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Mr. Moustafa Abdelaziz Volumes of revolution solids
12-Advanced

Definition
A solid revolution is formed by revolving a plane region about a line. The line is called the axis of revolution.
The Disk Method = dll 44 5k

The volume of the solid formed by revolving the region bounded by the graph off and
thex —axisa < x < b aboutthe axis is

Volume=m f;(f(x))2 dx

The Washer Method (alall (= all 44 yla ) 4slal) 43 )k

Let fand g be continuous and nonnegative on the closed interval as shown.

If g(x) < f(x)forall xin the interval, then the volume of the solid formed by revolving the
region bounded by the graphs of f and g (a < x < b) about the axis is

Volume=m f;([f(x)]z —[g(x)]?) dx

f(x) is the outer radius and g(x) is the inner radius.

Solid of revolution
with hole

Plane region

Volumes of revolution around the x-axis
1) Find the volume of the solid formed by revolving the region bounded by the

graph of f(x) = —x? + x and the x-axis about the x-axis.
1
Volume = 7| [f(x)]*dx Disk Method y
0] ] A
= WJ (—x% + x)?dx Substitute for f(x). 2T y=—x2 + x
01 ] f(x) = —x= + x
= WJ(; (x* — 2x3 + x?) dx Expand integrand. N T e L /_//
x> xt x| R
= 7T|:5 - ? + 3]0 Find antiderivative. Ax T
= % Apply Fundamental Theorem. Radius: f(X) — _x2 + x

~ 0.105 Round to three decimal places.




2) Find the volume of the solid formed by revolving the region bounded by the

graphsof f(x) = Vv25—x2 and g(x) = 3 about the x- axis
fx) =+/25 — x2 "

Finding the points of intersection of f and g

fx)= gXx)
V25 —-x2 =3
x = 14
4
Volume = WJ {[f(x):P - [g(x)]z} dx Washer Method
-4
4 —
= WJ [( V25 — A\'j)z - (3)2} dx Substitute for f(x) and g(x).
-4
4
= WJ (16 — x?) dx Simplify.
-4
x3 4
= W[ 16x — —] Find antiderivative.
314
256
= T Apply Fundamental Theorem.
=~ 268.08 Round to two decimal places.

3) Find the volume of the solid formed by revolving the region bounded by the graph

of f(x) = —x? + 4 about the x-axis.




Volumes of revolution around the y-axis

Let R be the region bounded by y =4 — x?and y = 0. Find the volume of the solids

obtained by revolving R about the following:

a) the line the y-axis
y=4-x?
x= Ty =) =Ty
V= [ (f0)1?) dy

=m [ (WF=y 1) dy=n [[(4—y) dy =8 .

b) linex=3

= — 4—
x=x/4—-y
ro=3-(—VA-y) =3+Vi-y
r=3—\i—y

Volume =1 f:([rllz — [r0]1%) dy

=7 [([3+VE=y2 —[3—vEi—y 1)) dy
- [Pn(3 4 E=) dy - [ (3 - JT=7) dy

=641




4)Find the volume of the solid formed by revolving the region bounded by the
graph(s) of the equation(s) about the y-axis. y=x% ,y =4,0 < x < 2

5)Suppose that a dome has circular cross sections, with outliney = — Exz + 90 for

—45 < x < 45 . Find the volume of the dome

i

6)Revolve the region under the curve y =v/x on the interval [0, 4] about the x- axis and find

the volume of the resulting solid of revolution.
y=vx




7)Let R be the region bounded by the graphs of y = %xz, x=0andy=1.

Compute the volume of the solid formed by revolving R about

(a) the y-axis. ]
]
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(b) the x-axis. y=1
I -4
Outerfadius:
y _Inner radius
- 2
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(c) the liney=2. 5

P 2-y=2—=

" Outer radius:

-

» X
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8)Let R be the region bounded by y = 4 — x? and y =0. Find the volume of the
solids obtained by revolving R about each of the following:

(a) The y-axis.

of

4

Radius=x=V4—y

(b)The line y =-3.

(c) The liney =7

o




(d) The line x = 3.

9)Estimate the volume from the cross-sectional areas.

x (ft) 00[05]10]|15]20
A)(F3) | 1.0 | 1.2 [ 1.4 | 1.3 | 1.2

Answer: Simpson’s rule
V ~ (A + 44 + 245 + 44, + - + Ay)
=0?5 (1+4(1.2) +2(1.4) +4(1.3) +1.2) = 2.5 ft3

10)Verify the formula for the volume of a sphere by revolving the circle x? + y? =

r? about the y-axis.

/ The spherextendsfromy = —rtoy =r

) 2
v=["Amdy=[" (Vi*=32) dy =3mr?

7




Homework

Write and evaluate the definite integral that represents the volume of the solid formed
by revolving the region about the y-axis.

1) y=v16 —x?

2) y =x?




Write and evaluate the definite integral that represents the volume of the solid
formed by revolving the region about the x-axis y

Dy=x%,y=x°
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