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MCQ Part

3 Estimate an are length of a given funetion. Gz
Sana A3 gowia o updll Jgbo ki
7. (a) For the z-values of our points here we use 8. (a) For the z-values of our points here we use
(approximations of) 0, ¥, T, J{ and 3. (approximations of) 0, £, §, % and 5.
Left Right Length Left Right Length
0, 1) (0.393, 0.92) | 0.400 (0,0) (0.393, 0.38) | 0.548
(0.393, 0.92) | (0.785, 0.71) | 0.449 (0.393, 0.38) | (0.785, 0.71) | 0.509
(0.785, 0.71) | (1.18, 0.383) | 0.509 (0.785, 0.71) | (1.18, 0.924) | 0.449
(1.18, 0.383) (1.571, 0) 0.548 (1.18, 0.924) (1.57, 1) 0.400
| I Total [ 1.906 | [ | Total [ 1.906 |

(b) For the z-values of our points here we use
(approximations of) 0, &, £ 3z = 5z

' 16 8 16! 4° 16?

331 71—; and 3.
Left Right Length
0, 1) (0.196, 0.98) [ 0.197
(0.196, 0.98) | (0.393, 0.92) | 0.204
(0.393, 0.92) | (0.589, 0.83) | 0.217
(0.589, 0.83) | (0.785, 0.71) | 0.232
(0.785, 0.71) | (0.982, 0.56) | 0.248
(0,982, 0.56) | (1.178, 0.38) | 0.262
(1.178, 0.38) | (1.37, 0.195) | 0.272
(1.37, 0.195) (1.571, 0) 0.277
| | Total [ 1.909 |

0545872053
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(b) For the z-values of our points here we use
®* 3x = 5m

7 5 R Ta,. X m 37w
(d])p__rnxlmdhnnh of) 0,35 B Tor- T 1o+

3{~ i,—;; and g
Left Right Length
(0, 0) (0.196, 0.2) | 0.277
(0.196, 0.2) | (0.39, 0.38) | 0.272
(0.39, 0.38) | (0.589, 0.56) | 0.262
(0.589, 0.56) | (0.785, 0.71) | 0.248
(0.785, 0.71) | (0.982, 0.83) | 0.232
(0.982, 0.83) | (1.18,0.924) | 0.217
(1.18, 0.924) | (1.374, 0.98) | 0.204
(1.374, 0.98) (1.571, 1) 0.197
[ | Total [ 1.909 |
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MCQ Part

Estimate an arc length of a given function.

1 [7-12)
lans U5 Jonia Jo gl Jglo 1
9. (a) 10. (a)

Lel Right Lengih Left Right Length

0. 1) (075, 1.323) | 0.817 T, 1) 125, 08) | 0.3202

(075, 1.323) | (1.5, 1.581) | 0.793 (1.95,08) | (15, 0.67) | 0.0833

(1.5, 1.681) | (2.25, 1.803) | 0.782 (15, 0.67) | (1.75, 0.571) | 0.2675

(2.25, 1.803) 3.2) 0.776 (1.75,0571) | (2, 05) | 0.2600

| [ Total [ 3.167 | | Total [ 1.1310 |
(b)

Left Right Length (b) — _— —

0,1 0.375, 1.17) | 0.413 - e chgla

0, 1) (0.375, 1.17) Y] (1125, 0.80) | 0.167

(0.375, 1.17) | (0.75, 1.323) | 0.404 e L B
(0.75, 1.323) | (1.125, 1.46) | 0.399 (1.125, 0.89) {_':"-' '__3 .
Lo = o (1.25,0.8) | (1.375, 0.73) | 0.145
(1.125,146) | (L5 1.58) | 0395 (1.375,0.73) | (1.5, 0.67) | 0.139

(15, 1.68) | (1.8, 1.606) | 0.392 (15.067) | (1625 062) | 0135
(1.88, 1.696) | (2.25, 1.80) | 0.300 2 20 el -

= (1.625, 0.62) | (1.75, 0.57) 0.133
(2:25,1.80) | (2.63, 1.904) | 0.388 (1.75, 0.57) | (1875, 0.53) | 0.131
(2.63, 1.904) (3,2) 0.387 (1875, 053) | (2,05 | 0.129

| [ Total | 3.168 Total 1132

MR. OBADA

0545872053

@EMSATMATH12

==

et




MCQ Part

Estimate an arc length of a given function.

