 2  ƾƟ ŠƤƿźƐƫř ƭŶŴŤſř  3

 C  ƾƟ Ƽƫƹǃř ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů : ÔǇƹŏ
  Solving First Degree Equations in C  
 ƭŶŴŤƀţ ƾŤƫř ŚƸƀƠƳ ŠƤƿźƐƫŚŝ ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ Ƽƫƹǃř ŠūŹŶƫř šǅŵŚƘƯ ƪŰţ

.ŠǀƤǀƤŰƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ Ƽƫƹǃř ŠūŹŶƫř šǅŵŚƘƯ ƪŰƫ

.C  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ z i i3 1 7 3+ - = +  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

z i i3 1 7 3+ - = +

z i i3 7 3 1= + - +  z  źǀƜŤưƫř ƪƈƟř

z i3 6 4= +  Ǝ ĵƀŝ

 z i
3
6 4

=
+

 z i32 4
= +

i2 3
4

+ =& 0  ƪŰƫř ŠƗƺưŬƯ

.C  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ i iz2 3 2+ = +  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  1

33

šǇŵŚƘƯ ƪů
Solving Equations

7-3

ƮƬƘŤţ Ɲƺſ
•  ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů 

. C  ƾƟ Ƽƫƹǃř
•  ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř ŵŚŬƿœ 

.ŜƧźƯ ŵŶƘƫ
•  ƖƯ ŠǀƘǀŝźţ šǇŵŚƘƯ ƪů 

. 0T 1

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŜƧźƯ ŵŶƘƫ ƾƘǀŝźţ ŹŸū

Square Root of a  
Complex Number  

•   ŠǀƘǀŝźţ ŠƫŵŚƘƯ
 Quadratic Equation  
   

ƾƳƹŚƘţ ƪưƗ

:ƲǀŤǀƫŚŤƫř ƲǀŤƫŵŚƘưƫř ƲƯ ĐǆƧ C ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ ƪů  1
x 42 =-  a  
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. ( )x xx 2 5 412 2- + = - +  :Ʊŏ ŢŞŧŏƹ Ɩŝźưƫř ƩŚưƧœ ŠƤƿźƏ ƭŶŴŤſř  b  

. C ƾƟ ŠƫŵŚƘưƫř ƪů  c  
.C ƾƟ zz 4 13 02 + + =  :ŠƫŵŚƘưƫř ƪŰƫ 2  ƾƟ ŠƤƿźƐƫř ƭŶŴŤſř  3

 C  ƾƟ Ƽƫƹǃř ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů : ÔǇƹŏ
  Solving First Degree Equations in C  
 ƭŶŴŤƀţ ƾŤƫř ŚƸƀƠƳ ŠƤƿźƐƫŚŝ ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ Ƽƫƹǃř ŠūŹŶƫř šǅŵŚƘƯ ƪŰţ

.ŠǀƤǀƤŰƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ Ƽƫƹǃř ŠūŹŶƫř šǅŵŚƘƯ ƪŰƫ
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:ƪŰƫř
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z i i3 7 3 1= + - +  z  źǀƜŤưƫř ƪƈƟř

z i3 6 4= +  Ǝ ĵƀŝ

 z i
3
6 4

=
+

 z i32 4
= +

i2 3
4

+ =& 0  ƪŰƫř ŠƗƺưŬƯ

.C  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ i iz2 3 2+ = +  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  1
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مثال 1

šǇŵŚƘƯ ƪů
Solving Equations

7-3

ƮƬƘŤţ Ɲƺſ
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Square Root of a  
Complex Number  
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ƾƳƹŚƘţ ƪưƗ

:ƲǀŤǀƫŚŤƫř ƲǀŤƫŵŚƘưƫř ƲƯ ĐǆƧ C ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ ƪů  1
x 42 =-  a  

.ŜƫŚſ ƾƤǀƤů ŵŶƗ k Ŧǀů ¬x k2 =  b  
x x2 5 02 - + =  :ŠƫŵŚƘưƫř ƲƨŤƫ  2

.ŠƫŵŚƘưƬƫ ŠǀƤǀƤů ƩƺƬů Ŷūƺƿ ǅ ƶƳŏ ŢŞŧŏ  a  
. ( )x xx 2 5 412 2- + = - +  :Ʊŏ ŢŞŧŏƹ Ɩŝźưƫř ƩŚưƧœ ŠƤƿźƏ ƭŶŴŤſř  b  

. C ƾƟ ŠƫŵŚƘưƫř ƪů  c  
.C ƾƟ zz 4 13 02 + + =  :ŠƫŵŚƘưƫř ƪŰƫ 2  ƾƟ ŠƤƿźƐƫř ƭŶŴŤſř  3

 C  ƾƟ Ƽƫƹǃř ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů : ÔǇƹŏ
  Solving First Degree Equations in C  
 ƭŶŴŤƀţ ƾŤƫř ŚƸƀƠƳ ŠƤƿźƐƫŚŝ ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ Ƽƫƹǃř ŠūŹŶƫř šǅŵŚƘƯ ƪŰţ
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.C  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ z i i3 1 7 3+ - = +  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ
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z i i3 7 3 1= + - +  z  źǀƜŤưƫř ƪƈƟř

z i3 6 4= +  Ǝ ĵƀŝ

 z i
3
6 4

=
+

 z i32 4
= +

i2 3
4

+ =& 0  ƪŰƫř ŠƗƺưŬƯ

.C  ŠŞƧźưƫř ŵřŶƗǃř ŠƗƺưŬƯ ƾƟ i iz2 3 2+ = +  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  1
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حاول أن تحل  1

كراسة التمارين

1�

ÛƱ ĳźưţ
7-3

šǇŵŚƘƯ ƪů

3olVing %QuationS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) z i i3 1 5 2- + = -   

(�) z z i2 4+ = +    

(�) z i z i5 4 2 3 1 4- + = + -  

(�) z i z i3 1 8 2 0+ + - - =^ ^h h  

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) x16 64 02 + =

(�) x x5 7 02 - + =  

(�) x x6 25 02 + + =  

(�) zz 2 4 02 - + =  

(�) z z
4 2=+  

 ŹŸŬƫř Ŷūƹŏ Ʈŧ ŠƫŵŚƘưƬƫ ŹŸū ƺƷ i
2

1 �- +  Ʊŏ ŢŞŧŏ ¬ŠƫŵŚƘưƫř ƪů ƱƹŶŝ ¬ z z 2 02  � �  ŠƫŵŚƘưƫř ƲƨŤƫ   (1�)
.ƾƳŚŨƫř

z i3 4=- +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (11)

z i5 12= +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

z i7 24=- -  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

i z i2 22 192 =+ -^ h  :ŠƫŵŚƘưƫř ƪů   (1�)

:źƧŸţ
 ƲƯ ƲǀŤƫŵŚƘƯ ƭŚƔƳ ƪů Ʋƨưƿ
 ƲƿźǀƜŤƯ  ƾƟ  Ƽƫƹǃř  ŠūŹŶƫř
 ƹŏ  ƝŸŰƫř  ŠƤƿźƏ  ƭřŶŴŤſŚŝ
 Šƫǁř  ƭřŶŴŤſŚŝ  ƹŏ  ƊƿƺƘŤƫř

.ŠŞſŚŰƫř

:źƧŸţ
 ŵřŶƗǃř  ƼƬƗ  šŚǀƬưƘƫř  Ʊœ
 ƼƬƗ  šŚǀƬưƘƫř  ƪŨƯ  ŠŞƧźưƫř
 ŹŚŞŤƗř  ƖƯ  ŠǀƤǀƤŰƫř  ŵřŶƗǃř

. i 12
= -

.C  ƾƟ z iz i2 5 2+ = -  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

.ƱŚǀƤǀƤů ƱřŵŶƗ x, y Ŧǀů ix yz = +  ƲƨŤƫ

z z ii2 5 2+ = -

x yi x yi ii2 5 2+ + + = -^ ^h h  x yi+  Éŝ z  ƲƗ ƉÚƺƗ 
x yi x yi ii2 5 2-+ + = -^ ^h h  x yi-  ƺƷ x yi+  ƢƟřźƯ

( )x yi xi y i i2 2 5 22+ + - = -

x yi xi y i2 2 5 2+ + + = -  i 12 = -

x y x y i i2 2 5 2+ + + = -^ h  Ś ÔƘƯ ŠǀƬǀŴŤƫř ŵřŶƗǃřƹ Ś ÔƘƯ ŠǀƤǀƤŰƫř ŵřŶƗǃř ƖǀưŬţ
x y
x y
2 5

2 2

+ =

+ = -
)  ƲǀŞƧźƯ ƲƿŵŶƗ ƽƹŚƀţ ŠǀƇŚų

:ƼƬƗ ƪƈŰƳ ƲǀŤƫŵŚƘưƫř ƪŰŝ

x
y
4

3

=

= -
)

. i4 3- =" ,  :ƪŰƫř ŠƗƺưŬƯ

.C  ƾƟ z i z2 1+ = +  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  2

 C  ƾƟ Ŷůřƹ źǀƜŤƯ ƾƟ ŠǀƳŚŨƫř ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů :ŚÔǀƳŚŧ
Solving Quadratic Equations With One Variable in C  

.x C!  Ŧǀů x4 100 02 + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

x4 100 02 + =

x4 1002 = -

x 252 = -

25x != -

5x i!=  a ai2- =

. ,i i5 5- =" ,  ƪŰƫř ŠƗƺưŬƯ
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:źƧŸţ
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. i 12
= -
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=

= -
)

. i4 3- =" ,  :ƪŰƫř ŠƗƺưŬƯ
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 C  ƾƟ Ŷůřƹ źǀƜŤƯ ƾƟ ŠǀƳŚŨƫř ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů :ŚÔǀƳŚŧ
Solving Quadratic Equations With One Variable in C  

.x C!  Ŧǀů x4 100 02 + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

x4 100 02 + =

x4 1002 = -

x 252 = -

25x != -

5x i!=  a ai2- =

. ,i i5 5- =" ,  ƪŰƫř ŠƗƺưŬƯ
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حاول أن تحل  2

كراسة التمارين

1�

ÛƱ ĳźưţ
7-3

šǇŵŚƘƯ ƪů

3olVing %QuationS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) z i i3 1 5 2- + = -   

(�) z z i2 4+ = +    

(�) z i z i5 4 2 3 1 4- + = + -  

(�) z i z i3 1 8 2 0+ + - - =^ ^h h  

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) x16 64 02 + =

(�) x x5 7 02 - + =  

(�) x x6 25 02 + + =  

(�) zz 2 4 02 - + =  

(�) z z
4 2=+  

 ŹŸŬƫř Ŷūƹŏ Ʈŧ ŠƫŵŚƘưƬƫ ŹŸū ƺƷ i
2

1 �- +  Ʊŏ ŢŞŧŏ ¬ŠƫŵŚƘưƫř ƪů ƱƹŶŝ ¬ z z 2 02  � �  ŠƫŵŚƘưƫř ƲƨŤƫ   (1�)
.ƾƳŚŨƫř

z i3 4=- +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (11)

z i5 12= +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

z i7 24=- -  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

i z i2 22 192 =+ -^ h  :ŠƫŵŚƘưƫř ƪů   (1�)
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 ŹŸŬƫř Ŷūƹŏ Ʈŧ ŠƫŵŚƘưƬƫ ŹŸū ƺƷ i
2

1 �- +  Ʊŏ ŢŞŧŏ ¬ŠƫŵŚƘưƫř ƪů ƱƹŶŝ ¬ z z 2 02  � �  ŠƫŵŚƘưƫř ƲƨŤƫ   (1�)
.ƾƳŚŨƫř
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ثانياً : حل معادلات من الدرجة الثانية في متغير واحد في

:źƧŸţ
 ƲƯ ƲǀŤƫŵŚƘƯ ƭŚƔƳ ƪů Ʋƨưƿ
 ƲƿźǀƜŤƯ  ƾƟ  Ƽƫƹǃř  ŠūŹŶƫř
 ƹŏ  ƝŸŰƫř  ŠƤƿźƏ  ƭřŶŴŤſŚŝ
 Šƫǁř  ƭřŶŴŤſŚŝ  ƹŏ  ƊƿƺƘŤƫř

.ŠŞſŚŰƫř

:źƧŸţ
 ŵřŶƗǃř  ƼƬƗ  šŚǀƬưƘƫř  Ʊœ
 ƼƬƗ  šŚǀƬưƘƫř  ƪŨƯ  ŠŞƧźưƫř
 ŹŚŞŤƗř  ƖƯ  ŠǀƤǀƤŰƫř  ŵřŶƗǃř

. i 12
= -

.C  ƾƟ z iz i2 5 2+ = -  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

.ƱŚǀƤǀƤů ƱřŵŶƗ x, y Ŧǀů ix yz = +  ƲƨŤƫ

z z ii2 5 2+ = -

x yi x yi ii2 5 2+ + + = -^ ^h h  x yi+  Éŝ z  ƲƗ ƉÚƺƗ 
x yi x yi ii2 5 2-+ + = -^ ^h h  x yi-  ƺƷ x yi+  ƢƟřźƯ

( )x yi xi y i i2 2 5 22+ + - = -

x yi xi y i2 2 5 2+ + + = -  i 12 = -

x y x y i i2 2 5 2+ + + = -^ h  Ś ÔƘƯ ŠǀƬǀŴŤƫř ŵřŶƗǃřƹ Ś ÔƘƯ ŠǀƤǀƤŰƫř ŵřŶƗǃř ƖǀưŬţ
x y
x y
2 5

2 2

+ =

+ = -
)  ƲǀŞƧźƯ ƲƿŵŶƗ ƽƹŚƀţ ŠǀƇŚų

:ƼƬƗ ƪƈŰƳ ƲǀŤƫŵŚƘưƫř ƪŰŝ

x
y
4

3

=

= -
)

. i4 3- =" ,  :ƪŰƫř ŠƗƺưŬƯ

.C  ƾƟ z i z2 1+ = +  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  2

 C  ƾƟ Ŷůřƹ źǀƜŤƯ ƾƟ ŠǀƳŚŨƫř ŠūŹŶƫř ƲƯ šǇŵŚƘƯ ƪů :ŚÔǀƳŚŧ
Solving Quadratic Equations With One Variable in C  

.x C!  Ŧǀů x4 100 02 + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

x4 100 02 + =

x4 1002 = -

x 252 = -

25x != -

5x i!=  a ai2- =

. ,i i5 5- =" ,  ƪŰƫř ŠƗƺưŬƯ

34

مثال 3

حاول أن تحل  3

:x C!  Ŧǀů ƾƬƿ ŚưƯ ŠƫŵŚƘƯ ƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ  3
a  x3 48 02 + =  b  x5 150 02- - =  c  x8 2 02 + =

.C  ƾƟ 16z z4 25 02 + + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

.T  żǀưưƫř ÔǇƹŏ ŜƀŰƳ

b ac42T = -

( )( )16 4 4 252T = -^ h
 144= -

 ( ) ( )1 12 2#= -

 i122 2#=    i 12 -=

i2= = = - -z a
b i 3
2 2 4

16 12
21 #

T- - - -

=z a
b i i32 2 4

16 12 2 2#
T

=
- + - +

= - +2

. ,i i2
3

2
32 2- - - + =& 0  ƪŰƫř ŠƗƺưŬƯ

.C  ƾƟ z z2 2 02 - + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  4

z z 1 02 + + =  :ŠƫŵŚƘưƫř ƲƨŤƫ

.ŠƫŵŚƘưƫř ƵŸƸƫ ŹŸū ƺƷ z i
2
31

=
- -

1  ŜƧźưƫř ŵŶƘƫř Ʊŏ ŢŞŧŏ : ŠƫŵŚƘưƫř ƪů ƱƹŶŝ  a
.ƾƳŚŨƫř ŹŸŬƫř Ŷūƹŏ  b

:ƪŰƫř

a  z z 12
+ +1 1  źƀƿǃř ƝźƐƫř ƾƟ ƊƿƺƘŤƫŚŝ

 i i
2
3

2
3

1
1 1

2

=
- -

+
- -

+c cm m  ƊƿƺƘŤƫŚŝ
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كراسة التمارين

1�

ÛƱ ĳźưţ
7-3

šǇŵŚƘƯ ƪů

3olVing %QuationS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) z i i3 1 5 2- + = -   

(�) z z i2 4+ = +    

(�) z i z i5 4 2 3 1 4- + = + -  

(�) z i z i3 1 8 2 0+ + - - =^ ^h h  

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) x16 64 02 + =

(�) x x5 7 02 - + =  

(�) x x6 25 02 + + =  

(�) zz 2 4 02 - + =  

(�) z z
4 2=+  

 ŹŸŬƫř Ŷūƹŏ Ʈŧ ŠƫŵŚƘưƬƫ ŹŸū ƺƷ i
2

1 �- +  Ʊŏ ŢŞŧŏ ¬ŠƫŵŚƘưƫř ƪů ƱƹŶŝ ¬ z z 2 02  � �  ŠƫŵŚƘưƫř ƲƨŤƫ   (1�)
.ƾƳŚŨƫř

z i3 4=- +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (11)

z i5 12= +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

z i7 24=- -  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

i z i2 22 192 =+ -^ h  :ŠƫŵŚƘưƫř ƪů   (1�)

أ : سلامة علي الركاص

 الوحدة السابعة : الأعداد المركبة
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مثال 4

:x C!  Ŧǀů ƾƬƿ ŚưƯ ŠƫŵŚƘƯ ƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ  3
a  x3 48 02 + =  b  x5 150 02- - =  c  x8 2 02 + =

.C  ƾƟ 16z z4 25 02 + + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

.T  żǀưưƫř ÔǇƹŏ ŜƀŰƳ

b ac42T = -

( )( )16 4 4 252T = -^ h
 144= -

 ( ) ( )1 12 2#= -

 i122 2#=    i 12 -=

i2= = = - -z a
b i 3
2 2 4

16 12
21 #

T- - - -

=z a
b i i32 2 4

16 12 2 2#
T

=
- + - +

= - +2

. ,i i2
3

2
32 2- - - + =& 0  ƪŰƫř ŠƗƺưŬƯ

.C  ƾƟ z z2 2 02 - + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  4

z z 1 02 + + =  :ŠƫŵŚƘưƫř ƲƨŤƫ

.ŠƫŵŚƘưƫř ƵŸƸƫ ŹŸū ƺƷ z i
2
31

=
- -

1  ŜƧźưƫř ŵŶƘƫř Ʊŏ ŢŞŧŏ : ŠƫŵŚƘưƫř ƪů ƱƹŶŝ  a
.ƾƳŚŨƫř ŹŸŬƫř Ŷūƹŏ  b

:ƪŰƫř

a  z z 12
+ +1 1  źƀƿǃř ƝźƐƫř ƾƟ ƊƿƺƘŤƫŚŝ
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:x C!  Ŧǀů ƾƬƿ ŚưƯ ŠƫŵŚƘƯ ƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ  3
a  x3 48 02 + =  b  x5 150 02- - =  c  x8 2 02 + =

.C  ƾƟ 16z z4 25 02 + + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ

:ƪŰƫř

.T  żǀưưƫř ÔǇƹŏ ŜƀŰƳ

b ac42T = -

( )( )16 4 4 252T = -^ h
 144= -

 ( ) ( )1 12 2#= -

 i122 2#=    i 12 -=

i2= = = - -z a
b i 3
2 2 4

16 12
21 #

T- - - -

=z a
b i i32 2 4

16 12 2 2#
T

=
- + - +

= - +2

. ,i i2
3

2
32 2- - - + =& 0  ƪŰƫř ŠƗƺưŬƯ

.C  ƾƟ z z2 2 02 - + =  :ŠƫŵŚƘưƫř ƪů ŠƗƺưŬƯ Ŷūƹŏ  4

z z 1 02 + + =  :ŠƫŵŚƘưƫř ƲƨŤƫ

.ŠƫŵŚƘưƫř ƵŸƸƫ ŹŸū ƺƷ z i
2
31

=
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1  ŜƧźưƫř ŵŶƘƫř Ʊŏ ŢŞŧŏ : ŠƫŵŚƘưƫř ƪů ƱƹŶŝ  a
.ƾƳŚŨƫř ŹŸŬƫř Ŷūƹŏ  b

:ƪŰƫř

a  z z 12
+ +1 1  źƀƿǃř ƝźƐƫř ƾƟ ƊƿƺƘŤƫŚŝ
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حاول أن تحل  4

كراسة التمارين

1�

ÛƱ ĳźưţ
7-3

šǇŵŚƘƯ ƪů

3olVing %QuationS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) z i i3 1 5 2- + = -   

(�) z z i2 4+ = +    

(�) z i z i5 4 2 3 1 4- + = + -  

(�) z i z i3 1 8 2 0+ + - - =^ ^h h  

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) x16 64 02 + =

(�) x x5 7 02 - + =  

(�) x x6 25 02 + + =  

(�) zz 2 4 02 - + =  

(�) z z
4 2=+  

 ŹŸŬƫř Ŷūƹŏ Ʈŧ ŠƫŵŚƘưƬƫ ŹŸū ƺƷ i
2

1 �- +  Ʊŏ ŢŞŧŏ ¬ŠƫŵŚƘưƫř ƪů ƱƹŶŝ ¬ z z 2 02  � �  ŠƫŵŚƘưƫř ƲƨŤƫ   (1�)
.ƾƳŚŨƫř

z i3 4=- +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (11)

z i5 12= +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

z i7 24=- -  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

i z i2 22 192 =+ -^ h  :ŠƫŵŚƘưƫř ƪů   (1�)

أ : سلامة علي الركاص

 الوحدة السابعة : الأعداد المركبة
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ÛƱ ĳźưţ
7-3

šǇŵŚƘƯ ƪů

3olVing %QuationS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) z i i3 1 5 2- + = -   

(�) z z i2 4+ = +    

(�) z i z i5 4 2 3 1 4- + = + -  

(�) z i z i3 1 8 2 0+ + - - =^ ^h h  

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ÚƪƧ ƪů ŠƗƺưŬƯ Ŷūƹŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) x16 64 02 + =

(�) x x5 7 02 - + =  

(�) x x6 25 02 + + =  

(�) zz 2 4 02 - + =  

(�) z z
4 2=+  

 ŹŸŬƫř Ŷūƹŏ Ʈŧ ŠƫŵŚƘưƬƫ ŹŸū ƺƷ i
2

1 �- +  Ʊŏ ŢŞŧŏ ¬ŠƫŵŚƘưƫř ƪů ƱƹŶŝ ¬ z z 2 02  � �  ŠƫŵŚƘưƫř ƲƨŤƫ   (1�)
.ƾƳŚŨƫř

z i3 4=- +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (11)

z i5 12= +  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

z i7 24=- -  :ŜƧźưƫř ŵŶƘƬƫ ƲǀÚǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ   (1�)

i z i2 22 192 =+ -^ h  :ŠƫŵŚƘưƫř ƪů أن الجزء التخيلي لا يساوي بشرط جذر آخر لھا هو  جذر لمعادلة تربيعية معاملاتھا حقيقية فإن إذا كان (�1)  
الصفر
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الجذر التربيعي لعدد مركب

.الجذر الآخر جذر تربيعي للعدد المركب  فإن إذا كان 

:źƧŸţ
 ŠǀƘǀŝźŤƫř  ŠƫŵŚƘưƫř  ƾƟ
 Ŧǀů  �x �x 
 0

2
+ + =

, , ,� � 
 � 0R !!

�
�-  ƲƿŹŸŬƫř ƕƺưŬƯ

 
�

  ƲƿŹŸŬƫř śźƋ ƪƇŚů

:ŠƯƺƬƘƯ
 ,� � �i � 0!= +  ƱŚƧ řŷœ

 ŚƸţǈƯŚƘƯ ŠƫŵŚƘưƫ ř ÔŹŸū
 ƱŔƟ ŠǀƤǀƤů ř ÔŵřŶƗŏ

 źųō ŹŸū ƺƷ � � �i�=

.ŚƸƫ

:ŠƯƺƬƘƯ
 ƲƿŹŸū  �� �21  ƱŚƧ  řŷœ

:ƱŔƟ �  ŵŶƘƬƫ ƲǀǀƘǀŝźţ

� � �+ =1 2

:ŠƯƺƬƘƯ
:ƱƺƨǀƟ � �2=1  řŷœ

. � �=1 2

 i i
4
3

2
3

1
1 3 2 1

=
- +

+
- -

+  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų

 i i
4

2 2 3 2 2 3 4
=
- + - - +  ƎǀƀŞŤƫŚŝ

 0=

.ŠƫŵŚƘưƫř ƵŸƸƫ ŹŸū ƺƷ � i
2
31
`=

- -
1

.� � �
�

+ =
-

1 2  ƱƺƨǀƟ ƾƳŚŨƫř ŹŸŬƫř ƺƷ �2  ƱŚƧ řŷœ  b
i �2
3 11

2
- -

+ = -    ƶƴƯƹ

 � i
1 2

31
= - +

+
2

 � i
2
31

=
- +

2

=,
i i

2
3

2
31 1- - - +' 1  ƪŰƫř ŠƗƺưŬƯ ƾƫŚŤƫŚŝƹ

� �2 6 5 02 - + =  :ŠƫŵŚƘưƫř ƲƨŤƫ  �
.ŠƫŵŚƘưƫř ƵŸƸƫ ŹŸū ƺƷ � i

2
3

=
-

1  ŜƧźưƫř ŵŶƘƫř Ʊŏ ŢŞŧŏ  a  
.ƾƳŚŨƫř ŹŸŬƫř Ŷūƹŏ  b  

�quare Root of a Complex Number  ŜƧźƯ ŵŶƘƫ ƾƘǀŝźŤƫř ŹŸŬƫř

.� ƽƹŚƀƿ ƶƘŝźƯ Ʊƺƨƿ 	 ŵŶƗ ƲƗ ŦŰŞƳ � ŜƧźƯ ŵŶƘƫ ƾƘǀŝźţ ŹŸū ŵŚŬƿǈ

z a bi= +  Ʋƨǀƫ

z��
=   Ʊƺƨƿ ŦǀŰŝ ¬� � �i= +  ƲƗ ŦŰŝř

� �� �i bia�
+ = +

� � ��i a bi�� �
� + = +

� a
�� b

�
2

� �

`
� =

=
)

¬ � z=�  ƱƺƧ ƲƗ ŠŬţŚƳ ŠŨƫŚŧ ŠƫŵŚƘƯ ƪųŶƳ ƭŚƔƴƫř řŸƷ ƪů ƼƬƗ şŶƗŚƀưƬƫ

. � � a b� � � � �
+ = +^ h  ƽŏ

� i3 4= +  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ

:ƪŰƫř

� �2 =  ƱƺƨǀƟ ¬� ŵŶƘƬƫ ŚĐǀƘǀŝźţ ř ÔŹŸū � � �i= +  Ʋƨǀƫ
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مثال 6

:źƧŸţ
 ŠǀƘǀŝźŤƫř  ŠƫŵŚƘưƫř  ƾƟ
 Ŧǀů  �x �x 
 0

2
+ + =

, , ,� � 
 � 0R !!

�
�-  ƲƿŹŸŬƫř ƕƺưŬƯ
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  ƲƿŹŸŬƫř śźƋ ƪƇŚů

:ŠƯƺƬƘƯ
 ,� � �i � 0!= +  ƱŚƧ řŷœ

 ŚƸţǈƯŚƘƯ ŠƫŵŚƘưƫ ř ÔŹŸū
 ƱŔƟ ŠǀƤǀƤů ř ÔŵřŶƗŏ

 źųō ŹŸū ƺƷ � � �i�=

.ŚƸƫ

:ŠƯƺƬƘƯ
 ƲƿŹŸū  �� �21  ƱŚƧ  řŷœ

:ƱŔƟ �  ŵŶƘƬƫ ƲǀǀƘǀŝźţ

� � �+ =1 2

:ŠƯƺƬƘƯ
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31 1- - - +' 1  ƪŰƫř ŠƗƺưŬƯ ƾƫŚŤƫŚŝƹ
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.ƾƳŚŨƫř ŹŸŬƫř Ŷūƹŏ  b  

�quare Root of a Complex Number  ŜƧźƯ ŵŶƘƫ ƾƘǀŝźŤƫř ŹŸŬƫř

.� ƽƹŚƀƿ ƶƘŝźƯ Ʊƺƨƿ 	 ŵŶƗ ƲƗ ŦŰŞƳ � ŜƧźƯ ŵŶƘƫ ƾƘǀŝźţ ŹŸū ŵŚŬƿǈ

z a bi= +  Ʋƨǀƫ

z��
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+ = +^ h  ƽŏ

� i3 4= +  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ

:ƪŰƫř

� �2 =  ƱƺƨǀƟ ¬� ŵŶƘƬƫ ŚĐǀƘǀŝźţ ř ÔŹŸū � � �i= +  Ʋƨǀƫ
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� �i i3 42
+ = +^ h  ƊƿƺƘŤƫŚŝ

� � ��i i2 3 42 2- + = +  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų
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,� �2 1` = =  ƹŏ ,� �2 1= - = -

,� i � i2 2= + = - -1 2  :ŚưƷ � i3 4= +  ŜƧźưƫř ŵŶƘƬƫ ƱŚǀƘǀŝźŤƫř ƱřŹŸŬƫř

� i3 4= - -  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ  �

.� i7 24= -  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ

:ƪŰƫř

��2 =  ƱƺƨǀƟ ¬� ŵŶƘƬƫ ŚĐǀƘǀŝźţ ř ÔŹŸū � � �i= +  Ʋƨǀƫ

� �i i7 242
+ = -^ h  ƊƿƺƘŤƫŚŝ

� � ��i i2 2472 2- + = -  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų
( )

( )

�
��

� 7 1

2 24 2

2 2

`
- =

= -
)  ƲǀŞƧźƯ ƲƿŵŶƘƫ şřƹŚƀưƫř ŠǀƇŚų

 2 �=�     :ŠƫŵŚƘưƫř ƞǀƌƳ

� � 7 242 2 2 2 2
+ = +_ ^ ^i h h

( )� � 25 32 2+ =
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مثال 7

� �i i3 42
+ = +^ h  ƊƿƺƘŤƫŚŝ

� � ��i i2 3 42 2- + = +  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų
( )

( )

� �
��

3 1

2 4 2

2 2- =

=
)  ƲǀŞƧźƯ ƲƿŵŶƘƫ şřƹŚƀưƫř ŠǀƇŚų

 � �2 =     :ŠƫŵŚƘưƫř ƞǀƌƳ

� � 3 42 2 2 2 2
+ = +_ ^ ^i h h

( )� � 5 32 2+ =

� �
� �

5

3

2 2

2 2

+ =

- =
)
� �2 8 42 2

&= =  :ƼƬƗ ƪƈŰƳ ���� �3� ƲǀŤƫŵŚƘưƫř ƖưŬŝ

� 12` =  :ƼƬƗ ƪƈŰƳ ��� ƾƟ ƊƿƺƘŤƫŚŝ
,

,

� �
� �
2

1 1

2
&

= = -

= = -
(

ŚƸƀƠƳ şŹŚƃǅř ŚưƸƫ �� �  Ʊŏ ŪŤƴŤƀƳ ��2 4=  ŠƫŵŚƘưƫř ƲƯ

,� �2 1` = =  ƹŏ ,� �2 1= - = -

,� i � i2 2= + = - -1 2  :ŚưƷ � i3 4= +  ŜƧźưƫř ŵŶƘƬƫ ƱŚǀƘǀŝźŤƫř ƱřŹŸŬƫř

� i3 4= - -  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ  �

.� i7 24= -  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ

:ƪŰƫř

��2 =  ƱƺƨǀƟ ¬� ŵŶƘƬƫ ŚĐǀƘǀŝźţ ř ÔŹŸū � � �i= +  Ʋƨǀƫ

� �i i7 242
+ = -^ h  ƊƿƺƘŤƫŚŝ

� � ��i i2 2472 2- + = -  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų
( )

( )

�
��

� 7 1

2 24 2

2 2

`
- =

= -
)  ƲǀŞƧźƯ ƲƿŵŶƘƫ şřƹŚƀưƫř ŠǀƇŚų

 2 �=�     :ŠƫŵŚƘưƫř ƞǀƌƳ

� � 7 242 2 2 2 2
+ = +_ ^ ^i h h

( )� � 25 32 2+ =

	


حاول أن تحل  7

:ƼƬƗ ƪƈŰƳ ���� �3� ƲǀŤƫŵŚƘưƫř ƖưŬŝ  
�
�

�
� 7

252 2

2 2

+ =

- =
)
� � �
� �
2 1632 4

9 32

2 2& &

&

!

!

= =

=

=

=
    :ƼƬƗ ƪƈŰƳ ��� ƾƟ ƊƿƺƘŤƫŚŝ

��2 24a = -  � 24 01-

.ƱŚƠƬŤŴƯ ƱŚţŹŚƃœ ŚưƸƫ 	� 
 Ʊŏ ŪŤƴŤƀƳ ��2 24= -  ŠƫŵŚƘưƫř ƲƯ

,� �4 3= = -  ƹŏ ,� �4 3 `= - =

:ŚưƷ i7 24+  ŜƧźưƫř ŵŶƘƬƫ ƱŚǀƘǀŝźŤƫř ƱřŹŸŬƫř
,� i � i4 3 4 3= - = - +21

.� 125= + i  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ  


.� i21 20= - -  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ
:ƪŰƫř

��2 =  ƱƺƨǀƟ ¬� ŵŶƘƬƫ ŚĐǀƘǀŝźţ ř ÔŹŸū � � �i= +  Ʋƨǀƫ

� �i i21 202
+ = - -^ h  ƊƿƺƘŤƫŚŝ

� � ��i i2 20212 2
�- + = -  ŵƹŶŰƫř šřźǀŨƧ śźƋ ŠǀƇŚų
( )

( )

�
��

� 21 1

2 20 2

2 2

`
- = -

= -
)  ƲǀŞƧźƯ ƲƿŵŶƘƫ şřƹŚƀưƫř ŠǀƇŚų

 2 �=�     :ŠƫŵŚƘưƫř ƞǀƌƳ

� � 21 202 2 2 2 2
+ = - + -_ ^ ^i h h

( )� � 29 32 2+ =

� 5!=  ¬� 2!=  ƽŏ � 252 =  ¬� 42 =  ƱŚǀƐƘţ ���� �3� ƱŚŤƫŵŚƘưƫř

.şŹŚƃǅř ƾƟ ƱŚŤƠƬŤŴƯ 	� 
 Ʊŏ ƲǀŞţ ��� ŠƫŵŚƘưƫř

,� �2 5= - =  ƹŏ ,� �2 5 `= = -

:ŚưƷ i21 20- -  ŜƧźưƫř ŵŶƘƬƫ ƱŚǀƘǀŝźŤƫř ƱřŹŸŬƫř

1 2,� i � i52 2 5= - = - +

� i7 24+=  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ  �
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مثال 8

:ƼƬƗ ƪƈŰƳ ���� �3� ƲǀŤƫŵŚƘưƫř ƖưŬŝ  
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.ƱŚƠƬŤŴƯ ƱŚţŹŚƃœ ŚưƸƫ 	� 
 Ʊŏ ŪŤƴŤƀƳ ��2 24= -  ŠƫŵŚƘưƫř ƲƯ

,� �4 3= = -  ƹŏ ,� �4 3 `= - =

:ŚưƷ i7 24+  ŜƧźưƫř ŵŶƘƬƫ ƱŚǀƘǀŝźŤƫř ƱřŹŸŬƫř
,� i � i4 3 4 3= - = - +21

.� 125= + i  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ  


.� i21 20= - -  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ
:ƪŰƫř

��2 =  ƱƺƨǀƟ ¬� ŵŶƘƬƫ ŚĐǀƘǀŝźţ ř ÔŹŸū � � �i= +  Ʋƨǀƫ

� �i i21 202
+ = - -^ h  ƊƿƺƘŤƫŚŝ
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 2 �=�     :ŠƫŵŚƘưƫř ƞǀƌƳ

� � 21 202 2 2 2 2
+ = - + -_ ^ ^i h h

( )� � 29 32 2+ =

� 5!=  ¬� 2!=  ƽŏ � 252 =  ¬� 42 =  ƱŚǀƐƘţ ���� �3� ƱŚŤƫŵŚƘưƫř

.şŹŚƃǅř ƾƟ ƱŚŤƠƬŤŴƯ 	� 
 Ʊŏ ƲǀŞţ ��� ŠƫŵŚƘưƫř

,� �2 5= - =  ƹŏ ,� �2 5 `= = -

:ŚưƷ i21 20- -  ŜƧźưƫř ŵŶƘƬƫ ƱŚǀƘǀŝźŤƫř ƱřŹŸŬƫř

1 2,� i � i52 2 5= - = - +

� i7 24+=  ŜƧźưƫř ŵŶƘƬƫ ƲǀǀƘǀŝźŤƫř ƲƿŹŸŬƫř Ŷūƹŏ  �
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��2 =  ƱƺƨǀƟ ¬� ŵŶƘƬƫ ŚĐǀƘǀŝźţ ř ÔŹŸū � � �i= +  Ʋƨǀƫ

� �i i21 202
+ = - -^ h  ƊƿƺƘŤƫŚŝ
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� 5!=  ¬� 2!=  ƽŏ � 252 =  ¬� 42 =  ƱŚǀƐƘţ ���� �3� ƱŚŤƫŵŚƘưƫř
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) التمثيل البياني للدوال المثلثية ) الجيب , جيب التمام , الظل
8 - 1

الدوال الجيبية

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
 e ŚƸſŚǀƣ ƾŤƫř ŠƸūƺưƫř Šƿƹřżƫř ƭŚưţ Ŝǀūƹ Ŝǀū ŵŚŬƿǈ şŶůƺƫř şźŗřŵ ƭřŶŴŤſř Ʋƨưƿ
 ŠƐƤƳ ƾƟ şŶůƺƫř şźŗřŵ ƖƐƤƿ ŠƸūƺưƫř ŠƿƹřżƬƫ ƾŗŚƸƴƫř ƖƬƌƫř Ŧǀů ¬ƾſŚǀƣ ƖƋƹ ƾƟ ƾŤƫřƹ

.Šƿƹřżƫř ƭŚưţ Ŝǀū ƪŨưƿ ƾƴǀƀƫř ŚƸǀŧřŶůœƹ Šƿƹřżƫř Ŝǀū ƪŨưƿ ƽŵŚƈƫř ŚƸǀŧřŶůœ ŠǀŨƬŨƯ
 ŠƐƤƴƬƫ ƽŵŚƈƫř ƾŧřŶůǈŚŝ e ŽŚǀƤƫř Ǝŝźţ siny e=  ŜǀŬƫř Šƫřŵ Ʊŏ ƒůǅ ƪƨƄƫř ƾƟ

:ŜǀŬƫř Šƫřŵ ƼƴŰƴƯ ŪŤƴƿƹ .ŠǀŨƬŨưƫř

 

-1

-1
1

1

0

y

x

π
2

3π 2π 4π

y

x
2

π

®1 ƼưƔƘƫř ŠưǀƤƫř Ƽƫœ ŠƫřŶƫř ƼƴŰƴƯ ƪƈƿ e  É Ùƫ Šưǀƣ ƽǃ  1
. ,π π2 4  Ʋǀŝ ŚƸţŚſŚǀƣ ŚƿřƹŻ ƪưƄǀƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƪưƧŏ  2

®e  É Ùƫ Šưǀƣ ƽǃƹ ®ŠǀƳŚŧ şźƯ 1 ƼưƔƘƫř ŠưǀƤƫř Ƽƫœ ƼƴŰƴưƫř ƪƈƿ ƪƷ  
.ŭźƃř ®(şŵŶŰƯ şźŤƟ ƪƧ ŶƘŝ ŚƸưǀƣ Źźƨţ ŚƸƳŏ ƽŏ) ŠƿŹƹŵ ŜǀŬƫř Šƫřŵ ƪƷ  3

Sinusoidal Functions  ŠǀŞǀŬƫř ƩřƹŶƫř
 Šƫřŵ cosy a bx=  şŹƺƈƫř ƼƬƗ ŠƫřŶƫřƹ ŜǀŬƫř Šƫřŵ siny a bx=  şŹƺƈƫř ƼƬƗ ŠƫřŶƫř ƼÚưƀţ

