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Definition  

A solid revolution is formed by revolving a plane region about a line. The line is called the axis of revolution. 

The Disk Method   طريقة القرص 

The volume of the solid formed by revolving the region bounded by the graph of𝑓 and 
the 𝑥 − axis 𝑎 ≤  𝑥 ≤  𝑏 about the axis is 

    Volume = 𝜋 ∫ (𝑓(𝑥))2𝑏

𝑎
𝑑𝑥 

 
The Washer Method  )طريقة الحلقة )أو طريقة القرص الحلقي 

Let 𝑓and 𝑔 be continuous and nonnegative on the closed interval as shown.  
If 𝑔(𝑥) ≤ 𝑓(𝑥)for all x in the interval, then the volume of the solid formed by revolving the 
region bounded by the graphs of 𝑓 and 𝑔 (𝑎 ≤  𝑥 ≤  𝑏) about the axis is  

     Volume = 𝜋 ∫ (⌈𝑓(𝑥)⌉2 − ⌈𝑔(𝑥)⌉2)
𝑏

𝑎
𝑑𝑥 

𝑓(𝑥) is the outer radius and g(x) is the inner radius. 
 

  
 

 
 
 

 
Volumes of revolution around the x-axis 

1) Find the volume of the solid formed by revolving the region bounded by the 
graph of 𝑓(𝑥) =  −𝑥2 + 𝑥 and the x-axis about the x-axis. 
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2) Find the volume of the solid formed by revolving the region bounded by the 

graphs of  𝑓(𝑥) =  √25 − 𝑥2        and 𝑔(𝑥)  = 3  about the x- axis       
 

Finding the points of intersection of 𝑓 and 𝑔  

𝑓(𝑥) =    𝑔(𝑥)     

√25 − 𝑥2   = 3 
𝑥   =  ±4        
 

 

 

 

 

 

 

 

3) Find the volume of the solid formed by revolving the region bounded by the graph  

of 𝑓(𝑥) =  −𝑥2 + 4 about the x-axis. 
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Volumes of revolution around the y-axis 

Let R be the region bounded by 𝑦 = 4 − 𝑥2and 𝑦 =  0. Find the volume of the solids 
obtained by revolving R about the following:  

 

a) the line the y-axis 
       𝑦 = 4 − 𝑥2  

       𝑥 = √4 − 𝑦  ⇒ 𝑓(𝑦) = √4 − 𝑦   

V = 𝜋 ∫ (⌈𝑓(𝑦)⌉2)
𝑏

𝑎
𝑑𝑦 

     = 𝜋 ∫ (⌈√4 − 𝑦  ⌉2)
𝑏

𝑎
𝑑𝑦 = 𝜋 ∫ (4 − 𝑦)

4

0
𝑑𝑦 = 8𝜋 

 
b) line x = 3 
 
𝑦 = 4 − 𝑥2  

𝑥 = ±√4 − 𝑦   

𝑟0 = 3 − (−√4 − 𝑦  )  = 3 + √4 − 𝑦   

𝑟1 = 3 − √4 − 𝑦   

Volume = 𝜋 ∫ (⌈𝑟1⌉2 − ⌈𝑟0⌉2)
𝑏

𝑎
𝑑𝑦 

 

                  = 𝜋 ∫ (⌈3 + √4 − 𝑦⌉2 − ⌈3 − √4 − 𝑦  ⌉2)
4

0
𝑑𝑦 

                 = ∫ 𝜋(3 + √4 − 𝑦)
2

𝑑𝑦
4

0
 − ∫ 𝜋(3 − √4 − 𝑦)

2
𝑑𝑦

4

0
 

                 = 64 𝜋 
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4)Find the volume of the solid formed by revolving the region bounded by the 
graph(s) of the equation(s) about the y-axis.   𝒚 = 𝒙𝟐   , 𝒚 = 𝟒 , 𝟎 ≤  𝒙 ≤  𝟐     

 

 

 

 

 

 

5)Suppose that a dome has circular cross sections, with outline 𝒚 = −
𝟐

𝟒𝟓
𝒙𝟐 + 𝟗𝟎  for 

−45 ≤ 𝒙 ≤ 𝟒𝟓 . Find the volume of the dome 
 

. 

 

 

 

 

 

6)Revolve the region under the curve y =√𝑥 on the interval [0, 4] about the x- axis and find 
the volume of the resulting solid of revolution. 
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7)Let R be the region bounded by the graphs of 𝒚 =
𝟏

𝟒
𝒙𝟐, x = 0 and y = 1.  

Compute the volume of the solid formed by revolving R about  
(a) the y-axis. 

  
 
 
 
 
 
 
 
 
 

(b) the x-axis.  
 
  
 
 
 
 
 
 
 

(c) the line y = 2. 
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8)Let R be the region bounded by 𝑦 =  4 − 𝑥2 and y = 0. Find the volume of the 

solids obtained by revolving R about each of the following:  

(a) The y-axis. 

 

 

 

 

 

(b)The line y = −3. 

 

 

 

 

 

 

(c) The line y = 7  
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(d) The line x = 3.  

 

 

 

 

 

 

9)Estimate the volume from the cross-sectional areas. 

 

 

Answer: Simpson’s rule 

∆𝒙 = 𝒃−𝒂

𝒏
 = 0.5 

𝑉 ≈
Δ𝑥

3
(𝐴1 + 4𝐴2 + 2𝐴3 + 4𝐴4 + ⋯ + 𝐴𝑛)  

=0.5

3
 (1 +4(1.2) +2(1.4) +4(1.3) + 1.2) = 2.5 ft3 

 
10)Verify the formula for the volume of a sphere by revolving the circle 𝑥2  +  𝑦2  =

 𝑟2  about the y-axis. 
 

  

𝑽 = ∫ 𝑨(𝒚) 𝒅𝒚 =
𝒓

−𝒓 ∫ (√𝒓𝟐 − 𝒚𝟐)
𝟐𝒓

−𝒓
𝒅𝒚  =  

𝟒

𝟑
𝝅𝒓𝟑 

 

𝑥2  +  𝑦2  =  𝑟2  
 𝒓𝒂𝒅𝒊𝒖𝒔: 𝒙 = √𝒓𝟐 − 𝒚𝟐  

 

The spher extends from 𝒚 =  −𝒓 𝒕𝒐 𝒚 = 𝒓    
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Homework 

Write and evaluate the definite integral that represents the volume of the solid formed 

by revolving the region about the y-axis. 

1) 𝑦 = √16 − 𝑥2 

 

 

 

 

 

 

 

 

 

 

 

2) 𝑦 = 𝑥2 
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Write and evaluate the definite integral that represents the volume of the solid 

formed by revolving the region about the x-axis 

1)𝒚 = 𝒙𝟐 ,  𝒚 =  𝒙𝟓 

 

 

 

 

 

 

 

 

 

 

2)𝒚 = 𝟐 ,    𝒚 = 𝟒 −
𝒙𝟐

𝟒
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