1 (7-12) 68
Bllans 13 gouka o gl Jglo 115
11. (a) 12. (a)
Left Right | Length Left Right Length
(-2,5) | (-1, 2) 3.162 (-1, 1) (-0.5, 1.875) | 1.0078
(1,2) [ (0, 1) | L1414 (-0.5, 1.875) (0, 2) 0.5154
O, 1) | (1,2) | 1414 (0, 2) (0.5, 2.125) | 0.5154
1.2 2. 5 | 3.162 (0.5, 2.125) (1, 3) 1.0078
| “Total | 0.153 | | | Total | 3.0463 |
] (b)
(b) : Left Right Length
Left R]g]lt ]a("[lj.“'tll [:_]1 l} ( 0. T-.} 1. as) 0.630
(-2,5) | (-1.5,3.25) | 1.820 ((0.75, 1.58) | (-5, 1.88) | 0.388
(-1.5, 3.25) 1,2 1.346 (05, 1.88) | (-0.25, 1.08) | 0.273
(-1, 2) (-0.5, 1.25) | 0.901 (-0.25, 1.98) (0,2) 0.251
(-0.5, 1.25) (0, 1) 0.559 (0, 2) (0.25, 2.016) | 0.251
0, 1) (0.5, 1.25) | 0.559 (0.25, 2.016) | (0.5, 2.13) | 0.273
(0.5, 1.25) (1, 2) 0.901 (0.5, 2.13) (0.75, 2.42) 0.388
(1, 2) (1.5, 3.25) 1.346 (0.75, 2.42) (1,3) 0.630
(15,3%) [ 25 1.820 | [ Total | 3.084 |
‘ E—2
D e C
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MCQ Part

Find a limit algebraically or graphically, if it exists.

Saars O bl b e A0 i dad Sln)

Example3 71

FIGURE 2.8
v = f(x)

MR. OBADA

0545872053

EXAMPLE 2.3 Determining Limits Graphically
Use the graph in Figure 2.8 to determine Hl}l_ (), .lil:l’_ flx), I'inlI f(x) and _Iiml flx).

X=

Solution For lim f(x), we consider the y-values as x gets closer to 1, with x < 1.

X
That is, we follow the graph toward x = 1 from the left (x < 1). Observe that the
graph dead-ends into the open circle at the point (1, 2). Therefore, we say that
linl1 f(x) = 2. For lim f(x), we follow the graph toward x =1 from the right (x > 1).
=1 1+ i

—

In this case, the graph dead-ends into the solid circle located at the point (1, =1).
For this reason, we sav that lim+ f(x) = —1. Because lillll f(x) # lim+ f(x), we say
' y=1% x—1-" x=1+" :
that lim f(x) does not exist. Finally, we have that lim f(x) = 1, since the graph
Y— A——

approaches a y-value of 1 as x approaches —1 both from the left and from
the right. =

8 ‘L‘:l' 0
PR
,’n'e A
o ls..h'l
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MCQ Part

Find a limit algebraically or graphically, if it exists.

Caiors O] deibirs Lt Lo A1 kg b S

Erample3

71

7. (a) lim f(x)= -2

a—0—

(b) lim f(x)=2

r—0

(¢) lim f(x) Does not exist.
20

(d) lim f(x)=2

(f) _lin_l2 f(x) =2
(g) lim f(x)=0

r——1

(b) lim f(z)=1

MR. OBADA

0545872053

8.