.ŠƿŹƹŵ ŚưƸƴƯ ƪƧƹ ƱŚŤǀŞǀū ƱŚŤƫřŵ ŚưƷƹ ,a b0 0ȴ ȴ  Ŧǀů ƭŚưŤƫř Ŝǀū

ƮƬƘŤţ Ɲƺſ
• .ŜǀŬƫř ŠƫřŶƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř
•  Ŝǀū ŠƫřŶƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř 

.ƭŚưŤƫř
• .ƪƔƫř ŠƫřŶƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
•  ŠǀŞǀū Ʃřƹŵ

Sinusoidal Functions  
•  ŜǀŬƫř Šƫřŵ

Sine Function  
• ƭŚưŤƫř Ŝǀū Šƫřŵ

Cosine Function  
• ƪƔƫř Šƫřŵ

Tangent Function  
• ŠǀūƹŻ Šƫřŵ

Even Function  
• ŠƿŵźƟ Šƫřŵ

Odd Function  
• źƓŚƴţ ŹƺŰƯ

Axis of Symmetry  
• źƓŚƴţ żƧźƯ

Center of Symmetry  

:ŠǀƋŚƿŹ ŠƯƺƬƘƯ
,R 3 3= -^ h

(ƪƔƫř ¬ƭŚưŤƫř Ŝǀū ¬ŜǀŬƫř) ŠǀŨƬŨưƫř ƩřƹŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř
Graphs of Trigonometric Functions

(Sine, Cosine and Tangent)

8-1
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:ŜǀŬƫř Ʃřƹŵ ƊƘŝ šŚƳŚǀŝ ŠǀƫŚŤƫř ƩŚƨƃǃř ƪŨưţ

-1

-	

π



π



2π



2
�

π



- π

	

1

x

y

π�

1

-1
x

y

π



π



2




2π
-

π



-
π- π

1

y

x
-1

ππ-
2

π
-

2

π

siny x32=siny x3=siny x=

(3) ƪƨƃ (2) ƪƨƃ(1) ƪƨƃ

        

.ŠǀŞǀŬƫř ŠƫřŶƫř ŠƘſ a  Ƽưƀţ 1  
,� 2π6 @ şźŤƠƫř ƾƟ šřŹƹŶƫř ŵŶƗ ƪŨưţ b  2  

.ŠƫřŶƫř şŹƹŵ ƪŨưţ π
b
2  3  

(1) ŜƿŹŶţŠƫřŶƫř şŹƹŵŠƫřŶƫř ŠƘſŠƫřŶƫř ƱŚǀŝ

(1) ƪƨƃ

(	) ƪƨƃ

(
) ƪƨƃ

      .ƩƹŶŬƫř ƪưƧŏƹ ŠƤŝŚƀƫř ƩŚƨƃǃř Ƽƫœ źƔƳř

cosy a b�=  şŹƺƈƫř ƼƬƗ ƭŚưŤƫř Ŝǀū ŠƫřŶƫ şŹƹŶƫřƹ ŠƘƀƫř ŵŚŬƿœ Śƴƴƨưƿ ƪŨưƫŚŝƹ

:ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ ŠƘƀƫřƹ şŹƹŶƫř Ŷūƹŏ

a  ���xy 2=   #  3����y x
�=

:ƪŰƫř

şŹƺƈƫř ƼƬƗ Šƫřŵ ƾƷ ���y x2=  a

2 �,a b= =  :ƱƺƨǀƟ ���a by x=  
2a =       :ŠƫřŶƫř ŠƘſ   `  

2
�
2

2
b
π π π= =     :ŠƫřŶƫř şŹƹŵ  

şŹƺƈƫř ƼƬƗ Šƫřŵ ƾƷ ��� 3�y x
=-  #

� , 3
�a b ==-  :ƱƺƨǀƟ ���a by x=  

a � �= =�      :ŠƫřŶƫř ŠƘſ   `  
2

3
�
2



b
π π π= =     :ŠƫřŶƫř şŹƹŵ   
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:ŜǀŬƫř Ʃřƹŵ ƊƘŝ šŚƳŚǀŝ ŠǀƫŚŤƫř ƩŚƨƃǃř ƪŨưţ
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حاول أن تحل  1

أ : سلامة علي الركاض
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:ŢƳŚƧ řŷœ bacosy x=  şŹƺƈƫř ƼƬƗ ŠƫřŶƫř ŠƫŵŚƘƯ ŜŤƧř  �

a 2=-   ¬  3
π    ƾƷ şŹƹŶƫř  a  

.a 0 25=    ¬  π    ƾƷ şŹƹŶƫř  b  

a 1=   ¬  �   ƾƷ şŹƹŶƫř  c  

4�

حاول أن تحل  2

:ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ ŠƘƀƫřƹ şŹƹŶƫř Ŷūƹŏ  1

a  cosy 2=- x5   b  2
1
cosy x-= ^ h

:ŢƳŚƧ řŷœ sin bay x=  şŹƺƈƫř ƼƬƗ ŠƫřŶƫř ŠƫŵŚƘƯ ŜŤƧř

3a =   ¬  2
π   ƾƷ şŹƹŶƫř  a

2
1

a =-   ¬  2π   ƾƷ şŹƹŶƫř  b

1.5a =   ¬  �  ƾƷ şŹƹŶƫř  c

:ƪŰƫř
2

2b
π π` =    2

π  ƾƷ şŹƹŶƫř  a

  4 4 4,b b b,= = =-

  3aa =

3 sin 4y x=  ƹŏ 3 sin ( 4 )y x-=  :ƾƷ ŠƫřŶƫř ŠƫŵŚƘƯ   `  
2
b

2
π π` =    2π  ƾƷ şŹƹŶƫř  b

  ,1 1 1b b b,= = =-

  2
1

aa =-

2 sin
1y x=-  ƹŏ 2 sin ( )

1y x-=-  :ƾƷ ŠƫřŶƫř ŠƫŵŚƘƯ   `  

2
3

b
π` =    � ƾƷ şŹƹŶƫř  c

  3 3 3,
2 2 2b b bπ π π,= = =-

  1.5aa =

1.5 sin 3
2y xπ= a k ƹŏ 1.5 sin 3

2y xπ-
= a k :ƾƷ ŠƫřŶƫř ŠƫŵŚƘƯ   `  

:ŢƳŚƧ řŷœ bacosy x=  şŹƺƈƫř ƼƬƗ ŠƫřŶƫř ŠƫŵŚƘƯ ŜŤƧř  �

a 2=-   ¬  3
π    ƾƷ şŹƹŶƫř  a  

.a 0 25=    ¬  π    ƾƷ şŹƹŶƫř  b  

a 1=   ¬  �   ƾƷ şŹƹŶƫř  c  

4�

:ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ ŠƘƀƫřƹ şŹƹŶƫř Ŷūƹŏ  1

a  cosy 2=- x5   b  2
1
cosy x-= ^ h

:ŢƳŚƧ řŷœ sin bay x=  şŹƺƈƫř ƼƬƗ ŠƫřŶƫř ŠƫŵŚƘƯ ŜŤƧř

3a =   ¬  2
π   ƾƷ şŹƹŶƫř  a

2
1

a =-   ¬  2π   ƾƷ şŹƹŶƫř  b

1.5a =   ¬  �  ƾƷ şŹƹŶƫř  c

:ƪŰƫř
2

2b
π π` =    2

π  ƾƷ şŹƹŶƫř  a

  4 4 4,b b b,= = =-

  3aa =

3 sin 4y x=  ƹŏ 3 sin ( 4 )y x-=  :ƾƷ ŠƫřŶƫř ŠƫŵŚƘƯ   `  
2
b

2
π π` =    2π  ƾƷ şŹƹŶƫř  b

  ,1 1 1b b b,= = =-

  2
1

aa =-

2 sin
1y x=-  ƹŏ 2 sin ( )

1y x-=-  :ƾƷ ŠƫřŶƫř ŠƫŵŚƘƯ   `  

2
3

b
π` =    � ƾƷ şŹƹŶƫř  c

  3 3 3,
2 2 2b b bπ π π,= = =-

  1.5aa =

1.5 sin 3
2y xπ= a k ƹŏ 1.5 sin 3

2y xπ-
= a k :ƾƷ ŠƫřŶƫř ŠƫŵŚƘƯ   `  

:ŢƳŚƧ řŷœ bacosy x=  şŹƺƈƫř ƼƬƗ ŠƫřŶƫř ŠƫŵŚƘƯ ŜŤƧř  �

a 2=-   ¬  3
π    ƾƷ şŹƹŶƫř  a  

.a 0 25=    ¬  π    ƾƷ şŹƹŶƫř  b  

a 1=   ¬  �   ƾƷ şŹƹŶƫř  c  

4�
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التمثيل البياني للدوال الجيبية

أولًا : دالة الجيب
'rapH oF 4rigonometric &unctionS  ŠǀŨƬŨưƫř ƩřƹŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

4He 3ine &unction  ŜǀŬƫř Šƫřŵ : ÔǇ Úƹŏ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ 2/  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,1 1-6 @ ŚƷřŶƯƹ R  ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ siny x=

 şźŤƠƫř ƾƟ ƩƹŶŬƫř Ʊ ÚƺƨƳ Ʈŧ ¬ƕŚŝŹŏ Ƽƫœ şŶůřƺƫř şŹƹŶƫř ƮƀƤţ ¬şŶůřƹ şŹƹŵ ƾƟ siny x=  É Ùƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƬƫ
:ƾƫŚŤƫŚƧ ,0 2/6 @

1

ZERO

MAX

ZERO

MIN

ZERO

-1

x

y

1
( )

4
2� ( )

2

1
2� ( )

4

3
2� ( )1 2�

 

2�
2
3���

2
0x

0-1010sin x

 ƱŚǀŝ ƮſŹ Ʋƨưƿ Ʀƫŷ ƲƯƹ ŚƸưǀƣ Źźƨţ ŚƸƳŔƟ �2  ŚƸţŹƹŵ ¬ŠƿŹƹŵ Šƫřŵ ŚƸƳœ Ŧǀůƹ
,( ) sin x xf x Rd=  :ŠƫřŶƫř

.ŠŞſŚů Šƫō ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:ƒůǆƳ ŜǀŬƫř Šƫřŵ ƱŚǀŝ ƲƯ

( )sin n 0� =  ƱŔƟ N ŮǀŰƇ ŵŶƗ ƽǃ  1siny x=
y

1

-1

x2�- 2���-
2
�

2
�

-
�
2

3
-

�
2

3

 ƼưƔƗ Šưǀƣ ( ) sinf x x=  ŠƫřŶƬƫ ƱŔƟ N ŮǀŰƇ ŵŶƗ ƽǃ  �

 	-1
 ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ � �x n2 2= +  ŶƴƗ 	1
 ƽƹŚƀţ  
  ��x n2

3
2= +  ŶƴƗ

( ) ,sin sinx x x R6 !- =-  :Ʊǃ ŠƿŵźƟ Šƫřŵ ŜǀŬƫř Šƫřŵ  �
.ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ  �

max minf f
2
-  :ƾƷ ŠƫřŶƫř ŠƘſ  �

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ

a  3 siny x2=  b  sin , 4 42
1

2y xx π π# #- -= a k
:ƪŰƫř

.R  ŚƸƫŚŬƯ ŠƿŹƹŵ Šƫřŵ ƾƷ s 23 iny x=  a

a 3 3= =      :ŠƘƀƫř  
2
b 2

2π π π= =     :şŹƹŶƫř  y

1

-3

2

-2
-1

3

x

siny x3 2=

2
�-

2
� ��- -

�
4

3 �
4

3
-
�
4

�
4

 4
π

= şŹƹŶƫř ƖŝŹ   `  

π4
3π

2
ππ

4
�x

2π
2
3ππ2

π��x

�1-�1�sin2x

�3-���sin23y x=  
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مثال 3

'rapH oF 4rigonometric &unctionS  ŠǀŨƬŨưƫř ƩřƹŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

4He 3ine &unction  ŜǀŬƫř Šƫřŵ : ÔǇ Úƹŏ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ 2/  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,1 1-6 @ ŚƷřŶƯƹ R  ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ siny x=

 şźŤƠƫř ƾƟ ƩƹŶŬƫř Ʊ ÚƺƨƳ Ʈŧ ¬ƕŚŝŹŏ Ƽƫœ şŶůřƺƫř şŹƹŶƫř ƮƀƤţ ¬şŶůřƹ şŹƹŵ ƾƟ siny x=  É Ùƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƬƫ
:ƾƫŚŤƫŚƧ ,0 2/6 @

1

ZERO

MAX

ZERO

MIN

ZERO

-1

x

y

1
( )

4
2� ( )

2

1
2� ( )

4

3
2� ( )1 2�

 

2�
2
3���

2
0x

0-1010sin x

 ƱŚǀŝ ƮſŹ Ʋƨưƿ Ʀƫŷ ƲƯƹ ŚƸưǀƣ Źźƨţ ŚƸƳŔƟ �2  ŚƸţŹƹŵ ¬ŠƿŹƹŵ Šƫřŵ ŚƸƳœ Ŧǀůƹ
,( ) sin x xf x Rd=  :ŠƫřŶƫř

.ŠŞſŚů Šƫō ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:ƒůǆƳ ŜǀŬƫř Šƫřŵ ƱŚǀŝ ƲƯ

( )sin n 0� =  ƱŔƟ N ŮǀŰƇ ŵŶƗ ƽǃ  1siny x=
y

1

-1

x2�- 2���-
2
�

2
�

-
�
2

3
-

�
2

3

 ƼưƔƗ Šưǀƣ ( ) sinf x x=  ŠƫřŶƬƫ ƱŔƟ N ŮǀŰƇ ŵŶƗ ƽǃ  �

 	-1
 ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ � �x n2 2= +  ŶƴƗ 	1
 ƽƹŚƀţ  
  ��x n2

3
2= +  ŶƴƗ

( ) ,sin sinx x x R6 !- =-  :Ʊǃ ŠƿŵźƟ Šƫřŵ ŜǀŬƫř Šƫřŵ  �
.ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ  �

max minf f
2
-  :ƾƷ ŠƫřŶƫř ŠƘſ  �

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ

a  3 siny x2=  b  sin , 4 42
1

2y xx π π# #- -= a k
:ƪŰƫř

.R  ŚƸƫŚŬƯ ŠƿŹƹŵ Šƫřŵ ƾƷ s 23 iny x=  a

a 3 3= =      :ŠƘƀƫř  
2
b 2

2π π π= =     :şŹƹŶƫř  y

1

-3

2

-2
-1

3

x

siny x3 2=

2
�-

2
� ��- -

�
4

3 �
4

3
-
�
4

�
4

 4
π

= şŹƹŶƫř ƖŝŹ   `  

π4
3π

2
ππ

4
�x

2π
2
3ππ2

π��x

�1-�1�sin2x

�3-���sin23y x=  
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السعة

الدورة

ربع الدورة

.ŠƿŹƹŵ Šƫřŵ ƾƷ ���2y x2
�

-= ` j  #

a 2 2= =-      :ŠƘƀƫř  

2
�

2
b

π2
4

π π
= =     :şŹƹŶƫř  

π = şŹƹŶƫř ƖŝŹ   `  

ππ� π2π2� π
 π4π
�π4�

���y x2
2

�
=- ` j y

1
	

-1
-	

x

   

4π3π2ππ�x

2π2
3ππ2

π�2 x
�

��-�1���� 2 x
�` j

�2�2-���� 2
�

2y x=- ` j  

,� �/- j8  şźŤƠƫř ƼƬƗ ƼƴŰƴưƫř ƮſŹ ƦƫŸƧ ƮŤƿ ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ Ʊŏ Ŧǀůƹ

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  3
a  2

�
��� 4y x=   #  4 , ,���y x x 2π πd=- -6 @

The Cosine Function  ƭŚưŤƫř Ŝǀū Šƫřŵ :ŚĐǀƳŚŧ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ π2  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,���6 @ ƺƷ ŚƷřŶƯƹ R  Ś Ôƌƿŏ ƺƷ ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ cosy �=

 ŚƴƬƘƟ ŚưƬŨƯ ŚÔƯŚưţ , π0 26 @ şźŤƠƫř ƼƬƗ ŚƸưſŹ ƢƿźƏ ƲƗ ŚƸƫŚŬƯ ƼƬƗ cosy �=  ŠƫřŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƫř ƖǀƐŤƀƳƹ
.ŜǀŬƫř Šƫřŵ ƾƟ

1 ������

����

���

����

-1

x

y

�
� �

4
2π � �

2

�
2π � �

4



2π � �� 2π

 :ƾƫŚŤƫř ƱŚǀŞƫř ƼƬƗ ƪƈŰƳƹ ŚƸƀƠƳ Źźƨţƹ

2π
2

ππ2

/0x

10-101cos �

.ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:Ʊŏ ƒůǆƳ ƭŚưŤƫř Ŝǀū Šƫřŵ ƱŚǀŝ ƲƯ

cos �2 �/ /� =` j  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  1
 ŶƴƗ (- 1) ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ π� �2=  ŶƴƗ (1) ƽƹŚƀţ ƼưƔƗ Šưǀƣ � � cosf x x=  ŠƫřŶƬƫ ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

π π� �2= �

x

y

2

 π

2

π

�
ππ� π2π2�

2
π

2
π

�

1

-1

 � � ,cos cos� � � Rd6� =  :Ʊǃ ŠǀūƹŻ Šƫřŵ ƭŚưŤƫř Ŝǀū Šƫřŵ  3
.ŠƫřŶƫř ƼƴŰƴưƫ źƓŚƴţ Ǝų ƺƷ šřŵŚƈƫř ŹƺŰƯ  �

�� �inf f
2
�  :ƾƷ ŠƫřŶƫř ŠƘſ  


4�
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'rapH oF 4rigonometric &unctionS  ŠǀŨƬŨưƫř ƩřƹŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř

4He 3ine &unction  ŜǀŬƫř Šƫřŵ : ÔǇ Úƹŏ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ 2/  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,1 1-6 @ ŚƷřŶƯƹ R  ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ siny x=

 şźŤƠƫř ƾƟ ƩƹŶŬƫř Ʊ ÚƺƨƳ Ʈŧ ¬ƕŚŝŹŏ Ƽƫœ şŶůřƺƫř şŹƹŶƫř ƮƀƤţ ¬şŶůřƹ şŹƹŵ ƾƟ siny x=  É Ùƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƬƫ
:ƾƫŚŤƫŚƧ ,0 2/6 @

1

ZERO

MAX

ZERO

MIN

ZERO

-1

x

y

1
( )

4
2� ( )

2

1
2� ( )

4

3
2� ( )1 2�

 

2�
2
3���

2
0x

0-1010sin x

 ƱŚǀŝ ƮſŹ Ʋƨưƿ Ʀƫŷ ƲƯƹ ŚƸưǀƣ Źźƨţ ŚƸƳŔƟ �2  ŚƸţŹƹŵ ¬ŠƿŹƹŵ Šƫřŵ ŚƸƳœ Ŧǀůƹ
,( ) sin x xf x Rd=  :ŠƫřŶƫř

.ŠŞſŚů Šƫō ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:ƒůǆƳ ŜǀŬƫř Šƫřŵ ƱŚǀŝ ƲƯ

( )sin n 0� =  ƱŔƟ N ŮǀŰƇ ŵŶƗ ƽǃ  1siny x=
y

1

-1

x2�- 2���-
2
�

2
�

-
�
2

3
-

�
2

3

 ƼưƔƗ Šưǀƣ ( ) sinf x x=  ŠƫřŶƬƫ ƱŔƟ N ŮǀŰƇ ŵŶƗ ƽǃ  �

 	-1
 ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ � �x n2 2= +  ŶƴƗ 	1
 ƽƹŚƀţ  
  ��x n2

3
2= +  ŶƴƗ

( ) ,sin sinx x x R6 !- =-  :Ʊǃ ŠƿŵźƟ Šƫřŵ ŜǀŬƫř Šƫřŵ  �
.ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ  �

max minf f
2
-  :ƾƷ ŠƫřŶƫř ŠƘſ  �

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ

a  3 siny x2=  b  sin , 4 42
1

2y xx π π# #- -= a k
:ƪŰƫř

.R  ŚƸƫŚŬƯ ŠƿŹƹŵ Šƫřŵ ƾƷ s 23 iny x=  a

a 3 3= =      :ŠƘƀƫř  
2
b 2

2π π π= =     :şŹƹŶƫř  y

1

-3

2

-2
-1

3

x

siny x3 2=

2
�-

2
� ��- -

�
4

3 �
4

3
-
�
4

�
4

 4
π

= şŹƹŶƫř ƖŝŹ   `  

π4
3π

2
ππ

4
�x

2π
2
3ππ2

π��x

�1-�1�sin2x

�3-���sin23y x=  
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.ŠƿŹƹŵ Šƫřŵ ƾƷ ���2y x2
�

-= ` j  #

a 2 2= =-      :ŠƘƀƫř  

2
�

2
b

π2
4

π π
= =     :şŹƹŶƫř  

π = şŹƹŶƫř ƖŝŹ   `  

ππ� π2π2� π
 π4π
�π4�

���y x2
2

�
=- ` j y

1
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x

   

4π3π2ππ�x

2π2
3ππ2

π�2 x
�

��-�1���� 2 x
�` j

�2�2-���� 2
�

2y x=- ` j  

,� �/- j8  şźŤƠƫř ƼƬƗ ƼƴŰƴưƫř ƮſŹ ƦƫŸƧ ƮŤƿ ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ Ʊŏ Ŧǀůƹ

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  3
a  2

�
��� 4y x=   #  4 , ,���y x x 2π πd=- -6 @

The Cosine Function  ƭŚưŤƫř Ŝǀū Šƫřŵ :ŚĐǀƳŚŧ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ π2  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,���6 @ ƺƷ ŚƷřŶƯƹ R  Ś Ôƌƿŏ ƺƷ ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ cosy �=

 ŚƴƬƘƟ ŚưƬŨƯ ŚÔƯŚưţ , π0 26 @ şźŤƠƫř ƼƬƗ ŚƸưſŹ ƢƿźƏ ƲƗ ŚƸƫŚŬƯ ƼƬƗ cosy �=  ŠƫřŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƫř ƖǀƐŤƀƳƹ
.ŜǀŬƫř Šƫřŵ ƾƟ
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4
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2π � �� 2π

 :ƾƫŚŤƫř ƱŚǀŞƫř ƼƬƗ ƪƈŰƳƹ ŚƸƀƠƳ Źźƨţƹ

2π
2

ππ2

/0x

10-101cos �

.ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:Ʊŏ ƒůǆƳ ƭŚưŤƫř Ŝǀū Šƫřŵ ƱŚǀŝ ƲƯ

cos �2 �/ /� =` j  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  1
 ŶƴƗ (- 1) ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ π� �2=  ŶƴƗ (1) ƽƹŚƀţ ƼưƔƗ Šưǀƣ � � cosf x x=  ŠƫřŶƬƫ ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

π π� �2= �

x

y

2

 π

2

π

�
ππ� π2π2�

2
π

2
π

�

1

-1

 � � ,cos cos� � � Rd6� =  :Ʊǃ ŠǀūƹŻ Šƫřŵ ƭŚưŤƫř Ŝǀū Šƫřŵ  3
.ŠƫřŶƫř ƼƴŰƴưƫ źƓŚƴţ Ǝų ƺƷ šřŵŚƈƫř ŹƺŰƯ  �

�� �inf f
2
�  :ƾƷ ŠƫřŶƫř ŠƘſ  


4�

.ŠƿŹƹŵ Šƫřŵ ƾƷ ���2y x2
�

-= ` j  #

a 2 2= =-      :ŠƘƀƫř  

2
�

2
b

π2
4

π π
= =     :şŹƹŶƫř  

π = şŹƹŶƫř ƖŝŹ   `  

ππ� π2π2� π
 π4π
�π4�

���y x2
2

�
=- ` j y

1
	

-1
-	

x

   

4π3π2ππ�x

2π2
3ππ2

π�2 x
�

��-�1���� 2 x
�` j

�2�2-���� 2
�

2y x=- ` j  

,� �/- j8  şźŤƠƫř ƼƬƗ ƼƴŰƴưƫř ƮſŹ ƦƫŸƧ ƮŤƿ ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ Ʊŏ Ŧǀůƹ

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  3
a  2

�
��� 4y x=   #  4 , ,���y x x 2π πd=- -6 @

The Cosine Function  ƭŚưŤƫř Ŝǀū Šƫřŵ :ŚĐǀƳŚŧ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ π2  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,���6 @ ƺƷ ŚƷřŶƯƹ R  Ś Ôƌƿŏ ƺƷ ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ cosy �=

 ŚƴƬƘƟ ŚưƬŨƯ ŚÔƯŚưţ , π0 26 @ şźŤƠƫř ƼƬƗ ŚƸưſŹ ƢƿźƏ ƲƗ ŚƸƫŚŬƯ ƼƬƗ cosy �=  ŠƫřŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƫř ƖǀƐŤƀƳƹ
.ŜǀŬƫř Šƫřŵ ƾƟ
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-1

x
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4
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2
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2π � �

4



2π � �� 2π

 :ƾƫŚŤƫř ƱŚǀŞƫř ƼƬƗ ƪƈŰƳƹ ŚƸƀƠƳ Źźƨţƹ

2π
2

ππ2

/0x

10-101cos �

.ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:Ʊŏ ƒůǆƳ ƭŚưŤƫř Ŝǀū Šƫřŵ ƱŚǀŝ ƲƯ

cos �2 �/ /� =` j  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  1
 ŶƴƗ (- 1) ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ π� �2=  ŶƴƗ (1) ƽƹŚƀţ ƼưƔƗ Šưǀƣ � � cosf x x=  ŠƫřŶƬƫ ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

π π� �2= �

x

y

2

 π

2

π

�
ππ� π2π2�

2
π

2
π

�

1

-1

 � � ,cos cos� � � Rd6� =  :Ʊǃ ŠǀūƹŻ Šƫřŵ ƭŚưŤƫř Ŝǀū Šƫřŵ  3
.ŠƫřŶƫř ƼƴŰƴưƫ źƓŚƴţ Ǝų ƺƷ šřŵŚƈƫř ŹƺŰƯ  �

�� �inf f
2
�  :ƾƷ ŠƫřŶƫř ŠƘſ  


4�

السعة

الدورة

ŠƿŹƹŵ Šƫřŵ ƾƷ ���2y.ربع الدورة x2
�

-= ` j  #

a 2 2= =-      :ŠƘƀƫř  

2
�

2
b

π2
4

π π
= =     :şŹƹŶƫř  

π = şŹƹŶƫř ƖŝŹ   `  

ππ� π2π2� π
 π4π
�π4�

���y x2
2

�
=- ` j y

1
	

-1
-	

x

   

4π3π2ππ�x

2π2
3ππ2

π�2 x
�

��-�1���� 2 x
�` j

�2�2-���� 2
�

2y x=- ` j  

,� �/- j8  şźŤƠƫř ƼƬƗ ƼƴŰƴưƫř ƮſŹ ƦƫŸƧ ƮŤƿ ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ Ʊŏ Ŧǀůƹ

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  3
a  2

�
��� 4y x=   #  4 , ,���y x x 2π πd=- -6 @

The Cosine Function  ƭŚưŤƫř Ŝǀū Šƫřŵ :ŚĐǀƳŚŧ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ π2  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,���6 @ ƺƷ ŚƷřŶƯƹ R  Ś Ôƌƿŏ ƺƷ ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ cosy �=

 ŚƴƬƘƟ ŚưƬŨƯ ŚÔƯŚưţ , π0 26 @ şźŤƠƫř ƼƬƗ ŚƸưſŹ ƢƿźƏ ƲƗ ŚƸƫŚŬƯ ƼƬƗ cosy �=  ŠƫřŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƫř ƖǀƐŤƀƳƹ
.ŜǀŬƫř Šƫřŵ ƾƟ
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2π � �� 2π

 :ƾƫŚŤƫř ƱŚǀŞƫř ƼƬƗ ƪƈŰƳƹ ŚƸƀƠƳ Źźƨţƹ

2π
2

ππ2

/0x

10-101cos �

.ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:Ʊŏ ƒůǆƳ ƭŚưŤƫř Ŝǀū Šƫřŵ ƱŚǀŝ ƲƯ

cos �2 �/ /� =` j  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  1
 ŶƴƗ (- 1) ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ π� �2=  ŶƴƗ (1) ƽƹŚƀţ ƼưƔƗ Šưǀƣ � � cosf x x=  ŠƫřŶƬƫ ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

π π� �2= �

x

y

2

 π

2

π

�
ππ� π2π2�

2
π

2
π

�

1

-1

 � � ,cos cos� � � Rd6� =  :Ʊǃ ŠǀūƹŻ Šƫřŵ ƭŚưŤƫř Ŝǀū Šƫřŵ  3
.ŠƫřŶƫř ƼƴŰƴưƫ źƓŚƴţ Ǝų ƺƷ šřŵŚƈƫř ŹƺŰƯ  �

�� �inf f
2
�  :ƾƷ ŠƫřŶƫř ŠƘſ  
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.ŠƿŹƹŵ Šƫřŵ ƾƷ ���2y x2
�

-= ` j  #

a 2 2= =-      :ŠƘƀƫř  

2
�

2
b

π2
4

π π
= =     :şŹƹŶƫř  

π = şŹƹŶƫř ƖŝŹ   `  

ππ� π2π2� π
 π4π
�π4�

���y x2
2

�
=- ` j y

1
	

-1
-	

x

   

4π3π2ππ�x

2π2
3ππ2

π�2 x
�

��-�1���� 2 x
�` j

�2�2-���� 2
�

2y x=- ` j  

,� �/- j8  şźŤƠƫř ƼƬƗ ƼƴŰƴưƫř ƮſŹ ƦƫŸƧ ƮŤƿ ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ Ʊŏ Ŧǀůƹ

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  3
a  2

�
��� 4y x=   #  4 , ,���y x x 2π πd=- -6 @

The Cosine Function  ƭŚưŤƫř Ŝǀū Šƫřŵ :ŚĐǀƳŚŧ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ π2  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,���6 @ ƺƷ ŚƷřŶƯƹ R  Ś Ôƌƿŏ ƺƷ ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ cosy �=

 ŚƴƬƘƟ ŚưƬŨƯ ŚÔƯŚưţ , π0 26 @ şźŤƠƫř ƼƬƗ ŚƸưſŹ ƢƿźƏ ƲƗ ŚƸƫŚŬƯ ƼƬƗ cosy �=  ŠƫřŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƫř ƖǀƐŤƀƳƹ
.ŜǀŬƫř Šƫřŵ ƾƟ
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x
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4
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2π � �� 2π

 :ƾƫŚŤƫř ƱŚǀŞƫř ƼƬƗ ƪƈŰƳƹ ŚƸƀƠƳ Źźƨţƹ

2π
2

ππ2

/0x

10-101cos �

.ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:Ʊŏ ƒůǆƳ ƭŚưŤƫř Ŝǀū Šƫřŵ ƱŚǀŝ ƲƯ

cos �2 �/ /� =` j  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  1
 ŶƴƗ (- 1) ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ π� �2=  ŶƴƗ (1) ƽƹŚƀţ ƼưƔƗ Šưǀƣ � � cosf x x=  ŠƫřŶƬƫ ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

π π� �2= �

x

y

2

 π

2

π

�
ππ� π2π2�

2
π

2
π

�

1

-1

 � � ,cos cos� � � Rd6� =  :Ʊǃ ŠǀūƹŻ Šƫřŵ ƭŚưŤƫř Ŝǀū Šƫřŵ  3
.ŠƫřŶƫř ƼƴŰƴưƫ źƓŚƴţ Ǝų ƺƷ šřŵŚƈƫř ŹƺŰƯ  �

�� �inf f
2
�  :ƾƷ ŠƫřŶƫř ŠƘſ  
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مثال 4

.ŠƿŹƹŵ Šƫřŵ ƾƷ ���2y x2
�

-= ` j  #

a 2 2= =-      :ŠƘƀƫř  

2
�

2
b

π2
4

π π
= =     :şŹƹŶƫř  

π = şŹƹŶƫř ƖŝŹ   `  

ππ� π2π2� π
 π4π
�π4�

���y x2
2

�
=- ` j y

1
	

-1
-	

x

   

4π3π2ππ�x

2π2
3ππ2

π�2 x
�

��-�1���� 2 x
�` j

�2�2-���� 2
�

2y x=- ` j  

,� �/- j8  şźŤƠƫř ƼƬƗ ƼƴŰƴưƫř ƮſŹ ƦƫŸƧ ƮŤƿ ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ Ʊŏ Ŧǀůƹ

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  3
a  2

�
��� 4y x=   #  4 , ,���y x x 2π πd=- -6 @

The Cosine Function  ƭŚưŤƫř Ŝǀū Šƫřŵ :ŚĐǀƳŚŧ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ π2  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,���6 @ ƺƷ ŚƷřŶƯƹ R  Ś Ôƌƿŏ ƺƷ ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ cosy �=

 ŚƴƬƘƟ ŚưƬŨƯ ŚÔƯŚưţ , π0 26 @ şźŤƠƫř ƼƬƗ ŚƸưſŹ ƢƿźƏ ƲƗ ŚƸƫŚŬƯ ƼƬƗ cosy �=  ŠƫřŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƫř ƖǀƐŤƀƳƹ
.ŜǀŬƫř Šƫřŵ ƾƟ
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2π � �� 2π

 :ƾƫŚŤƫř ƱŚǀŞƫř ƼƬƗ ƪƈŰƳƹ ŚƸƀƠƳ Źźƨţƹ
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10-101cos �

.ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:Ʊŏ ƒůǆƳ ƭŚưŤƫř Ŝǀū Šƫřŵ ƱŚǀŝ ƲƯ

cos �2 �/ /� =` j  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  1
 ŶƴƗ (- 1) ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ π� �2=  ŶƴƗ (1) ƽƹŚƀţ ƼưƔƗ Šưǀƣ � � cosf x x=  ŠƫřŶƬƫ ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2
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 � � ,cos cos� � � Rd6� =  :Ʊǃ ŠǀūƹŻ Šƫřŵ ƭŚưŤƫř Ŝǀū Šƫřŵ  3
.ŠƫřŶƫř ƼƴŰƴưƫ źƓŚƴţ Ǝų ƺƷ šřŵŚƈƫř ŹƺŰƯ  �

�� �inf f
2
�  :ƾƷ ŠƫřŶƫř ŠƘſ  


4�

.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ¬ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ

a  2 cos 4y x=   b  ,cos 3
2 ,5 πy x x 3 3πd-= -a k 6 @

:ƪŰƫř

.ŠƿŹƹŵ Šƫřŵ ƾƷ cos2y x4=  ŠƫřŶƫř  a

a 2 2= =      :ŠƘƀƫř  

b 4
2 2

2
π π π
= =    :şŹƹŶƫř  

y
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2
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π
8
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8
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4
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4
- π

8
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cosy 2= x4

 8
π
=  şŹƹŶƫř ƖŝŹ   `  

2
π

8
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π
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3ππ2

π0x4

101-01cos x4
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.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  4
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3 ,y x x 20 π# #= - a k
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.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  4
a  cosy x3 2=   b  2cos 4

3 ,y x x 20 π# #= - a k
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حاول أن تحل  4

.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ¬ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ

a  2 cos 4y x=   b  ,cos 3
2 ,5 πy x x 3 3πd-= -a k 6 @

:ƪŰƫř

.ŠƿŹƹŵ Šƫřŵ ƾƷ cos2y x4=  ŠƫřŶƫř  a

a 2 2= =      :ŠƘƀƫř  

b 4
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π π π
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101-01cos x4

202-022cos x4  
.ŠƿŹƹŵ Šƫřŵ ƾƷ cos 3

2
5y x-= ` j ŠƫřŶƫř  b

a 5 5= =-     :ŠƘƀƫř  

3
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4
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cosy 5 3
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= - x` j  

3π4
9π

2
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4
3π0x

2π2
3ππ2

π0x
3
2

101-01cos x
3
2a k

5-0505-y 5 3
2

= - cos xa k  

.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  4
a  cosy x3 2=   b  2cos 4

3 ,y x x 20 π# #= - a k

49

.ŠƿŹƹŵ Šƫřŵ ƾƷ ���2y x2
�

-= ` j  #

a 2 2= =-      :ŠƘƀƫř  

2
�

2
b

π2
4

π π
= =     :şŹƹŶƫř  

π = şŹƹŶƫř ƖŝŹ   `  

ππ� π2π2� π
 π4π
�π4�

���y x2
2

�
=- ` j y
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-	

x

   

4π3π2ππ�x

2π2
3ππ2

π�2 x
�

��-�1���� 2 x
�` j

�2�2-���� 2
�

2y x=- ` j  

,� �/- j8  şźŤƠƫř ƼƬƗ ƼƴŰƴưƫř ƮſŹ ƦƫŸƧ ƮŤƿ ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŠƫřŶƫř ƼƴŰƴƯ Ʊŏ Ŧǀůƹ

:ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  3
a  2

�
��� 4y x=   #  4 , ,���y x x 2π πd=- -6 @

The Cosine Function  ƭŚưŤƫř Ŝǀū Šƫřŵ :ŚĐǀƳŚŧ
.Ŷůřƹ ƽƹŚƀţ ŚƸŤƘſƹ π2  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ ¬ ,���6 @ ƺƷ ŚƷřŶƯƹ R  Ś Ôƌƿŏ ƺƷ ŚƸƫŚŬƯ ŠǀŨƬŨƯ Šƫřŵ ƾƷ cosy �=

 ŚƴƬƘƟ ŚưƬŨƯ ŚÔƯŚưţ , π0 26 @ şźŤƠƫř ƼƬƗ ŚƸưſŹ ƢƿźƏ ƲƗ ŚƸƫŚŬƯ ƼƬƗ cosy �=  ŠƫřŶƬƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƫř ƖǀƐŤƀƳƹ
.ŜǀŬƫř Šƫřŵ ƾƟ
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 :ƾƫŚŤƫř ƱŚǀŞƫř ƼƬƗ ƪƈŰƳƹ ŚƸƀƠƳ Źźƨţƹ
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/0x

10-101cos �

.ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſŚŝ ƢƤŰŤƫř Ʀƴƨưƿ
:Ʊŏ ƒůǆƳ ƭŚưŤƫř Ŝǀū Šƫřŵ ƱŚǀŝ ƲƯ

cos �2 �/ /� =` j  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  1
 ŶƴƗ (- 1) ƽƹŚƀţ ƻźƜƇ Šưǀƣƹ π� �2=  ŶƴƗ (1) ƽƹŚƀţ ƼưƔƗ Šưǀƣ � � cosf x x=  ŠƫřŶƬƫ ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

π π� �2= �
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y
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ππ� π2π2�

2
π

2
π

�
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-1

 � � ,cos cos� � � Rd6� =  :Ʊǃ ŠǀūƹŻ Šƫřŵ ƭŚưŤƫř Ŝǀū Šƫřŵ  3
.ŠƫřŶƫř ƼƴŰƴưƫ źƓŚƴţ Ǝų ƺƷ šřŵŚƈƫř ŹƺŰƯ  �

�� �inf f
2
�  :ƾƷ ŠƫřŶƫř ŠƘſ  
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.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ¬ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ

a  2 cos 4y x=   b  ,cos 3
2 ,5 πy x x 3 3πd-= -a k 6 @

:ƪŰƫř

.ŠƿŹƹŵ Šƫřŵ ƾƷ cos2y x4=  ŠƫřŶƫř  a
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.ŠƿŹƹŵ Šƫřŵ ƾƷ cos 3

2
5y x-= ` j ŠƫřŶƫř  b

a 5 5= =-     :ŠƘƀƫř  

3
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5-0505-y 5 3
2

= - cos xa k  

.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫřƹ ŠƘƀƫř Ŷūƹŏ  4
a  cosy x3 2=   b  2cos 4

3 ,y x x 20 π# #= - a k
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Tangent Function  ƪƔƫř Šƫřŵ :ŚÔŨƫŚŧ
:ŜŤƨţƹ ��ny x=  şŹƺƈƫř ƼƬƗ ŠǀŨƬŨưƫř ŠƫřŶƫř ƾƷ

���n cos
sin

cos� �
� � 0!=

� ,� � � � �2R Zd/ /= � = �$ . :ŚƸƫŚŬƯ

R  :ŚƷřŶƯƹ

π  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ

x

y

�
π
4

π
4
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-4
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 ��ny x=  : Éƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƬƫƹ

,2 2
/ /�` j şŶůřƹ şŹƹŵ ƾƟ

:ƾƫŚŤƫř ƩƹŶŬƫř ƾƟ ƺƷ ŚưƧ ƕŚŝŹŏ Ƽƫœ şŹƹŶƫř ƮƀƤƳ

2
/

�
/0�

/�
2
/�x

 źǀƛ
ƝźƘƯ10-1 źǀƛ

ƝźƘƯ��nx  
.ŚƸŤưǀƣ Źźƨţ ŚƸƳŔƟ π  ŚƸţŹƹŵ ŠƿŹƹŵ Šƫřŵ ŚƸƳœ Ŧǀůƹ

.ŚƸƫŚŬƯ ƼƬƗ ��ny x=  ŠƫřŶƫř ƮſŹ Śƴƴƨưƿ Ʀƫŷ ƲƯƹ
:ƪƔƫř Šƫřŵ Ʊŏ ƒůǆƳ ƪƔƫř Šƫřŵ ƱŚǀŝ ƲƯ

.ŠƘſ ŚƸƫ žǀƫ  1
π��n n �=^ h  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

.ƝźƘƯ źǀƛ π π��n n2 �` j ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  3
šŚƿŷŚŰƯ x n2

/ /= �  šŚưǀƤŤƀưƫř Ƽưƀţƹ  
��ny x=  ŠƫřŶƫř ƱŚǀŞƫ ŠǀſŏŹ  
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�  � � ,��n ��n� � � �d6� =�  :Ʊǃ ŠƿŵźƟ Šƫřŵ  �
.ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŚƷŚƴŰƴƯ  

¬ ��ny xa b=  ŠƫřŶƫř :ŠƯŚƗ ŠƠƈŝƹ  

.ŚƸƫŚŬƯ ƼƬƗ ŚƷŚƴŰƴƯ Źźƨţƹ ,b b2 2
π π�` j şźŤƠƫř ƾƟ ƽŏ π

b
 :ŚƸţŹƹŵ  

.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫř Ŷūƹŏ

a  , ,
π

���y x x2 4 4
3πd=

-a k #  2
�

2 ���y x= a k
:ƪŰƫř

.ŠƿŹƹŵ Šƫřŵ ƾƷ � 2y x�
=  ŠƫřŶƫř  a

b 2
π π

=     :şŹƹŶƫř  
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Tangent Function  ƪƔƫř Šƫřŵ :ŚÔŨƫŚŧ
:ŜŤƨţƹ ��ny x=  şŹƺƈƫř ƼƬƗ ŠǀŨƬŨưƫř ŠƫřŶƫř ƾƷ

���n cos
sin

cos� �
� � 0!=

� ,� � � � �2R Zd/ /= � = �$ . :ŚƸƫŚŬƯ

R  :ŚƷřŶƯƹ

π  şŹƹŵ šřŷ ŠƿŹƹŵ Šƫřŵ ƾƷƹ
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 ��ny x=  : Éƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƬƫƹ

,2 2
/ /�` j şŶůřƹ şŹƹŵ ƾƟ

:ƾƫŚŤƫř ƩƹŶŬƫř ƾƟ ƺƷ ŚưƧ ƕŚŝŹŏ Ƽƫœ şŹƹŶƫř ƮƀƤƳ
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/�x

 źǀƛ
ƝźƘƯ10-1 źǀƛ

ƝźƘƯ��nx  
.ŚƸŤưǀƣ Źźƨţ ŚƸƳŔƟ π  ŚƸţŹƹŵ ŠƿŹƹŵ Šƫřŵ ŚƸƳœ Ŧǀůƹ

.ŚƸƫŚŬƯ ƼƬƗ ��ny x=  ŠƫřŶƫř ƮſŹ Śƴƴƨưƿ Ʀƫŷ ƲƯƹ
:ƪƔƫř Šƫřŵ Ʊŏ ƒůǆƳ ƪƔƫř Šƫřŵ ƱŚǀŝ ƲƯ

.ŠƘſ ŚƸƫ žǀƫ  1
π��n n �=^ h  ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  2

.ƝźƘƯ źǀƛ π π��n n2 �` j ƱŔƟ n ŮǀŰƇ ŵŶƗ ƽǃ  3
šŚƿŷŚŰƯ x n2

/ /= �  šŚưǀƤŤƀưƫř Ƽưƀţƹ  
��ny x=  ŠƫřŶƫř ƱŚǀŞƫ ŠǀſŏŹ  
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.ƪƇǃř ŠƐƤƳ Ʃƺů źƓŚƴŤƯ ŚƷŚƴŰƴƯ  

¬ ��ny xa b=  ŠƫřŶƫř :ŠƯŚƗ ŠƠƈŝƹ  

.ŚƸƫŚŬƯ ƼƬƗ ŚƷŚƴŰƴƯ Źźƨţƹ ,b b2 2
π π�` j şźŤƠƫř ƾƟ ƽŏ π

b
 :ŚƸţŹƹŵ  

.ŚƸƳŚǀŝ ƮſŹř Ʈŧ ƾƬƿ ŚưƯ Šƫřŵ ƪƨƫ şŹƹŶƫř Ŷūƹŏ
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���y x x2 4 4
3πd=

-a k #  2
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2 ���y x= a k
:ƪŰƫř

.ŠƿŹƹŵ Šƫřŵ ƾƷ � 2y x�
=  ŠƫřŶƫř  a

b 2
π π

=     :şŹƹŶƫř  
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مثال 5

Tangent Function  ƪƔƫř Šƫřŵ :ŚÔŨƫŚŧ
:ŜŤƨţƹ ��ny x=  şŹƺƈƫř ƼƬƗ ŠǀŨƬŨưƫř ŠƫřŶƫř ƾƷ

���n cos
sin

cos� �
� � 0!=

� ,� � � � �2R Zd/ /= � = �$ . :ŚƸƫŚŬƯ

R  :ŚƷřŶƯƹ
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 ��ny x=  : Éƫ ƾƳŚǀŞƫř ƪǀŨưŤƫř ƼƬƗ ƩƺƈŰƬƫƹ

,2 2
/ /�` j şŶůřƹ şŹƹŵ ƾƟ

:ƾƫŚŤƫř ƩƹŶŬƫř ƾƟ ƺƷ ŚưƧ ƕŚŝŹŏ Ƽƫœ şŹƹŶƫř ƮƀƤƳ

2
/

�
/0�

/�
2
/�x

 źǀƛ
ƝźƘƯ10-1 źǀƛ

ƝźƘƯ��nx  
.ŚƸŤưǀƣ Źźƨţ ŚƸƳŔƟ π  ŚƸţŹƹŵ ŠƿŹƹŵ Šƫřŵ ŚƸƳœ Ŧǀůƹ
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مثال  1

حاول أن تحل 1

قانون الجيب
8 - 3

فإن  :في أي مثلث 

.یستخدم قانون الجیب عند وجود زاویة وضلع متقابلین معلومین )˺

 ۱۸۰ْإذا علمنا زاویتین في مثلث یمكن دائماً حساب الزاویة الثالثة من قانون مجموع زوایا المثلث ) ˻

رجة إذا علمنا ضلعین وزاویة مقابلة لأحدھما في مثلث فإن الزاویة الثانیة یمكن أن تكون حادة أو منف )˼

.وتكون الزاویة المنفرجة مقبولة إذا كان مجموع الزاویتین أقل من 

ملاحظات
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كراسة التمارين
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,aW oF 3ine
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مثال  2

:ŠƯƺƬƘƯ
 ƱŔƟ  ��� �2_  ŢƳŚƧ  řŷœ
 Ʊƺƨţƹ Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ α
 ƾƳŚŨƫř  Ɩŝźƫř  ƾƟ  ƖƤţ  ƹŏ  şŵŚů

.ŠūźƠƴƯ Ʊƺƨţƹ

 ŠƬŝŚƤưƫř Šƿƹřżƫř ŽŚǀƣƹ ƲǀƘƬƋ ƾƫƺƏ ŠǀƯƺƬƘưŝ ŦƬŨƯ ƪŰŝ ŜǀŬƫř ƱƺƳŚƣ Ůưƀƿ ŚƳźƧŷ ŚưƧ
.ŚưƷŶůǃ

�� , �� , �� �3 2 4�_= = =  :Ŧǀů ���T  ƪů

:ƪŰƫř

`  ŵŚŬƿǅ ŜǀŬƫř ƱƺƳŚƣ ƭŶŴŤƀƳ
��� ���
� �
_ `

=

���� ���
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���
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2 4�

� 43
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.` `=   
���� � 43` =  ƱŚƤƤŰţ �� ����1 1`  ¬`  ƱŚŤƿƹřŻ Ŷūƺţ

�2� 4�� .`  ƹŏ ���4 
�2 .`

���4 
�._ `� 2  Ʊǃ ¬ŠƋƺƟźƯ ���4 
�2 .`  ŠƫŚŰƫř

��;
� �
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�
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`
�

 18�: ƲƯ źŞƧŏ ƺƷƹ

:ƼƬƗ ƪƈŰƳ �2� 4�.`�  ƭřŶŴŤſŚŝ
���� �a _ `= - -   

����� 4� 2� 4� �. - -  
� ���4 
.a   

� ŦƫŚŨƫř ƖƬƌƫř ƩƺƏ ŠƟźƘƯ Ʊǁř Ʋƨưƿ
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� �
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4� ��4 
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���� 4�
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�
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 � ��� 4 24.

, , � �� �� 
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 3�
 �
 _= = =  :Ŧǀů ���T  ƪů  2





:ŠƯƺƬƘƯ
 ƱŔƟ  ��� �2_  ŢƳŚƧ  řŷœ
 Ʊƺƨţƹ Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ α
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مثال  3

حاول أن تحل 3

, ,� � � 3� ��
 �
 �_= = =  :Ŧǀů ���T  ƪů

:ƪŰƫř
 ��� ���

� �
_ `

=

 ��� ���3�
��

� `
=  ŜǀŬƫř ƱƺƳŚƣ

 � ,���
���

��� ����
� 3�

� ��
� &# 2` ` `= =

 2� � � � ��3 �3 ��� �3 �3 �2
 ��� � � �` . . .-` `  ƉÚƺƗ

 � �3 �� �3 �3 3 �3� � �� . .�_ `�

 � �3� �2
 �� ��
 ��� � �2 . .�_ `�

����1_ `�  :ƼƬƗ ƪƈŰƳ `  ƾŤưǀƣ ƲƯ ƪƨƫ   `
.ƼƐƘưƫř ƱŚƤƤŰƿ ƱŚŨƬŨƯ Ŷūƺƿ   `

a  ŠƿƹřżƬƫ ƱŚſŚǀƣ Ŷūƺƿ ƦƫŸƧ

���a _ `= - �� ^ h    

�
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12�.8��
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23.13�

 ���� �3 �3� �.a -�    
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 ���.  

���� ��
 �� 23 �3� �: .a = -2    
� ŵŚŬƿœ ƼƤŞƿ

Ʃ Úƹǃř ŦƬŨưƫř ƾƟ ƾƳŚŨƫř ŦƬŨưƫř ƾƟ
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 ��
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8 - 4

قانون جيب التمام

 ملاحظات:  تستخدم القوانين السابقة لإيجاد ضلع بمعلومية ضلعين وزاوية محصورة
.بينهما

 يمكن كتابة القوانين الثلاثة السابقة بطريقة أخرى تستخدم لإيجاد زاوية ما             
بمعلومية الأضلاع الثلاثة

 عند استخدام قانون جيب التمام في حساب احدى الزوايا "إذا علم قياس زاوية و3 أضلاع" نحصل
على قياس واحد فقط مناسب بعكس قانون الجيب الذي يمكن أن يعطينا احتمالين

أ : سلامة علي الركاض
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مثال  1
:ŠƯƺƬƘƯ

��� ��
� � �

2

2 2 2

_ =
� -  

��� ��
� � �

2

2 2 2

` =
� -  

��� ��
� � �
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2 2 2

a =
� -  

:ƱŚƷźŞƫřy

x

b

�

c

_ β

a

� a

�

�

�

 cosa b � b�22 2 2 _= � �  :Ʊŏ ŢŞŨƳ Ɲƺſ

Ŧǀů  šŚǀŧřŶůǈř  ƻƺŤƀƯ  ƾƟ  ���T  ƖƌƳ
ƼƬƗ � Žŏźƫřƹ ¬ƾſŚǀƤƫř ƖƋƺƫř ƾƟ � Šƿƹřżƫř

.šŚƴǀƀƫř ŹƺŰưƫ Ŝūƺưƫř ƵŚŬţǅř

,cos sinb
	

b

_ _= =

� a � 	 
222
= � �  ťŹƺƛŚŨǀƟ ŠƿźƔƳ ƢǀŞƐŤŝ

 � � � �cos sin� b b2 2_ _= � �  ,��� ���� � � �_ _= =

 cos cos sin� b� b b22 2 2 2 2_ _ _= � � �

 � �cos cos sin� b� b22 2 2 2__ _= � � �
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.ƢŞſ ŚưƧ

 sing the �a6 of Cosine  ƭŚưŤƫř Ŝǀū ƱƺƳŚƣ ƭřŶŴŤſř
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 ŠƿƹřżƬƫ  ÔǈŝŚƤƯ  ÔǇƺƏ  źŞƧǃř
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مثال  2

حاول أن تحل 2
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مثال  3

:ŠƯƺƬƘƯ
 ƭƺƬƘƯ  ŦƬŨƯ  ƽŏ  ƪů  Ʋƨưƿ
 Ţƀǀƫ  ŠƿƹřŻƹ  ƲǀƘƬƋ  ƶǀƟ
 ƭřŶŴŤſŚŝ  ŚưƸƴǀŝ  şŹƺƈŰƯ
.ƭŚưŤƫř Ŝǀū ƹŏ ŜǀŬƫř ƱƺƳŚƣ

 ƾƘƬƋ ǅƺƏ ŚƸǀƟ ƭƺƬƘƯ Ʊƺƨƿ ƾŤƫřƹ (Ż .Ɖ .Ɖ) ŠƫŚŰƬƫ ÔǆƿŶŝ ÔǆųŶƯ ƭŚưŤƫř Ŝǀū ƱƺƳŚƣ ƭŶƤƿ
 ƱƺƳŚƣ ƭřŶŴŤſŚŝƹ ŦƫŚŨƫř ƖƬƌƫř ƩƺƏ ŵŚŬƿǈƹ .ŚưƸƴǀŝ şŹƺƈŰƯ Ţƀǀƫ ŠƿƹřŻ ŽŚǀƣƹ ŦƬŨƯ
 ŵŶƗ ƺƷ šŚŨƬŨưƫř ŵŶƗ Ʊƺƨƿƹ (ŠǀƳŚŨƫř ŠūŹŶƫř ƲƯ) ŠǀƘǀŝźţ ŠƫŵŚƘƯ ƼƬƗ ƪƈŰƳ ƭŚưŤƫř Ŝǀū

.ŠƫŵŚƘưƫř ƵŸƸƫ ŠŞūƺưƫř ƩƺƬŰƫř
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.źųō ƪŰƧ (3) ƩŚŨưƫř ƪů ƾƟ ŜǀŬƫř ƱƺƳŚƣ ƭřŶŴŤſř Ʋƨưƿ :ŠƔůǈƯ
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.źųō ƪŰƧ (3) ƩŚŨưƫř ƪů ƾƟ ŜǀŬƫř ƱƺƳŚƣ ƭřŶŴŤſř Ʋƨưƿ :ŠƔůǈƯ
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مساحة المثلث

8 - 5

C

A B

نصف القاعدة ضرب الارتفاع

مثال 1

8-5ŦƬŨưƫř ŠůŚƀƯ
Area of Triangle

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ

 Šƿƹřżƫř  ŽŚǀƣƹ  ƲǀƘƬƋ  ƾƫƺƏ  ŠǀƯƺƬƘưŝ  ŦƬŨƯ  ŠůŚƀƯ  ŵŚŬƿœ  Ʋƨưƿ  ƶƳŏ  Ś ÔƤŝŚſ  ŢưƬƘţ
:ƾƬƿ ŚưƧ ŚưƸƴǀŝ şŹƺƈŰưƫř

 sinArea ABC bc2
1 _=^ h    
sinac2

1 `=    
BC

A

6 cm

8 cm
30º  sinab2

1 a=    
:Ʊœ Ŧǀů ABC ŦƬŨưƫř ŠůŚƀƯ ŵŚŬƿǈ ƶŤưƬƘţ ŚƯ ƭŶŴŤſř

.ƲǀŤƠƬŤŴƯ ƲǀŤƤƿźƐŝ Ʀƫŷƹ cm ,cm , °ba 68 30a= = =

 cm8a =  ¬ 5cmb =  ¬ cm7c =  Ŧǀů ABC ŦƬŨưƫř ŠůŚƀƯ Ŷūƹŏ

B C

A

7 cm 5cm

8 cm

 :ƪŰƫř

 ,AB AC  ƲǀƘƬƌƫř Ʋǀŝ şŹƺƈŰưƫř Šƿƹřżƫř ŽŚǀƣ _ Ʋƨǀƫ
:cos_  ŵŚŬƿœ Śƴƴƨưƿ ƭŚưŤƫř Ŝǀū ƱƺƳŚƣ ƭřŶŴŤſŚŝ

cos bc
b c a
2

2 2 2

=
+ -_

2 5 7
25 49 64

70
10

7
1

cos
# #

_ = + -
= =

cos sin 12 2a + =_ _

sin 1 cos2 2` = -_ _

ŜūƺƯ ƺƷ Šƿƹřżƫř Ŝǀū ¬ŦƬŨƯ ƪƧ ƾƟ

sin 1 cos2= -_ _   

sin 1 49
1

49
48

7
4 3

= - = =_

ƮƬƘŤţ Ɲƺſ
•  ŦƬŨưƫř ŠůŚƀƯ ŵŚŬƿœ 

.ƵŚƿřƹŻ ƻŶůœ Ŝǀū ƭřŶŴŤſŚŝ
•  ƭřŶŴŤſŚŝ ŦƬŨƯ ŠůŚƀƯ ŵŚŬƿœ 

.ƱƹźǀƷ şŶƗŚƣ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŦƬŨưƫř ŠůŚƀƯ

Area of Triangle  
• ƱƹźǀƷ şŶƗŚƣ

Heron's Formula  

:ŠƯƺƬƘƯ
 ƾƴǀŤƀƫř ƾƴǀŧǈŨƫř ŦƬŨưƫř ƾƟ
 ŠƿƹřżƬƫ  ƪŝŚƤưƫř  ƖƬƌƫř  ƩƺƏ
 ƽƹŚƀƿ  º30  ŚƸſŚǀƣ  ƾŤƫř

.źţƺƫř ƩƺƏ ƞƈƳ

74

:ŠƔůǈƯ
 ƾƟ  ƲǀƘƬƋ  ƽŏ  Ÿųŏ  Ʋƨưƿ
 Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœƹ ŦƬŨưƫř
 Ʈŧ  ƲƯƹ  ¬ŚưƸƴǀŝ  şŹƺƈŰưƫř
 ŠǀƯƺƬƘưŝ ŦƬŨưƫř ŠůŚƀƯ ŵŚŬƿœ
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sinbcArea 2
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= _

Area 2
1 5 7 7

4 3
# # #=  

.Area 10 3 17 32.=

. cm17 32 2  Ƽƫřƺů ABC ŦƬŨưƫř ŠůŚƀƯ ƚƬŞţ

:źųō ƪů

81.78` c._

sinbcArea 2
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7 ( . )sinArea 2
1 5 81 78# # #=

.Area cm17 32 2.

6 8cm , cm , cm5a b c= = =  :Ŧǀů ABC  ŦƬŨưƫř ŠůŚƀƯ Ŷūƹŏ  1

Heron's Formula  ƱƹźǀƷ şŶƗŚƣ
:ŠǀƫŚŤƫř şŶƗŚƤƫŚŝ ŠŧǆŨƫř ƶƗǆƋŏ ƩřƺƏŏ ŠƟźƘưŝ ŦƬŨƯ ŠůŚƀƯ ŵŚŬƿœ Ś Ôƌƿŏ Śƴƴƨưƿ

ƱƹźǀƷ şŶƗŚƣ

:şŶƗŚƤƫŚŝ , ,a b c  ƶƗǈƋŏ ƩřƺƏŏ ABC ŦƬŨƯ ŠůŚƀƯ ƼƐƘţ

 ABC s s a s b s cArea = - - -^ ^ ^ ^h h h h
s a b c semiperimeter2
1

= + + =^ h  (ŦƬŨưƫř ƎǀŰƯ ƞƈƳ) :Ŧǀů
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حاول أن تحل 2

قاعدة هيرون
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حيث 

مثال 2
cm , cm , cm7 5 8  :ƶƗǈƋŏ ƩřƺƏŏ ŦƬŨƯ ŮƐſ ŠůŚƀƯ Ŷūƹŏ

:ƪŰƫř
a b cs 2

1
2
1 8 5 7 10= + + = + + =^ ^h h

ƱƹźǀƷ şŶƗŚƣ ƭřŶŴŤſŚŝ
Area s a s ss b c= - - -^ ^ ^h h h
 10 10 10 10 10 25 7 5 38= - - - =^ ^ ^ ^ ^ ^h h h h h h
 10 3=

Area .17 32.

. cm17 32 2  Ƽƫřƺů ƽŏ 10 3 2cm  ƽƹŚƀţ ŦƬŨưƫř ŮƐſ ŠůŚƀƯ

cm , cm , cma b c4 4 3= = =  :Ŧǀů ABC  ŦƬŨưƫř ŠůŚƀƯ Ŷūƹŏ  2

 
 ŠůŚƀƯ ƻŶƘŤţ Ǉŏ ŚÔƏźƃ ŠưƔƴưƫř ŠƴŬƬƫř ŢƘƋƹ ŠǀƗřźƄƫř ŜƧřźưƫř šŚƣŚŞſ Ŷůŏ ƾƟ

. m7.5 2  ŜƧźưƫř ƕřźƃ

6m , m , m5 3  :ƵŵŚƘŝŏ ŦƬŨƯ ƪƨƃ ƼƬƗ ŜƧřźưƫř Ŷůŏ ƕřźƃ ƱŚƧ řŷœ

®ơŚŞƀƫř ƾƟ ŠƧŹŚƄưƫŚŝ ƶƫ Ůưƀƿ ƪƸƟ

:ƪŰƫř

6 m

5m3 m

 :ƽƹŚƀƿ ŦƬŨưƫř ƎǀŰƯ

m3 5 6 14+ + =

s m2
14 7` = =

:ƱƹźǀƷ şŶƗŚƣ ƭřŶŴŤſŚŝ

7 7 3 7 5 7 6reaA = - - -^ ^ ^h h h
 7 4 12# # #=

 56=

 . m7 48 2.

.ŠƧŹŚƄưƫŚŝ ƶƫ Ůưƀƿ ƾƫŚŤƫŚŝƹ . m7 48 2  Ƽƫřƺů ƕřźƄƫř ŠůŚƀƯ ƚƬŞţ

®ơŚŞƀƫř ƾƟ ƥřźŤƃǇŚŝ 6m , m , m4 4  ƵŵŚƘŝŏ ŦƬŨƯ ƪƨƃ ƼƬƗ ƶƗřźƃ ŜƧźưƫ Ůưƀƿ ƪƷ ¬(3) ƩŚŨƯ ƾƟ  3
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المتطابقات المثلثية الأساسية

أ : سلامة علي الركاض

!"#$%&' ()*& #$+,
 Ʊƺƨƿ ƾŤƫř ƮǀƤƫř řŶƗ ŚƯ źǀƜŤưƫř Ʈǀƣ ƖǀưŬƫ ŠŰǀŰƇ şŹŚŞƗ ƪŨưţ ŠƫŵŚƘƯ ƾƷ ŠƤŝŚƐŤưƫř

.ƝÚźƘƯ źǀƛ ŠƫŵŚƘưƫř ƾƟźƏ ƲƯ ƝźƏ ƽŏ ŚƸǀƟ

.ŚĐ ǀŨƬŨƯ ř ÔźǀŞƘţ ƲưƌŤţ ŠƤŝŚƐŤƯ ƾƷ ŠǀŨƬŨưƫř ŠƤŝŚƐŤưƫř

x y 12 2
+ =  :ŜŤƨƳ Ʊŏ Ʋƨưƿ ¬şŶůƺƫř şźŗřŵƹ ťŹƺƛŚŨǀƟ ŠƿźƔƳ ƭřŶŴŤſŚŝ

.e Ʈǀƣ ƪƨƫ sincos 12 2ee + =  ƼƬƗ ƪƈŰƳ sine Éŝ y ƲƗƹ cose Éŝ x ƲƗ ŚƴƋ ÚƺƗ řŷœ

.ťŹƺƛŚŨǀƟ šŚƤŝŚƐŤƯ ƲƯ ƾƷ cos sin 12 2e e+ =  :ŠƫŵŚƘưƫř

¥1

¥1

1

1

¥1

¥1

θθ
1

1
, yx^ h, sincos ee^ h

.Ǝƀŝŏ ƪƨƃ Ƽƫœ ŠǀŨƬŨưƫř źƿŵŚƤưƫř ƪƿƺŰŤƫ ŠǀſŚſǃř ŠǀŨƬŨưƫř šŚƤŝŚƐŤưƫř ƭŶŴŤƀţ

4rigonometric IDentitieS  ŠǀſŚſǃř ŠǀŨƬŨưƫř šŚƤŝŚƐŤưƫř

•   1UOTIENT )DENTITIES 	4ANGENT AND
  	ƭŚưŤƫř ƪƓƹ ƪƔƫř
 ŠưƀƤƫř šŚƤŝŚƐŤƯ
#OTANGENT

tan cos
sin , cot sin

cos
= =e e

e e e
e

•  2ECIPROCAL )DENTITIES  śƺƬƤưƫř šŚƤŝŚƐŤƯ

cos , ,sec csc sin cot tan
1 1 1e e e e e e= = =

•  0YTHAGORIAN )DENTITIES  ťŹƺƛŚŨǀƟ šŚƤŝŚƐŤƯ

, ,cos sin tan sec cot csc1 1 122 2 2 2 2e e e e e e+ = + = + =

ƮƬƘŤţ Ɲƺſ
• .ŠǀſŚſǃř ŠǀŨƬŨưƫř šŚƤŝŚƐŤưƫř
• .ŠǀŨƬŨưƫř źƿŵŚƤưƫř ƎǀƀŞţ
• .ŠǀŨƬŨưƫř źƿŵŚƤưƫř ƪǀƬŰţ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• IDentity  ŠƤŝŚƐŤƯ
• ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

PytHagorian IDentity
• ŠǀŨƬŨƯ šŚƤŝŚƐŤƯ

4rigonometric
IDentitieS

• 3impliFy  ƎǀƀŞţ
• !nalySing  ƪǀƬŰţ

:ŠƔůǈƯ

 ř ÔźƠƇ ƽƹŚƀƿ Ǉ ƭŚƤưƫř źŞŤƘƴſ
.Šƿźƀƨƫř źƿŵŚƤưƫř Ɩǀưū ƾƟ

ŠǀŨƬŨưƫř šŚƤŝŚƐŤưƫř
4He 4rigonometric IDentitieS
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حاول أن تحل  1

أ : سلامة علي الركاض

مثال  1
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ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř
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حل معادلات مثلثية

زاوية الاسناد

مثال توضيحي

�¥�

ƮƬƘŤţ Ɲƺſ
• .ŠǀŨƬŨƯ šǇŵŚƘƯ ƪů
•  ƾƟ ŠƿŹƹŶƫř ŠƫřŶƫř Źƹŵ 

.šǇŵŚƘưƫř ƪů šŚǀƬưƗ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŠǀŨƬŨƯ ŠƫŵŚƘƯ

4rigonometric %Quation 
• ŠƿŹƹŵ Šƫřŵ

PerioDic &unction
• ƽźƠƈƫř ƪƯŚƘƫř

:ero &actor
• Šƿƹřżƫř šŚƠƗŚƌƯ

-ultipleS oF an !ngle

 :ŠƯƺƬƘƯ

 Ɩŝźƫř  ƾƟ  ƖƤţ  e  ŢƳŚƧ  řŷœ
_  ŵŚƴſǅř ŠƿƹřŻ ƱŔƟ ¬Ʃƹǃř

e  ƽƹŚƀţ

!"#$%&' ()*& #$+,
Šƿƹřżƫř  ƾƷ ¬ƾſŚǀƤƫř  ƖƋƺƫř  ƾƟ ,AO OBe = ^ h  ŠƸūƺưƫř  ŠƿƹřżƬƫ  ŵŚƴſǈř  ŠƿƹřŻ

.šŚƴǀƀƫř ŹƺŰƯ ƖƯ ŠƸūƺưƫř ŠƿƹřżƬƫ ƾŗŚƸƴƫř ƖƬƌƫř ŚƸƘƴƈƿ ƾŤƫř _ şŵŚŰƫř

:ƾƫŚŤƫř ƩƹŶŬƫř ƪưƧŏ ¬0 2
�1 1_  Ŧǀů ŵŚƴſǈř ŠƿƹřŻ _ ƲƨŤƫ

ƪƨƄƫř

1
"

!
O

e
_

�

" O
!e

_

�

"

O
!e

_

 ƻƺŤƀưƫř ƲƯ Ɩŝźƫř
ƾŧřŶůǈř

... Ɩŝźƫř ƾƟ ƖƤţ e... Ɩŝźƫř ƾƟ ƖƤţ e... Ɩŝźƫř ƾƟ ƖƤţ e

ŵŚƴſǈř ŠƿƹřŻ......_ =......_ =2�_ e= -

 ƖƋƺƫř ƾƟ Šƿƹřżƫř
ƾſŚǀƤƫř......e =......e =�2e _= -

 ƖƏŚƤŤƿ Ʊŏ 	šŚƴǀƀƫř ŹƺŰƯ ƪŨƯ
 ƾƤƟŏ ƮǀƤŤƀƯ ƎŴƫ Ʋƨưƿ .ŠƿŹƹŵ Ʃřƹŵ ƾƷ ŠǀŞǀŬƫř ƩřƹŶƫř
 şŹƹŵ şźŤƟ ƼƬƗ ŠǀŨƬŨưƫř ŠƫŵŚƘưƫř ƩƺƬů şŵŚƗ ŶūƺƳ .ƍŚƤƴƫř ƲƯ ÖƶŤƴƯ źǀƛ ŵŶƗ ƾƟ ŚƷŚƴŰƴƯ ƖƯ

.ŠƫřŶƫř şŹƹŵ ŠƟŚƋŔŝ ƩƺƬŰƫř Ʈǀƣ ƾƣŚŝ ŪŤƴŤƀƳ Ʈŧ ¬şŶůřƹ

sinx 2
1

=     :ŠƫŵŚƘưƫř ƪů
:ƪŰƫř
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�
6
5π

2
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,siny x y 2
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= =
1 2

2
5�2��

6
π

:ƲǀŤƫřŶƬƫ ƱŚǀƳŚǀŞƫř ƲǀƬǀŨưŤƫř Ʊŏ ƢŝŚƀƫř ƪƨƄƫř ŮƋƺƿ
.ƍŚƤƳ şŶƗ ƾƟ ƱŚƘƏŚƤŤƿ y 2

1
=2   ƹ  siny x=1

.ƖƏŚƤŤƫř ŠƐƤƴƫ ƾƴǀƀƫř ƾŧřŶůǅř ƾƷƹ ƩƺƬů şŶƗ sinx 2
1

=  ŠƫŵŚƘưƬƫ Ʊŏ ƾƴƘƿ řŸƷ
.(ŚƷřŶƯ Ƽƫœ ƾưŤƴƿ ŢŝŚŧ ŵŶƘƫ ŠƿƹŚƀƯ ŠǀŨƬŨưƫř ŠƫřŶƫř Ʊƺƨţ ŚƯŶƴƗ ƶƘƣƺŤƳ ŚƯ řŸƷƹ)

ŠǀŨƬŨƯ šǇŵŚƘƯ ƪů
3olVing 4rigonometric %QuationS
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:źƧŸţ

 ƖƤţ  e  Šƿƹřżƫř  ŢƳŚƧ  řŷœ
 Šƿƹřżƫř ƱŔƟ Ʃƹǃř Ɩŝźƫř  ƾƟ
 ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ ( )π e-

:Ʊƺƨƿƹ
( )πsin sine e= -

:ŠƫŵŚƘưƫř ƪůƹ
xsin sin e=

kx π2e= +  :ƺƷ
( ) kx 2π πe= - +  ƹŏ

k Z!  Ŧǀů

:źƧŸţ

 Ɩŝźƫř  ƾƟ  ƖƤţ  e  ŢƳŚƧ  řŷœ
 ( )e-  Šƿƹřżƫř  ƱŔƟ  Ʃƹǃř
:Ʊƺƨƿƹ Ɩŝřźƫř Ɩŝźƫř ƾƟ ƖƤţ

( )coscose e= -

:ŠƫŵŚƘưƫř ƪůƹ
xcos cos e=

kx π2e= +  :ƺƷ
kx 2 πe= - +  ƹŏ

k Z!  Ŧǀů

 .ŠƿŹƹŵ Šƫřŵ siny x=  ŠǀŨƬŨưƫř ŠƫřŶƫř
π2  � ŚƸţŹƹŵ

şŶůřƹ şŹƹŵ ƪŨưţ ƾƷƹ ,0 2πh6  şźŤƠƫř ƼƬƗ Ʊ Úǈů Ŷūƺƿ sinx 2
1

=  ŠƫŵŚƘưƫř ŠƫŚů ƾƟ  `
,x x6 6 6

5π π π π
= = - =     :ŚưƷ Ʊ ÚǈŰƫřƹ

.ƲǀŤưǀƤƫř ƲǀţŚƷ ƲƯ ƪƨƫ 2π  šŚƠƗŚƌƯ ŠƟŚƋŔŝ ƻźųǃř ƩƺƬŰƫř ŪŤƴŤƀƳƹ
:ƪƨƄƫř ƼƬƗ ŠǀƸŤƴưƫř źǀƛ ƩƺƬŰƫř ƵŸƷ ŠŝŚŤƧ Ʋƨưƿ

x k6
5 2π π= + ¬   x k6 2π π= +

.( )k Z!  ŠŰǀŰƈƫř ŵřŶƗǃř ŠƗƺưŬƯ Ƽƫœ ƾưŤƴţ k Ŧǀů

6
5π

_

¥1

¥1

1

1

 cosx2 3 0+ =     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

cosx2 3 0+ =

cosx2 3= -

cosx 2
3

= -

x ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

| |cos cosx` _ =

-
2
3

2
3

= =

π
6` _ =

cosx 0a 1

ŦƫŚŨƫř Ɩŝźƫř ƹŏ ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x   `

,x k k6 2π π π Z!= - +` j  :ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗ

x k6
5 2π π` = +

,x k k6 2π π π Z!= + +` j  :ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗƹ

k6
7 2π π= +

k Z!  Ŧǀů  ¬ 6
5 2x kπ π+=    ƹŏ   x k6

7 2π π= +     :ŠƫŵŚƘưƫř ƪů   `

cosx2 1=     :ŠƫŵŚƘưƫř ƪů  1

.ŠƴǀƘƯ šřźŤƟ ƼƬƗ ŠǀŨƬŨƯ šǅŵŚƘƯ ƪů Ƽƫœ ŚÔƳŚǀůŏ ũŚŤŰƳ

�3

:źƧŸţ

 ƖƤţ  e  Šƿƹřżƫř  ŢƳŚƧ  řŷœ
 Šƿƹřżƫř ƱŔƟ Ʃƹǃř Ɩŝźƫř  ƾƟ
 ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ ( )π e-

:Ʊƺƨƿƹ
( )πsin sine e= -

:ŠƫŵŚƘưƫř ƪůƹ
xsin sin e=

kx π2e= +  :ƺƷ
( ) kx 2π πe= - +  ƹŏ

k Z!  Ŧǀů

:źƧŸţ

 Ɩŝźƫř  ƾƟ  ƖƤţ  e  ŢƳŚƧ  řŷœ
 ( )e-  Šƿƹřżƫř  ƱŔƟ  Ʃƹǃř
:Ʊƺƨƿƹ Ɩŝřźƫř Ɩŝźƫř ƾƟ ƖƤţ

( )coscose e= -

:ŠƫŵŚƘưƫř ƪůƹ
xcos cos e=

kx π2e= +  :ƺƷ
kx 2 πe= - +  ƹŏ

k Z!  Ŧǀů

 .ŠƿŹƹŵ Šƫřŵ siny x=  ŠǀŨƬŨưƫř ŠƫřŶƫř
π2  � ŚƸţŹƹŵ

şŶůřƹ şŹƹŵ ƪŨưţ ƾƷƹ ,0 2πh6  şźŤƠƫř ƼƬƗ Ʊ Úǈů Ŷūƺƿ sinx 2
1

=  ŠƫŵŚƘưƫř ŠƫŚů ƾƟ  `
,x x6 6 6

5π π π π
= = - =     :ŚưƷ Ʊ ÚǈŰƫřƹ

.ƲǀŤưǀƤƫř ƲǀţŚƷ ƲƯ ƪƨƫ 2π  šŚƠƗŚƌƯ ŠƟŚƋŔŝ ƻźųǃř ƩƺƬŰƫř ŪŤƴŤƀƳƹ
:ƪƨƄƫř ƼƬƗ ŠǀƸŤƴưƫř źǀƛ ƩƺƬŰƫř ƵŸƷ ŠŝŚŤƧ Ʋƨưƿ

x k6
5 2π π= + ¬   x k6 2π π= +

.( )k Z!  ŠŰǀŰƈƫř ŵřŶƗǃř ŠƗƺưŬƯ Ƽƫœ ƾưŤƴţ k Ŧǀů

6
5π

_

¥1

¥1

1

1

 cosx2 3 0+ =     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

cosx2 3 0+ =

cosx2 3= -

cosx 2
3

= -

x ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

| |cos cosx` _ =

-
2
3

2
3

= =

π
6` _ =

cosx 0a 1

ŦƫŚŨƫř Ɩŝźƫř ƹŏ ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x   `

,x k k6 2π π π Z!= - +` j  :ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗ

x k6
5 2π π` = +

,x k k6 2π π π Z!= + +` j  :ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗƹ

k6
7 2π π= +

k Z!  Ŧǀů  ¬ 6
5 2x kπ π+=    ƹŏ   x k6

7 2π π= +     :ŠƫŵŚƘưƫř ƪů   `

cosx2 1=     :ŠƫŵŚƘưƫř ƪů  1

.ŠƴǀƘƯ šřźŤƟ ƼƬƗ ŠǀŨƬŨƯ šǅŵŚƘƯ ƪů Ƽƫœ ŚÔƳŚǀůŏ ũŚŤŰƳ

�3
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أ : سلامة علي الركاض

مثال  2

:ŠƔůǈƯ

 šǇŵŚƘưƫř ƩƺƬů ŢƳŚƧ řŷœ
 Śƿřƹżƫř  ƲƯ  Ţƀǀƫ  ŠǀŨƬŨưƫř
 ŚƷŵŚŬƿœ Ʋƨưƿ ƶƳŔƟ  ŠƇŚŴƫř

.ŚǀūƺƫƺƴƨŤƫř şŶƗŚƀưŝ

�ƶŞŤƳř

.2 6 2832π.