(a)
(b)

lim f(x) =1

r—1—

lim f(x)=1

r—+1

lim f(x)=1
r—+1

lim f(x)= -1

r—2—

lim f(x)=3

.1'—>2+f[ :‘

lim f(r) does not exist.

r—2

lim f(r)=2.5
r—+3—
lim_ f(z) = 1.5

o, Vg

o
TS

’rn'O o
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MCQ Part

s Find limits of poly ial, rational, and trig tric functions using theorems.
bl S las slusails dibially dowdlly Jedsd 3455 Jlgudl kg Slal
1. lim(2®> =32 +1)=0>=3(0)+1=1
.rl—l::)(, b ) ( )+ 7.
2. lim V2x +1= {/2(2) +1= V5.
r—2
. l. 3 A‘Vﬁ] ..2 - w l‘i‘l(): z.
3 .rlﬂ:)”)\ (x7) = cos 5
xr—95 2-5 3 8
4. lim = = —— :
JJzﬂ+4 22 +4 S
., 22—x2-6
5. lim -
r—3 r—3
. (x=3)(z+2)
= lim —————=
T3 x—3
=lim(z+2)=34+2=5 9.
r—3
3 24 x—2
6. lim
r—1 12 —3x +- 2
(z — 1)(z +2) 10.

MR. OBADA

0545872053

(1-28)
. x2—-x—-2
lim :
r—=2 2 —4
. (x=2)(x+1)
= lim
z—2 (T + 2)(z — 2)
. &+1 241 3
= lim = —
=21 + 2 2:4-9 4
‘ =g
lim
r—1 1% + 20 — .{l
- (z—=D(@?+2+1)
= lim
z—1 (z +3)(x—1)
. a?4+r+1 1241413
= lim — — =
r—1 z+3 1:4:8 1
. sin @ Sin -
lim = lim ——
=0 tanax r—p() SINZ
. COos T
= lim cosz = cos0 =1
x—0
i tan x
lim
=0 T
: sina
= lim :

z—0 rcosx

. sinx 3 1
= { Jixin lim =1.
r—=0 I z—0 cos T

@EMSATMATH12
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MCQ Part

Find limits of pelynomial, rational, and trigonometric functions using theorems.
3 - — - — {1-28) 85
Clelgall ilplai plasoialy Salially Sudlly dpdoed] 805 Jlaull Ailgh lamil
ca— 241 r+4-2
11. lim — 13. lim Y
r—0 12 + T r—+0 T
L z(e~ 21 _ lim vr+4—2 (w’.r' +4+ 2)
T 250 r(x+1) x—0 T vr+4+2
p—2x+1 e—2(0)+1 — i r4+4—4
=T T o1 20 (/T + 4 + 2)
. I
2 = lim _
12. lim z%csc?r = lim J, =0 r(yr +4+2)
a=l) =) Hillz.!' 1 ]_
= mm ——
) 1 . 1 =0 /442
= [ lim —— lim — * ! ! +| 1
p() ST r—3() HiDT - o _
’ ) CVi+2 242 4
14. 1 2
M
=03 — /T 10
r 34+ Vz+9)

MR. OBADA

0545872053

= lim

=0 (3 — /& 4+9)(34++vx+9)

= lim
=0 i

2¢(34+ vV +9)

= 1_1..{1' —2(34++r+9)=—-12

O —

o)t
" s
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MCQ Part

Find limits of polynomial, rational, and trigonometric functions using theorems.

: (1-28) 85
Cillgall skl plaseiool didlially dailly 390l 505 il Ll sl
. 21
. r—1 ) 1 —¢
15. lim 19. lim 1 — et
x—r] V/T —_— ]_ ; FANE x
(T =€) (1 +e™)
C(E+D)(E- 1) = lim S
= lim B E."“ 1 4o ey
z—+1 vr—1 = lim (1 +¢%) =2
- l_m%{ﬁ—f_ 1) = Vitl=2 sin(|x]) sin(x)
e 20. lim, — = lim — =1
=3 — 64 r—4) (22 + dr + 16 T Ly
16 Tim 28 iy =D ) fi S0
r=d T — F—td (x—4) —— T
= lim (.;'2 +4z + ]{i) = lim sm(—7)
r—+4 =3} :r'
=2+ 4x4+16 =48 = i 220 _
x—¢lb ki A
1 2 Since the limit from the left does not equal the
17. li"l( ) limit from the right, we see that ]i]l:]w
; e S
i ( 2 ) does not exist,
= lim .
el @=N+1/ 21. lim f(z)= lim 2z =2(2) =4
& 2= r—2=
= lim d — lim f li =22=4
=21\ (r—=1){x+1) (r—=1)(z+1) r_]'“2' (x) = I_l'“; a?=2"=
. r—1 lim f(x) =4
=1 e ¥
4-“—}11(:—1111+1) o
= lim ( 22, Undefined. The limit from the left is 2, but the

1)

x—+1

18. Undefined. The limit from the right is 0, but

the limit from the left does not exist.

MR. OBADA

0545872053

limit from the right is -2,

O —
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MCQ Part

3 — - — (1-28) 85
g ol PRl Aeblially dusunilly 29 555 gl &g Sl
23. lim f(z)= lim (2z+1) 27. Consider f(z) = —— and a polynomial
r——1- r——1- I
=2(-1)+1=-1 p(x) = % — 4 such that p(2) = 0.
lim f(z)= lim 3=3 sinz
z——1+ 1 (z) z——1+ Also l.il_l:.J m_l =,
Therefore lim f(r) does not exist. o B
r——1 Therefore by the theorem 3.4(wviii),
24. _l.l_i:,llllA f(') = 3 11[11’ f(l;(l)) =L
lim f(z)= lim 2z +1=3, ;W
1t r—1t - sin(z® —4) |
Therefore Iiml Fix) =3 Ss RE_ A e
T—p
. (2+h)* -4 - o
25. lim ( L 28. lim ",l“ = lim _M“J
h—0 h . 20 Hr z—0 Hrcosx
o (A+4h+h")—4 , lsine 1
= lim = lim [ =
h—0 ]/I r—0 \D & cosx
4h + h* . sin.r
= lim LR RS lim4+h=4 — 1 (lim : m.:) (lim : )
h—0 h h—0 5 \ex—=0 r—0 COS I
1 |
$ e ])(” —
14+ h)% =1 5 ;
8 i 2 5 5
h—0 h
L 14+3h+3R2+02 -1
= lim
h—0 h
. h(3+3h+ h2)
= lim ———=
h—0 h
=lim3+3h+h?=3
h—0

MR. OBADA

0545872053
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MCQ Part

Find limits of palynomial, rational, and trigonometric functions using theorems.

Sl sl plascy dkially ducilly 2pamd) 5405 Jisal &by el

Example3

21

EXAMPLE 3.6 Evaluating a Limit of an Inverse Trigonometric
Function

Evaluate lim sin™" (ﬁ) .
=0 2
Solution By Theorem 3.4 parts (v) and (viii), we have

timsin! (532) =507 (3) = %

. . COS8 X . x
lim(xcot x) = lim (x - ) = lim ( - -::usx)
=0 x=0 SN x =0 \siny

. X .
= (hm —) (llITI cusx)
x—0 51N x x—=0
lim cos x
x==0]
= - = - = 1;
sinx 1
lim —
x=+() X
since lim cos x = 1 and where we have used the conjecture we made in example 2.6

x=0

MR. OBADA

0545872053
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MCQ Part

Find limits of polynomial, rational, and trigonometric functions using theorems.
4 Example3 31

ol bl gl Adlially didly Sadomll 805 Jlsadl Al Sl
37 lim Y l—cosz  [1 V2 42. (a) lim (r+1)sinx

. llll+ — 9 9 r——1
x—0 €I L & . . .
= 111111(.1* +1) 111111 sin
. 1 —cos’zx . sin?z e e

38. lim ———— = lim

x—0 .i‘g x—+0 .i‘2

. osina . osinxT
= [ lim lim =1.
r—0 e =30 .

(h)

MR. OBADA

0545872053

(Theorem 3.1).
Using Theorems 3.2 and 3.4 we get that
this is equal to (—1 + 1)sin(—1) = 0.

By Theorem 3.1,
.
e (lim ) ( lim &™)
lim ozl r—+1
z—1 tanx lim tan

ex—+1
Using Theorem 3.2 and Theorem 3.4 we

see that this equals .
tan 1

*
& "'La 0
5o
o

4

fn’'lL
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MCQ Part

Find harizontal, vertical, and slant asymptotes using limits.