:źƧŸţ

 ƖƤţ  e  Šƿƹřżƫř  ŢƳŚƧ  řŷœ
 Šƿƹřżƫř ƱŔƟ Ʃƹǃř Ɩŝźƫř  ƾƟ
 ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ ( )π e+

:Ʊƺƨƿƹ
( )πtan tane e= +

:ŠƫŵŚƘưƫř ƪůƹ
tantan e=x

kx πe= +  :ƺƷ
k Z!  Ŧǀů

0 2π1# e  Ŧǀů ¬ sin sin4 1e e+ =     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

sin sin4 1e e+ =

sin sin4 1e e- = - źǀƜŤưƫř ƪƈƟ

sin3 1e = - Ǝ Úƀŝ

sin 3
1e = -

e  ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

sin sin` e_ =

3
1

3
1

= - =

.sin radians3
1 0 341` ._ = - a k

Ɩŝřźƫř Ɩŝźƫř ƾƟ ƹŏ ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ sin 0` a1e e

  ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

.0 34π` .e +

. , . ,3 4816 3 4816 0 2!. /h6
  Ɩŝřźƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

.2 0 34π` .e -

. , . ,55 9432 9432 0 2!. /h6
.3 4816.e    ƹŏ   .5 9432.e     :ŠƫŵŚƘưƫř ƪů

sin sin5 3e e- =     :ŠƫŵŚƘưƫř ƪů  �

.ŠƇŚų ŚƿřƹŻ ƼƬƗ ƽƺŤŰţ ŚƸƳǃ ŠƤǀƣŵ ÔǅƺƬů ŠǀŨƬŨưƫř šǅŵŚƘưƫř ƊƘŞƫ Ʊƺƨƿ

tan 3=x     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

tan 3=x
. x ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

tan tan` _ = x

33= =

�4

حاول أن تحل  2

:ŠƔůǈƯ

 šǇŵŚƘưƫř ƩƺƬů ŢƳŚƧ řŷœ
 Śƿřƹżƫř  ƲƯ  Ţƀǀƫ  ŠǀŨƬŨưƫř
 ŚƷŵŚŬƿœ Ʋƨưƿ ƶƳŔƟ  ŠƇŚŴƫř

.ŚǀūƺƫƺƴƨŤƫř şŶƗŚƀưŝ

�ƶŞŤƳř

.2 6 2832π.

:źƧŸţ

 ƖƤţ  e  Šƿƹřżƫř  ŢƳŚƧ  řŷœ
 Šƿƹřżƫř ƱŔƟ Ʃƹǃř Ɩŝźƫř  ƾƟ
 ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ ( )π e+

:Ʊƺƨƿƹ
( )πtan tane e= +

:ŠƫŵŚƘưƫř ƪůƹ
tantan e=x

kx πe= +  :ƺƷ
k Z!  Ŧǀů

0 2π1# e  Ŧǀů ¬ sin sin4 1e e+ =     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

sin sin4 1e e+ =

sin sin4 1e e- = - źǀƜŤưƫř ƪƈƟ

sin3 1e = - Ǝ Úƀŝ

sin 3
1e = -

e  ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

sin sin` e_ =

3
1

3
1

= - =

.sin radians3
1 0 341` ._ = - a k

Ɩŝřźƫř Ɩŝźƫř ƾƟ ƹŏ ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ sin 0` a1e e

  ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

.0 34π` .e +

. , . ,3 4816 3 4816 0 2!. /h6
  Ɩŝřźƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

.2 0 34π` .e -

. , . ,55 9432 9432 0 2!. /h6
.3 4816.e    ƹŏ   .5 9432.e     :ŠƫŵŚƘưƫř ƪů

sin sin5 3e e- =     :ŠƫŵŚƘưƫř ƪů  �

.ŠƇŚų ŚƿřƹŻ ƼƬƗ ƽƺŤŰţ ŚƸƳǃ ŠƤǀƣŵ ÔǅƺƬů ŠǀŨƬŨưƫř šǅŵŚƘưƫř ƊƘŞƫ Ʊƺƨƿ

tan 3=x     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

tan 3=x
. x ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

tan tan` _ = x

33= =

�4
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مثال 3

مثال 4

أ : سلامة علي الركاض

:ŠƔůǈƯ

 šǇŵŚƘưƫř ƩƺƬů ŢƳŚƧ řŷœ
 Śƿřƹżƫř  ƲƯ  Ţƀǀƫ  ŠǀŨƬŨưƫř
 ŚƷŵŚŬƿœ Ʋƨưƿ ƶƳŔƟ  ŠƇŚŴƫř

.ŚǀūƺƫƺƴƨŤƫř şŶƗŚƀưŝ

�ƶŞŤƳř

.2 6 2832π.

:źƧŸţ

 ƖƤţ  e  Šƿƹřżƫř  ŢƳŚƧ  řŷœ
 Šƿƹřżƫř ƱŔƟ Ʃƹǃř Ɩŝźƫř  ƾƟ
 ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ ( )π e+

:Ʊƺƨƿƹ
( )πtan tane e= +

:ŠƫŵŚƘưƫř ƪůƹ
tantan e=x

kx πe= +  :ƺƷ
k Z!  Ŧǀů

0 2π1# e  Ŧǀů ¬ sin sin4 1e e+ =     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

sin sin4 1e e+ =

sin sin4 1e e- = - źǀƜŤưƫř ƪƈƟ

sin3 1e = - Ǝ Úƀŝ

sin 3
1e = -

e  ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

sin sin` e_ =

3
1

3
1

= - =

.sin radians3
1 0 341` ._ = - a k

Ɩŝřźƫř Ɩŝźƫř ƾƟ ƹŏ ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ sin 0` a1e e

  ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

.0 34π` .e +

. , . ,3 4816 3 4816 0 2!. /h6
  Ɩŝřźƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

.2 0 34π` .e -

. , . ,55 9432 9432 0 2!. /h6
.3 4816.e    ƹŏ   .5 9432.e     :ŠƫŵŚƘưƫř ƪů

sin sin5 3e e- =     :ŠƫŵŚƘưƫř ƪů  �

.ŠƇŚų ŚƿřƹŻ ƼƬƗ ƽƺŤŰţ ŚƸƳǃ ŠƤǀƣŵ ÔǅƺƬů ŠǀŨƬŨưƫř šǅŵŚƘưƫř ƊƘŞƫ Ʊƺƨƿ

tan 3=x     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

tan 3=x
. x ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

tan tan` _ = x

33= =

�4

حاول أن تحل 3

3
π` _ =

ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƹŏ Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ tanx x 0` a2

π  ŚƸţŹƹŵƹ ŠƿŹƹŵ Šƫřŵ ƾƷ xtan  ŠƫřŶƫř Ʋƨƫƹ

tan tanx xπ =+^ h     :ƱƺƨǀƟ

k Z!  Ŧǀů 3x kπ π= +     :ŠƫŵŚƘưƫř ƪů Ʊƺƨƿ ƶƴƯƹ

tanx 1=     :ŠƫŵŚƘưƫř ƪů  �

.ƽźƠƈƫř ƪƯŚƘƫř ŠǀƇŚų ƭřŶŴŤſř Ʈŧ ¬ŚƸƬǀƬŰţƹ ( )d x 0=  ƪƨƄƫř ƼƬƗ ŚƸŤŝŚŤƨŝ ŌŶŞƫř Ʋƨưƿ ŚĐ ƿźŞū ŠǀŨƬŨƯ ŠƫŵŚƘƯ ƪů ŶƴƗ

2cos sin sin= -e e e     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

2cos sin sin=-e e e

2cos sin sin 0+ =e e e

sin 2cos 1 0+ =e e^ h
sin 0e =  ƹŏ cos2 01 =e+ ƪƯřƺƗ Ƽƫœ ƪǀƬŰţ

sin 0=e ƹŏ cos 2
1

= -e źƠƈƫř ƾƟ śźƌƫř ŠǀƇŚų

sin 0=e ƹŏ cos 2
1

= -e

ŠǀƘŝŹ ŠƿƹřŻ `e

 0` =e    ƹŏ   π=e

k2 π` =e    ƹŏ   k2π π=e +    ,  k Z!

e  ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

cos cos` =_ e

2
1

2
1

= - =

3
π` =_

cos 0a 1e

.ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƹŏ ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ `e

:ƾƳŚŨƫř Ɩŝźƫř ƾƟ e  ƖƤţ ŚƯŶƴƗ

,k k2π π Zde _= - +^ h
π π k3 2 π+-= ` j

k2
3 2π π= +

��

3
π` _ =

ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƹŏ Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ tanx x 0` a2

π  ŚƸţŹƹŵƹ ŠƿŹƹŵ Šƫřŵ ƾƷ xtan  ŠƫřŶƫř Ʋƨƫƹ

tan tanx xπ =+^ h     :ƱƺƨǀƟ

k Z!  Ŧǀů 3x kπ π= +     :ŠƫŵŚƘưƫř ƪů Ʊƺƨƿ ƶƴƯƹ

tanx 1=     :ŠƫŵŚƘưƫř ƪů  �

.ƽźƠƈƫř ƪƯŚƘƫř ŠǀƇŚų ƭřŶŴŤſř Ʈŧ ¬ŚƸƬǀƬŰţƹ ( )d x 0=  ƪƨƄƫř ƼƬƗ ŚƸŤŝŚŤƨŝ ŌŶŞƫř Ʋƨưƿ ŚĐ ƿźŞū ŠǀŨƬŨƯ ŠƫŵŚƘƯ ƪů ŶƴƗ

2cos sin sin= -e e e     :ŠƫŵŚƘưƫř ƪů

:ƪŰƫř

2cos sin sin=-e e e

2cos sin sin 0+ =e e e

sin 2cos 1 0+ =e e^ h
sin 0e =  ƹŏ cos2 01 =e+ ƪƯřƺƗ Ƽƫœ ƪǀƬŰţ

sin 0=e ƹŏ cos 2
1

= -e źƠƈƫř ƾƟ śźƌƫř ŠǀƇŚų

sin 0=e ƹŏ cos 2
1

= -e

ŠǀƘŝŹ ŠƿƹřŻ `e

 0` =e    ƹŏ   π=e

k2 π` =e    ƹŏ   k2π π=e +    ,  k Z!

e  ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ

cos cos` =_ e

2
1

2
1

= - =

3
π` =_

cos 0a 1e

.ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƹŏ ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ `e

:ƾƳŚŨƫř Ɩŝźƫř ƾƟ e  ƖƤţ ŚƯŶƴƗ

,k k2π π Zde _= - +^ h
π π k3 2 π+-= ` j

k2
3 2π π= +

��
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أ : سلامة علي الركاض

مثال 5

حاول أن تحل 4

ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

,2k kπ π Z` != + +e _

3 2kπ π π= + +` j
3 2k4π π= +

k Z!   Ŧǀů  2k π=e    ƹŏ   2kπ π= +e    ƹŏ   3 2k2π π= +e    ƹŏ   3 2k4π π= +e     :ŠƫŵŚƘưƫř ƪů

sin cos cos 0e e e- =     :ŠƫŵŚƘưƫř ƪů  �

sin sinx x4 8 3 02 - + =     :ŠƫŵŚƘưƫř ƪů
:ƪŰƫř

sinx  ƾƟ ŠǀƘǀŝźţ ŠƫŵŚƘƯ ƾƷ sin sinx x4 8 3 02 - + =  :ŠƫŵŚƘưƫř
1 2x xsin sin2 3 0- - =^ ^h h :ƪǀƬŰŤƫŚŝ

2 1xsin 0- =  ƹŏ 2 xsin 3 0- =

sinx 2
1

=  ƹŏ sinx 2
3

=

ƹŏ

sinx 2
1

=

sinx 2
1

=  ŸųŐƳ
. x ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ
xsin sin` _ =

2
1

2
1

= =

π
6` _ =

xsin 0 a2

.ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƹŏ Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ x `

Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗ
,x k k k262 π π π Z` d_= + = +

 ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗ
,x k k2π π Zd` _= - +^ h

kπ π
6 2 π= - +` j
k6

5 2π π= +

sinx 2
3

=

;¥1 , 1= ŚƷřŶƯ  xy sin a=

,2
3 1 1b -6 @

ƪů ŚƸƫ žǀƫ  xsin 2
3 `=

k Z!    Ŧǀů    kx 6 2π π= +     ƹŏ    x k6
5 2π π= +     :ŠƫŵŚƘưƫř ƪů

��

ŦƫŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ e  ŚƯŶƴƗ

,2k kπ π Z` != + +e _

3 2kπ π π= + +` j
3 2k4π π= +

k Z!   Ŧǀů  2k π=e    ƹŏ   2kπ π= +e    ƹŏ   3 2k2π π= +e    ƹŏ   3 2k4π π= +e     :ŠƫŵŚƘưƫř ƪů

sin cos cos 0e e e- =     :ŠƫŵŚƘưƫř ƪů  �

sin sinx x4 8 3 02 - + =     :ŠƫŵŚƘưƫř ƪů
:ƪŰƫř

sinx  ƾƟ ŠǀƘǀŝźţ ŠƫŵŚƘƯ ƾƷ sin sinx x4 8 3 02 - + =  :ŠƫŵŚƘưƫř
1 2x xsin sin2 3 0- - =^ ^h h :ƪǀƬŰŤƫŚŝ

2 1xsin 0- =  ƹŏ 2 xsin 3 0- =

sinx 2
1

=  ƹŏ sinx 2
3

=

ƹŏ

sinx 2
1

=

sinx 2
1

=  ŸųŐƳ
. x ŠƿƹřżƬƫ ŵŚƴſǅř ŠƿƹřŻ ƾƷ _  Ʊŏ ƉźƠƳ
xsin sin` _ =

2
1

2
1

= =

π
6` _ =

xsin 0 a2

.ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƹŏ Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ x `

Ʃƹǃř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗ
,x k k k262 π π π Z` d_= + = +

 ƾƳŚŨƫř Ɩŝźƫř ƾƟ ƖƤţ x ŚƯŶƴƗ
,x k k2π π Zd` _= - +^ h

kπ π
6 2 π= - +` j
k6

5 2π π= +

sinx 2
3

=

;¥1 , 1= ŚƷřŶƯ  xy sin a=

,2
3 1 1b -6 @

ƪů ŚƸƫ žǀƫ  xsin 2
3 `=

k Z!    Ŧǀů    kx 6 2π π= +     ƹŏ    x k6
5 2π π= +     :ŠƫŵŚƘưƫř ƪů

��

9 - 3



70

أ : سلامة علي الركاض
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كراسة التمارين
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ÛƱ ĳźưţ
�-3

ŠǀŨƬŨƯ šǇŵŚƘƯ ƪů

3olVing 4rigonometric %QuationS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

:ŠǀƫŚŤƫř šǇŵŚƘưƫř ƲƯ ĐǈƧ ƪů ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) sinx 2
1

=
-  (�) cos x 2

3
=  (�) cosx2 1= -

(�) tana3 1=  (�) cos sin cosx x x2 0- =

(�) tan x 32 =  (�) cos cosx x4 4 1 02 - + =

,0 2πh6  şźŤƠƫř ƼƬƗ ŠƫŵŚƘưƫř ƩƺƬů Ɩǀưū Ŷūƹŏ ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) sin x2 1=  (�) cos x2 3 1=  (1�) tan x2 1=

:ŠǀƫŚŤƫř šǇŵŚƘưƫř Úƪů ¬(11¥1�) ƲǀƴƿźưŤƫř ƾƟ

(11) sin sinx x2 02 - =  (1�) sin sinx x2 3 22 + =

 ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

a  b  .ŮǀŰƇ ŵŶƗ K Ŧǀů ¬x k6 2/ /= +  :ƺƷ sin 2
1x =  ŠƫŵŚƘưƫř ƪů  (1)

a  b  .ŮǀŰƇ ŵŶƗ K Ŧǀů ¬ kx 4 2/
= - + / ƹŏ kx 4 2/

= + / :ƺƷ cosx 2=  ŠƫŵŚƘưƫř ƪů  (�)

a  b  .ŮǀŰƇ ŵŶƗ K Ŧǀů ¬x k5
6
/

= + + / :ƺƷ tanx 3= -  ŠƫŵŚƘưƫř ƪů  (�)

a  b  �4
3 ƹ 4

/  :ƾƷ ( , )�0  şźŤƠƫř ƼƬƗ sin tan sinx x x2 =  ŠƫŵŚƘưƫř ƩƺƬů  (�)

a  b  �4
5 ƹ 4

/  :ƾƷ , �0 2 h6  şźŤƠƫř ƼƬƗ sin x2 12 =  ŠƫŵŚƘưƫř ƩƺƬů  (�)
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(11) sin sinx x2 02 - =  (1�) sin sinx x2 3 22 + =

 ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

a  b  .ŮǀŰƇ ŵŶƗ K Ŧǀů ¬x k6 2/ /= +  :ƺƷ sin 2
1x =  ŠƫŵŚƘưƫř ƪů  (1)

a  b  .ŮǀŰƇ ŵŶƗ K Ŧǀů ¬ kx 4 2/
= - + / ƹŏ kx 4 2/

= + / :ƺƷ cosx 2=  ŠƫŵŚƘưƫř ƪů  (�)

a  b  .ŮǀŰƇ ŵŶƗ K Ŧǀů ¬x k5
6
/

= + + / :ƺƷ tanx 3= -  ŠƫŵŚƘưƫř ƪů  (�)

a  b  �4
3 ƹ 4

/  :ƾƷ ( , )�0  şźŤƠƫř ƼƬƗ sin tan sinx x x2 =  ŠƫŵŚƘưƫř ƩƺƬů  (�)

a  b  �4
5 ƹ 4

/  :ƾƷ , �0 2 h6  şźŤƠƫř ƼƬƗ sin x2 12 =  ŠƫŵŚƘưƫř ƩƺƬů  (�)
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�¥�

ƮƬƘŤţ Ɲƺſ
•  ƹŏ ƲǀŤƿƹřŻ ƕƺưŬƯ Ŝǀū 

.ŚưƸƴǀŝ ơźƠƫř
•  ƹŏ ƲǀŤƿƹřŻ ƕƺưŬƯ ƭŚưţ Ŝǀū 

.ŚưƸƴǀŝ ơźƠƫř
• .ŠŘƟŚƨŤưƫř ƩřƹŶƫř ŠƤŝŚƐŤƯ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ƲǀŤƿƹřŻ ƕƺưŬƯ Ŝǀū

3ine oF 3um oF 4Wo 
!ngleS

ƲǀŤƿƹřŻ Ʋǀŝ ơźƠƫř Ŝǀū
 3ine oF $iFFerence oF  
4Wo !ngleS

• ƲǀŤƿƹřŻ ƕƺưŬƯ ƭŚưţ Ŝǀū
 CoSine oF 3um oF 4Wo
!ngleS

• ƲǀŤƿƹřŻ Ʋǀŝ ơźƠƫř ƭŚưţ Ŝǀū
 CoSine oF $iFFerence
oF 4Wo !ngleS

• ŠŘƟŚƨŤƯ Ʃřƹŵ
 CoFunctionS

!"#$%& '()
,m DOM m DON 2e / e= = -^ ^h hX X  ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

®( )NOHW  ŽŚǀƣ ŚƯ  a

y

H
M

N

D-1

-1

1

1

O

e

 ./$-
 /.( :ƲǀŨƬŨưƫř ƢŝŚƐţ ŢŞŧŏ  b

/$ � ... 
 -$ � ... :ƪưƧŏ  c

(.... , ) , , ........sin cosM N 2
/ ee -`` j j :ƪưƧŏ  D

,... …cos sin sin cos2 2
/ e / e- = - =` `j j  :ƪưƧŏ Ʈŧ

.		C
 şźƤƠƫř ƲƯ ŶƠŤſř :ŵŚƃŹœ
  

CoFunction IDentitieS  ŠŘƟŚƨŤưƫř ƩřƹŶƫř šŚƤŝŚƐŤƯ

 ŜǀŬƫř
 ŚƸƫ ŠŘƟŚƨưƫř ƩřƹŶƫřƹ ŠǀſŚſǃř ŠǀŨƬŨưƫř ƩřƹŶƫř Ʋǀŝ ŠŘƟŚƨŤưƫř ƩřƹŶƫř šŚƤŝŚƐŤƯ Ǝŝźţ
.	ƭŚưŤƫř ƖƏŚƣƹ ƖƏŚƤƫř ¬ƭŚưŤƫř ƪƓƹ ƪƔƫř ¬ƭŚưŤƫř Ŝǀūƹ

ŠŘƟŚƨŤưƫř ƩřƹŶƫř šŚƤŝŚƐŤƯ
πcos sin tan cot sec csc2 2 2

π πe e e e e e- = - = - =` ` `j j j
sin cos cot tan csc sec2 2 2

π π πe e e e e e- = - = - =` ` `j j j

πsin cos2e e- = -` j  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

sin sin2 2e / / e- = - -` `j j8 B b a a b- =- -^ h
sin 2

/ e= - -` j ( ) ( )sin sin __- = -

cose= - sin cos2
/ _ _- =` j

πcos sin2e e- =` j     :Ʊŏ ŢŞŧŏ  1

ơźƠƫřƹ ƕƺưŬưƫř šŚƤŝŚƐŤƯ
3um anD $iFFerence IDentitieS
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3um anD $iFFerence IDentitieS  ơźƠƫřƹ ƕƺưŬưƫř šŚƤŝŚƐŤƯ

,, ,x y x yA B2 21 1= = BA A B  :ƲǀƿźƠƇ źǀƛ ƲǀƸŬŤưƫ ƾƬųřŶƫř śźƌƫř ŪţŚƳ Ʊŏ ŢưƬƘţ

:ƲǀŤǀƫŚŤƫř ƲǀŤƣǆƘƫř ƻŶůŔŝ ƵŵŚŬƿœ Ʋƨưƿ

1  x x y yA B: = +B BA A  �  cosA B A B: : e=

.ƲǀƸŬŤưƫŚŝ şŵŶŰưƫř Šƿƹřżƫř ƾƷ e  Ŧǀů

( )cos ` _-  ŠƤŝŚƐŤƯ ŵŚŬƿǈ ƲǀƸŬŤưƫ ƾƬųřŶƫř śźƌƫř ƭŶŴŤƀƳ Ɲƺſ ¬ƵŚƳŵŏ ƪƨƄƫř ƾƟ

, ,cos sin cos sin cos cos sin sinON OM: :2 21 1` ` _ _ ` _ ` _= = + (1)

cosON OM ON OM# #: ` _= -^ h   Ś Ôƌƿŏ

( ) ( )cos cos1 1# # ` _ ` _= - = -

( )cosMON O` : ` _= -  (�)

:	1

 	2
 ƲƯ
( )cos cos cos sin sin` ` _ ` _ ` _- = +

( )cos ` _+  : ŵŚŬƿǈ

( )a ` _ ` _+ = - -/ 1

1

-1

-1

` _-

( , )cos sinN ` `

( , )cos sinM _ _

_

`

 ( ) ( )cos cos` ` _ ` _+ = - -6 @
( ) ( )cos cos sin sin` _ ` _= - + -

( )cos cos sin sin` _ ` _= + -
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csc sec2
/ ee - = -` j     :Ʊŏ ŢŞŧŏ

:ƪŰƫř
πcsc csc2 2

π
= -e e- -` `j j8 B b a a b- = - -^ h
=
sin 2

1
π

- e-` j5 ?
csc sin

1
__ =

=
sin 2

1
π

- e-` j  ( ) sinsin _ _- = -

= cos
1-
e sin cos2

π _- = _` j
sec= e-

πsec csc2e e- =` j     :Ʊŏ ŢŞŧŏ  �

3um anD $iFFerence IDentitieS  ơźƠƫřƹ ƕƺưŬưƫř šŚƤŝŚƐŤƯ

,, ,x y x yA B2 21 1= = BA A B  :ƲǀƿźƠƇ źǀƛ ƲǀƸŬŤưƫ ƾƬųřŶƫř śźƌƫř ŪţŚƳ Ʊŏ ŢưƬƘţ

:ƲǀŤǀƫŚŤƫř ƲǀŤƣǆƘƫř ƻŶůŔŝ ƵŵŚŬƿœ Ʋƨưƿ

1  x x y yA B: = +B BA A  �  cosA B A B: : e=

.ƲǀƸŬŤưƫŚŝ şŵŶŰưƫř Šƿƹřżƫř ƾƷ e  Ŧǀů

( )cos ` _-  ŠƤŝŚƐŤƯ ŵŚŬƿǈ ƲǀƸŬŤưƫ ƾƬųřŶƫř śźƌƫř ƭŶŴŤƀƳ Ɲƺſ ¬ƵŚƳŵŏ ƪƨƄƫř ƾƟ

, ,cos sin cos sin cos cos sin sinON OM: :2 21 1` ` _ _ ` _ ` _= = + (1)

cosON OM ON OM# #: ` _= -^ h   Ś Ôƌƿŏ

( ) ( )cos cos1 1# # ` _ ` _= - = -

( )cosMON O` : ` _= -  (�)

:	1

 	2
 ƲƯ
( )cos cos cos sin sin` ` _ ` _ ` _- = +

( )cos ` _+  : ŵŚŬƿǈ

( )a ` _ ` _+ = - -/ 1

1

-1

-1

` _-

( , )cos sinN ` `

( , )cos sinM _ _

_

`

 ( ) ( )cos cos` ` _ ` _+ = - -6 @
( ) ( )cos cos sin sin` _ ` _= - + -

( )cos cos sin sin` _ ` _= + -
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متطابقات المجموع والفرق

أ : سلامة علي الركاض

مثال  3

9 - 4

( )cos cos cos sin sin` ` _ ` _ ` _+ = -

�
cos 2 ` _- +^ h8 B ƪƨƄƫř ƼƬƗ ( )sin ` _+  ŠŝŚŤƧ ƖǀƐŤƀƳ

( ) ( )sin cos 2` _ / ` _+ = - +8 B
cos 2

/ ` _= - -` j
cos 2

/ ` _= - -` j8 B
cos cos sin sin2 2

/ ` _ / ` _= - + -` `j j
( )sin sin cos cos sin` _ ` _ ` _+ = +

( ) ( ( )sin sin` ` __- = + -6 @ ŚƸƴƯƹ

( ) ( )sin cos cos sin` _ ` _= - + -

( )sin sin cos cos sin` _ ` _ ` _- = -

:ƼƬƗ ƪƈŰƳ ( )
( )
( )

tan
cos
sin

` _ ` _
` _

+ =
+

+ ŠŝŚŤƨŝ

tan( ) tan tan
tan tan
1` _ ` _

` _
+ =

-

+

tan( ) tan tan
tan tan
1` _ ` _

` _
- =

+

- ƦƫŸƧ

ơźƠƫřƹ ƕƺưŬưƫř šŚƤŝŚƐŤƯ

( )cos cos cos sin sin` _ ` _ ` _+ = -

( )cos cos cos sin sin` _ ` _ ` _- = +

+ +( )sin sin cos cos sin` _ ` _ ` _=

- -( )sin sin cos cos sin` _ ` _ ` _=

tan tan
tan tan
1 ` _

` _
-

+
tan( )` _+ =

_
tan tan

tan tan
1 ` _

` _
+

-
tan( )` _ =

:ƾƬƿ ŚưƯ ĐǈƧ ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſř Ʊƹŵ Ŷūƹŏ
a  cos15°  b  sin105°  c  tan75°

:ƪŰƫř
a  cos cos15 60 45° ° °= -^ h

cos cos sin sin60 45 60 45° ° ° °= + ơźƠƫř ŠƤŝŚƐŤƯ

2
1

2
2

2
3

2
2

# #= +

102

( )cos cos cos sin sin` ` _ ` _ ` _+ = -

�
cos 2 ` _- +^ h8 B ƪƨƄƫř ƼƬƗ ( )sin ` _+  ŠŝŚŤƧ ƖǀƐŤƀƳ

( ) ( )sin cos 2` _ / ` _+ = - +8 B
cos 2

/ ` _= - -` j
cos 2

/ ` _= - -` j8 B
cos cos sin sin2 2

/ ` _ / ` _= - + -` `j j
( )sin sin cos cos sin` _ ` _ ` _+ = +

( ) ( ( )sin sin` ` __- = + -6 @ ŚƸƴƯƹ

( ) ( )sin cos cos sin` _ ` _= - + -

( )sin sin cos cos sin` _ ` _ ` _- = -

:ƼƬƗ ƪƈŰƳ ( )
( )
( )

tan
cos
sin

` _ ` _
` _

+ =
+

+ ŠŝŚŤƨŝ

tan( ) tan tan
tan tan
1` _ ` _

` _
+ =

-

+

tan( ) tan tan
tan tan
1` _ ` _

` _
- =

+

- ƦƫŸƧ

ơźƠƫřƹ ƕƺưŬưƫř šŚƤŝŚƐŤƯ

( )cos cos cos sin sin` _ ` _ ` _+ = -

( )cos cos cos sin sin` _ ` _ ` _- = +

+ +( )sin sin cos cos sin` _ ` _ ` _=

- -( )sin sin cos cos sin` _ ` _ ` _=

tan tan
tan tan
1 ` _

` _
-

+
tan( )` _+ =

_
tan tan

tan tan
1 ` _

` _
+

-
tan( )` _ =

:ƾƬƿ ŚưƯ ĐǈƧ ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſř Ʊƹŵ Ŷūƹŏ
a  cos15°  b  sin105°  c  tan75°

:ƪŰƫř
a  cos cos15 60 45° ° °= -^ h

cos cos sin sin60 45 60 45° ° ° °= + ơźƠƫř ŠƤŝŚƐŤƯ

2
1

2
2

2
3

2
2

# #= +
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أ : سلامة علي الركاض

9 - 4

حاول أن تحل 3

4
2

4
6

= +

4
2 6+

=

b  sin105º
105 60 45° ° °a = +

( )sin sin105 60 45° º º` = +

coscossin sin60 45 60 45° º º º= +

2
1

2
3

2
2

2
2

# #= +

4
6 2

=
+

c  tan 57 º
75 45 30° ° °a = +

( )tan tan75 45 30° ° °` = +

tan tan
tantan

1 45 30
45 30

° °
° °

=
-

+

1 1

1

1
1

3

1
3

3
3

= =
-

+

-

+
tan 54 1° =

2 3= +

:ƾƬƿ ŚưƯ ĐǈƧ ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſř Ʊƹŵ Ŷūƹŏ  �
a  sin15°  b  cos75°  c  tan105°

,sin 5
4 0 2

π1 1_ _= :ƱŚƧ řŷœ

,cos 13
12

2
3π π1 1` `=

-

:ƾƬƿ ŚưƯ ĐǈƧ Ŷūƹŏ
a  sin _ `+^ h b  cos _ `-^ h c  tan _ `-^ h

:ƪŰƫř

cos_   ,  sin`   ,  tan_   ,  tan`  : ÔǇƹŏ ŶūƺƳ

• sin cos 12 2_ _+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

cos 15
4 2 2_+ =a k ƊƿƺƘţ
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أ : سلامة علي الركاض

9 - 4

4
2

4
6

= +

4
2 6+

=

b  sin105º
105 60 45° ° °a = +

( )sin sin105 60 45° º º` = +

coscossin sin60 45 60 45° º º º= +

2
1

2
3

2
2

2
2

# #= +

4
6 2

=
+

c  tan 57 º
75 45 30° ° °a = +

( )tan tan75 45 30° ° °` = +

tan tan
tantan

1 45 30
45 30

° °
° °

=
-

+

1 1

1

1
1

3

1
3

3
3

= =
-

+

-

+
tan 54 1° =

2 3= +

:ƾƬƿ ŚưƯ ĐǈƧ ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſř Ʊƹŵ Ŷūƹŏ  �
a  sin15°  b  cos75°  c  tan105°

,sin 5
4 0 2

π1 1_ _= :ƱŚƧ řŷœ

,cos 13
12

2
3π π1 1` `=

-

:ƾƬƿ ŚưƯ ĐǈƧ Ŷūƹŏ
a  sin _ `+^ h b  cos _ `-^ h c  tan _ `-^ h

:ƪŰƫř

cos_   ,  sin`   ,  tan_   ,  tan`  : ÔǇƹŏ ŶūƺƳ

• sin cos 12 2_ _+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

cos 15
4 2 2_+ =a k ƊƿƺƘţ
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4
2

4
6

= +

4
2 6+

=

b  sin105º
105 60 45° ° °a = +

( )sin sin105 60 45° º º` = +

coscossin sin60 45 60 45° º º º= +

2
1

2
3

2
2

2
2

# #= +

4
6 2

=
+

c  tan 57 º
75 45 30° ° °a = +

( )tan tan75 45 30° ° °` = +

tan tan
tantan

1 45 30
45 30

° °
° °

=
-

+

1 1

1

1
1

3

1
3

3
3

= =
-

+

-

+
tan 54 1° =

2 3= +

:ƾƬƿ ŚưƯ ĐǈƧ ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſř Ʊƹŵ Ŷūƹŏ  �
a  sin15°  b  cos75°  c  tan105°

,sin 5
4 0 2

π1 1_ _= :ƱŚƧ řŷœ

,cos 13
12

2
3π π1 1` `=

-

:ƾƬƿ ŚưƯ ĐǈƧ Ŷūƹŏ
a  sin _ `+^ h b  cos _ `-^ h c  tan _ `-^ h

:ƪŰƫř

cos_   ,  sin`   ,  tan_   ,  tan`  : ÔǇƹŏ ŶūƺƳ

• sin cos 12 2_ _+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

cos 15
4 2 2_+ =a k ƊƿƺƘţ
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4
2

4
6

= +

4
2 6+

=

b  sin105º
105 60 45° ° °a = +

( )sin sin105 60 45° º º` = +

coscossin sin60 45 60 45° º º º= +

2
1

2
3

2
2

2
2

# #= +

4
6 2

=
+

c  tan 57 º
75 45 30° ° °a = +

( )tan tan75 45 30° ° °` = +

tan tan
tantan

1 45 30
45 30

° °
° °

=
-

+

1 1

1

1
1

3

1
3

3
3

= =
-

+

-

+
tan 54 1° =

2 3= +

:ƾƬƿ ŚưƯ ĐǈƧ ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſř Ʊƹŵ Ŷūƹŏ  �
a  sin15°  b  cos75°  c  tan105°

,sin 5
4 0 2

π1 1_ _= :ƱŚƧ řŷœ

,cos 13
12

2
3π π1 1` `=

-

:ƾƬƿ ŚưƯ ĐǈƧ Ŷūƹŏ
a  sin _ `+^ h b  cos _ `-^ h c  tan _ `-^ h

:ƪŰƫř

cos_   ,  sin`   ,  tan_   ,  tan`  : ÔǇƹŏ ŶūƺƳ

• sin cos 12 2_ _+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

cos 15
4 2 2_+ =a k ƊƿƺƘţ
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4
2

4
6

= +

4
2 6+

=

b  sin105º
105 60 45° ° °a = +

( )sin sin105 60 45° º º` = +

coscossin sin60 45 60 45° º º º= +

2
1

2
3

2
2

2
2

# #= +

4
6 2

=
+

c  tan 57 º
75 45 30° ° °a = +

( )tan tan75 45 30° ° °` = +

tan tan
tantan

1 45 30
45 30

° °
° °

=
-

+

1 1

1

1
1

3

1
3

3
3

= =
-

+

-

+
tan 54 1° =

2 3= +

:ƾƬƿ ŚưƯ ĐǈƧ ŠŞſŚŰƫř Šƫǁř ƭřŶŴŤſř Ʊƹŵ Ŷūƹŏ  �
a  sin15°  b  cos75°  c  tan105°

,sin 5
4 0 2

π1 1_ _= :ƱŚƧ řŷœ

,cos 13
12

2
3π π1 1` `=

-

:ƾƬƿ ŚưƯ ĐǈƧ Ŷūƹŏ
a  sin _ `+^ h b  cos _ `-^ h c  tan _ `-^ h

:ƪŰƫř

cos_   ,  sin`   ,  tan_   ,  tan`  : ÔǇƹŏ ŶūƺƳ

• sin cos 12 2_ _+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

cos 15
4 2 2_+ =a k ƊƿƺƘţ
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مثال  4
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أ : سلامة علي الركاض

9 - 4

حاول أن تحل 4

cos 1 25
162_ -= źǀƜŤưƫř ƪƈƟ

cos 25
92_ = Ǝ Úƀŝ

cos 5
3_ = -  ƹŏ cos 5

3_ =

cos0 2 0π &a 1 1 2_ _

cos 5
3` _ =

• sin cos 12 2` `+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

sin 13
12 12

2

` + -
=a k ƊƿƺƘţ

sin 1 1
144
69

2` = - źǀƜŤưƫř ƪƈƟ

sin 169
252` = Ǝ Úƀŝ

sin 13
5` = - ƹŏ sin 13

5` =

2
3π πa 1 1` sin 0& 1`

sin 13
5` ` = -

• tan cos
sin

5
3
5
4

3
4_ _

_
= = =

• tan cos
sin

13
12
13
5

12
5

`
`

` = =
-

-

=

a  sin sin cos cos sin_ ` _ ` _ `+ = +^ h
5
4

5 1313
12 3 5

=
-

+ -a a a ak k k k
=
65
48

65
15

65
63-

- = -

b  cos cos sin sincos _ ` _ ` _ `- = +^ h
5
3

13
12

5
4

13
5

=
-

+ -a a a ak k k k
=
65
36

65
20

65
56-

- = -

c  tan
tan tan

tan tan
1

_ ` _ `
_ `- =

+
-^ h

=

1 3
4
12
5

3
4
12
5

+

-

a ak k
=

36
56
12
11

56
33

=

:ƾƬƿ ŚưƯ ĐǈƧ Ŷūƹŏ ¬(�) ƩŚŨưƫř ƲƯ šŚǀƐƘưƫř ƭřŶŴŤſŚŝ  �
a  cos _ `+^ h b  tan _ `+^ h c  sin ` _-^ h
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حاول أن تحل  1

أولًا : جيب تمام ضعف الزاوية

متطابقات ضعف الزاوية ونصفها

متطابقات ضعف الزاوية

مثال  1

أ : سلامة علي الركاض

9 - 5

ƮƬƘŤţ Ɲƺſ
• .Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ
• .Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• Šƿƹřżƫř ƞƘƋ

$ouble oF an !ngle
• Šƿƹřżƫř ƞƈƳ

(alF oF an!ngle

!"#$%& '()
:ƢŞſ ŚƯ ƾƟ ŢưƬƘţ

sincos cos cos sin_ ` _ ` _ `+ = -^ h
:ƱŔƟ _ `=  ŢƳŚƧ řŷœ

cos cos_ ` _ _+ = +^ ^h h
cos cos sin sin_ _ _ _= -

cos sin2 2_ _= -

:ƲƯ ƪƧ ŵŚŬƿœ ƾƟ ƲǀŤƿƹřŻ ƕƺưŬƯ ƲǀƳřƺƣ ƭŶŴŤſř ƪŨưƫŚŝƹ
a  sin2_ b  tan2_

$ouble¥!ngle IDentitieS  Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ
CoSine $ouble¥!ngle  Šƿƹřżƫř ƞƘƋ ƭŚưţ Ŝǀū : ÔǇƹŏ

cos cos sin2 2 2e e e= -

cos cos2 2 12e e= -   :Šƿƹřżƫř ƞƘƋ ƭŚưţ Ŝǀū ŠƤŝŚƐŤƯ ŠŰƇ ŢŞŧŏ

:ƪŰƫř
(1) cos cos sin2 2 2e e e= - ƾƳƹŚƘţ ƪưƗ ƲƯ
cos sin 12 2e e+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ ƲƯ
sin cos12 2e e= - ƼƬƗ ƪƈŰƳ

cos1 2e-   Éŝ sin2e  ƲƗ Ɖ ÚƺƘƳ (1) ŠƫŵŚƘưƫř ƾƟ

cos cos cos2 12 2e e e= - -^ h ƼƬƗ ƪƈŰƳ

 cos cos12 2e e-= +

cos2 12e= -

cos sin2 21 2e e= -  :Šƿƹřżƫř ƞƘƋ ƭŚưţ Ŝǀū ŠƤŝŚƐŤƯ ŠŰƇ ŢŞŧŏ  1

cos cos2 2 12e e= -

cos sin2 1 2 2e e= -

ŚƸƠƈƳƹ Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ
$ouble¥!ngle anD (alF¥!ngle IDentitieS

�¥�

10�

ƮƬƘŤţ Ɲƺſ
• .Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ
• .Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• Šƿƹřżƫř ƞƘƋ

$ouble oF an !ngle
• Šƿƹřżƫř ƞƈƳ

(alF oF an!ngle

!"#$%& '()
:ƢŞſ ŚƯ ƾƟ ŢưƬƘţ

sincos cos cos sin_ ` _ ` _ `+ = -^ h
:ƱŔƟ _ `=  ŢƳŚƧ řŷœ

cos cos_ ` _ _+ = +^ ^h h
cos cos sin sin_ _ _ _= -

cos sin2 2_ _= -

:ƲƯ ƪƧ ŵŚŬƿœ ƾƟ ƲǀŤƿƹřŻ ƕƺưŬƯ ƲǀƳřƺƣ ƭŶŴŤſř ƪŨưƫŚŝƹ
a  sin2_ b  tan2_

$ouble¥!ngle IDentitieS  Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ
CoSine $ouble¥!ngle  Šƿƹřżƫř ƞƘƋ ƭŚưţ Ŝǀū : ÔǇƹŏ

cos cos sin2 2 2e e e= -
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cos cos2 2 4 22e e= -  :ŠƤŝŚƐŤưƫř ŠŰƇ ŢŞŧŏ  �

107

4angent $ouble¥!ngle  Šƿƹřżƫř ƞƘƋ ƪƓ :ŚÔŨƫŚŧ
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- - +

- +

^
^

h
h

1 1 2 2 2
2 1 2

=
- + -

- +^
^

h
h

2 2 2
2 1 2

2 1 2
2 1 2

1=
- +

- +
=

- +

- +
=

^
^
^h

h
h
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cos cos cos3 4 33e e e= -     :ŠƤŝŚƐŤưƫř ŠŰƇ ŢŞŧŏ

:ƪŰƫř
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sin sin sin3 3 4 3e e e= -    :ŠƤŝŚƐŤưƫř ŠŰƇ ŢŞŧŏ  �

(alF¥!ngle IDentitieS  Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ

.Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ŵŚŬƿǈ Šƿƹřżƫř ƞƘƋ ŠƤŝŚƐŤƯ ƭřŶŴŤſř Ʋƨưƿ

2 e_
=  :ƲƨŤƫ
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2
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= -` j Ǝ Úƀŝ 
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1
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2_ _+
= ` j cos 2

2 _` j ƾƟ ƪů 
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cos cos
2 2

1
!