(23-32)

5 106
olilgall plidenls Alitally duwiylly 2281 Cilaall Iaglas Sl
23, [ﬂj 4 — Ij.z =0=4 = .'.2 so we have vertical 24. (a) Since 4 + x° is never 0. there are no ver

asymptotes at © = £2.
flr) s ocas e — —27
f(x) > —c0 as x = =271
flr) 2 o0asx — 27
f(x) = —oc as & — 2

Again, we have

. £
lim ——
r—toc 4 — =
I -
= lim ——m—
z—+too p2 (% — l)
1
= lim ———=0.
r—too (1—4_! — )
So there is a horizontal asymptote at
y = 0.

Vertical asymptotes at z = +2.
flr) 2 o00casx — 2 and x — =21,
f(r) = —occasx =2t and v — -2

Horizontal asymptote at y = —1.

MR. OBADA

0545872053

(h)

tical asy mptotes. We have

lim

E o0 \,f-l+ r
= lim
T i
J_?
. 1
=
|l.|,' J_-z 1 |
= A=
and .
.r'Hl—uK '\,"'r'l. o2
= |im _ .'!—
’ —JV"fa_r +1
-1
- FEELI ,lr 1
Vet
-1
= —=-1,
V1

so there are horizontal asymptotes at

y=1andy=—1.

The function is only defined in (-2,2).
Two one-sided vertical asymptotes at

=22, fla) = ocasx— 27, and
flz) = —oo as o — —2T,

:\Ti ] ]_11 ]]_'i'{‘,t it FL]_ J-l:'i_\'luil[l!l 05,

O —

A

&

& ; o
R

g
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MCQ Part

Find horizontal, vertical, and slant asymptotes using limits.

(23-32)

Sl plusiiats Aitally duulylly A Cia! b glase Slow)

25. The denominator factors:

22 -2 -3 =(x—-3)(z+1).

Since neither x = 3 nor = —1 are zeros of
the numerator, we see that f(x) has vertical
asymptotes at r = 3 and x = —1.

/(’) — =00 as 1 — 3—.
f(xz) > 00 as x — 3T,

f(x) > o0casx — —17, and
f(r) = —o0 as & — B o S
We have

322 +1

lim ——— -
r—+oc 2 — 2 — 3

34+ 1/x2
= lim — SRy f.____._)_ — 3
z—too 1 — 2/x — 3/x*

So there is a horizontal asymptote at y = 3.

MR. OBADA

0545872053

26. Vertical asymptote at x = —2.

27,

flr) 2 casx — —27.
f(x) > —0casxz— —2T and z — -2
Again, we have
. l—=x
lim ———=0
z—to0 2 +x—2
So there is a horizontal asymptote at y = 0.

The function is continuous for all . so no ver-
tical asymptotes. We have

lim 4tan 'z —1=4( lim tan " 'z) —1

r—r00 r—o0
= —1(.’.’/2) —1
=2r—1
and

lim 4tan~'r —1

—r—00
=4( lim tan " 'z) — 1
=4(-7/2) -1
=27 —1,

so there are horizontal asymptotes

at y=2r—1and y = —27 — 1.

O —

DI C
B

] v L
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MCQ Part

Find horizontal, vertical, and slant asymptotes using limits.

(23-32)

St plosialy Alitally Aoyl AR ol doglase Sl

108

28. The function Inwx has a one-sided wvertical

asymptote at @ = 0, so f{r) = In(l — cosx)
will have a vertical asymptote whenever
1 — cosx = (0, i.e., whenever cosx = 1.
This happens when » = 2k for any integer k.
Since 1 —cosax = 0 for all @, f(r) is defined at
all points except for these vertical asymptotes.
Thus as f{x) approaches any of these asymp-
totes (from either side), it behaves like Inx ap-
proaching 0 from the right, so f(x) = —oc as
xr approaches any of these asymptotes from ei-
ther side.

MR. OBADA

0545872053

29. Vertical asymptotes at x

= £2.

The slant asymptote is y = —=.

30. Vertical asymptote at = = 2.

The slant asymptote is y

31. Vertical asymptotes at x

The slant asymptote is y

=x + 2.
_ —1+17

=x— 1.

32. Vertical asymptote at x = — /2.

The slant asymptote is y

= L.