_ _
=

+` j
sin cos

2 2
1

!
_ _
=

-` j
tan cos

cos
2 1

1
!

_
_
_

=
+
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:ŠƔůǈƯ

 šŚƤŝŚƐŤƯ  ƭřŶŴŤſř  ŶƴƗ
 ƲǀǀƘţ Ƽƫœ ũŚŤŰţ Šƿƹřżƫř ƞƈƳ

2
_  Šƿƹřżƫř ƶǀƟ ƖƤţ ƽŸƫř Ɩŝźƫř

 şŹŚƃǅř  ƭŶŴŤƀţ  Ʈŧ  ƲƯƹ
 ŠƫřŶƬƫ  -  ƹŏ  +  ŠŰǀŰƈƫř

.Ɩŝźƫř řŸƷ ƾƟ ŠǀŨƬŨưƫř

:źƧŸţ

ŠƫřŶƫřƖŝźƫř ƾƟ ŠŞūƺƯ

Sin xƾƳŚŨƫřƹ Ʃƹǃř
coS xƖŝřźƫřƹ Ʃƹǃř
tan xŦƫŚŨƫřƹ Ʃƹǃř
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 ƲǀǀƘţ Ƽƫœ ũŚŤŰţ Šƿƹřżƫř ƞƈƳ

2
_  Šƿƹřżƫř ƶǀƟ ƖƤţ ƽŸƫř Ɩŝźƫř

 şŹŚƃǅř  ƭŶŴŤƀţ  Ʈŧ  ƲƯƹ
 ŠƫřŶƬƫ  -  ƹŏ  +  ŠŰǀŰƈƫř

.Ɩŝźƫř řŸƷ ƾƟ ŠǀŨƬŨưƫř

:źƧŸţ

ŠƫřŶƫřƖŝźƫř ƾƟ ŠŞūƺƯ

Sin xƾƳŚŨƫřƹ Ʃƹǃř
coS xƖŝřźƫřƹ Ʃƹǃř
tan xŦƫŚŨƫřƹ Ʃƹǃř

10�

كراسة التمارين
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ÛƱ ĳźưţ
�-�

ŚƸƠƈƳƹ Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ

$ouble¥!ngle anD (alF¥!ngle IDentitieS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

.FRV[  ƹŏ sin[  ŠƫǇŶŝ ŹřŶƤưƫř ŜŤƧř ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) sin cosx x2 +

(�) sin cosx x2 2+

(�) cos x3

(�) cos x4

:ŠǀƫŚŤƫř šŚƤŝŚƐŤưƫř ƲƯ ƪƧ ŠŰƇ ŢŞŧŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) csc csc tanx x x2 2 2=

(�) sin sin cosx x x3 4 12= -^ ^h h
(�) cos sin cosx x x4 1 8 2 2= -

:ƲƯ ƪƧ ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) �sin15

(�) �tan195

(1�) �cos75

:ŠǀƫŚŤƫř źǀŝŚƘŤƫř ƲƯ ĐǆƧ źƈŤųř  (11)

(a) cos
sin

x
x

1 2
2

+
 (b) sin

cos
x
x1 -  (c) cos

cos
x
x

1
1
+
-

sin x2  ŶūƹŐƟ sinx 13
12

= -  
 2
3 x 21 1
r r  ŢƳŚƧ řŷœ  (1�)
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(�) csc csc tanx x x2 2 2=

(�) sin sin cosx x x3 4 12= -^ ^h h
(�) cos sin cosx x x4 1 8 2 2= -

:ƲƯ ƪƧ ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) �sin15

(�) �tan195

(1�) �cos75

:ŠǀƫŚŤƫř źǀŝŚƘŤƫř ƲƯ ĐǆƧ źƈŤųř  (11)

(a) cos
sin

x
x

1 2
2

+
 (b) sin

cos
x
x1 -  (c) cos

cos
x
x

1
1
+
-

sin x2  ŶūƹŐƟ sinx 13
12

= -  
 2
3 x 21 1
r r  ŢƳŚƧ řŷœ  (1�)
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ÛƱ ĳźưţ
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ŚƸƠƈƳƹ Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ

$ouble¥!ngle anD (alF¥!ngle IDentitieS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

.FRV[  ƹŏ sin[  ŠƫǇŶŝ ŹřŶƤưƫř ŜŤƧř ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) sin cosx x2 +

(�) sin cosx x2 2+

(�) cos x3

(�) cos x4

:ŠǀƫŚŤƫř šŚƤŝŚƐŤưƫř ƲƯ ƪƧ ŠŰƇ ŢŞŧŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) csc csc tanx x x2 2 2=

(�) sin sin cosx x x3 4 12= -^ ^h h
(�) cos sin cosx x x4 1 8 2 2= -

:ƲƯ ƪƧ ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) �sin15

(�) �tan195

(1�) �cos75

:ŠǀƫŚŤƫř źǀŝŚƘŤƫř ƲƯ ĐǆƧ źƈŤųř  (11)

(a) cos
sin

x
x

1 2
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 (b) sin

cos
x
x1 -  (c) cos

cos
x
x

1
1
+
-

sin x2  ŶūƹŐƟ sinx 13
12

= -  
 2
3 x 21 1
r r  ŢƳŚƧ řŷœ  (1�)
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ŚƸƠƈƳƹ Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ

$ouble¥!ngle anD (alF¥!ngle IDentitieS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

.FRV[  ƹŏ sin[  ŠƫǇŶŝ ŹřŶƤưƫř ŜŤƧř ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) sin cosx x2 +

(�) sin cosx x2 2+

(�) cos x3

(�) cos x4

:ŠǀƫŚŤƫř šŚƤŝŚƐŤưƫř ƲƯ ƪƧ ŠŰƇ ŢŞŧŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) csc csc tanx x x2 2 2=

(�) sin sin cosx x x3 4 12= -^ ^h h
(�) cos sin cosx x x4 1 8 2 2= -

:ƲƯ ƪƧ ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) �sin15

(�) �tan195

(1�) �cos75

:ŠǀƫŚŤƫř źǀŝŚƘŤƫř ƲƯ ĐǆƧ źƈŤųř  (11)

(a) cos
sin

x
x

1 2
2

+
 (b) sin

cos
x
x1 -  (c) cos

cos
x
x

1
1
+
-

sin x2  ŶūƹŐƟ sinx 13
12

= -  
 2
3 x 21 1
r r  ŢƳŚƧ řŷœ  (1�)

متطابقات نصف الزاوية

cos cos cos3 4 33e e e= -     :ŠƤŝŚƐŤưƫř ŠŰƇ ŢŞŧŏ

:ƪŰƫř

źƀƿǃř ƝźƐƫř ( )cos cos3 2e e e= = +

cos cos sin sin2 2e e e e= -  ƕƺưŬưƫř ŠƤŝŚƐŤƯ

( ) ( )cos cos sin sin cos2 1 22e e e e e= - -  ƞƘƌƫř ŠƤŝŚƐŤƯ

cos cos sin cos2 23 2e e e e= - -

( )cos cos cos cos2 2 13 2e e e e= - - -  ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

cos cos cos cos2 2 23 3e e e e= - - +

cos cos4 33e e= - = Ʋưƿǃř ƝźƐƫř

sin sin sin3 3 4 3e e e= -    :ŠƤŝŚƐŤưƫř ŠŰƇ ŢŞŧŏ  �

(alF¥!ngle IDentitieS  Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ

.Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ŵŚŬƿǈ Šƿƹřżƫř ƞƘƋ ŠƤŝŚƐŤƯ ƭřŶŴŤſř Ʋƨưƿ

2 e_
=  :ƲƨŤƫ

cos cos2 2 12e e= -  ƭŚưŤƫř ŜǀŬƫ Šƿƹřżƫř ƞƘƋ ŠƤŝŚƐŤƯ

cos cos2 2 2 2 12_ _
= -` `j j

2
_  Éŝ e  ƲƗ ƉƺƗ  

cos cos2 2 12_ _
= -` j Ǝ Úƀŝ 

cos
cos2

1
2

2_ _+
= ` j cos 2

2 _` j ƾƟ ƪů 

cos
cos

2 2
1

!
_ _

=
+ ƲǀƟźƐƫř ǈƨƫ ƾƘǀŝźŤƫř ŹŸŬƫř Ÿų

sin
cos

2 2
1

!
_ _

=
-  ƪŨưƫŚŝƹ

tan cos
cos

2 1
1

!
_

_
_

=
+
-` j

Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ

cos cos
2 2

1
!

_ _
=

+` j
sin cos

2 2
1

!
_ _
=

-` j
tan cos

cos
2 1

1
!

_
_
_

=
+
-` j

:ŠƔůǈƯ

 šŚƤŝŚƐŤƯ  ƭřŶŴŤſř  ŶƴƗ
 ƲǀǀƘţ Ƽƫœ ũŚŤŰţ Šƿƹřżƫř ƞƈƳ

2
_  Šƿƹřżƫř ƶǀƟ ƖƤţ ƽŸƫř Ɩŝźƫř

 şŹŚƃǅř  ƭŶŴŤƀţ  Ʈŧ  ƲƯƹ
 ŠƫřŶƬƫ  -  ƹŏ  +  ŠŰǀŰƈƫř

.Ɩŝźƫř řŸƷ ƾƟ ŠǀŨƬŨưƫř

:źƧŸţ

ŠƫřŶƫřƖŝźƫř ƾƟ ŠŞūƺƯ

Sin xƾƳŚŨƫřƹ Ʃƹǃř
coS xƖŝřźƫřƹ Ʃƹǃř
tan xŦƫŚŨƫřƹ Ʃƹǃř

10�
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sin15º  ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř
:ƪŰƫř

º ºsin sin15 2
30

= a k
°cos

2
1 30

!=
-

°cos
2

1 30
= +

- Ʃƹǃř Ɩŝźƫř ƾƟ Ŷūƺţ º15  Ʊǃ ¬Ŝūƺưƫř ŹŸŬƫř Ÿų

2

1 2
3

=
-

2
3  Éŝ ºcos30  ƉÚƺƗ

2
2 3

4
2 3

=
-

=
-

°cos15  ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř  �

¬ sin 25
24e = -   ¬ 180 270° °1 1e  :ŢƳŚƧ řŷœ

.sin 2
e  ŶūƹŐƟ

:ƪŰƫř
cose  ÔǇƹŏ ŶūƺƳ

cos sin 12 2e e+ = ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

cos 25
24 12

2

e + -
=a k ƉÚƺƗ

cos
625
492e =

cos
25
7e = - ŦƫŚŨƫř Ɩŝźƫř ƾƟ e  Ʊǃ 

180 270° °a 1 1e 2
e  Ʊǁř ŶūƺƳ

90 2 135° °` 1 1e ƾƳŚŨƫř Ɩŝźƫř ƾƟ 2
e  ƶƴƯƹ

sin cos
2 2

1
!

e e
=

-a k Šƿƹřżƫř ƞƈƳ ŠƤŝŚƐŤƯ

sin 2 2

1 25
7

5
4e

=
-
-

=a ak k
ƾƳŚŨƫř Ɩŝźƫř ƾƟ 2

e  Ʊǃ ¬Ŝūƺưƫř ŹŸŬƫř źŤųř ¬ƉÚƺƗ

,cos tan2 2
e e  :Ŷūƹŏ ¬(�) ƩŚŨưƫř ƾƟ  �

10�
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!=
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-
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¬ sin 25
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,cos tan2 2
e e  :Ŷūƹŏ ¬(�) ƩŚŨưƫř ƾƟ  �

10�

sin15º  ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř
:ƪŰƫř

º ºsin sin15 2
30

= a k
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1 30

!=
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°cos
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1 30
= +
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10�
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sin15º  ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř
:ƪŰƫř

º ºsin sin15 2
30

= a k
°cos

2
1 30

!=
-

°cos
2

1 30
= +

- Ʃƹǃř Ɩŝźƫř ƾƟ Ŷūƺţ º15  Ʊǃ ¬Ŝūƺưƫř ŹŸŬƫř Ÿų
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=
-

2
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2
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4
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=
-

=
-

°cos15  ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř  �

¬ sin 25
24e = -   ¬ 180 270° °1 1e  :ŢƳŚƧ řŷœ
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cos 25
24 12

2

e + -
=a k ƉÚƺƗ

cos
625
492e =

cos
25
7e = - ŦƫŚŨƫř Ɩŝźƫř ƾƟ e  Ʊǃ 

180 270° °a 1 1e 2
e  Ʊǁř ŶūƺƳ
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e  ƶƴƯƹ

sin cos
2 2

1
!

e e
=

-a k Šƿƹřżƫř ƞƈƳ ŠƤŝŚƐŤƯ

sin 2 2

1 25
7

5
4e

=
-
-

=a ak k
ƾƳŚŨƫř Ɩŝźƫř ƾƟ 2

e  Ʊǃ ¬Ŝūƺưƫř ŹŸŬƫř źŤųř ¬ƉÚƺƗ

,cos tan2 2
e e  :Ŷūƹŏ ¬(�) ƩŚŨưƫř ƾƟ  �

10�

حاول أن تحل 8

كراسة التمارين
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ŚƸƠƈƳƹ Šƿƹřżƫř ƞƘƋ šŚƤŝŚƐŤƯ

$ouble¥!ngle anD (alF¥!ngle IDentitieS

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

.FRV[  ƹŏ sin[  ŠƫǇŶŝ ŹřŶƤưƫř ŜŤƧř ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

(1) sin cosx x2 +

(�) sin cosx x2 2+

(�) cos x3

(�) cos x4

:ŠǀƫŚŤƫř šŚƤŝŚƐŤưƫř ƲƯ ƪƧ ŠŰƇ ŢŞŧŏ ¬(�¥�) ƲƿŹŚưŤƫř ƾƟ

(�) csc csc tanx x x2 2 2=

(�) sin sin cosx x x3 4 12= -^ ^h h
(�) cos sin cosx x x4 1 8 2 2= -

:ƲƯ ƪƧ ŵŚŬƿǅ Šƿƹřżƫř ƞƈƳ šŚƤŝŚƐŤƯ ƭŶŴŤſř ¬(�¥1�) ƲƿŹŚưŤƫř ƾƟ

(�) �sin15

(�) �tan195

(1�) �cos75

:ŠǀƫŚŤƫř źǀŝŚƘŤƫř ƲƯ ĐǆƧ źƈŤųř  (11)

(a) cos
sin

x
x

1 2
2

+
 (b) sin

cos
x
x1 -  (c) cos

cos
x
x

1
1
+
-

sin x2  ŶūƹŐƟ sinx 13
12
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 2
3 x 21 1
r r  ŢƳŚƧ řŷœ  (1�)
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ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř
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Šƫƹŵ šŚƘưŬƯ Ŷůǃ ƾƷ ŠƬŝŚƤưƫř şŹƺƈƫř

:şŹƺƈƫř ƾƟ ŵ ÚŶů .Ţƿƺƨƫř

 .ƽƺŤƀƯ ¬ƮǀƤŤƀƯ ¬ŠƐƤƳ  a

 ¬ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ¬ƱŚƿŻřƺŤƯ ƱŚưǀƤŤƀƯ  b

.ƱŚƠƫŚŴŤƯ ƱŚưǀƤŤƀƯ

.	ƲƨƯŏ Ʊœ ŚƸƗƺƳ ŵ ÚŶů
 ŠƿƹřŻ  c

.ƺŤƀƯ źǀƛ ŮƐſ  D

 ŌŚƌƠƫř ƾƟ ƽƺŤƀưƫřƹ ƮǀƤŤƀưƫřƹ ŠƐƤƴƫř
Point, 3traigHt ,ine anD Plane in 3pace  

 ƽƺŤƀưƫř ¬ƮǀƤŤƀưƫř ¬ŠƐƤƴƫř ƪŨƯ Šǀƫƹǃř šŚǀưƀưƫř ƊƘŝ ŠƤŝŚƀƫř ƦŤſřŹŵ ƾƟ ŢƯŶŴŤſř

ƮǀƤŤƀ
Ư

#

"

ŠƐƤƳ

!

π  ƽƺŤƀưƫřπ

 .ŠƴǀƘƯ ŌŚǀƃŏ ƞƇƹ ƹŏ ƮǀƷŚƠưƫř ƊƘŝ ƞƿźƘŤƫ Ʀƫŷƹ

 Ɩǀưū ƾƟ ŠƿŚƸƳ ǅ ŚƯ Ƽƫœ ŶŤưƿ ŮƐſ ƺƷ ƽƺŤƀưƫř Ʊŏ ŢưƬƗƹ
.ŚƷźǀƛƹ şŹƺŞƀƫř ŮƐſ ƹŏ ŠƫƹŚƐƫř ŮƐſ ƪŨƯ šŚƷŚŬţǅř

 ŚÔŞƫŚƛ
 ƢƬƜƯ ƼƴŰƴƯ ƽŏ ƹŏ ƾƗŚŝŹ ƪƨƄŝ ŚĐ ǀſŶƴƷ ƽƺŤƀưƫř ƪŨưƿ
 ƍŚƤƳ ťǆŨŝ ƹŏ �  żƯźƫŚŝ ƶƫ żƯźƿƹ 	ƕǆƋŏ ƽŻřƺŤƯ Ʊƺƨƿ ŚƯ
 ÔǆŨƯ !
 "
 # şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫ ƽƺŤƀưƫř řŸƷ ƼƬƗ
 ŠǀƸŤƴƯ źǀƛ ŠƗƺưŬƯ ƽƺŤƀưƫř Ʈƌƿ .	!"#
 żƯźƫŚŝ ƶǀƫœ żƯźƿƹ

 ¬ƪǀƐŤƀưƫř ¬ŦƬŨưƫř ƪŨƯ ŠƿƺŤƀưƫř ƩŚƨƃǃř .ƍŚƤƴƫř ƲƯ

.ƲƿŶƘŝ šřŷ ƩŚƨƃŏ ƾƷ ŚƷźǀƛƹ şźŗřŶƫř ¬ƝźŰƴưƫř ƶŞƃ

 ¬ŜƘƨưƫř  ƪŨƯ  šŚưƀŬưƫř  ƊƘŝ ŠſřŹŵ Ʀƫ ƢŞſ ƦƫŸƧ
 ƵŸƷƹ ŚƷźǀƛƹ şźƨƫř ¬ƍƹźŴưƫř ¬ŠƳřƺƐſǃř ¬ƭźƸƫř ¬ŹƺƄƴưƫř

.	ŵŚƘŝǃř Šǀŧǆŧ
 ŵŚƘŝŏ Šŧǈŧ šřŷ ŠǀſŶƴƷ ƩŚƨƃŏ ŚƸƳŐŝ ƞƇƺţƹ ƙřźƠƫř ƲƯ ř ÔżÚǀů ƪƜƄţ šŚưƀŬưƫř

 .ƾŧǆŨƫř ƙřźƠƫř ƩŚƨƃŏ Ƽưƀţ ƦƫŸƫ

:ŠſřŹŶŝ 	ŌŚƌƠƫř ŠſŶƴƷ
 ŠǀƛřźƠƫř ŠſŶƴƸƫř ƮŤƸţ
•   .ŵŚƘŝǃř Šǀŧǆŧ ŠǀſŶƴƸƫř ƩŚƨƃǃř
•  .šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫř ƖƏŚƤţƹ šŚƿƺŤƀưƫř ƖƏŚƤţ ¬šŚưǀƤŤƀưƫř ƖƏŚƤţ
•  .ƭƺŬŰƫř
•  .ŮƐſǃř šŚůŚƀƯ

ƮƬƘŤţ Ɲƺſ
•  ŠƐƤƴƬƫ ŠǀƋŚƿźƫř šŚưƬƀưƫř 

.ƽƺŤƀưƫřƹ ƮǀƤŤƀưƫřƹ
•  ƾƟ šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫř 

.ŌŚƌƠƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŌŚƌƠƫř ŠſŶƴƷ

3pace 'eometry  
• ŵŚƘŝǃř Šǀŧǈŧ

4Hree¥$imenSional  
• PoStulate  ŠưƬƀƯ
• Point  ŠƐƤƳ
• 3traigHt ,ine  ƮǀƤŤƀƯ
• Plane  ƽƺŤƀƯ
• ƱŚƠƫŚŴŤƯ ƱŚưǀƤŤƀƯ

4Wo 3KeW ,ineS  
• ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ

4Wo InterSecting ,ineS 
• ƱŚƿŻřƺŤƯ ƱŚưǀƤŤƀƯ

 4Wo Parallel ,ineS  

:ŠƯƺƬƘƯ
 ƝƹźŰƫř  ƭŶŴŤƀƳ  Ɲƺſ
 , ,A B C  ƪŨƯ  şźǀŞƨƫř
 ƝƹźŰƫřƹ ƍŚƤƴƫř ƼƬƗ ŠƫǇŶƬƫ
 , ,l m h  ƪŨƯ  şźǀƜƈƫř

.šŚưǀƤŤƀưƫř ƼƬƗ ŠƫǇŶƬƫ

. l  ƹŏ l  ƮǀƤŤƀưƫř ŜŤƨƳƹ

:ŠƯƺƬƘƯ
.ƎƤƟ Ŷůřƹƹ Ŷůřƹ ƾƴƘţ Ŷǀůƹ

ŌŚƌƠƫř ƾƟ šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫř
,ineS anD PlaneS in 3pace
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:ŠƯƺƬƘƯ
 ƝƹźŰƫř  ƭŶŴŤƀƳ  Ɲƺſ
 , ,A B C  ƪŨƯ  şźǀŞƨƫř
 ƝƹźŰƫřƹ ƍŚƤƴƫř ƼƬƗ ŠƫǇŶƬƫ
 , ,l m h  ƪŨƯ  şźǀƜƈƫř

.šŚưǀƤŤƀưƫř ƼƬƗ ŠƫǇŶƬƫ

. l  ƹŏ l  ƮǀƤŤƀưƫř ŜŤƨƳƹ

:ŠƯƺƬƘƯ
.ƎƤƟ Ŷůřƹƹ Ŷůřƹ ƾƴƘţ Ŷǀůƹ

ŌŚƌƠƫř ƾƟ šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫř
,ineS anD PlaneS in 3pace

1�¥1
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!"#$%&' ()*& #$+,
Šƫƹŵ šŚƘưŬƯ Ŷůǃ ƾƷ ŠƬŝŚƤưƫř şŹƺƈƫř

:şŹƺƈƫř ƾƟ ŵ ÚŶů .Ţƿƺƨƫř

 .ƽƺŤƀƯ ¬ƮǀƤŤƀƯ ¬ŠƐƤƳ  a

 ¬ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ¬ƱŚƿŻřƺŤƯ ƱŚưǀƤŤƀƯ  b

.ƱŚƠƫŚŴŤƯ ƱŚưǀƤŤƀƯ

.	ƲƨƯŏ Ʊœ ŚƸƗƺƳ ŵ ÚŶů
 ŠƿƹřŻ  c

.ƺŤƀƯ źǀƛ ŮƐſ  D

 ŌŚƌƠƫř ƾƟ ƽƺŤƀưƫřƹ ƮǀƤŤƀưƫřƹ ŠƐƤƴƫř
Point, 3traigHt ,ine anD Plane in 3pace  

 ƽƺŤƀưƫř ¬ƮǀƤŤƀưƫř ¬ŠƐƤƴƫř ƪŨƯ Šǀƫƹǃř šŚǀưƀưƫř ƊƘŝ ŠƤŝŚƀƫř ƦŤſřŹŵ ƾƟ ŢƯŶŴŤſř

ƮǀƤŤƀ
Ư

#

"

ŠƐƤƳ

!

π  ƽƺŤƀưƫřπ

 .ŠƴǀƘƯ ŌŚǀƃŏ ƞƇƹ ƹŏ ƮǀƷŚƠưƫř ƊƘŝ ƞƿźƘŤƫ Ʀƫŷƹ

 Ɩǀưū ƾƟ ŠƿŚƸƳ ǅ ŚƯ Ƽƫœ ŶŤưƿ ŮƐſ ƺƷ ƽƺŤƀưƫř Ʊŏ ŢưƬƗƹ
.ŚƷźǀƛƹ şŹƺŞƀƫř ŮƐſ ƹŏ ŠƫƹŚƐƫř ŮƐſ ƪŨƯ šŚƷŚŬţǅř

 ŚÔŞƫŚƛ
 ƢƬƜƯ ƼƴŰƴƯ ƽŏ ƹŏ ƾƗŚŝŹ ƪƨƄŝ ŚĐ ǀſŶƴƷ ƽƺŤƀưƫř ƪŨưƿ
 ƍŚƤƳ ťǆŨŝ ƹŏ �  żƯźƫŚŝ ƶƫ żƯźƿƹ 	ƕǆƋŏ ƽŻřƺŤƯ Ʊƺƨƿ ŚƯ
 ÔǆŨƯ !
 "
 # şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫ ƽƺŤƀưƫř řŸƷ ƼƬƗ
 ŠǀƸŤƴƯ źǀƛ ŠƗƺưŬƯ ƽƺŤƀưƫř Ʈƌƿ .	!"#
 żƯźƫŚŝ ƶǀƫœ żƯźƿƹ

 ¬ƪǀƐŤƀưƫř ¬ŦƬŨưƫř ƪŨƯ ŠƿƺŤƀưƫř ƩŚƨƃǃř .ƍŚƤƴƫř ƲƯ

.ƲƿŶƘŝ šřŷ ƩŚƨƃŏ ƾƷ ŚƷźǀƛƹ şźŗřŶƫř ¬ƝźŰƴưƫř ƶŞƃ

 ¬ŜƘƨưƫř  ƪŨƯ  šŚưƀŬưƫř  ƊƘŝ ŠſřŹŵ Ʀƫ ƢŞſ ƦƫŸƧ
 ƵŸƷƹ ŚƷźǀƛƹ şźƨƫř ¬ƍƹźŴưƫř ¬ŠƳřƺƐſǃř ¬ƭźƸƫř ¬ŹƺƄƴưƫř

.	ŵŚƘŝǃř Šǀŧǆŧ
 ŵŚƘŝŏ Šŧǈŧ šřŷ ŠǀſŶƴƷ ƩŚƨƃŏ ŚƸƳŐŝ ƞƇƺţƹ ƙřźƠƫř ƲƯ ř ÔżÚǀů ƪƜƄţ šŚưƀŬưƫř

 .ƾŧǆŨƫř ƙřźƠƫř ƩŚƨƃŏ Ƽưƀţ ƦƫŸƫ

:ŠſřŹŶŝ 	ŌŚƌƠƫř ŠſŶƴƷ
 ŠǀƛřźƠƫř ŠſŶƴƸƫř ƮŤƸţ
•   .ŵŚƘŝǃř Šǀŧǆŧ ŠǀſŶƴƸƫř ƩŚƨƃǃř
•  .šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫř ƖƏŚƤţƹ šŚƿƺŤƀưƫř ƖƏŚƤţ ¬šŚưǀƤŤƀưƫř ƖƏŚƤţ
•  .ƭƺŬŰƫř
•  .ŮƐſǃř šŚůŚƀƯ

ƮƬƘŤţ Ɲƺſ
•  ŠƐƤƴƬƫ ŠǀƋŚƿźƫř šŚưƬƀưƫř 

.ƽƺŤƀưƫřƹ ƮǀƤŤƀưƫřƹ
•  ƾƟ šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫř 

.ŌŚƌƠƫř

:šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ŌŚƌƠƫř ŠſŶƴƷ

3pace 'eometry  
• ŵŚƘŝǃř Šǀŧǈŧ

4Hree¥$imenSional  
• PoStulate  ŠưƬƀƯ
• Point  ŠƐƤƳ
• 3traigHt ,ine  ƮǀƤŤƀƯ
• Plane  ƽƺŤƀƯ
• ƱŚƠƫŚŴŤƯ ƱŚưǀƤŤƀƯ

4Wo 3KeW ,ineS  
• ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ
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.ŠŤŞŨƯ šŚƿźƔƳƹ ƲǀƳřƺƣ ƢƟƹ Ʀƫŷƹ

 źǀƛ ŠƗƺưŬƯ Ś Ôƌƿŏ ŌŚƌƠƫŚƟ ƍŚƤƴƫř ƲƯ ŠǀƸŤƴƯ źǀƛ ŠƗƺưŬƯ ƽƺŤƀưƫřƹ ¬ƍŚƤƴƫř ƲƯ ŠǀƸŤƴƯ źǀƛ ŠƗƺưŬƯ ƮǀƤŤƀưƫř Ʊŏ ŚưƧƹ
 Šǀŗżū šŚƗƺưŬƯ ƭŚƀūǃřƹ ŭƺƐƀƫřƹ šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫřƹ ƍƺƐŴƫř Ʊƺƨţƹ 	3
 żƯźƫŚŝ ƶƫ żƯźƿƹ ƍŚƤƴƫř ƲƯ ŠǀƸŤƴƯ

.	3
 ŌŚƌƠƫř ƲƯ

�  ƽƺŤƀưƫř Ƽƫœ ƱŚǀưŤƴţ !
 " ƱŚŤƐƤƴƫř ¬ŹƹŚŬưƫř ƪƨƄƫř ƾƟ

C z /  Ʊŏ ƽŏ ƽƺŤƀưƫř ũŹŚų ŠƐƤƳ # Śưƴǀŝ A ! /  ¬B ! /  :ŜŤƨƳƹ

A

C

B m

/
 ,m mA B z!  ƦƫŸƧ

�  ƽƺŤƀưƫř ƾƟ ƻƺŤŰƯ ƶƳŏ ƽŏ �  ƽƺŤƀưƫř ƪųřŵ ŵƺūƺƯ m^  ƮǀƤŤƀưƫř


m 1 /  :ŜŤƨƳƹ

m  ƽƺŰƿ �  ƽƺŤƀưƫř Ʊœ Ś Ôƌƿŏ ƩƺƤƳƹ

3pace PoStulateS  ŌŚƌƠƫř (šŚƗƺƋƺƯ) šŚưƬƀƯ
 Šǀƫƹŏ ŠǀƋŚƿŹ šřŹŚŞƗ ŠŰƈŝ ƮǀƬƀŤƫř ƲƯ ŚÔƣǆƐƳř ŚƸţŚŞŧœ ƮŤƿ ƾŤƫř ŠǀſŶƴƸƫř šŚƿźƔƴƫř ƲƯ ŠƗƺưŬƯ ƼƬƗ ŠſŶƴƸƫř ƮƬƗ ŌŚƴŝ żƨţźƿ

:ŚƸƴƯƹ hšŚƗƺƋƺưƫřs ƹŏ hšŚưƬƀưƫřs Ƽưƀţ ƱŚƷźŝ Ʊƹŵ ŚƸƬŞƤƳ

 .(ƎƤƟ Ŷůřƹ) Ŷǀůƹ ƮǀƤŤƀƯ ŚưƸŝ źưƿ ŌŚƌƠƫř ƾƟ ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƳ ƽŏ  (i)

.ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƳ ƪƣǃř ƼƬƗ ƽƺŰƿ ƮǀƤŤƀƯ ƪƧ (ii)

.ƭƺƬƘưƫř ƮǀƤŤƀưƫř ƽŻřƺƿƹ ŠƐƤƴƫŚŝ źưƿ Ŷǀůƹ ƮǀƤŤƀƯ Ŷūƺƿ ƮǀƤŤƀƯ ũŹŚų ŠƐƤƳ ƲƯ (iii)

 a

 ƮǀƤŤƀƯ ŚưƸŝ źưƿ ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƳ ƽŏ Ʋƨƫƹ .ŌŚƌƠƫř ƾƟ ƹŏ ƽƺŤƀưƫř ƾƟ šŚưǀƤŤƀưƫř ƲƯ ƾŗŚƸƳ ǅ ŵŶƗ ŚƸŝ źưƿ ŠƐƤƳ ƽŏ
.ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƴŝ ƮǀƤŤƀưƫř ƲÚǀƘƿ ƦƫŸƫ Ŷǀůƹ

!
B

A

şŶůřƹ ŠƐƤƳ
šŚưǀƤŤƀưƫř ƲƯ ƾŗŚƸƳ Ǉ ŵŶƗ

ƱŚŤƠƬŤŴƯ ƱŚŤƐƤƳ
ƎƤƟ Ŷůřƹ ƮǀƤŤƀƯ

.şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫ ƍŚƤƳ ťǈŧ ƪƣǃř ƼƬƗ Ŷūƺƿ ÖƺŤƀƯ ƪƧ ƾƟ  (i)  b  

π

A

B C

şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫ ƍŚƤƳ ťǈŧ A, B, C
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.ŠŤŞŨƯ šŚƿźƔƳƹ ƲǀƳřƺƣ ƢƟƹ Ʀƫŷƹ

 źǀƛ ŠƗƺưŬƯ Ś Ôƌƿŏ ŌŚƌƠƫŚƟ ƍŚƤƴƫř ƲƯ ŠǀƸŤƴƯ źǀƛ ŠƗƺưŬƯ ƽƺŤƀưƫřƹ ¬ƍŚƤƴƫř ƲƯ ŠǀƸŤƴƯ źǀƛ ŠƗƺưŬƯ ƮǀƤŤƀưƫř Ʊŏ ŚưƧƹ
 Šǀŗżū šŚƗƺưŬƯ ƭŚƀūǃřƹ ŭƺƐƀƫřƹ šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫřƹ ƍƺƐŴƫř Ʊƺƨţƹ 	3
 żƯźƫŚŝ ƶƫ żƯźƿƹ ƍŚƤƴƫř ƲƯ ŠǀƸŤƴƯ

.	3
 ŌŚƌƠƫř ƲƯ

�  ƽƺŤƀưƫř Ƽƫœ ƱŚǀưŤƴţ !
 " ƱŚŤƐƤƴƫř ¬ŹƹŚŬưƫř ƪƨƄƫř ƾƟ

C z /  Ʊŏ ƽŏ ƽƺŤƀưƫř ũŹŚų ŠƐƤƳ # Śưƴǀŝ A ! /  ¬B ! /  :ŜŤƨƳƹ

A

C

B m

/
 ,m mA B z!  ƦƫŸƧ

�  ƽƺŤƀưƫř ƾƟ ƻƺŤŰƯ ƶƳŏ ƽŏ �  ƽƺŤƀưƫř ƪųřŵ ŵƺūƺƯ m^  ƮǀƤŤƀưƫř


m 1 /  :ŜŤƨƳƹ

m  ƽƺŰƿ �  ƽƺŤƀưƫř Ʊœ Ś Ôƌƿŏ ƩƺƤƳƹ

3pace PoStulateS  ŌŚƌƠƫř (šŚƗƺƋƺƯ) šŚưƬƀƯ
 Šǀƫƹŏ ŠǀƋŚƿŹ šřŹŚŞƗ ŠŰƈŝ ƮǀƬƀŤƫř ƲƯ ŚÔƣǆƐƳř ŚƸţŚŞŧœ ƮŤƿ ƾŤƫř ŠǀſŶƴƸƫř šŚƿźƔƴƫř ƲƯ ŠƗƺưŬƯ ƼƬƗ ŠſŶƴƸƫř ƮƬƗ ŌŚƴŝ żƨţźƿ

:ŚƸƴƯƹ hšŚƗƺƋƺưƫřs ƹŏ hšŚưƬƀưƫřs Ƽưƀţ ƱŚƷźŝ Ʊƹŵ ŚƸƬŞƤƳ

 .(ƎƤƟ Ŷůřƹ) Ŷǀůƹ ƮǀƤŤƀƯ ŚưƸŝ źưƿ ŌŚƌƠƫř ƾƟ ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƳ ƽŏ  (i)

.ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƳ ƪƣǃř ƼƬƗ ƽƺŰƿ ƮǀƤŤƀƯ ƪƧ (ii)

.ƭƺƬƘưƫř ƮǀƤŤƀưƫř ƽŻřƺƿƹ ŠƐƤƴƫŚŝ źưƿ Ŷǀůƹ ƮǀƤŤƀƯ Ŷūƺƿ ƮǀƤŤƀƯ ũŹŚų ŠƐƤƳ ƲƯ (iii)

 a

 ƮǀƤŤƀƯ ŚưƸŝ źưƿ ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƳ ƽŏ Ʋƨƫƹ .ŌŚƌƠƫř ƾƟ ƹŏ ƽƺŤƀưƫř ƾƟ šŚưǀƤŤƀưƫř ƲƯ ƾŗŚƸƳ ǅ ŵŶƗ ŚƸŝ źưƿ ŠƐƤƳ ƽŏ
.ƲǀŤƠƬŤŴƯ ƲǀŤƐƤƴŝ ƮǀƤŤƀưƫř ƲÚǀƘƿ ƦƫŸƫ Ŷǀůƹ

!
B

A

şŶůřƹ ŠƐƤƳ
šŚưǀƤŤƀưƫř ƲƯ ƾŗŚƸƳ Ǉ ŵŶƗ

ƱŚŤƠƬŤŴƯ ƱŚŤƐƤƳ
ƎƤƟ Ŷůřƹ ƮǀƤŤƀƯ

.şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫ ƍŚƤƳ ťǈŧ ƪƣǃř ƼƬƗ Ŷūƺƿ ÖƺŤƀƯ ƪƧ ƾƟ  (i)  b  

π

A

B C

şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫ ƍŚƤƳ ťǈŧ A, B, C
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B C
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.Ŷǀůƹ ÖƺŤƀƯ ŚƸƿƺŰƿ şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫƹ ŠƠƬŤŴƯ ƍŚƤƳ ťǈŧ ƽŏ  (ii)
 

A B

C

ƽŸƫř ƽƺŤƀưƫř ƼƬƗ źƤŤƀƯ ƾŧǈŨƫř ƪƯŚŰƫř
A, B, C :ŠŧǈŨƫř ƝřźƏǃř ƽƺŰƿ

ŌŚƌƠƫř ƾƟ ƽƺŤƀưƫř ƲǀǀƘţ šǇŚů

•  .ƎƤƟ ř ÔŶůřƹ ŚÔƿƺŤƀƯ ƲÚǀƘţ şŶůřƹ ŠƯŚƤŤſř ƼƬƗ Ţƀǀƫ ŠƠƬŤŴƯ ƍŚƤƳ ťǈŧ ƽŏ
•  .ƎƤƟ ř ÔŶůřƹ ŚÔƿƺŤƀƯ ƱŚƴÚǀƘƿ ƶƴƗ ŠūŹŚų ŠƐƤƳƹ ƮǀƤŤƀƯ ƽŏ
•  .ƎƤƟ ř ÔŶůřƹ ŚÔƿƺŤƀƯ ƱŚƴǀƘƿ ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ƽŏ
•  .ƎƤƟ ř ÔŶůřƹ ŚÔƿƺŤƀƯ ƱŚƴǀƘƿ ƱŚƠƬŤŴƯ ƱŚƿŻřƺŤƯ ƱŚưǀƤŤƀƯ ƽŏ

A

B
C

l

A

ŠưǀƤŤƀƯ źǀƛ ƍŚƤƳ ťǈŧƶƴƗ ŠūŹŚų ŠƐƤƳƹ ƮǀƤŤƀƯ

A

l
ml

m

ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯƱŚƿŻřƺŤƯ ƱŚưǀƤŤƀƯ
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.ŠƿƺŤƀƯ źǀƛ ŠƠƬŤŴƯ ƍŚƤƳ ƖŝŹŏ ƪƣǃř ƼƬƗ ŌŚƌƠƫř ƽƺŰƿ  c  
D