O —

.‘.L-

TR0
0O

ls’.h' L

4

@
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MCQ Part

¢ Sketch the graph of a function using the graph of its derivative. (13-18) 151
gida) (L) el Je olaze] A1) gove @)
13. (a) The derivative should look like: 14. (a) The derivative should look like:
10— S: 'l
i =
o] o=
4 2]
4 -
5-‘ ' /
| PR FRUCH o o ) ) .7, (LB o W R o gt | _[51.]4'_'31_]«.)',.“"|ll':lyl4rl
-10 -8 -0 -4 -2 2 4 L] 8 10 % ?"’—'
—-): V-?_‘:
- -3
—~t— =
— -
-8 =
B )
~10
(b) The derivative should look like: (b) The derivative should look like:
Al
a—]
-
n g ey et L0 (L0 [N I (UL e S (L N VLA L L o
-5 -4 -3 -2 -1 1 2 3 “ S
4 5 -
~z.5: )
R y =1
1 -3
] ]
5.0 =]
. ~o]

MR. OBADA O Bqn

0545872053 @EMSATMATH12
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MCQ Part

Sketch the graph of a function using the graph of its derivative.

(13-18)

151

it Lt Ll e 1olaie! D11 Gowia @

15. (a) The derivative should look like:

(b) The derivative should look like:

Sy

+—

3

MR. OBADA

0545872053

16. (a) The derivative should look like:

(b) The derivative should look like:

4.0
a2
24
1 u:

08—

B N B e B o4

-2
-0 0~
-1.6—
y —
-2
-3.27

4.0
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MCQ Part

Sketch the graph of a function using the graph of its derivative. (13-18) 151

Glida) Lt el e Iolaie! D11 pova gy

18. (a) The function should look like:
17. (a) The function should look like: 10

L S e o e v s s s e e e e e e |
i -10 -8 -6 - ':’/4 6 8 10
Y ™1 T"T"T . -2

L] w0

(b) The function should look like: (b) The function should look like:
l 104

6—

a—

MR. OBADA

0545872053 @EMSATMATH12
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MCQ Part

Understand the relationship between continuity and differentiability.

[18-22)

U1y JuaiV (u ABNal agh

151

19, The left-hand derivative is

D_f(0)= lim f(h) - f(0)

h—0— h
2h+1-1
= lim = - =2
h—0- h

The right-hand derivative is

D, f(0) = lim f(r) = £(0)

h—07t h
3h+1-
= lim S L =3
h—0+ h

Since the one-sided limits do not agree (2 #
3), f'(0) does not exist.

MR. OBADA

0545872053

20. The left-hand derivative is

D_f(0) = lim fih) = £(0)

h—0+ h

. h—1a0
= lim =

h—0- h

0
The right-hand derivative is

D. f(0) = lim M

h—s0— h
2h

= lim — =2
h—0t+ f

Since the one-sided limits do not agree (0 #
2), f'(0) does not exist.

DI C
PR
,"1’0 A
— l-'.h't

@EMSATMATH12

gr==0

=15

et



MCQ Part

Understand the relationship between continuity and differentiability.

S Yy Jlai¥ o Al agd

(19-22)

151

21. The left-hand derivative is

f(h) — f(0)

D_f(0)= lim
h—0— /1
. h?2 —0
= lim =
h—0- 1

The right-hand derivative is

— f(0
D4 f(0) = lim S(h) = f(0)

10T Il
‘ h* —0
= lim =10
h—0* ]

Since the one-sided limits are same (0 = 0),
f'(0) exist.

MR. OBADA
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22. The left-hand derivative is

D_f(0)= lim —'f(h) — f(0)

h—=0* h
: 2h

= lim — =2
h—=0—- N

The right-hand derivative is

D, f(0) = lim L =70)

h—0~- 1
. h?+42h
= lim
h—0* ]
. h(h+2)
= lim ———=
h—0+ h
= lim h+2=2
h—o0t

Since the one-sided limits are same (2 = 2),

f'(0) exist.