B

C

A

π

Ŷůřƹ ÖƺŤƀƯ ƾƟ ƖƤţ Ǉ A, B, C, D ƍŚƤƴƫř

(1) ŜƿŹŶţD A

B

F

E

C

G

H

 :ƪưƧŏ .ŜƘƨƯ ƶŞƃ ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

. ............ ¬ ............ ƲǀƿŻřƺŤưƫř ƲǀưǀƤŤƀưƫŚŝ ƲǀƘŤƿ ABCD ƽƺŤƀưƫř  a
. ............ ¬ ............ ƲǀƘƏŚƤŤưƫř ƲǀưǀƤŤƀưƫŚŝ ƲǀƘŤƿ HFG ƽƺŤƀưƫř  b
.ƲǀƿŻřƺŤưƫř ............ ¬ ............ ƲǀưǀƤŤƀưƫŚŝ ƲǀƘŤƿ DBFH ƽƺŤƀưƫř  c

. ............ ŠƐƤƴƫřƹ ............ ƮǀƤŤƀưƫŚŝ ƲǀƘŤƿ AEHD ƽƺŤƀưƫř  d
. ............ ƹŏ ............ ƽƺŤƀưƫř žƠƳ ƺƷ ¬ABC ƽƺŤƀưƫř  e

C

BA

D

 .Ŷůřƹ ƺŤƀƯ ƾƟ ŚƸƘǀưū ƖƤţ ƝźŰƴƯ ƶŞƃ ƽŏ ƕǈƋŏ Ʊŏ ŢŞŧŏ

:ƪŰƫř
AB DC'  ƶǀƟ ƝźŰƴƯ ƶŞƃ ABCD :šŚǀƐƘưƫř

.Ŷůřƹ ÖƺŤƀƯ ƾƟ ŚƸƘǀưū ƖƤţ , ,,AB BC CD DA  Ʊŏ šŚŞŧœ :śƺƬƐưƫř
:ƱŚƷźŞƫř

 AB DCa '

 AB DC` '

π  Ʋƨǀƫƹ ř ÔŶǀůƹ ŚÔƿƺŤƀƯ ƱŚƴǀƘƿ , DCAB `

π  ƽƺŤƀưƫř Ƽƫœ ƱŚǀưŤƴţ A , D ƲǀŤƐƤƴƫř   a
 πAD` 1

π  ƽƺŤƀưƫř Ƽƫœ ƱŚǀưŤƴţ B , C ƲǀŤƐƤƴƫř   a
 BC π` 1

.Ŷůřƹ ÖƺŤƀƯ ƾƟ ƖƤţ , , ,AB BC CD DA `BA

O

D

C

   O ƾƟ ƱŚƘƏŚƤŤƿ ,AC BD  ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  1
.Ŷůřƹ ÖƺŤƀƯ ƾƟ ŚƸƘǀưū ƖƤţ ABCD ƾƗŚŝźƫř ƕǈƋŏ Ʊŏ ŢŞŧŏ  
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.ŠƿƺŤƀƯ źǀƛ ŠƠƬŤŴƯ ƍŚƤƳ ƖŝŹŏ ƪƣǃř ƼƬƗ ŌŚƌƠƫř ƽƺŰƿ  c  
D

B
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π

Ŷůřƹ ÖƺŤƀƯ ƾƟ ƖƤţ Ǉ A, B, C, D ƍŚƤƴƫř
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G

H

 :ƪưƧŏ .ŜƘƨƯ ƶŞƃ ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

. ............ ¬ ............ ƲǀƿŻřƺŤưƫř ƲǀưǀƤŤƀưƫŚŝ ƲǀƘŤƿ ABCD ƽƺŤƀưƫř  a
. ............ ¬ ............ ƲǀƘƏŚƤŤưƫř ƲǀưǀƤŤƀưƫŚŝ ƲǀƘŤƿ HFG ƽƺŤƀưƫř  b
.ƲǀƿŻřƺŤưƫř ............ ¬ ............ ƲǀưǀƤŤƀưƫŚŝ ƲǀƘŤƿ DBFH ƽƺŤƀưƫř  c

. ............ ŠƐƤƴƫřƹ ............ ƮǀƤŤƀưƫŚŝ ƲǀƘŤƿ AEHD ƽƺŤƀưƫř  d
. ............ ƹŏ ............ ƽƺŤƀưƫř žƠƳ ƺƷ ¬ABC ƽƺŤƀưƫř  e

C

BA

D

 .Ŷůřƹ ƺŤƀƯ ƾƟ ŚƸƘǀưū ƖƤţ ƝźŰƴƯ ƶŞƃ ƽŏ ƕǈƋŏ Ʊŏ ŢŞŧŏ

:ƪŰƫř
AB DC'  ƶǀƟ ƝźŰƴƯ ƶŞƃ ABCD :šŚǀƐƘưƫř
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:ŠƯƺƬƘƯ
 ƲƯ  ƾŗźưƫř  źǀƛ  ƮƀƤƫř
 ƎŴŝ  ƪŨưƿ  �  ƮǀƤŤƀưƫř

.ƖƐƤŤƯ

:ŠƯƺƬƘƯ
 Ƽưƀƿ ŜƘƨưƫř ƶŞƃ ƾƟ ƖƬƌƫř

.4Ɲźů5
 ŜƘƨưƫř  ƶŞƃ  ƾƟ  ŮƐſ  ƪƧ

.4ƶūƹ5 Ƽưƀƿ

:ŠƯƺƬƘƯ
 żƯŹ ƾƟ Ʃƹǃř ƝźŰƫř źŞŤƘƴſ
 ÔǈŨƯ .ƭźƸƫř ŽŏŹ ƺƷ ƭźƷ ƽŏ
..� ƺƷ ƶſŏŹ ���� :ƭźƸƫř
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:ŚưƸƳŏ ŌŚƌƠƫř ƾƟ ƲǀƠƬŤŴƯ ƲǀưǀƤŤƀưƫ ƩŚƤƿ
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.ƎƤƟ ŠƧźŤƄƯ şŶůřƹ

�

�A
π

ƱŚƿŻřƺŤƯ  b
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.ƮſźƫŚŝ Ʀƫŷ ŮƋƹ ®/  ƽƺŤƀưƬƫ ŚÔƿŻřƺƯ L ƮǀƤŤƀưƫř Ʊƺƨƿ ƼŤƯ  (a)  (�)

/  ƽƺŤƀưƫř ƽŻřƺƿ ř Ôźųō Ś ÔưǀƤŤƀƯ ƮſŹř  (b)  

.ƪƨƄƫř ŠƘŝźƯ !"#$ ƶţŶƗŚƣ ƭźƷ 3!"#$  (�)

"

#

3

$

- ,

!

�

�
 BS  ƞƈŤƴƯ , ¬ AS  ƞƈŤƴƯ -  

( )ML ABCD'  :Ʊŏ ŢŞŧŏ  

.ŜƘƨƯ !"#$%&'(  (�)

"
.
#

$

-!

%

(

&

'

 . ŠƐƤƴƫř ƾƟ BC  ƖƐƤƿ '%- ƽƺŤƀưƫř ¬M ABd  

GE MN'  :Ʊŏ ŢŞŧŏ  

AB DC'  Ʊœ Ŧǀů !"#$ ƝźŰƴưƫř ƶŞƃ ƶţŶƗŚƣ ƭźƷ 3!"#$  (�)

"

.

#$

-

!

3

 . ƾƟ SD  ƖƐƤƿ !"- ƽƺŤƀưƫř ¬M SCd  

3$# ƽƺŤƀưƫř ƽŻřƺƿ AB  :Ʊŏ ŢŞŧŏ  (a)  

MN CD'  :Ʊŏ ŢŞŧŏ  (b)  
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SALAMA

. πCD '  ¬ƱŚƠƫŚŴŤƯ ,AB CD  ƱŚƧ řŷœ :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

.�
 ƾƟ π  ƖƐƤţ AC  ¬� ƾƟ π  ƖƐƤţ AD

.�� ƾƟ π  ƖƐƤţ BC  ¬H ƾƟ π  ƖƐƤţ BD
�

H

A

B




CD

/

�
 LM NH'  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

πCD '   :šŚǀƐƘưƫř
�AD π+ = " ,    

CA Lπ+ = " ,    
B �D π+ � " ,    
BC 
π+ � " ,    

�� 
�'  šŚŞŧœ :śƺƬƐưƫř
:ƱŚƷźŞƫř

 C AAD Aa + � " , (ƼƐƘƯ)
ADC^ h ƺƷƹ ř ÔŶǀůƹ ŚÔƿƺŤƀƯ ƱŚƴǀƘƿ ƱŚưǀƤŤƀưƫř  `  

 ,π � C �AD A πa + +� �" ", , (ƼƐƘƯ)
 � �ADC �� �π+` �^ h
 � �CD 	πa '  (ƼƐƘƯ)
 � �CD ACD 
1 ^ h

:Ʊŏ ŶŬƳ (	), (�), (1) ƲƯ  
   �� CD'   (
) ŠƿźƔƳ
 BC BD Ba + � " , (ƼƐƘƯ)

BCD^ h ƺƷƹ ř ÔŶǀůƹ ŚÔƿƺŤƀƯ ƱŚƴǀƘƿ ƱŚưǀƤŤƀưƫř   `  
 ,B � BC 
D π πa + +� �" ", , (ƼƐƘƯ)
 � �BCD �
πa + �  ���

 CD π` '  �
�

 CD BCD1 ^ h ���

:Ʊŏ ŶŬƳ (�), (�), (
) ƲƯ  
 �
 CD'  (�)  ŠƿźƔƳ

:Ʊŏ ŪŤƴŤƀƳ (
), (�) ƲƯ  
 �
�� '  ŠƿźƔƳ

.ƕǈƋŏ ƽŻřƺŤƯ ���
  Ʊŏ ŢŞŧŐƟ  πAB '  ƱŚƧ řŷœ ¬(�) ƩŚŨưƫř ƾƟ  �

1��

مثال 2

. πCD '  ¬ƱŚƠƫŚŴŤƯ ,AB CD  ƱŚƧ řŷœ :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

.�
 ƾƟ π  ƖƐƤţ AC  ¬� ƾƟ π  ƖƐƤţ AD

.�� ƾƟ π  ƖƐƤţ BC  ¬H ƾƟ π  ƖƐƤţ BD
�

H

A

B




CD

/

�
 LM NH'  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

πCD '   :šŚǀƐƘưƫř
�AD π+ = " ,    

CA Lπ+ = " ,    
B �D π+ � " ,    
BC 
π+ � " ,    

�� 
�'  šŚŞŧœ :śƺƬƐưƫř
:ƱŚƷźŞƫř

 C AAD Aa + � " , (ƼƐƘƯ)
ADC^ h ƺƷƹ ř ÔŶǀůƹ ŚÔƿƺŤƀƯ ƱŚƴǀƘƿ ƱŚưǀƤŤƀưƫř  `  

 ,π � C �AD A πa + +� �" ", , (ƼƐƘƯ)
 � �ADC �� �π+` �^ h
 � �CD 	πa '  (ƼƐƘƯ)
 � �CD ACD 
1 ^ h

:Ʊŏ ŶŬƳ (	), (�), (1) ƲƯ  
   �� CD'   (
) ŠƿźƔƳ
 BC BD Ba + � " , (ƼƐƘƯ)

BCD^ h ƺƷƹ ř ÔŶǀůƹ ŚÔƿƺŤƀƯ ƱŚƴǀƘƿ ƱŚưǀƤŤƀưƫř   `  
 ,B � BC 
D π πa + +� �" ", , (ƼƐƘƯ)
 � �BCD �
πa + �  ���

 CD π` '  �
�

 CD BCD1 ^ h ���

:Ʊŏ ŶŬƳ (�), (�), (
) ƲƯ  
 �
 CD'  (�)  ŠƿźƔƳ

:Ʊŏ ŪŤƴŤƀƳ (
), (�) ƲƯ  
 �
�� '  ŠƿźƔƳ

.ƕǈƋŏ ƽŻřƺŤƯ ���
  Ʊŏ ŢŞŧŐƟ  πAB '  ƱŚƧ řŷœ ¬(�) ƩŚŨưƫř ƾƟ  �

1��
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�

�

π	

�

π�

 

(1) ŠŬǀŤƳ

¬ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

.ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǈƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ ŚưƸƘƏŚƤţ ƱŔƟ

, , ,� � � � � � � �π π π π &+' ' '1 1 �� 	 	1^ ^h h

.π  şźŗřŶƫř ƽƺŤƀƯ ƾƟ ƱřźƐƣ ,AB CD  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

GHπ π+ �� 	

D

G

A

π

π
�
π1

B

H

C

 .GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ŢŞŧŏ

:ƪŰƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD  :šŚǀƐƘưƫř

GHπ π+ �� 	  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ šŚŞŧœ :śƺƬƐưƫř

:ƱŚƷźŞƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD a

ƱŚƤŝŚƐŤƯƹ źųǁř ŚưƸƴƯ ƪƧ ƞƈƴƿ   `
ƪǀƐŤƀƯ ACBD ƪƨƄƫř   `

� �AC DB �` '  
, , � �AC DB GH 	π π π π� 	 � 	a +1 1 �  

(1), (�) ƲƯ

AC DBGH` ''  
,AC ACGH πa ' 1  

GH π` '  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ƽŏ

.ŜƘƨƯ ƶŞƃ ABCDEFGH  	

D A



H

B

E

FG

C
�

 .A�  ƞƈŤƴƯ ,
 C�  ƞƈŤƴƯ �  
.MN  ƽŻřƺƿ ����^ h Ʊŏ ŢŞŧŏ  

1�


�1

ÛƱ ĳźưţ
10-2 ŌŚƌƠƫř ƾƟ ŠƿŻřƺŤưƫř šŚƿƺŤƀưƫřƹ šŚưǀƤŤƀưƫř

Parallel ,ineS anD PlaneS in 3pace

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

.ŜƘƨƯ ƶŞƃ !"#$+,-.  (1)

"

#

+

.

$

,
-

!  AK CM'  :Ʊŏ ŢŞŧŏ  (a)  

.Ŷůřƹ ƺŤƀƯ Ƽƫœ ƾưŤƴţ !
 +
 -
 # ƍŚƤƴƫř Ʊŏ ŢŞŧŏ  (b)  

-+. ƽƺŤƀưƫř ƽŻřƺƿ AD  :Ʊŏ ŢŞŧŏ  (c)  

.ƮſźƫŚŝ Ʀƫŷ ŮƋƹ ®/  ƽƺŤƀưƬƫ ŚÔƿŻřƺƯ L ƮǀƤŤƀưƫř Ʊƺƨƿ ƼŤƯ  (a)  (�)

/  ƽƺŤƀưƫř ƽŻřƺƿ ř Ôźųō Ś ÔưǀƤŤƀƯ ƮſŹř  (b)  

.ƪƨƄƫř ŠƘŝźƯ !"#$ ƶţŶƗŚƣ ƭźƷ 3!"#$  (�)

"

#

3

$

- ,

!

�

�
 BS  ƞƈŤƴƯ , ¬ AS  ƞƈŤƴƯ -  

( )ML ABCD'  :Ʊŏ ŢŞŧŏ  

.ŜƘƨƯ !"#$%&'(  (�)

"
.
#

$

-!

%

(

&

'

 . ŠƐƤƴƫř ƾƟ BC  ƖƐƤƿ '%- ƽƺŤƀưƫř ¬M ABd  

GE MN'  :Ʊŏ ŢŞŧŏ  

AB DC'  Ʊœ Ŧǀů !"#$ ƝźŰƴưƫř ƶŞƃ ƶţŶƗŚƣ ƭźƷ 3!"#$  (�)

"

.

#$

-

!

3

 . ƾƟ SD  ƖƐƤƿ !"- ƽƺŤƀưƫř ¬M SCd  

3$# ƽƺŤƀưƫř ƽŻřƺƿ AB  :Ʊŏ ŢŞŧŏ  (a)  

MN CD'  :Ʊŏ ŢŞŧŏ  (b)  
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SALAMA

�

�

π	

�

π�

 

(1) ŠŬǀŤƳ

¬ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

.ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǈƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ ŚưƸƘƏŚƤţ ƱŔƟ

, , ,� � � � � � � �π π π π &+' ' '1 1 �� 	 	1^ ^h h

.π  şźŗřŶƫř ƽƺŤƀƯ ƾƟ ƱřźƐƣ ,AB CD  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

GHπ π+ �� 	

D

G

A

π

π
�
π1

B

H

C

 .GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ŢŞŧŏ

:ƪŰƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD  :šŚǀƐƘưƫř

GHπ π+ �� 	  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ šŚŞŧœ :śƺƬƐưƫř

:ƱŚƷźŞƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD a

ƱŚƤŝŚƐŤƯƹ źųǁř ŚưƸƴƯ ƪƧ ƞƈƴƿ   `
ƪǀƐŤƀƯ ACBD ƪƨƄƫř   `

� �AC DB �` '  
, , � �AC DB GH 	π π π π� 	 � 	a +1 1 �  

(1), (�) ƲƯ

AC DBGH` ''  
,AC ACGH πa ' 1  

GH π` '  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ƽŏ

.ŜƘƨƯ ƶŞƃ ABCDEFGH  	

D A



H

B

E

FG

C
�

 .A�  ƞƈŤƴƯ ,
 C�  ƞƈŤƴƯ �  
.MN  ƽŻřƺƿ ����^ h Ʊŏ ŢŞŧŏ  

1�


مثال 3

�

�

π	

�

π�

 

(1) ŠŬǀŤƳ

¬ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

.ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǈƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ ŚưƸƘƏŚƤţ ƱŔƟ

, , ,� � � � � � � �π π π π &+' ' '1 1 �� 	 	1^ ^h h

.π  şźŗřŶƫř ƽƺŤƀƯ ƾƟ ƱřźƐƣ ,AB CD  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

GHπ π+ �� 	

D

G

A

π

π
�
π1

B

H

C

 .GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ŢŞŧŏ

:ƪŰƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD  :šŚǀƐƘưƫř

GHπ π+ �� 	  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ šŚŞŧœ :śƺƬƐưƫř

:ƱŚƷźŞƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD a

ƱŚƤŝŚƐŤƯƹ źųǁř ŚưƸƴƯ ƪƧ ƞƈƴƿ   `
ƪǀƐŤƀƯ ACBD ƪƨƄƫř   `

� �AC DB �` '  
, , � �AC DB GH 	π π π π� 	 � 	a +1 1 �  

(1), (�) ƲƯ

AC DBGH` ''  
,AC ACGH πa ' 1  

GH π` '  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ƽŏ

.ŜƘƨƯ ƶŞƃ ABCDEFGH  	

D A



H

B

E

FG

C
�

 .A�  ƞƈŤƴƯ ,
 C�  ƞƈŤƴƯ �  
.MN  ƽŻřƺƿ ����^ h Ʊŏ ŢŞŧŏ  

1�


��

BAId  ¬şŶƗŚƤƫř ƾŧǆŧ ƭźƷ !"#$  (�)

* ƾƟ CB  ƖƐƤƿ ) ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

+ ƾƟ CD  ƖƐƤƿ * ŠƐƤƴƫŚŝ ŹŚưƫřƹ BD  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

(�ƾƟ AD  ƖƐƤƿ + ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

.ŚÔŞſŚƴƯ Ś ÔưſŹ ƖƋ  (a)  

IH BD'  :Ʊŏ ŢŞŧŏ  (b)  

:Ŧǀů MN  ƾƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ �1 
�2  Ʋƨǀƫ  (�)

,AB AB� �2'1 1  

, ��CD CD '1 2 1ƹ  

AB CD'  :Ʊŏ ŢŞŧŏ  

AB  ƾƟ ƱŚƘƏŚƤŤƿƹ Ś ÔƘƯ ƲǀƿƺŤƀƯ źǀƛ ƕǆƋŏ ŚƿŻřƺŤƯ ABCD 
ABEF  (�)

ƕǆƋŏ ƽŻřƺŤƯ CDFE  :Ʊŏ ŢŞŧŏ  

# !

-

$"

/1

/2

 ¬ŚưƸƴǀŝ ŠƘƣřƹ ŠƐƤƳ - ¬ƱŚƿŻřƺŤƯ ƱŚƿƺŤƀƯ �1 
�2  ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

MAB CD+ = " , Ŧǀů  

MB
AM

BD
AC

=  :Ʊŏ ŢŞŧŏ  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

a  b  .ƪƣǃř ƼƬƗ şŶůřƹ ŠƐƤƳ ƾƟ ŚƧźŤƃř řŷœ ƲǀƿŻřƺŤƯ ƱŚƿƺŤƀưƫř Ʊƺƨƿ  (1)

a  b  .ŚưƸƏŚƤƳ ƲƯ ŠƐƤƳ ƽŏ ƾƟ ƱŚƧźŤƄƿ ǅ ŚưƸƳŔƟ ŚÔƿƺŤƀƯ ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  /  ƾƟ ř ÔŶǀůƹ Ś ÔưǀƤŤƀƯ ƽŻřƺƿ l  ƱŔƟ /  ƽƺŤƀƯ L ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  l m'  ƱŔƟ l ' /  
m ' /  :ƱŚƧ řŷœ  (�)

ŚưƸƘƏŚƤţ ƱŔƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ  (�)

a  b  .ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǆƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ  

كراسة التمارين
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حاول أن تحل  3

�

�

π	

�

π�

 

(1) ŠŬǀŤƳ

¬ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

.ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǈƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ ŚưƸƘƏŚƤţ ƱŔƟ

, , ,� � � � � � � �π π π π &+' ' '1 1 �� 	 	1^ ^h h

.π  şźŗřŶƫř ƽƺŤƀƯ ƾƟ ƱřźƐƣ ,AB CD  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

GHπ π+ �� 	

D

G

A

π

π
�
π1

B

H

C

 .GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ŢŞŧŏ

:ƪŰƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD  :šŚǀƐƘưƫř

GHπ π+ �� 	  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ šŚŞŧœ :śƺƬƐưƫř

:ƱŚƷźŞƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD a

ƱŚƤŝŚƐŤƯƹ źųǁř ŚưƸƴƯ ƪƧ ƞƈƴƿ   `
ƪǀƐŤƀƯ ACBD ƪƨƄƫř   `

� �AC DB �` '  
, , � �AC DB GH 	π π π π� 	 � 	a +1 1 �  

(1), (�) ƲƯ

AC DBGH` ''  
,AC ACGH πa ' 1  

GH π` '  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ƽŏ

.ŜƘƨƯ ƶŞƃ ABCDEFGH  	

D A



H

B

E

FG

C
�

 .A�  ƞƈŤƴƯ ,
 C�  ƞƈŤƴƯ �  
.MN  ƽŻřƺƿ ����^ h Ʊŏ ŢŞŧŏ  

1�


�

�

π	

�

π�

 

(1) ŠŬǀŤƳ

¬ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

.ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǈƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ ŚưƸƘƏŚƤţ ƱŔƟ

, , ,� � � � � � � �π π π π &+' ' '1 1 �� 	 	1^ ^h h

.π  şźŗřŶƫř ƽƺŤƀƯ ƾƟ ƱřźƐƣ ,AB CD  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

GHπ π+ �� 	

D

G

A

π

π
�
π1

B

H

C

 .GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ŢŞŧŏ

:ƪŰƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD  :šŚǀƐƘưƫř

GHπ π+ �� 	  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ šŚŞŧœ :śƺƬƐưƫř

:ƱŚƷźŞƫř

şźŗřŶƫř ƾƟ ƱřźƐƣ ,AB CD a

ƱŚƤŝŚƐŤƯƹ źųǁř ŚưƸƴƯ ƪƧ ƞƈƴƿ   `
ƪǀƐŤƀƯ ACBD ƪƨƄƫř   `

� �AC DB �` '  
, , � �AC DB GH 	π π π π� 	 � 	a +1 1 �  

(1), (�) ƲƯ

AC DBGH` ''  
,AC ACGH πa ' 1  

GH π` '  
GH  ƽŻřƺƿ π  şźŗřŶƫř ƽƺŤƀƯ Ʊŏ ƽŏ

.ŜƘƨƯ ƶŞƃ ABCDEFGH  	

D A



H

B

E

FG

C
�

 .A�  ƞƈŤƴƯ ,
 C�  ƞƈŤƴƯ �  
.MN  ƽŻřƺƿ ����^ h Ʊŏ ŢŞŧŏ  

1�


��

BAId  ¬şŶƗŚƤƫř ƾŧǆŧ ƭźƷ !"#$  (�)

* ƾƟ CB  ƖƐƤƿ ) ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

+ ƾƟ CD  ƖƐƤƿ * ŠƐƤƴƫŚŝ ŹŚưƫřƹ BD  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

(�ƾƟ AD  ƖƐƤƿ + ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

.ŚÔŞſŚƴƯ Ś ÔưſŹ ƖƋ  (a)  

IH BD'  :Ʊŏ ŢŞŧŏ  (b)  

:Ŧǀů MN  ƾƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ �1 
�2  Ʋƨǀƫ  (�)

,AB AB� �2'1 1  

, ��CD CD '1 2 1ƹ  

AB CD'  :Ʊŏ ŢŞŧŏ  

AB  ƾƟ ƱŚƘƏŚƤŤƿƹ Ś ÔƘƯ ƲǀƿƺŤƀƯ źǀƛ ƕǆƋŏ ŚƿŻřƺŤƯ ABCD 
ABEF  (�)

ƕǆƋŏ ƽŻřƺŤƯ CDFE  :Ʊŏ ŢŞŧŏ  

# !

-

$"

/1

/2

 ¬ŚưƸƴǀŝ ŠƘƣřƹ ŠƐƤƳ - ¬ƱŚƿŻřƺŤƯ ƱŚƿƺŤƀƯ �1 
�2  ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

MAB CD+ = " , Ŧǀů  

MB
AM

BD
AC

=  :Ʊŏ ŢŞŧŏ  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

a  b  .ƪƣǃř ƼƬƗ şŶůřƹ ŠƐƤƳ ƾƟ ŚƧźŤƃř řŷœ ƲǀƿŻřƺŤƯ ƱŚƿƺŤƀưƫř Ʊƺƨƿ  (1)

a  b  .ŚưƸƏŚƤƳ ƲƯ ŠƐƤƳ ƽŏ ƾƟ ƱŚƧźŤƄƿ ǅ ŚưƸƳŔƟ ŚÔƿƺŤƀƯ ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  /  ƾƟ ř ÔŶǀůƹ Ś ÔưǀƤŤƀƯ ƽŻřƺƿ l  ƱŔƟ /  ƽƺŤƀƯ L ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  l m'  ƱŔƟ l ' /  
m ' /  :ƱŚƧ řŷœ  (�)

ŚưƸƘƏŚƤţ ƱŔƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ  (�)

a  b  .ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǆƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ  

كراسة التمارين
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(
) ŠƿźƔƳ

.ƲǀƿŻřƺŤƯ ƱŚƳƺƨƿ ŚưƸƘƯ ƶƘƏŚƤţ ƾƐų ƱŔƟ ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ ÖƺŤƀƯ ƖƐƣ řŷœ

ππ 2'1  :šŚǀƐƘưƫř
π π A�+ =1  
π π ��+ =2  

:śƺƬƐưƫř

A

B

C

D

π1

π2

π

 A� ��'  :Ʊŏ šŚŞŧœ

2a '/ /1  Ś ÔƋźƟ  :ƱŚƷźŞƫř

, πA� ��π1 1 21 �
A� ��+` q= � �

(1)  ƱŚƠƫŚŴŤƯ ƹŏ ƱŚƿŻřƺŤƯ ŚưƷ A�   �  �� �Ʊŏ�ƽŏ �
(�)  /  ƺƷ Ŷůřƹ ÖƺŤƀƯ ŚưƸƿƺŰƿ , ��A� �Ʋƨƫو �

A� ��'  :Ʊŏ ŪŤƴŤƀƳ �1�� ��� ƲƯ   ` �

.ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ ,π π	�   :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

C, D ƾƟ π	  ¬A, B ƾƟ π�  ƲƯ ĐǈƧ ƱŚƘƐƤƿƹ F ƾƟ ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ,� �

, , ,cm cm cm cm�B CD AC BD� � 
 �� � � �  ƱŚƧ řŷœ
FAB ŦƬŨưƫř ƎǀŰƯ ŶūƹŐƟ

:ƪŰƫř
:šŚǀƐƘưƫř
π π	'�

C, D ƾƟ π	  ¬A, B ƾƟ π�  ƱŚƘƐƤƿƹ F ƾƟ ƱŚƘƏŚƤŤƯ ,� �

, , ,cm cm cm cm�B CD AC BD� � 
 �� � � �

π1

π2

A

C

� �

F

D

B

 :śƺƬƐưƫř

.FAB ŦƬŨưƫř ƎǀŰƯ ŵŚŬƿœ

:ƱŚƷźŞƫř
F ƾƟ ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ,� � a

π  Ŷůřƹ ÖƺŤƀƯ ƱŚƴǀƘƿ ,� � `

.ƱŚƿŻřƺŤƯ ,π π	 a�

,AB CDπ π π π+ +� �� 	

1��

(
) ŠƿźƔƳ

.ƲǀƿŻřƺŤƯ ƱŚƳƺƨƿ ŚưƸƘƯ ƶƘƏŚƤţ ƾƐų ƱŔƟ ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ ÖƺŤƀƯ ƖƐƣ řŷœ

ππ 2'1  :šŚǀƐƘưƫř
π π A�+ =1  
π π ��+ =2  

:śƺƬƐưƫř

A

B

C

D

π1

π2

π

 A� ��'  :Ʊŏ šŚŞŧœ

2a '/ /1  Ś ÔƋźƟ  :ƱŚƷźŞƫř

, πA� ��π1 1 21 �
A� ��+` q= � �

(1)  ƱŚƠƫŚŴŤƯ ƹŏ ƱŚƿŻřƺŤƯ ŚưƷ A�   �  �� �Ʊŏ�ƽŏ �
(�)  /  ƺƷ Ŷůřƹ ÖƺŤƀƯ ŚưƸƿƺŰƿ , ��A� �Ʋƨƫو �

A� ��'  :Ʊŏ ŪŤƴŤƀƳ �1�� ��� ƲƯ   ` �

.ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ ,π π	�   :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

C, D ƾƟ π	  ¬A, B ƾƟ π�  ƲƯ ĐǈƧ ƱŚƘƐƤƿƹ F ƾƟ ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ,� �

, , ,cm cm cm cm�B CD AC BD� � 
 �� � � �  ƱŚƧ řŷœ
FAB ŦƬŨưƫř ƎǀŰƯ ŶūƹŐƟ

:ƪŰƫř
:šŚǀƐƘưƫř
π π	'�

C, D ƾƟ π	  ¬A, B ƾƟ π�  ƱŚƘƐƤƿƹ F ƾƟ ƱŚƘƏŚƤŤƯ ,� �

, , ,cm cm cm cm�B CD AC BD� � 
 �� � � �

π1

π2

A

C

� �

F

D

B

 :śƺƬƐưƫř

.FAB ŦƬŨưƫř ƎǀŰƯ ŵŚŬƿœ

:ƱŚƷźŞƫř
F ƾƟ ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ,� � a

π  Ŷůřƹ ÖƺŤƀƯ ƱŚƴǀƘƿ ,� � `

.ƱŚƿŻřƺŤƯ ,π π	 a�

,AB CDπ π π π+ +� �� 	

1��

 مثال4

(
) ŠƿźƔƳ

.ƲǀƿŻřƺŤƯ ƱŚƳƺƨƿ ŚưƸƘƯ ƶƘƏŚƤţ ƾƐų ƱŔƟ ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ ÖƺŤƀƯ ƖƐƣ řŷœ

ππ 2'1  :šŚǀƐƘưƫř
π π A�+ =1  
π π ��+ =2  

:śƺƬƐưƫř

A

B

C

D

π1

π2

π

 A� ��'  :Ʊŏ šŚŞŧœ

2a '/ /1  Ś ÔƋźƟ  :ƱŚƷźŞƫř

, πA� ��π1 1 21 �
A� ��+` q= � �

(1)  ƱŚƠƫŚŴŤƯ ƹŏ ƱŚƿŻřƺŤƯ ŚưƷ A�   �  �� �Ʊŏ�ƽŏ �
(�)  /  ƺƷ Ŷůřƹ ÖƺŤƀƯ ŚưƸƿƺŰƿ , ��A� �Ʋƨƫو �

A� ��'  :Ʊŏ ŪŤƴŤƀƳ �1�� ��� ƲƯ   ` �

.ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ ,π π	�   :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

C, D ƾƟ π	  ¬A, B ƾƟ π�  ƲƯ ĐǈƧ ƱŚƘƐƤƿƹ F ƾƟ ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ,� �

, , ,cm cm cm cm�B CD AC BD� � 
 �� � � �  ƱŚƧ řŷœ
FAB ŦƬŨưƫř ƎǀŰƯ ŶūƹŐƟ

:ƪŰƫř
:šŚǀƐƘưƫř
π π	'�

C, D ƾƟ π	  ¬A, B ƾƟ π�  ƱŚƘƐƤƿƹ F ƾƟ ƱŚƘƏŚƤŤƯ ,� �

, , ,cm cm cm cm�B CD AC BD� � 
 �� � � �

π1

π2

A

C

� �

F

D

B

 :śƺƬƐưƫř

.FAB ŦƬŨưƫř ƎǀŰƯ ŵŚŬƿœ

:ƱŚƷźŞƫř
F ƾƟ ƱŚƘƏŚƤŤƯ ƱŚưǀƤŤƀƯ ,� � a

π  Ŷůřƹ ÖƺŤƀƯ ƱŚƴǀƘƿ ,� � `

.ƱŚƿŻřƺŤƯ ,π π	 a�

,AB CDπ π π π+ +� �� 	

1��
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CDAB` '  (
 ŠƿźƔƳ)  
CDAB '  ¬ π  ƽƺŤƀưƫř ƾƟ  

ƱŚƸŝŚƄŤƯ FAB, FCD ƱŚŨƬŨưƫř   `

�D
�B

�C
�A

CD
AB

� �  :ŜſŚƴŤƫř ŜŤƨƳ  

�
�

FA
ABFA

� 
 ���
� �  :ƊƿƺƘŤƫŚŝ  

� �
�


FA
FA

� �
�  

� 
FA FA� �� ^ h  :ƾƐƘţ  
� �FA FA cm
� � �(� �  

� �
�

�
AB

�
�  ƦƫŸƧ  

� �� ���AB AB(� �  :ƾƐƘţ  
:ƽƹŚƀƿ FAB ŦƬŨưƫř ƎǀŰƯ  
��� �� ��� ���FA FB AB =� � ��  
���� ��=  A

G E

F

C

D
B

π1

π2

 .ƾŧǈŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  


.ƱŚƿŻřƺŤƯ ,π π� 	  ƱŚƿƺŤƀưƫř  
���� 
�  ¬ �B

A�


�

�  ƱŚƧ řŷœ  
DC ŶūƹŐƟ  

1�9

حاول أن تحل  3

CDAB` '  (
 ŠƿźƔƳ)  
CDAB '  ¬ π  ƽƺŤƀưƫř ƾƟ  

ƱŚƸŝŚƄŤƯ FAB, FCD ƱŚŨƬŨưƫř   `

�D
�B

�C
�A

CD
AB

� �  :ŜſŚƴŤƫř ŜŤƨƳ  

�
�

FA
ABFA

� 
 ���
� �  :ƊƿƺƘŤƫŚŝ  

� �
�


FA
FA

� �
�  

� 
FA FA� �� ^ h  :ƾƐƘţ  
� �FA FA cm
� � �(� �  

� �
�

�
AB

�
�  ƦƫŸƧ  

� �� ���AB AB(� �  :ƾƐƘţ  
:ƽƹŚƀƿ FAB ŦƬŨưƫř ƎǀŰƯ  
��� �� ��� ���FA FB AB =� � ��  
���� ��=  A

G E

F

C

D
B

π1

π2

 .ƾŧǈŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  


.ƱŚƿŻřƺŤƯ ,π π� 	  ƱŚƿƺŤƀưƫř  
���� 
�  ¬ �B

A�


�

�  ƱŚƧ řŷœ  
DC ŶūƹŐƟ  

1�9
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��

BAId  ¬şŶƗŚƤƫř ƾŧǆŧ ƭźƷ !"#$  (�)

* ƾƟ CB  ƖƐƤƿ ) ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

+ ƾƟ CD  ƖƐƤƿ * ŠƐƤƴƫŚŝ ŹŚưƫřƹ BD  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

(�ƾƟ AD  ƖƐƤƿ + ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

.ŚÔŞſŚƴƯ Ś ÔưſŹ ƖƋ  (a)  

IH BD'  :Ʊŏ ŢŞŧŏ  (b)  

:Ŧǀů MN  ƾƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ �1 
�2  Ʋƨǀƫ  (�)

,AB AB� �2'1 1  

, ��CD CD '1 2 1ƹ  

AB CD'  :Ʊŏ ŢŞŧŏ  

AB  ƾƟ ƱŚƘƏŚƤŤƿƹ Ś ÔƘƯ ƲǀƿƺŤƀƯ źǀƛ ƕǆƋŏ ŚƿŻřƺŤƯ ABCD 
ABEF  (�)

ƕǆƋŏ ƽŻřƺŤƯ CDFE  :Ʊŏ ŢŞŧŏ  

# !

-

$"

/1

/2

 ¬ŚưƸƴǀŝ ŠƘƣřƹ ŠƐƤƳ - ¬ƱŚƿŻřƺŤƯ ƱŚƿƺŤƀƯ �1 
�2  ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

MAB CD+ = " , Ŧǀů  

MB
AM

BD
AC

=  :Ʊŏ ŢŞŧŏ  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

a  b  .ƪƣǃř ƼƬƗ şŶůřƹ ŠƐƤƳ ƾƟ ŚƧźŤƃř řŷœ ƲǀƿŻřƺŤƯ ƱŚƿƺŤƀưƫř Ʊƺƨƿ  (1)

a  b  .ŚưƸƏŚƤƳ ƲƯ ŠƐƤƳ ƽŏ ƾƟ ƱŚƧźŤƄƿ ǅ ŚưƸƳŔƟ ŚÔƿƺŤƀƯ ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  /  ƾƟ ř ÔŶǀůƹ Ś ÔưǀƤŤƀƯ ƽŻřƺƿ l  ƱŔƟ /  ƽƺŤƀƯ L ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  l m'  ƱŔƟ l ' /  
m ' /  :ƱŚƧ řŷœ  (�)

ŚưƸƘƏŚƤţ ƱŔƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ  (�)

a  b  .ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǆƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ  

��

BAId  ¬şŶƗŚƤƫř ƾŧǆŧ ƭźƷ !"#$  (�)

* ƾƟ CB  ƖƐƤƿ ) ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

+ ƾƟ CD  ƖƐƤƿ * ŠƐƤƴƫŚŝ ŹŚưƫřƹ BD  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

(�ƾƟ AD  ƖƐƤƿ + ŠƐƤƴƫŚŝ ŹŚưƫřƹ AC  É Ùƫ ƽŻřƺưƫř ƮǀƤŤƀưƫř  

.ŚÔŞſŚƴƯ Ś ÔưſŹ ƖƋ  (a)  

IH BD'  :Ʊŏ ŢŞŧŏ  (b)  

:Ŧǀů MN  ƾƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ �1 
�2  Ʋƨǀƫ  (�)

,AB AB� �2'1 1  

, ��CD CD '1 2 1ƹ  

AB CD'  :Ʊŏ ŢŞŧŏ  

AB  ƾƟ ƱŚƘƏŚƤŤƿƹ Ś ÔƘƯ ƲǀƿƺŤƀƯ źǀƛ ƕǆƋŏ ŚƿŻřƺŤƯ ABCD 
ABEF  (�)

ƕǆƋŏ ƽŻřƺŤƯ CDFE  :Ʊŏ ŢŞŧŏ  

# !

-

$"

/1

/2

 ¬ŚưƸƴǀŝ ŠƘƣřƹ ŠƐƤƳ - ¬ƱŚƿŻřƺŤƯ ƱŚƿƺŤƀƯ �1 
�2  ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

MAB CD+ = " , Ŧǀů  

MB
AM

BD
AC

=  :Ʊŏ ŢŞŧŏ  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

a  b  .ƪƣǃř ƼƬƗ şŶůřƹ ŠƐƤƳ ƾƟ ŚƧźŤƃř řŷœ ƲǀƿŻřƺŤƯ ƱŚƿƺŤƀưƫř Ʊƺƨƿ  (1)

a  b  .ŚưƸƏŚƤƳ ƲƯ ŠƐƤƳ ƽŏ ƾƟ ƱŚƧźŤƄƿ ǅ ŚưƸƳŔƟ ŚÔƿƺŤƀƯ ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  /  ƾƟ ř ÔŶǀůƹ Ś ÔưǀƤŤƀƯ ƽŻřƺƿ l  ƱŔƟ /  ƽƺŤƀƯ L ƮǀƤŤƀƯ ƻŻřƹ řŷœ  (�)

a  b  l m'  ƱŔƟ l ' /  
m ' /  :ƱŚƧ řŷœ  (�)

ŚưƸƘƏŚƤţ ƱŔƟ ƱŚƘƏŚƤŤƯ ƱŚƿƺŤƀƯ ŚưƸŝ ÚźƯƹ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ  (�)

a  b  .ƲǀưǀƤŤƀưƫř ƲƿŸƷ ƲƯ ĐǆƧ ƽŻřƺƿ ƮǀƤŤƀƯ ƺƷ  
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1�7	ÖƺŤƀƯ ƖƯ ƮǀƤŤƀƯ ŶƯŚƘţ
�e.-e+d'c1)a. �'+e �'0& a �)a+e

ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ
:ƪŝŚƤưƫř ŜƘÉƨưƫř ƾƟ

®ƲƿŶƯŚƘŤƯ , ��A�  ƪƷ  a
®ƲƿŶƯŚƘŤƯ , ��A�  ƪƷ  b

F

AD

B

E

HG

C

 ®ƲƿŶƯŚƘŤƯ , ����  ƪƷ  c
.şŶƯŚƘŤưƫř šŚưǀƤŤƀưƫř ƲƯ ƲǀūƹŻ ÚƮſ  d

�+%)e �e02ee+ �2, �(e2 �'+e/  ƲǀƠƫŚŴŤƯ ƲǀưǀƤŤƀƯ Ʋǀŝ Šƿƹřżƫř

.źųǂƫ ÖŻřƺƯƹ ƶƫ ÖƖƏŚƣ ÖƮǀƤŤƀƯ ƽŏ ƖƯ ŚưƷŶůŏ ŚƸƘƴƈƿ ƾŤƫř Šƿƹřżƫř ƾƷ ƲǀƠƫŚŴŤƯ ƲǀưǀƤŤƀƯ Ʋǀŝ Šƿƹřżƫř

�
�

�

�l  .ŌŚƌƠƫř ƾƟ ƱŚƠƫŚŴŤƯ ƱŚưǀƤŤƀƯ� ,� �

�  Ʋƨǀƫƹ ƲǀưǀƤŤƀưƫř Ŷůŏ ƼƬƗ � ŠƐƤƴƫř ŸųŐƳ

��ŠƐƤƴƫاŝ�źưƿو�� �ƽŻřوƿ� �l �ŦǀŰŝ� �l �Ʈſźن
,� �l  ƖƏŚƤţ ƲƗ ŠŬţŚƴƫř Śƿřƹżƫř ƻŶůœ ƾƷ ,� �l ƲǀưǀƤŤƀưƫř Ʋǀŝ Šƿƹřżƫř

,� � ƲǀưǀƤŤƀưƫř Ʋǀŝ şŵŚŰƫř Šƿƹřżƫř �= t

� ŠƐƤƴƫř ƖƣƺƯ źǀƜŤŝ Šƿƹřżƫř źŧŐŤţ ǅ :ŠƔůǈƯ

ŜƿŹŶţ
:Ʋǀŝ Šƿƹřżƫř ŽŚǀƣ Ŷūƹŏ ¬(ƂƣŚƴŤƳƹ źƨƠƳ ŚƴƗŵ) şźƤƟ ƾƟ ƭƺſźưƫř ŜƘƨưƫř ƾƟ

a  ,��A�  b  ,��A�

c  ,��A�  d  ,�� ��

e  ,�� ��

ƞƿźƘţ

 ƾƟ ŠƘƣřƺƫř šŚưǀƤŤƀưƫř Ɩǀưū ƼƬƗ ŚĐƿŵƺưƗ �  ƱŚƧ řŷœ π  ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ � ƮǀƤŤƀưƫř Ʊƺƨƿ
� π=  : Éŝ ƦƫŸƫ żƯźƿƹ π

ƮƬƘŤţ Ɲƺſ
•  Ʋǀŝ Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ 

.ƲǀƠƫŚŴŤƯ ƲǀưǀƤŤƀƯ
• . ÖƺŤƀƯ ƖƯ ƮǀƤŤƀƯ ŶƯŚƘţ

• :šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ƽŵƺưƗ ƮǀƤŤƀƯ

�e.-e+d'c1)a. �'+e  
• ƲǀƠƫŚŴŤƯ ƲǀưǀƤŤƀƯ

  �2, �(e2 �'+e/  

:ŠƯƺƬƘƯ
 ÖƺŤƀƯ  ƖƐƤƿ  ƽŸƫř  ƮǀƤŤƀưƫř
 Ʊƺƨƿ ¬ƶǀƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ Ǉƹ

 .ƽƺŤƀưƫř řŸƷ ƼƬƗ ÔǈŗŚƯ

:ŠƯƺƬƘƯ
�


�
π

�� ŠƐƤƴƫř Ʋǀŝ ŶƘŞƫř ƺƷ 
�
.π  ƽƺŤƀưƫřƹ

 Ʋǀŝ ŠƟŚƀƯ źƈƣŏ ƺƷ ŶƘŞƫř řŸƷ
.ƽƺŤƀưƫř  ƾƟ  ŠƐƤƳ  ƽŏƹ  �
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:ƪŝŚƤưƫř ŜƘÉƨưƫř ƾƟ
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®ƲƿŶƯŚƘŤƯ , ��A�  ƪƷ  b

F

AD

B

E

HG

C

 ®ƲƿŶƯŚƘŤƯ , ����  ƪƷ  c
.şŶƯŚƘŤưƫř šŚưǀƤŤƀưƫř ƲƯ ƲǀūƹŻ ÚƮſ  d
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�
�

�

�l  .ŌŚƌƠƫř ƾƟ ƱŚƠƫŚŴŤƯ ƱŚưǀƤŤƀƯ� ,� �

�  Ʋƨǀƫƹ ƲǀưǀƤŤƀưƫř Ŷůŏ ƼƬƗ � ŠƐƤƴƫř ŸųŐƳ
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,� �l  ƖƏŚƤţ ƲƗ ŠŬţŚƴƫř Śƿřƹżƫř ƻŶůœ ƾƷ ,� �l ƲǀưǀƤŤƀưƫř Ʋǀŝ Šƿƹřżƫř

,� � ƲǀưǀƤŤƀưƫř Ʋǀŝ şŵŚŰƫř Šƿƹřżƫř �= t

� ŠƐƤƴƫř ƖƣƺƯ źǀƜŤŝ Šƿƹřżƫř źŧŐŤţ ǅ :ŠƔůǈƯ
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a  ,��A�  b  ,��A�

c  ,��A�  d  ,�� ��

e  ,�� ��

ƞƿźƘţ

 ƾƟ ŠƘƣřƺƫř šŚưǀƤŤƀưƫř Ɩǀưū ƼƬƗ ŚĐƿŵƺưƗ �  ƱŚƧ řŷœ π  ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ � ƮǀƤŤƀưƫř Ʊƺƨƿ
� π=  : Éŝ ƦƫŸƫ żƯźƿƹ π

ƮƬƘŤţ Ɲƺſ
•  Ʋǀŝ Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ 

.ƲǀƠƫŚŴŤƯ ƲǀưǀƤŤƀƯ
• . ÖƺŤƀƯ ƖƯ ƮǀƤŤƀƯ ŶƯŚƘţ

• :šŚŰƬƐƈưƫřƹ šřŵźƠưƫř
• ƽŵƺưƗ ƮǀƤŤƀƯ

�e.-e+d'c1)a. �'+e  
• ƲǀƠƫŚŴŤƯ ƲǀưǀƤŤƀƯ

  �2, �(e2 �'+e/  

:ŠƯƺƬƘƯ
 ÖƺŤƀƯ  ƖƐƤƿ  ƽŸƫř  ƮǀƤŤƀưƫř
 Ʊƺƨƿ ¬ƶǀƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ Ǉƹ

 .ƽƺŤƀưƫř řŸƷ ƼƬƗ ÔǈŗŚƯ

:ŠƯƺƬƘƯ
�


�
π

�� ŠƐƤƴƫř Ʋǀŝ ŶƘŞƫř ƺƷ 
�
.π  ƽƺŤƀưƫřƹ

 Ʋǀŝ ŠƟŚƀƯ źƈƣŏ ƺƷ ŶƘŞƫř řŸƷ
.ƽƺŤƀưƫř  ƾƟ  ŠƐƤƳ  ƽŏƹ  �
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l  ƼƬƗ ƽŵƺưƗ π  Ʊœ Ś Ôƌƿŏ ƩƺƤƳ�

�

�



π

 lπ =  : Éŝ ƦƫŸƫ żƯźƳƹ

 ¬ ŮǀŰƇ žƨƘƫřƹ
π  ƽƺŤƀưƫř ƾƟ šŚưǀƤŤƀưƫř ƪƧ ƼƬƗ ŚĐƿŵƺưƗ l ƱŔƟ l π=  ƱŚƧ řŷŔƟ

AD

B

EH

G F

C

 

(�) ŠƿźƔƳ

.ŚưƸƿƺŤƀƯ ƼƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ ƲǀƘƏŚƤŤƯ ƲǀưǀƤŤƀƯ ƼƬƗ ƽŵƺưƘƫř ƮǀƤŤƀưƫř

 
,

( )
�

����
GF GH

CG GF CG GH
CG&

k

= =
=

= " , 3  
�

��

� �



π

 

(�) ŠŬǀŤƳ

 řŸƷ  Ƽƫœ  ƾưŤƴţ  ŠƐƤƳ  ƲƯ  ƭƺƬƘƯ  ƮǀƤŤƀƯ  ƼƬƗ  ŠƿŵƺưƘƫř  šŚưǀƤŤƀưƫř  Ɩǀưū
.ƭƺƬƘưƫř ƮǀƤŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ŷůřƹ ÖƺŤƀƯ ƾƟ şřƺŤŰƯ Ʊƺƨţ ƮǀƤŤƀưƫř

�W  ƾƟ ƮŗŚƣ ABC  ŦƬŨưƫř ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

. ABCAD = ^ h

D

CB

A

 �W  ƾƟ ƮŗŚƣ DBC  ŦƬŨưƫř Ʊŏ ŢŞŧŏ

:ƪŰƫř

:šŚǀƐƘưƫř

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř

ABCAD = ^ h
:śƺƬƐưƫř

�W  ƾƟ ƮŗŚƣ DBC ŦƬŨưƫř Ʊŏ šŚŞŧœ

:ƱŚƷźŞƫř

 ,ABC BC ABCAD = 1^ ^h h  (ƼƐƘƯ)
 BCAD =  (1)   (ƞƿźƘţ)

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř  a

1	1

l  ƼƬƗ ƽŵƺưƗ π  Ʊœ Ś Ôƌƿŏ ƩƺƤƳ�

�

�
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1	1
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(�) ŠŬǀŤƳ
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.ƭƺƬƘưƫř ƮǀƤŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ŷůřƹ ÖƺŤƀƯ ƾƟ şřƺŤŰƯ Ʊƺƨţ ƮǀƤŤƀưƫř

�W  ƾƟ ƮŗŚƣ ABC  ŦƬŨưƫř ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

. ABCAD = ^ h

D

CB
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 �W  ƾƟ ƮŗŚƣ DBC  ŦƬŨưƫř Ʊŏ ŢŞŧŏ

:ƪŰƫř

:šŚǀƐƘưƫř

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř

ABCAD = ^ h
:śƺƬƐưƫř

�W  ƾƟ ƮŗŚƣ DBC ŦƬŨưƫř Ʊŏ šŚŞŧœ

:ƱŚƷźŞƫř

 ,ABC BC ABCAD = 1^ ^h h  (ƼƐƘƯ)
 BCAD =  (1)   (ƞƿźƘţ)

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř  a
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l  ƼƬƗ ƽŵƺưƗ π  Ʊœ Ś Ôƌƿŏ ƩƺƤƳ�
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 lπ =  : Éŝ ƦƫŸƫ żƯźƳƹ

 ¬ ŮǀŰƇ žƨƘƫřƹ
π  ƽƺŤƀưƫř ƾƟ šŚưǀƤŤƀưƫř ƪƧ ƼƬƗ ŚĐƿŵƺưƗ l ƱŔƟ l π=  ƱŚƧ řŷŔƟ
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(�) ŠƿźƔƳ
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(�) ŠŬǀŤƳ

 řŸƷ  Ƽƫœ  ƾưŤƴţ  ŠƐƤƳ  ƲƯ  ƭƺƬƘƯ  ƮǀƤŤƀƯ  ƼƬƗ  ŠƿŵƺưƘƫř  šŚưǀƤŤƀưƫř  Ɩǀưū
.ƭƺƬƘưƫř ƮǀƤŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ŷůřƹ ÖƺŤƀƯ ƾƟ şřƺŤŰƯ Ʊƺƨţ ƮǀƤŤƀưƫř

�W  ƾƟ ƮŗŚƣ ABC  ŦƬŨưƫř ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

. ABCAD = ^ h

D

CB

A

 �W  ƾƟ ƮŗŚƣ DBC  ŦƬŨưƫř Ʊŏ ŢŞŧŏ

:ƪŰƫř

:šŚǀƐƘưƫř

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř

ABCAD = ^ h
:śƺƬƐưƫř

�W  ƾƟ ƮŗŚƣ DBC ŦƬŨưƫř Ʊŏ šŚŞŧœ

:ƱŚƷźŞƫř

 ,ABC BC ABCAD = 1^ ^h h  (ƼƐƘƯ)
 BCAD =  (1)   (ƞƿźƘţ)

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř  a

1	1
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 lπ =  : Éŝ ƦƫŸƫ żƯźƳƹ

 ¬ ŮǀŰƇ žƨƘƫřƹ
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(�) ŠƿźƔƳ

.ŚưƸƿƺŤƀƯ ƼƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ ƲǀƘƏŚƤŤƯ ƲǀưǀƤŤƀƯ ƼƬƗ ƽŵƺưƘƫř ƮǀƤŤƀưƫř
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(�) ŠŬǀŤƳ

 řŸƷ  Ƽƫœ  ƾưŤƴţ  ŠƐƤƳ  ƲƯ  ƭƺƬƘƯ  ƮǀƤŤƀƯ  ƼƬƗ  ŠƿŵƺưƘƫř  šŚưǀƤŤƀưƫř  Ɩǀưū
.ƭƺƬƘưƫř ƮǀƤŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ŷůřƹ ÖƺŤƀƯ ƾƟ şřƺŤŰƯ Ʊƺƨţ ƮǀƤŤƀưƫř

�W  ƾƟ ƮŗŚƣ ABC  ŦƬŨưƫř ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

. ABCAD = ^ h

D

CB
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 �W  ƾƟ ƮŗŚƣ DBC  ŦƬŨưƫř Ʊŏ ŢŞŧŏ

:ƪŰƫř

:šŚǀƐƘưƫř

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř

ABCAD = ^ h
:śƺƬƐưƫř

�W  ƾƟ ƮŗŚƣ DBC ŦƬŨưƫř Ʊŏ šŚŞŧœ

:ƱŚƷźŞƫř

 ,ABC BC ABCAD = 1^ ^h h  (ƼƐƘƯ)
 BCAD =  (1)   (ƞƿźƘţ)

�W  ƾƟ ƮŗŚƣ ABC ŦƬŨưƫř  a

1	1

 BC AB` =    (�)
ƱŚƘƏŚƤŤƯ ,AD AB  ƱŚưǀƤŤƀưƫř   a  

(	)  ABD^ h ƽƺŤƀưƫř ƱŚƴǀƘƿ   `  
BC ABD` = ^ h  (	), (�), (1) ƲƯ                                                                              

 BD ABDa 1 ^ h
 BC BD` =    (ƞƿźƘţ)

.BW  ƾƟ ƮŗŚƣ BCD ŦƬŨưƫř   `  
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 ¬ƪŝŚƤưƫř ŜƘƨưƫř ƶŞƃ ƾƟ  1
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(�) ŠƿźƔƳ

.ƲǀƿŻřƺŤƯ ƱŚƳƺƨƿ ŚưƸƳŔƟ ƲǀƠƬŤŴƯ ƲǀƿƺŤƀƯ ƲƯ ĲƪƧ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ
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(
) ŠƿźƔƳ

.źųǁř ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ ƶƳŔƟ ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ Ŷůŏ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ
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.ŜǀţźŤƫř ƼƬƗ , ,AB ADAC  šŚƠƈŤƴƯ E, G, F�ƍŚƤƴƫřƹ

 AC CB=  ƱŚƧ řŷœ

��CD ��  ¬ ��AC �	�  ¬ ��AD �
�  ƱŚƧƹ

. ��� BCD'^ ^h h  :Ʊŏ ŢŞŧŐƟ
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ƱŚƘƏŚƤŤƯ ,AD AB  ƱŚưǀƤŤƀưƫř   a  

(	)  ABD^ h ƽƺŤƀưƫř ƱŚƴǀƘƿ   `  
BC ABD` = ^ h  (	), (�), (1) ƲƯ                                                                              

 BD ABDa 1 ^ h
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(�) ŠƿźƔƳ

.ƲǀƿŻřƺŤƯ ƱŚƳƺƨƿ ŚưƸƳŔƟ ƲǀƠƬŤŴƯ ƲǀƿƺŤƀƯ ƲƯ ĲƪƧ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ
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(
) ŠƿźƔƳ

.źųǁř ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ ƶƳŔƟ ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ Ŷůŏ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ
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��CD ��  ¬ ��AC �	�  ¬ ��AD �
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كراسة التمارين

��

ÖƺŤƀƯ ƖƯ ƮǀƤŤƀƯ ŶƯŚƘţ

PerpenDicular ,ine WitH a Plane

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

®ƽƺŤƀưƫř ƼƬƗ ŚĐ ƿŵƺưƗ ƮǀƤŤƀưƫř Ʊƺƨƿ ƼŤƯ  (a)  (1)

.ƺŤƀƯ ƼƬƗ ŚĐ ƿŵƺưƗ Ś ÔưǀƤŤƀƯ ƮſŹř  (b)  
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 .ŜÚƘƨƯ ƶŞƃ !"#$%&'(  (�)

AE  ƖƯ şŶƯŚƘŤưƫř šŚưǀƤŤƀưƫř ÚƮſ  (a)  

 AE  ƖƯ şŶƯŚƘŤưƫř šŚƿƺŤƀưƫř ÚƮſ  (b)  

#'( ƽƺŤƀưƫř ƼƬƗ ƽŵƺưƗ AD  Ʊŏ ŢŞŧŏ  (c)  

.şŶƗŚƤƫř ƾŧǆŧ ƭźƷ !"#$  (�)
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 AD AB=  ¬CD CB=  

DB  ƞƈŤƴƯ - ŠƐƤƴƫř  

AMCBD = ^ h :Ʊŏ ŢŞŧŏ  (a)  

D ACB =  :Ʊŏ ŪŤƴŤſř  (b)  
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 ƖƯ ŶƯŚƘŤƯ MO   ¬/ ƵżƧźƯ ƕǆƋǃř ƢŝŚƐŤƯ ŦƬŨƯ !"#  (�)

CB AM=  :Ʊŏ ŢŞŧŏ  

AD DE= 
 �DE 1 1
 �2  ƽƺŤƀưƫř ƼƬƗ ƽŵƺưƗ AB  ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)
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 AC  ƞƈŤƴƯ & ¬AB  ƞƈŤƴƯ $ ŢƳŚƧ řŷŔƟ  

� ' /21  :Ʊŏ ŢŞŧŏ  

ÛƱ ĳźưţ
10-3

 BC AB` =    (�)
ƱŚƘƏŚƤŤƯ ,AD AB  ƱŚưǀƤŤƀưƫř   a  

(	)  ABD^ h ƽƺŤƀưƫř ƱŚƴǀƘƿ   `  
BC ABD` = ^ h  (	), (�), (1) ƲƯ                                                                              

 BD ABDa 1 ^ h
 BC BD` =    (ƞƿźƘţ)

.BW  ƾƟ ƮŗŚƣ BCD ŦƬŨưƫř   `  
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(�) ŠƿźƔƳ

.ƲǀƿŻřƺŤƯ ƱŚƳƺƨƿ ŚưƸƳŔƟ ƲǀƠƬŤŴƯ ƲǀƿƺŤƀƯ ƲƯ ĲƪƧ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ
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(
) ŠƿźƔƳ

.źųǁř ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ ƶƳŔƟ ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ Ŷůŏ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ
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SALAMA

كراسة التمارين

��

ÖƺŤƀƯ ƖƯ ƮǀƤŤƀƯ ŶƯŚƘţ

PerpenDicular ,ine WitH a Plane

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

®ƽƺŤƀưƫř ƼƬƗ ŚĐ ƿŵƺưƗ ƮǀƤŤƀưƫř Ʊƺƨƿ ƼŤƯ  (a)  (1)

.ƺŤƀƯ ƼƬƗ ŚĐ ƿŵƺưƗ Ś ÔưǀƤŤƀƯ ƮſŹř  (b)  
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AE  ƖƯ şŶƯŚƘŤưƫř šŚưǀƤŤƀưƫř ÚƮſ  (a)  

 AE  ƖƯ şŶƯŚƘŤưƫř šŚƿƺŤƀưƫř ÚƮſ  (b)  

#'( ƽƺŤƀưƫř ƼƬƗ ƽŵƺưƗ AD  Ʊŏ ŢŞŧŏ  (c)  
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DB  ƞƈŤƴƯ - ŠƐƤƴƫř  
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D ACB =  :Ʊŏ ŪŤƴŤſř  (b)  
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10-3

 BC AB` =    (�)
ƱŚƘƏŚƤŤƯ ,AD AB  ƱŚưǀƤŤƀưƫř   a  

(	)  ABD^ h ƽƺŤƀưƫř ƱŚƴǀƘƿ   `  
BC ABD` = ^ h  (	), (�), (1) ƲƯ                                                                              

 BD ABDa 1 ^ h
 BC BD` =    (ƞƿźƘţ)
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(�) ŠƿźƔƳ
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) ŠƿźƔƳ
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مثال 2
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(	)  ABD^ h ƽƺŤƀưƫř ƱŚƴǀƘƿ   `  
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 BD ABDa 1 ^ h
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�

π 1

π2

 

(�) ŠƿźƔƳ

.ƲǀƿŻřƺŤƯ ƱŚƳƺƨƿ ŚưƸƳŔƟ ƲǀƠƬŤŴƯ ƲǀƿƺŤƀƯ ƲƯ ĲƪƧ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ

,� �π π π π(= = '	 	� �   

(
) ŠƿźƔƳ

.źųǁř ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ Ʊƺƨƿ ƶƳŔƟ ƲǀƿŻřƺŤƯ ƲǀƿƺŤƀƯ Ŷůŏ ƼƬƗ ŚĐƿŵƺưƗ ƮǀƤŤƀƯ ƱŚƧ řŷœ

�

π 1 π2

 ,� �π π π π(= =' 	 	� �   

:ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

G

A

E
F

C

D

B

 ¬BCD ƻƺŤƀưƫř ũŹŚų ŠƐƤƳ A
.ŜǀţźŤƫř ƼƬƗ , ,AB ADAC  šŚƠƈŤƴƯ E, G, F�ƍŚƤƴƫřƹ

 AC CB=  ƱŚƧ řŷœ

��CD ��  ¬ ��AC �	�  ¬ ��AD �
�  ƱŚƧƹ

. ��� BCD'^ ^h h  :Ʊŏ ŢŞŧŐƟ

1	�
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حاول أن تحل  2

:ƪŰƫř

:šŚǀƐƘưƫř

AD  ƞƈŤƴƯ F ¬ AC  ƞƈŤƴƯ G ¬ AB  ƞƈŤƴƯ E
�� , �� , ��AD AC CD�
 �	 �� � �

:śƺƬƐưƫř

��� BCD'^ ^h h :Ʊŏ šŚŞŧœ

:ƱŚƷźŞƫř

:ACD T  ƾƟ

 ( ) ( )AC CD �	 � �
�	 	 		 =� � �^ ^h h  (1)
 ( )AD �
 �
�	 	

� �^ h    (�)
.C ƾƟ Šƿƹřżƫř ƮŗŚƣ ACDT  Ʊŏ ŶŬƳ (1), (�) ƲƯ

 AC CD` =

 AC CB=  Ʋƨƫƹ    (ƼƐƘƯ)
ƱŚƘƏŚƤŤƯ ,CD CB  Ʊœ Ŧǀůƹ  

 BCDAC` = ^ h    (� ŠƿźƔƳ)
ABC T  ƾƟ

AC  ƞƈŤƴƯ G ¬AB  ƞƈŤƴƯ E a
 �� CB` '

� BCA ����^ hW   Ʋƨƫƹ  
 AG EG� A �� ��� &` =�^ hW

AG GF=  ƪŨưƫŚŝƹ  
EGFA�` = ^ h

 EGFAC = ^ h (
)  :Ʊŏ ƽŏ

EGF BCD` '^ ^h h   (�) ŠƿźƔƳ  :Ʊŏ ŪŤƴƿ (	), (
) ƲƯ  
B

A

E

F
C

D

 :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  �
ƱǈǀƐŤƀƯ ABEF, ABCD �

A�D B�C'^ ^h h :Ʊŏ ŢŞŧŏ  

:źƧŸţ
 ƾƘŝźƯ  ƕƺưŬƯ  ƱŚƧ  řŷœ  
 ŦƬŨƯ  ƾƟ  ƲǀƘƬƋ  ƾƫƺƏ
 ŦƫŚŨƫř ƖƬƌƫř ƖŝźƯ ƽƹŚƀƿ
 ƮŗŚƣ Ʊƺƨƿ ŦƬŨưƫř řŸƷ ƱŔƟ

.Šƿƹřżƫř

 ŠưǀƤŤƀưƫř ŠƘƐƤƫř   
 ƾƠƈŤƴƯ Ʋǀŝ ŠƬƇřƺƫř

 ƽŻřƺţ ŦƬŨƯ ƾƟ ƲǀƘƬƋ
.ŦƫŚŨƫř ƖƬƌƫř

:ŠƯƺƬƘƯ
 ƖƏŚƤţ ŠƐƤƳ ƺƷ Ɩŝźưƫř żƧźƯ

 .ŠƿźƐƣ

 ƢŝŚƐŤưƫř  ŦƬŨưƫř  żƧźƯ
 ƾƣǈţ  ŠƐƤƳ  ƾƷ  ƕǈƋǃř

 .ƶƗǈƋŏ ŹƹŚŰƯ
A

B C

:źƧŸţ
 Šƿƹřżƫř ƮŗŚƣ ABCT ƱŚƧ řŷœ

 ƽŵƺưƘƫř ƎƤƀưƫř H ƹ A
:ƱŔƟ BC  ƼƬƗ A É Ùƫ

AB B� BC	
#=^ h  

AC C� CB	
#=^ h  

A� B� C�	
#=^ h  

CB

A

H

1		

:ƪŰƫř

:šŚǀƐƘưƫř

AD  ƞƈŤƴƯ F ¬ AC  ƞƈŤƴƯ G ¬ AB  ƞƈŤƴƯ E
�� , �� , ��AD AC CD�
 �	 �� � �

:śƺƬƐưƫř

��� BCD'^ ^h h :Ʊŏ šŚŞŧœ

:ƱŚƷźŞƫř

:ACD T  ƾƟ

 ( ) ( )AC CD �	 � �
�	 	 		 =� � �^ ^h h  (1)
 ( )AD �
 �
�	 	

� �^ h    (�)
.C ƾƟ Šƿƹřżƫř ƮŗŚƣ ACDT  Ʊŏ ŶŬƳ (1), (�) ƲƯ

 AC CD` =

 AC CB=  Ʋƨƫƹ    (ƼƐƘƯ)
ƱŚƘƏŚƤŤƯ ,CD CB  Ʊœ Ŧǀůƹ  

 BCDAC` = ^ h    (� ŠƿźƔƳ)
ABC T  ƾƟ

AC  ƞƈŤƴƯ G ¬AB  ƞƈŤƴƯ E a
 �� CB` '

� BCA ����^ hW   Ʋƨƫƹ  
 AG EG� A �� ��� &` =�^ hW

AG GF=  ƪŨưƫŚŝƹ  
EGFA�` = ^ h

 EGFAC = ^ h (
)  :Ʊŏ ƽŏ

EGF BCD` '^ ^h h   (�) ŠƿźƔƳ  :Ʊŏ ŪŤƴƿ (	), (
) ƲƯ  
B

A

E

F
C

D

 :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  �
ƱǈǀƐŤƀƯ ABEF, ABCD �

A�D B�C'^ ^h h :Ʊŏ ŢŞŧŏ  

:źƧŸţ
 ƾƘŝźƯ  ƕƺưŬƯ  ƱŚƧ  řŷœ  
 ŦƬŨƯ  ƾƟ  ƲǀƘƬƋ  ƾƫƺƏ
 ŦƫŚŨƫř ƖƬƌƫř ƖŝźƯ ƽƹŚƀƿ
 ƮŗŚƣ Ʊƺƨƿ ŦƬŨưƫř řŸƷ ƱŔƟ

.Šƿƹřżƫř

 ŠưǀƤŤƀưƫř ŠƘƐƤƫř   
 ƾƠƈŤƴƯ Ʋǀŝ ŠƬƇřƺƫř

 ƽŻřƺţ ŦƬŨƯ ƾƟ ƲǀƘƬƋ
.ŦƫŚŨƫř ƖƬƌƫř

:ŠƯƺƬƘƯ
 ƖƏŚƤţ ŠƐƤƳ ƺƷ Ɩŝźưƫř żƧźƯ

 .ŠƿźƐƣ

 ƢŝŚƐŤưƫř  ŦƬŨưƫř  żƧźƯ
 ƾƣǈţ  ŠƐƤƳ  ƾƷ  ƕǈƋǃř

 .ƶƗǈƋŏ ŹƹŚŰƯ
A

B C

:źƧŸţ
 Šƿƹřżƫř ƮŗŚƣ ABCT ƱŚƧ řŷœ

 ƽŵƺưƘƫř ƎƤƀưƫř H ƹ A
:ƱŔƟ BC  ƼƬƗ A É Ùƫ

AB B� BC	
#=^ h  

AC C� CB	
#=^ h  

A� B� C�	
#=^ h  

CB

A

H

1		
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��

ÖƺŤƀƯ ƖƯ ƮǀƤŤƀƯ ŶƯŚƘţ

PerpenDicular ,ine WitH a Plane

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř

®ƽƺŤƀưƫř ƼƬƗ ŚĐ ƿŵƺưƗ ƮǀƤŤƀưƫř Ʊƺƨƿ ƼŤƯ  (a)  (1)

.ƺŤƀƯ ƼƬƗ ŚĐ ƿŵƺưƗ Ś ÔưǀƤŤƀƯ ƮſŹř  (b)  

#

'
$

(

"

&

%

!

 .ŜÚƘƨƯ ƶŞƃ !"#$%&'(  (�)

AE  ƖƯ şŶƯŚƘŤưƫř šŚưǀƤŤƀưƫř ÚƮſ  (a)  

 AE  ƖƯ şŶƯŚƘŤưƫř šŚƿƺŤƀưƫř ÚƮſ  (b)  

#'( ƽƺŤƀưƫř ƼƬƗ ƽŵƺưƗ AD  Ʊŏ ŢŞŧŏ  (c)  

.şŶƗŚƤƫř ƾŧǆŧ ƭźƷ !"#$  (�)

#

$" -

!

 AD AB=  ¬CD CB=  

DB  ƞƈŤƴƯ - ŠƐƤƴƫř  

AMCBD = ^ h :Ʊŏ ŢŞŧŏ  (a)  

D ACB =  :Ʊŏ ŪŤƴŤſř  (b)  

"

#

-

!

/

 	!"#
 ƖƯ ŶƯŚƘŤƯ MO   ¬/ ƵżƧźƯ ƕǆƋǃř ƢŝŚƐŤƯ ŦƬŨƯ !"#  (�)

CB AM=  :Ʊŏ ŢŞŧŏ  

AD DE= 
 �DE 1 1
 �2  ƽƺŤƀưƫř ƼƬƗ ƽŵƺưƗ AB  ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)
!

& $
%

"#

1/

2/

 AC  ƞƈŤƴƯ & ¬AB  ƞƈŤƴƯ $ ŢƳŚƧ řŷŔƟ  

� ' /21  :Ʊŏ ŢŞŧŏ  

ÛƱ ĳźưţ
10-3
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SA

LA
M

A

SALAMA



112

B

D
� ��

� ��

C

A

π	

π�

 , , ,AB BCAπ π π π π=' ! 1� � �	 	  ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

ABC ƽƺŤƀưƫř ƾƟ BD �C=  :ƮſŹ

, cmDCcmAD 	�� �  :ƱŚƧ řŷœ

BD :Ŷūƹŏ

:ƪŰƫř
:šŚǀƐƘưƫř

, ,AB BD ACπ π π= ='� �	

,cm cmAD DC� 	� �

:śƺƬƐưƫř
BD ŵŚŬƿœ

:ƱŚƷźŞƫř
     , ABπ π π	a ='� �

     AB π` = 	    (
 ŠƿźƔƳ)
π	  ƾƟ ƮǀƤŤƀƯ ƪƧ ƼƬƗ ƽŵƺưƗ AB `  

     BC πa 1 	

     BAB C` =

B ƾƟ Šƿƹřżƫř ƮŗŚƤƫř ABC ŦƬŨưƫř ƾƟ  
     B CD Aa =

     BD AD DC	
#` �^ h

  � 	 ��#� �

  �� ��BD �

π π' 	�  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  	
¬π�  ƾƟ ƱŚŤƐƤƳ A, B  

A

CD

B
π1

π2

 Ŷůřƹ ƻƺŤƀƯ ƾƟ  A, B,�C, D :Ŧǀů π	  ƾƟ ƱŚŤƐƤƳ C, D  
AD π= 	   ,  BC π= 	  
.ƪǀƐŤƀƯ ABCD Ʊŏ ŢŞŧŏ  

1	


مثال 3

B

D
� ��

� ��

C

A

π	

π�

 , , ,AB BCAπ π π π π=' ! 1� � �	 	  ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

ABC ƽƺŤƀưƫř ƾƟ BD �C=  :ƮſŹ

, cmDCcmAD 	�� �  :ƱŚƧ řŷœ

BD :Ŷūƹŏ

:ƪŰƫř
:šŚǀƐƘưƫř

, ,AB BD ACπ π π= ='� �	

,cm cmAD DC� 	� �

:śƺƬƐưƫř
BD ŵŚŬƿœ

:ƱŚƷźŞƫř
     , ABπ π π	a ='� �

     AB π` = 	    (
 ŠƿźƔƳ)
π	  ƾƟ ƮǀƤŤƀƯ ƪƧ ƼƬƗ ƽŵƺưƗ AB `  

     BC πa 1 	

     BAB C` =

B ƾƟ Šƿƹřżƫř ƮŗŚƤƫř ABC ŦƬŨưƫř ƾƟ  
     B CD Aa =

     BD AD DC	
#` �^ h

  � 	 ��#� �

  �� ��BD �

π π' 	�  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  	
¬π�  ƾƟ ƱŚŤƐƤƳ A, B  

A

CD

B
π1

π2

 Ŷůřƹ ƻƺŤƀƯ ƾƟ  A, B,�C, D :Ŧǀů π	  ƾƟ ƱŚŤƐƤƳ C, D  
AD π= 	   ,  BC π= 	  
.ƪǀƐŤƀƯ ABCD Ʊŏ ŢŞŧŏ  

1	


� �

π

 

(�) ŠƿźƔƳ

.ƱŚƿŻřƺŤƯ ÖƺŤƀƯ ƼƬƗ ƱŚƿŵƺưƘƫř ƱŚưǀƤŤƀưƫř

,� � � �π π (= = '   

(�) ŠƿźƔƳ

.Ś Ôƌƿŏ ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ źųǁř ƮǀƤŤƀưƫř ƱŚƧ ÖƺŤƀƯ ƼƬƗ ŚĐƿŵƺưƗ ŚưƷŶůŏ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

,� � � �π π(= ='   

AB BCD= ^ h ƱŚƧ řŷœ ƪŝŚƤưƫř ƪƨƄƫř ƾƟ
C

E

F

D

B

A

��3

��6

��2 ��4  , , ,cm cm cm cmC� �A C� �B
 
 	 �� � � �  ƱŚƧƹ

�� DB=  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

AB BCD= ^ h  :šŚǀƐƘưƫř

, , ,cm cm cm cmC� �A C� �B
 
 	 �� � � �   
:śƺƬƐưƫř

�� BD=  Ʊŏ šŚŞŧœ

ABC^ h  Ŷǀůƹ ƺŤƀƯ ƱŚƴǀƘƿ  `   ƱŚƘƏŚƤŤƯ ,CA AB a   :ƱŚƷźŞƫř

:CAB ŦƬŨưƫř ƾƟ    
 �A

C�

�B
C�






	
�

�
	

	
�

� �

� �

 �� AB` '      žǀƫŚƏ ŠƿźƔƳ

 
���

AB CBD
�� CBD`

a =

=

^
^

h
h  ŠƿźƔƳ

 �	�DB CBD1 ^ h
 :Ʊŏ ŪŤƴŤƀƳ (1), (�) ƲƯ  

  �� DB=  ƞƿźƘţ

1	�
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B

D
� ��

� ��

C

A

π	

π�

 , , ,AB BCAπ π π π π=' ! 1� � �	 	  ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

ABC ƽƺŤƀưƫř ƾƟ BD �C=  :ƮſŹ

, cmDCcmAD 	�� �  :ƱŚƧ řŷœ

BD :Ŷūƹŏ

:ƪŰƫř
:šŚǀƐƘưƫř

, ,AB BD ACπ π π= ='� �	

,cm cmAD DC� 	� �

:śƺƬƐưƫř
BD ŵŚŬƿœ

:ƱŚƷźŞƫř
     , ABπ π π	a ='� �

     AB π` = 	    (
 ŠƿźƔƳ)
π	  ƾƟ ƮǀƤŤƀƯ ƪƧ ƼƬƗ ƽŵƺưƗ AB `  

     BC πa 1 	

     BAB C` =

B ƾƟ Šƿƹřżƫř ƮŗŚƤƫř ABC ŦƬŨưƫř ƾƟ  
     B CD Aa =

     BD AD DC	
#` �^ h

  � 	 ��#� �

  �� ��BD �

π π' 	�  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  	
¬π�  ƾƟ ƱŚŤƐƤƳ A, B  

A

CD

B
π1

π2

 Ŷůřƹ ƻƺŤƀƯ ƾƟ  A, B,�C, D :Ŧǀů π	  ƾƟ ƱŚŤƐƤƳ C, D  
AD π= 	   ,  BC π= 	  
.ƪǀƐŤƀƯ ABCD Ʊŏ ŢŞŧŏ  

1	


B

D
� ��

� ��

C

A

π	

π�

 , , ,AB BCAπ π π π π=' ! 1� � �	 	  ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

ABC ƽƺŤƀưƫř ƾƟ BD �C=  :ƮſŹ

, cmDCcmAD 	�� �  :ƱŚƧ řŷœ

BD :Ŷūƹŏ

:ƪŰƫř
:šŚǀƐƘưƫř

, ,AB BD ACπ π π= ='� �	

,cm cmAD DC� 	� �

:śƺƬƐưƫř
BD ŵŚŬƿœ

:ƱŚƷźŞƫř
     , ABπ π π	a ='� �

     AB π` = 	    (
 ŠƿźƔƳ)
π	  ƾƟ ƮǀƤŤƀƯ ƪƧ ƼƬƗ ƽŵƺưƗ AB `  

     BC πa 1 	

     BAB C` =

B ƾƟ Šƿƹřżƫř ƮŗŚƤƫř ABC ŦƬŨưƫř ƾƟ  
     B CD Aa =

     BD AD DC	
#` �^ h

  � 	 ��#� �

  �� ��BD �

π π' 	�  :ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  	
¬π�  ƾƟ ƱŚŤƐƤƳ A, B  

A

CD

B
π1

π2

 Ŷůřƹ ƻƺŤƀƯ ƾƟ  A, B,�C, D :Ŧǀů π	  ƾƟ ƱŚŤƐƤƳ C, D  
AD π= 	   ,  BC π= 	  
.ƪǀƐŤƀƯ ABCD Ʊŏ ŢŞŧŏ  

1	


حاول أن تحل  3

� �

π

 

(�) ŠƿźƔƳ

.ƱŚƿŻřƺŤƯ ÖƺŤƀƯ ƼƬƗ ƱŚƿŵƺưƘƫř ƱŚưǀƤŤƀưƫř

,� � � �π π (= = '   

(�) ŠƿźƔƳ

.Ś Ôƌƿŏ ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ źųǁř ƮǀƤŤƀưƫř ƱŚƧ ÖƺŤƀƯ ƼƬƗ ŚĐƿŵƺưƗ ŚưƷŶůŏ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

,� � � �π π(= ='   

AB BCD= ^ h ƱŚƧ řŷœ ƪŝŚƤưƫř ƪƨƄƫř ƾƟ
C

E

F

D

B

A

��3

��6

��2 ��4  , , ,cm cm cm cmC� �A C� �B
 
 	 �� � � �  ƱŚƧƹ

�� DB=  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

AB BCD= ^ h  :šŚǀƐƘưƫř

, , ,cm cm cm cmC� �A C� �B
 
 	 �� � � �   
:śƺƬƐưƫř

�� BD=  Ʊŏ šŚŞŧœ

ABC^ h  Ŷǀůƹ ƺŤƀƯ ƱŚƴǀƘƿ  `   ƱŚƘƏŚƤŤƯ ,CA AB a   :ƱŚƷźŞƫř

:CAB ŦƬŨưƫř ƾƟ    
 �A

C�

�B
C�






	
�

�
	

	
�

� �

� �

 �� AB` '      žǀƫŚƏ ŠƿźƔƳ

 
���

AB CBD
�� CBD`

a =

=

^
^

h
h  ŠƿźƔƳ

 �	�DB CBD1 ^ h
 :Ʊŏ ŪŤƴŤƀƳ (1), (�) ƲƯ  

  �� DB=  ƞƿźƘţ

1	�

� �

π

 

(�) ŠƿźƔƳ

.ƱŚƿŻřƺŤƯ ÖƺŤƀƯ ƼƬƗ ƱŚƿŵƺưƘƫř ƱŚưǀƤŤƀưƫř

,� � � �π π (= = '   

(�) ŠƿźƔƳ

.Ś Ôƌƿŏ ƽƺŤƀưƫř ƼƬƗ ŚĐƿŵƺưƗ źųǁř ƮǀƤŤƀưƫř ƱŚƧ ÖƺŤƀƯ ƼƬƗ ŚĐƿŵƺưƗ ŚưƷŶůŏ ƱŚưǀƤŤƀƯ ƻŻřƺţ řŷœ

,� � � �π π(= ='   

AB BCD= ^ h ƱŚƧ řŷœ ƪŝŚƤưƫř ƪƨƄƫř ƾƟ
C

E

F

D

B

A

��3

��6

��2 ��4  , , ,cm cm cm cmC� �A C� �B
 
 	 �� � � �  ƱŚƧƹ

�� DB=  :Ʊŏ ŢŞŧŏ

:ƪŰƫř

AB BCD= ^ h  :šŚǀƐƘưƫř

, , ,cm cm cm cmC� �A C� �B
 
 	 �� � � �   
:śƺƬƐưƫř

�� BD=  Ʊŏ šŚŞŧœ

ABC^ h  Ŷǀůƹ ƺŤƀƯ ƱŚƴǀƘƿ  `   ƱŚƘƏŚƤŤƯ ,CA AB a   :ƱŚƷźŞƫř

:CAB ŦƬŨưƫř ƾƟ    
 �A
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�B
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 �� AB` '      žǀƫŚƏ ŠƿźƔƳ
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AB CBD
�� CBD`

a =

=

^
^

h
h  ŠƿźƔƳ

 �	�DB CBD1 ^ h
 :Ʊŏ ŪŤƴŤƀƳ (1), (�) ƲƯ  

  �� DB=  ƞƿźƘţ
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كراسة التمارين

��

:ƱŚƧ řŷŔƟ BCDAB = ^ h Ŧǀů şŶƗŚƤƫř ƾŧǆŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

¬AD AP3=  ¬AC AN3=  ¬AB AM3=  

MNP^ h ƼƬƗ ƽŵƺưƗ AB  Ʊŏ ŢŞŧŏ  

!

"

- 0
.

#

$  

 ,ABC EFG^ ^h h ũŹŚų ŠƐƤƳ 3 
 ABC EFG'^ ^h h ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

CSC A=  ŦǀŰŝ  

!

"

&

3

%

# '

 , ,SFP FP FPSB C BC10 8 6= = =  :ƱŚƧ řŷŔƟ  

SC FE=  :Ʊŏ ŢŞŧŏ  

$
 & ƾƟ ƶƳŚƘƐƤƿƹ /  ƽƺŤƀưƫř ƼƬƗ ƱŚƿŵƺưƗ CD  
EF  Ʋƨǀƫ  (�)
.ƪǀƐŤƀƯ CDFE  Ʊŏ ŢŞŧŏ ./  ƽŻřƺƿ CE  ƱŚƧ řŷŔƟ .ŜǀţźŤƫř ƼƬƗ  

AC  ¬AB  ƲƯ ƪƧƼƬƗ ŚĐ ƿŵƺưƗ DA  :ƱŚƧ ŦǀŰŝ ŦƬŨưƫř ƽƺŤƀƯ ũŹŚų $ ŠƐƤƴƫř šŸųŏ ¬ŦƬŨƯ !"#  (�)

ABCMN = ^ h :Ʊŏ ŢŞŧŏ ¬DB  ƞƈŤƴƯ . ¬AB  ƞƈŤƴƯ - ŢƳŚƧ řŷŔƟ  

"

#

%

$

!
 ! ƾƟ Šƿƹřżƫř ƮŗŚƣ ŦƬŨƯ !"# ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ (1�)

ED CA'  ƮſŹƹ ¬!"# ŦƬŨưƫř ƽƺŤƀƯ ƼƬƗ ƽŵƺưƗ AD  ƮſŹ  

ED AB=  :Ʊŏ ŢŞŧŏ  

¬AB  ƥźŤƄƯ ƖƬƋ ŚưƸƫ ¬Ŷůřƹ ƺŤƀƯ ƾƟ Śƀǀƫ ƱŚƘŝźƯ !",- ¬!"#$ (11)

LM LBC= ^ h :Ʊŏ ŢŞŧŏ  

# $

,

"

-

!  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

¬ŜÚƘƨƯ !"#$%('& Ŧǀů ƪŝŚƤưƫř ƪƨƄƫř ƼƬƗ ¬	1-2
 ƲǀƴƿźưŤƫř ŠƬŘſŏ
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%  .EH  ƞƈŤƴƯ ) ¬AB  ƞƈŤƴƯ - ŠƐƤƴƫř

 (1) ( )EFGHMI =    a  b

 (�) ( )BCGHMD =    a  b
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SALAMA
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:ƱŚƧ řŷŔƟ BCDAB = ^ h Ŧǀů şŶƗŚƤƫř ƾŧǆŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

¬AD AP3=  ¬AC AN3=  ¬AB AM3=  

MNP^ h ƼƬƗ ƽŵƺưƗ AB  Ʊŏ ŢŞŧŏ  

!

"

- 0
.

#

$  

 ,ABC EFG^ ^h h ũŹŚų ŠƐƤƳ 3 
 ABC EFG'^ ^h h ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

CSC A=  ŦǀŰŝ  

!

"

&

3

%

# '

 , ,SFP FP FPSB C BC10 8 6= = =  :ƱŚƧ řŷŔƟ  

SC FE=  :Ʊŏ ŢŞŧŏ  

$
 & ƾƟ ƶƳŚƘƐƤƿƹ /  ƽƺŤƀưƫř ƼƬƗ ƱŚƿŵƺưƗ CD  
EF  Ʋƨǀƫ  (�)
.ƪǀƐŤƀƯ CDFE  Ʊŏ ŢŞŧŏ ./  ƽŻřƺƿ CE  ƱŚƧ řŷŔƟ .ŜǀţźŤƫř ƼƬƗ  

AC  ¬AB  ƲƯ ƪƧƼƬƗ ŚĐ ƿŵƺưƗ DA  :ƱŚƧ ŦǀŰŝ ŦƬŨưƫř ƽƺŤƀƯ ũŹŚų $ ŠƐƤƴƫř šŸųŏ ¬ŦƬŨƯ !"#  (�)

ABCMN = ^ h :Ʊŏ ŢŞŧŏ ¬DB  ƞƈŤƴƯ . ¬AB  ƞƈŤƴƯ - ŢƳŚƧ řŷŔƟ  

"

#

%

$

!
 ! ƾƟ Šƿƹřżƫř ƮŗŚƣ ŦƬŨƯ !"# ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ (1�)

ED CA'  ƮſŹƹ ¬!"# ŦƬŨưƫř ƽƺŤƀƯ ƼƬƗ ƽŵƺưƗ AD  ƮſŹ  

ED AB=  :Ʊŏ ŢŞŧŏ  

¬AB  ƥźŤƄƯ ƖƬƋ ŚưƸƫ ¬Ŷůřƹ ƺŤƀƯ ƾƟ Śƀǀƫ ƱŚƘŝźƯ !",- ¬!"#$ (11)

LM LBC= ^ h :Ʊŏ ŢŞŧŏ  

# $

,

"

-

!  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

¬ŜÚƘƨƯ !"#$%('& Ŧǀů ƪŝŚƤưƫř ƪƨƄƫř ƼƬƗ ¬	1-2
 ƲǀƴƿźưŤƫř ŠƬŘſŏ
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%  .EH  ƞƈŤƴƯ ) ¬AB  ƞƈŤƴƯ - ŠƐƤƴƫř

 (1) ( )EFGHMI =    a  b

 (�) ( )BCGHMD =    a  b
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N
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:ƱŚƧ řŷŔƟ BCDAB = ^ h Ŧǀů şŶƗŚƤƫř ƾŧǆŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

¬AD AP3=  ¬AC AN3=  ¬AB AM3=  

MNP^ h ƼƬƗ ƽŵƺưƗ AB  Ʊŏ ŢŞŧŏ  

!

"

- 0
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#

$  

 ,ABC EFG^ ^h h ũŹŚų ŠƐƤƳ 3 
 ABC EFG'^ ^h h ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

CSC A=  ŦǀŰŝ  

!

"

&

3

%

# '

 , ,SFP FP FPSB C BC10 8 6= = =  :ƱŚƧ řŷŔƟ  

SC FE=  :Ʊŏ ŢŞŧŏ  

$
 & ƾƟ ƶƳŚƘƐƤƿƹ /  ƽƺŤƀưƫř ƼƬƗ ƱŚƿŵƺưƗ CD  
EF  Ʋƨǀƫ  (�)
.ƪǀƐŤƀƯ CDFE  Ʊŏ ŢŞŧŏ ./  ƽŻřƺƿ CE  ƱŚƧ řŷŔƟ .ŜǀţźŤƫř ƼƬƗ  

AC  ¬AB  ƲƯ ƪƧƼƬƗ ŚĐ ƿŵƺưƗ DA  :ƱŚƧ ŦǀŰŝ ŦƬŨưƫř ƽƺŤƀƯ ũŹŚų $ ŠƐƤƴƫř šŸųŏ ¬ŦƬŨƯ !"#  (�)

ABCMN = ^ h :Ʊŏ ŢŞŧŏ ¬DB  ƞƈŤƴƯ . ¬AB  ƞƈŤƴƯ - ŢƳŚƧ řŷŔƟ  

"

#

%

$

!
 ! ƾƟ Šƿƹřżƫř ƮŗŚƣ ŦƬŨƯ !"# ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ (1�)

ED CA'  ƮſŹƹ ¬!"# ŦƬŨưƫř ƽƺŤƀƯ ƼƬƗ ƽŵƺưƗ AD  ƮſŹ  

ED AB=  :Ʊŏ ŢŞŧŏ  

¬AB  ƥźŤƄƯ ƖƬƋ ŚưƸƫ ¬Ŷůřƹ ƺŤƀƯ ƾƟ Śƀǀƫ ƱŚƘŝźƯ !",- ¬!"#$ (11)

LM LBC= ^ h :Ʊŏ ŢŞŧŏ  

# $

,

"

-

!  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

¬ŜÚƘƨƯ !"#$%('& Ŧǀů ƪŝŚƤưƫř ƪƨƄƫř ƼƬƗ ¬	1-2
 ƲǀƴƿźưŤƫř ŠƬŘſŏ
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#

%  .EH  ƞƈŤƴƯ ) ¬AB  ƞƈŤƴƯ - ŠƐƤƴƫř

 (1) ( )EFGHMI =    a  b

 (�) ( )BCGHMD =    a  b

��

:ƱŚƧ řŷŔƟ BCDAB = ^ h Ŧǀů şŶƗŚƤƫř ƾŧǆŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

¬AD AP3=  ¬AC AN3=  ¬AB AM3=  

MNP^ h ƼƬƗ ƽŵƺưƗ AB  Ʊŏ ŢŞŧŏ  

!

"

- 0
.

#

$  

 ,ABC EFG^ ^h h ũŹŚų ŠƐƤƳ 3 
 ABC EFG'^ ^h h ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

CSC A=  ŦǀŰŝ  

!

"

&

3

%

# '

 , ,SFP FP FPSB C BC10 8 6= = =  :ƱŚƧ řŷŔƟ  

SC FE=  :Ʊŏ ŢŞŧŏ  

$
 & ƾƟ ƶƳŚƘƐƤƿƹ /  ƽƺŤƀưƫř ƼƬƗ ƱŚƿŵƺưƗ CD  
EF  Ʋƨǀƫ  (�)
.ƪǀƐŤƀƯ CDFE  Ʊŏ ŢŞŧŏ ./  ƽŻřƺƿ CE  ƱŚƧ řŷŔƟ .ŜǀţźŤƫř ƼƬƗ  

AC  ¬AB  ƲƯ ƪƧƼƬƗ ŚĐ ƿŵƺưƗ DA  :ƱŚƧ ŦǀŰŝ ŦƬŨưƫř ƽƺŤƀƯ ũŹŚų $ ŠƐƤƴƫř šŸųŏ ¬ŦƬŨƯ !"#  (�)

ABCMN = ^ h :Ʊŏ ŢŞŧŏ ¬DB  ƞƈŤƴƯ . ¬AB  ƞƈŤƴƯ - ŢƳŚƧ řŷŔƟ  

"

#

%

$

!
 ! ƾƟ Šƿƹřżƫř ƮŗŚƣ ŦƬŨƯ !"# ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ (1�)

ED CA'  ƮſŹƹ ¬!"# ŦƬŨưƫř ƽƺŤƀƯ ƼƬƗ ƽŵƺưƗ AD  ƮſŹ  

ED AB=  :Ʊŏ ŢŞŧŏ  

¬AB  ƥźŤƄƯ ƖƬƋ ŚưƸƫ ¬Ŷůřƹ ƺŤƀƯ ƾƟ Śƀǀƫ ƱŚƘŝźƯ !",- ¬!"#$ (11)

LM LBC= ^ h :Ʊŏ ŢŞŧŏ  

# $

,

"

-

!  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

¬ŜÚƘƨƯ !"#$%('& Ŧǀů ƪŝŚƤưƫř ƪƨƄƫř ƼƬƗ ¬	1-2
 ƲǀƴƿźưŤƫř ŠƬŘſŏ
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%  .EH  ƞƈŤƴƯ ) ¬AB  ƞƈŤƴƯ - ŠƐƤƴƫř

 (1) ( )EFGHMI =    a  b

 (�) ( )BCGHMD =    a  b
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:ƱŚƧ řŷŔƟ BCDAB = ^ h Ŧǀů şŶƗŚƤƫř ƾŧǆŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

¬AD AP3=  ¬AC AN3=  ¬AB AM3=  

MNP^ h ƼƬƗ ƽŵƺưƗ AB  Ʊŏ ŢŞŧŏ  
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#
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 ,ABC EFG^ ^h h ũŹŚų ŠƐƤƳ 3 
 ABC EFG'^ ^h h ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

CSC A=  ŦǀŰŝ  
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"

&

3
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# '

 , ,SFP FP FPSB C BC10 8 6= = =  :ƱŚƧ řŷŔƟ  

SC FE=  :Ʊŏ ŢŞŧŏ  

$
 & ƾƟ ƶƳŚƘƐƤƿƹ /  ƽƺŤƀưƫř ƼƬƗ ƱŚƿŵƺưƗ CD  
EF  Ʋƨǀƫ  (�)
.ƪǀƐŤƀƯ CDFE  Ʊŏ ŢŞŧŏ ./  ƽŻřƺƿ CE  ƱŚƧ řŷŔƟ .ŜǀţźŤƫř ƼƬƗ  

AC  ¬AB  ƲƯ ƪƧƼƬƗ ŚĐ ƿŵƺưƗ DA  :ƱŚƧ ŦǀŰŝ ŦƬŨưƫř ƽƺŤƀƯ ũŹŚų $ ŠƐƤƴƫř šŸųŏ ¬ŦƬŨƯ !"#  (�)

ABCMN = ^ h :Ʊŏ ŢŞŧŏ ¬DB  ƞƈŤƴƯ . ¬AB  ƞƈŤƴƯ - ŢƳŚƧ řŷŔƟ  
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%

$

!
 ! ƾƟ Šƿƹřżƫř ƮŗŚƣ ŦƬŨƯ !"# ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ (1�)

ED CA'  ƮſŹƹ ¬!"# ŦƬŨưƫř ƽƺŤƀƯ ƼƬƗ ƽŵƺưƗ AD  ƮſŹ  

ED AB=  :Ʊŏ ŢŞŧŏ  

¬AB  ƥźŤƄƯ ƖƬƋ ŚưƸƫ ¬Ŷůřƹ ƺŤƀƯ ƾƟ Śƀǀƫ ƱŚƘŝźƯ !",- ¬!"#$ (11)

LM LBC= ^ h :Ʊŏ ŢŞŧŏ  

# $

,

"
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!  

ŠǀƗƺƋƺƯ ƲƿŹŚưţ " ŠƗƺưŬưƫř

.ŠŘƏŚų şŹŚŞƘƫř ŢƳŚƧ řŷœ b  ƹ ŠŰǀŰƇ şŹŚŞƘƫř ŢƳŚƧ řŷœ a  ƪÚƬƓ ¬(1¥�) ƲƿŹŚưŤƫř ƾƟ

¬ŜÚƘƨƯ !"#$%('& Ŧǀů ƪŝŚƤưƫř ƪƨƄƫř ƼƬƗ ¬	1-2
 ƲǀƴƿźưŤƫř ŠƬŘſŏ
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%  .EH  ƞƈŤƴƯ ) ¬AB  ƞƈŤƴƯ - ŠƐƤƴƫř

 (1) ( )EFGHMI =    a  b

 (�) ( )BCGHMD =    a  b
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:ƱŚƧ řŷŔƟ BCDAB = ^ h Ŧǀů şŶƗŚƤƫř ƾŧǆŧ ƭźƷ ABCD ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

¬AD AP3=  ¬AC AN3=  ¬AB AM3=  

MNP^ h ƼƬƗ ƽŵƺưƗ AB  Ʊŏ ŢŞŧŏ  
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"
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#
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 ,ABC EFG^ ^h h ũŹŚų ŠƐƤƳ 3 
 ABC EFG'^ ^h h ¬ƪŝŚƤưƫř ƪƨƄƫř ƾƟ  (�)

CSC A=  ŦǀŰŝ  
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 , ,SFP FP FPSB C BC10 8 6= = =  :ƱŚƧ řŷŔƟ  

SC FE=  :Ʊŏ ŢŞŧŏ  

$
 & ƾƟ ƶƳŚƘƐƤƿƹ /  ƽƺŤƀưƫř ƼƬƗ ƱŚƿŵƺưƗ CD  
EF  Ʋƨǀƫ  (�)
.ƪǀƐŤƀƯ CDFE  Ʊŏ ŢŞŧŏ ./  ƽŻřƺƿ CE  ƱŚƧ řŷŔƟ .ŜǀţźŤƫř ƼƬƗ  

AC  ¬AB  ƲƯ ƪƧƼƬƗ ŚĐ ƿŵƺưƗ DA  :ƱŚƧ ŦǀŰŝ ŦƬŨưƫř ƽƺŤƀƯ ũŹŚų $ ŠƐƤƴƫř šŸųŏ ¬ŦƬŨƯ !"#  (�)
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 .Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř Šƿƹřżƫř Ƽưƀţ ��
 Šƿƹřżƫř ƱƺƨŤƟ  
( )� 	�
�  żƯźƫŚŝ ƶƫ żƯźƿ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ  

.ŚƸŤƟŚů ƼƬƗ ƽŵƺưƗ ÖƺŤƀưŝ Šǀūƹżƫř Šƿƹřżƫř ƖƐƤŝ ŠƿƺŤƀưƫř Šƿƹřżƫř ƼƬƗ ƪƈŰƳƹ  

(1) ŜƿŹŶţ
. ,π π21  ƲǀƿƺŤƀưƫř Ʋǀŝ ŠÚǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř Šƿƹřżƫř ƲÚǀƗ ŠǀƫŚŤƫř ƩŚƨƃǃř ƲƯ ƪƧ ƾƟ
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,�� AB 	� AB= =

................... Šǀūƹżƫř Šƿƹřżƫř ŠƟŚů 
...... , ..... A�π =1 1

....... , ...... A�π =1 2  ƦƫŸƧƹ  
 ŠƿƺŤƀưƫř Šƿƹřżƫř ƾƷ ............. `  

,π π21  Ʋǀŝ Šǀūƹżƫř ŠƿƹřżƬƫ

AB CB��= ^ h
.................... Šǀūƹżƫř Šƿƹřżƫř ŠƟŚů

., .....π�� A�=1 1

......... ,π1 2  ......... A�=  ƦƫŸƧƹ

 ŠƿƺŤƀưƫř Šƿƹřżƫř ƾƷ .................   `
,π π21  Ʋǀŝ Šǀūƹżƫř ŠƿƹřżƬƫ

:ŠƔůǈƯ
 Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ źǀƜŤƿ Ǉ
AB  ƼƬƗ �  ƖƣƺƯ źÚǀƜŤŝ

:ŠƯƺƬƘƯ
�&e �3.a*'d  ƭźƸƫř

 ƶƸūƹŏ Ŷůŏ ŭƺƐſ ŵŶƘŤƯ ƺƷ
 ƪƨƃ  ƼƬƗ  (şŶƗŚƤƫř) ƖƬƌƯ
 ¬(... ¬ƖŝźƯ ¬ƪǀƐŤƀƯ ¬ŦƬŨƯ)
 ƾƟ ƾƤŤƬţ šŚŨƬŨƯ ƶūƹǃř ŠǀƤŝƹ
.ƭźƸƫř ŽŏŹ ƾƷ şŶůřƹ ŠƐƤƳ

 ŜƀŰŝ  ƭźƸƫř  Šǀưƀţ  Ʋƨưƿ
.ƶţŶƗŚƣ ƪƨƃ

 ŠƘƐƤƫř ƩƺƏ ƺƷ ƭźƸƫř ƕŚƠţŹř
 ƼŤů ƭźƸƫř ŽŏŹ ƲƯ ŠƿŵƺưƘƫř

.şŶƗŚƤƫř

 ƺƷ (ƪŗŚưƫř) ƾŞƳŚŬƫř ƕŚƠţŹǇř
.ŠǀŞƳŚŬƫř ƶūƹǃř Ŷůŏ ƕŚƠţŹř

ŽŏŹ

ƭźƸƫř şŶƗŚƣ

şŶƗŚƤƫř Ɲźů

 ƾŞƳŚū ƕŚƠţŹř
(ƪŗŚưƫř)

ƕŚƠţŹř

 Ɲźů
ƾŞƳŚū
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كراسة التمارين

��

ÛƱ ĳźưţ
10-4

Šǀūƹżƫř Šƿƹřżƫř

4He $iHeDral !ngle

ŠǀƫŚƤƯ ƲƿŹŚưţ ! ŠƗƺưŬưƫř
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حاول أن تحل  2

:ƪŰƫř

:šŚǀƐƘưƫř

� B CA 

π

�^ hW    ABC^ h ũŹŚų ŠƐƤƳ D
    , ,cm cmDB AB DB ABC� �� =� � ^ h
    ,D� AC B� AC= =

,B� D�  ŵŚŬƿœ :śƺƬƐưƫř a
:ƱŚƷźŞƫř  

  mB� AC B�A 	
π&a `= �t^ h      Ś ÔƋźƟ

    m BAC 

πa �^ hW

ƾƴǀŤſ 7 ƾƴǀŧǈŧ ŦƬŨƯ AEB `
    ��B� AB	

�
�` � �     ƾƴǀŤſ 7 ƾƴǀŧǈŧ ŦƬŨưƫř ŠÚǀƇŚų

    ,DB ABC B� ABC= 1^ ^h h      Ś ÔƋźƟ

DB B�` =  ƺŤƀƯ ƼƬƗ ƽŵƺưƘƫř ƮǀƤŤƀưƫř ŠÚǀƇŚų

  :DBE ƽƺŤƀưƫř ƾƟ

.ƲǀƘƬƌƫř ƢŝŚƐŤƯ ¬BW  ƾƟ ƮŗŚƣ DBE ŦƬŨưƫř

    D� B� 	` #�     ƲǀƘƬƌƫř ƢŝŚƐŤƯ ƮŗŚƤƫř ŦƬŨưƫř ƾƟ źţƺƫř ƩƺƏ

    cm	��

,BAC ACD^ ^h h ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ :śƺƬƐưƫř  b
:ƱŚƷźŞƫř  

BAC ¬ DAC ƲǀƿƺŤƀưƫř ƖƏŚƤţ Ǝų ƺƷ CA  
BAC ƽƺŤƀưƫř ƾƟ B� AC=  
DAC ƽƺŤƀưƫř ƾƟ D� AC=  

B�DW  ƾƷ BAC ¬ DAC ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř Šƿƹřżƫř   `  
.ƲǀƘƬƌƫř ƢŝŚƐŤƯƹ BW  ƾƟ ƮŗŚƣ DB� aT  

 � B�D �`
/

�^ hW
π
� � Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ   `

.m B CA ����^ hW  ƱŚƧ řŷœ DAC ¬BAC ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ Ŷūƹŏ ¬(�) ƩŚŨưƫř ƾƟ  �

1
1

śƺƬƐưƫř  b
DC  Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ

:ƱŚƷźŞƫř  
.� ƾƟ Šƿƹřżƫř ƮŗŚƣ  A�D ŦƬŨưƫř  a

     AM DMAD	 	 	
� �^ ^ ^h h h     ťŹƺƛŚŨǀƟ ŠƤŝŚƐŤƯ

     AM � 	
�	 	

	

� �^ ah k
     AM 
� �
 ��

	
� � �^ h

  AM cm�� � 
� �

B� A� cm� 
� �  :A�B ƽƺŤƀưƫř ƾƟ

.AB� ŦƬŨưƫř ƾƟ ƭŚưŤƫř Ŝǀū ƱƺƳŚƣ ƭŶŴŤƀƳ A�B ŠƿƺŤƀưƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿǅ

     AM ���AB �B A� �B		 	 	 : : : e� � �^ ^ ^h h h
    AM

��� A� �B
�B AB

	

	 	 	

:e �
� �^ ^ ^h h h

    ���
�� �� 
�

�


	



�

	 � 
 � 
# #
e �

� �
� �

 ���� 

�

�� �	���� .e �
� a k

    ��� 
� �
 
�c l m  ƽŏ

�� 
� ��c l m Ƽƫřƺů Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř Šƿƹřżƫř ŽŚǀƣ   `



�

�

A B

C

GH

E F
D  ƲǀƿƺŤƀưƬƫ Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř Šƿƹřżƫř ƾƷ GBC Šƿƹřżƫř Ʊŏ ŢŞŧŏ ¬ƪŝŚƤưƫř ŜƘƨưƫř ƶŞƃ ƾƟ  1

.ŚƸſŚǀƣ Ŷūƹŏ Ʈŧ ¬ ,AB�� ABCD^ ^h h  

¬ABC ŦƬŨưƫř ƻƺŤƀƯ ũŹŚų ŠƐƤƳ D ƪŝŚƤưƫř ƪƨƄƫř ƾƟ

cmDB ��    ¬   cmAB ���    ¬   � BAC 

π

�t^ h
DB ABC= ^ h

B� AC=  ¬D� AC=

:Ŷūƹŏ
A

E
C

B

D

 ,B� D�  a
,BAC DAC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ  b
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مثال 3

AD �	�  ƶǀƟƹ ¬� ƾƟ ƵřźƐƣ ƖƏŚƤţ ƪǀƐŤƀƯ ABCD
�
 �
�  ŦǀŰŝ ƵřƺŤƀƯ ũŹŚų � Ŧǀů ABCD^ h ƼƬƗ ř ÔŵƺưƗ 
�  Ʈǀƣŏ

,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ Ŷūƹŏ

:ƪŰƫř

AC DB �+ � " , ¬ƪǀƐŤƀƯ ABCD  :šŚǀƐƘưƫř

, ,AD � �
 � �
 ABCD	 
 =� � ^ h
,ABCD 
DC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ :śƺƬƐưƫř

CD  ƞƈŤƴƯ E Ŧǀů ��  ƮſźƳ :ƪưƘƫř
,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ ŠƧźŤƄưƫř ŠƟŚŰƫř ƾƷ CD  :ƱŚƷźŞƫř

,�
 ABCD CD ABCDa = 1^ ^h h  

B C




�

E

A D
2

�


 �
 CD` =  (1)  
(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)  ƲǀƘƬƌƫř ƢŝŚƐŤưƫř CD� ŦƬŨưƫř ƾƟ

( ÔǈưƗ)   CD  ƞƈŤƴƯ E   a
�� CD` =  (�)  

:Ʊŏ ŶŬƳ (1), (�) ƲƯ
 ,CD 
��
� �
�= 1^ ^h h
 
� CD` =

CD  Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř  Šƿƹřżƫř ƾƷ ��
 `W
BCD ŦƬŨưƫř ƾƟ

(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)   BD  ƞƈŤƴƯ �
( ÔǈưƗ)   CD  ƞƈŤƴƯ E

  AD�� 	
�` �

 � �	
�

	#� �

(ƽƺŤƀƯ ƖƯ ƽŵƺưƘƫř ƮǀƤŤƀưƫř ƅřƺų ƲƯ)  �  ƾƟ Šƿƹřżƫř ƮŗŚƤƫř �E� ŦƬŨưƫř ƾƟ

  ��� ��
 ��
�


�
�



� � �^ hW

 � � 
� 
��` �^ hW

��6 ƺƷ ,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ   `

,ABCD 
BC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŶūƹŐƟ ¬ 
AB ��  ƱŚƧ řŷœ ¬(	) ƩŚŨưƫř ƾƟ  	
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AD �	�  ƶǀƟƹ ¬� ƾƟ ƵřźƐƣ ƖƏŚƤţ ƪǀƐŤƀƯ ABCD
�
 �
�  ŦǀŰŝ ƵřƺŤƀƯ ũŹŚų � Ŧǀů ABCD^ h ƼƬƗ ř ÔŵƺưƗ 
�  Ʈǀƣŏ

,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ Ŷūƹŏ

:ƪŰƫř

AC DB �+ � " , ¬ƪǀƐŤƀƯ ABCD  :šŚǀƐƘưƫř

, ,AD � �
 � �
 ABCD	 
 =� � ^ h
,ABCD 
DC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ :śƺƬƐưƫř

CD  ƞƈŤƴƯ E Ŧǀů ��  ƮſźƳ :ƪưƘƫř
,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ ŠƧźŤƄưƫř ŠƟŚŰƫř ƾƷ CD  :ƱŚƷźŞƫř

,�
 ABCD CD ABCDa = 1^ ^h h  

B C




�

E

A D
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 �
 CD` =  (1)  
(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)  ƲǀƘƬƌƫř ƢŝŚƐŤưƫř CD� ŦƬŨưƫř ƾƟ

( ÔǈưƗ)   CD  ƞƈŤƴƯ E   a
�� CD` =  (�)  

:Ʊŏ ŶŬƳ (1), (�) ƲƯ
 ,CD 
��
� �
�= 1^ ^h h
 
� CD` =

CD  Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř  Šƿƹřżƫř ƾƷ ��
 `W
BCD ŦƬŨưƫř ƾƟ

(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)   BD  ƞƈŤƴƯ �
( ÔǈưƗ)   CD  ƞƈŤƴƯ E

  AD�� 	
�` �

 � �	
�

	#� �

(ƽƺŤƀƯ ƖƯ ƽŵƺưƘƫř ƮǀƤŤƀưƫř ƅřƺų ƲƯ)  �  ƾƟ Šƿƹřżƫř ƮŗŚƤƫř �E� ŦƬŨưƫř ƾƟ

  ��� ��
 ��
�


�
�



� � �^ hW

 � � 
� 
��` �^ hW

��6 ƺƷ ,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ   `

,ABCD 
BC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŶūƹŐƟ ¬ 
AB ��  ƱŚƧ řŷœ ¬(	) ƩŚŨưƫř ƾƟ  	
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AD �	�  ƶǀƟƹ ¬� ƾƟ ƵřźƐƣ ƖƏŚƤţ ƪǀƐŤƀƯ ABCD
�
 �
�  ŦǀŰŝ ƵřƺŤƀƯ ũŹŚų � Ŧǀů ABCD^ h ƼƬƗ ř ÔŵƺưƗ 
�  Ʈǀƣŏ

,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ Ŷūƹŏ

:ƪŰƫř

AC DB �+ � " , ¬ƪǀƐŤƀƯ ABCD  :šŚǀƐƘưƫř

, ,AD � �
 � �
 ABCD	 
 =� � ^ h
,ABCD 
DC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ :śƺƬƐưƫř

CD  ƞƈŤƴƯ E Ŧǀů ��  ƮſźƳ :ƪưƘƫř
,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ ŠƧźŤƄưƫř ŠƟŚŰƫř ƾƷ CD  :ƱŚƷźŞƫř

,�
 ABCD CD ABCDa = 1^ ^h h  

B C




�

E

A D
2

�


 �
 CD` =  (1)  
(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)  ƲǀƘƬƌƫř ƢŝŚƐŤưƫř CD� ŦƬŨưƫř ƾƟ

( ÔǈưƗ)   CD  ƞƈŤƴƯ E   a
�� CD` =  (�)  

:Ʊŏ ŶŬƳ (1), (�) ƲƯ
 ,CD 
��
� �
�= 1^ ^h h
 
� CD` =

CD  Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř  Šƿƹřżƫř ƾƷ ��
 `W
BCD ŦƬŨưƫř ƾƟ

(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)   BD  ƞƈŤƴƯ �
( ÔǈưƗ)   CD  ƞƈŤƴƯ E

  AD�� 	
�` �

 � �	
�

	#� �

(ƽƺŤƀƯ ƖƯ ƽŵƺưƘƫř ƮǀƤŤƀưƫř ƅřƺų ƲƯ)  �  ƾƟ Šƿƹřżƫř ƮŗŚƤƫř �E� ŦƬŨưƫř ƾƟ

  ��� ��
 ��
�


�
�



� � �^ hW

 � � 
� 
��` �^ hW

��6 ƺƷ ,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ   `

,ABCD 
BC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŶūƹŐƟ ¬ 
AB ��  ƱŚƧ řŷœ ¬(	) ƩŚŨưƫř ƾƟ  	

1
�

AD �	�  ƶǀƟƹ ¬� ƾƟ ƵřźƐƣ ƖƏŚƤţ ƪǀƐŤƀƯ ABCD
�
 �
�  ŦǀŰŝ ƵřƺŤƀƯ ũŹŚų � Ŧǀů ABCD^ h ƼƬƗ ř ÔŵƺưƗ 
�  Ʈǀƣŏ

,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ Ŷūƹŏ

:ƪŰƫř

AC DB �+ � " , ¬ƪǀƐŤƀƯ ABCD  :šŚǀƐƘưƫř

, ,AD � �
 � �
 ABCD	 
 =� � ^ h
,ABCD 
DC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ :śƺƬƐưƫř

CD  ƞƈŤƴƯ E Ŧǀů ��  ƮſźƳ :ƪưƘƫř
,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ ŠƧźŤƄưƫř ŠƟŚŰƫř ƾƷ CD  :ƱŚƷźŞƫř

,�
 ABCD CD ABCDa = 1^ ^h h  

B C




�

E

A D
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 �
 CD` =  (1)  
(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)  ƲǀƘƬƌƫř ƢŝŚƐŤưƫř CD� ŦƬŨưƫř ƾƟ

( ÔǈưƗ)   CD  ƞƈŤƴƯ E   a
�� CD` =  (�)  

:Ʊŏ ŶŬƳ (1), (�) ƲƯ
 ,CD 
��
� �
�= 1^ ^h h
 
� CD` =

CD  Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř  Šƿƹřżƫř ƾƷ ��
 `W
BCD ŦƬŨưƫř ƾƟ

(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)   BD  ƞƈŤƴƯ �
( ÔǈưƗ)   CD  ƞƈŤƴƯ E

  AD�� 	
�` �

 � �	
�

	#� �

(ƽƺŤƀƯ ƖƯ ƽŵƺưƘƫř ƮǀƤŤƀưƫř ƅřƺų ƲƯ)  �  ƾƟ Šƿƹřżƫř ƮŗŚƤƫř �E� ŦƬŨưƫř ƾƟ

  ��� ��
 ��
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� � �^ hW

 � � 
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��` �^ hW

��6 ƺƷ ,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ   `

,ABCD 
BC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŶūƹŐƟ ¬ 
AB ��  ƱŚƧ řŷœ ¬(	) ƩŚŨưƫř ƾƟ  	

1
�

AD �	�  ƶǀƟƹ ¬� ƾƟ ƵřźƐƣ ƖƏŚƤţ ƪǀƐŤƀƯ ABCD
�
 �
�  ŦǀŰŝ ƵřƺŤƀƯ ũŹŚų � Ŧǀů ABCD^ h ƼƬƗ ř ÔŵƺưƗ 
�  Ʈǀƣŏ

,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ Ŷūƹŏ

:ƪŰƫř

AC DB �+ � " , ¬ƪǀƐŤƀƯ ABCD  :šŚǀƐƘưƫř

, ,AD � �
 � �
 ABCD	 
 =� � ^ h
,ABCD 
DC  ƲǀƿƺŤƀưƫř Ʋǀŝ Šǀūƹżƫř Šƿƹřżƫř ŽŚǀƣ ŵŚŬƿœ :śƺƬƐưƫř

CD  ƞƈŤƴƯ E Ŧǀů ��  ƮſźƳ :ƪưƘƫř
,ABCD 
CD  ƲǀƿƺŤƀưƫř Ʋǀŝ ŠƧźŤƄưƫř ŠƟŚŰƫř ƾƷ CD  :ƱŚƷźŞƫř

,�
 ABCD CD ABCDa = 1^ ^h h  

B C




�

E

A D
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�


 �
 CD` =  (1)  
(ƪǀƐŤƀưƫř ƅřƺų ƲƯ)  ƲǀƘƬƌƫř ƢŝŚƐŤưƫř CD� ŦƬŨưƫř ƾƟ

( ÔǈưƗ)   CD  ƞƈŤƴƯ E   a
�� CD` =  (�)  

:Ʊŏ ŶŬƳ (1), (�) ƲƯ
 ,CD 
��
� �
�= 1^ ^h h
 
� CD` =

CD  Šǀūƹżƫř ŠƿƹřżƬƫ ŠƿƺŤƀưƫř  Šƿƹřżƫř ƾƷ ��
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