*
o":%o
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o
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MCQ Part

Find the average velocity and the instantaneous velocity at a given point. [21-24)

: Slians Aasi tie dubaoell de uly Ao grall de acll o] 161
21. s(t) = —16t2 + 40t + 10

v(t) = s'(t) = —32t + 40

a(t) =v'(t) = s"(t) = —32
22. s(t) = —4.9t> + 12t — 3

v (t) = (1) = 9.8t +12

a(t)=v"(t)=s"(t)=-9.8

23. s(t)

Vi +2t2 = t1/2 4 of?
o(t) = 8/(t) = 5t~/ 4 4t

|
alt) = v'(t) = 8"(t) = =t~/ +4

24. 5(t) = 10 =106~ o(t) = /(1) = 106
t) = s"(t) = =20t

=
—

O —

) "'.La 0
2 Fab 5
:l‘:t,e :
MR. OBADA R,
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MCQ Part

Appw the chain rule for differentiation

(31-38)

AEAY! § Akl a2 ld Faskai

177

33. As a temporary device given any f, set
g(x) = f(—x). Then by the chain rule,

d'(z) = f'(—z)(-1) = =f(
In the even case (¢ = f) this reads f’ (—.r) =
—f'(z) and shows f’ is odd.
In the odd case (¢ =

g = —f'), this reads —f'(x) = —f'(—=z) or
f'(x) = f'(=x) and shows f’ is even.

MR. OBADA

0545872053

—f and therefore

34.

To say that f(a

fla—x).

rule), we have

‘—[f (a+z)= f'la+zx)

—f(a —z) = f'(a—z)(-1

) is symmetric about the line
x = a is the same as saying that f(a + x)
Taking derivatives (using the chain

) = —f'(a —z).

Tllus f'(a+z) = —f'(a—x) and the graph of
f'(x) is sy mmotri(- through the point (a, 0).
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MCQ Part

Apply the chain rule for differentiation

(31-38)

SEEYI § Akl 3ueld Gaskas

177

35. (a) Chain rule gives,

4 )= p (o) 2

(b) Chain rule gives,
1
—[f(@) =2f(x f )

(l'l[
=2f(= f (.r !

(c) Chain rule gives,

1 d
%J,f(f(.r)) = ' (f(2) - f()

= f'(f(z)) f' ().

MR. OBADA

0545872053

36. (a) Chain rule gives,

%_f(ﬁ) — (V) &

(1
(b) Chain rule gives,
d 1
— (VF@) = L1

(V)

dxr 2/ f () 111
.
2 f(..-)j ().
(c) Chain rule gives,
d
— [f (xf(2))]
a.d

{
= [ (xf(x)) (;—’ (xf(x))

and product rule gives

/
= f'(zf(x)) (j(l) + l(;—ll(l))

= ' (zf(x)) (f(x) + zf'(x))
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MCQ Part

5 Apply the chain rule for differentiation (31-38) 177
BV 3 Aol 3D Guslas
37. (a) Chain rule gives, 38. (a) Chain rule gives,
(1 f 1 Y 1 (1 ] (1 p o (I o
& |'\z)] = dr \z — (1+£(=%) = £ (=°) 7= (=)
=f (.l' ) (2z) = 2z f' (.1'2) :

(b) Chain rule gives,
d 1

E(fu)) B (_ﬂ-] ")
:(_ : )

(
la
!

= 1. 'f(.r)
r) (

1
f(x)®

(¢) Chain rule gives,

wG@)
- () & (76

and quun( nt rule gives,

( ) f(r)—lf’l)
f(x) ‘ 1)]

MR. OBADA

0545872053

(b) Chain rule gives,
& [1+ f(x)]?
dx (@)

=21+ f(= ]——(1

fla )
=2[1+ f(« ]f ) =2f'

(x) [l + flx ] .
(c) Chain rule gives,
{
% [f (1 + f(x))]

= l+f(:) —(I+f

= 1+f f(l
= )f(1+fl))

el T
@EMSATMATH12
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MCQ Part

Find the derivative of an inverse function using the Chain Rule.

10 (17-22) 176
Lol 505B Alidrocly A3 e gSine Anites Sl
17. f(x) = % 4+ 42 — 1 is a one-to-one function 20. f(x) = «* + 2r + 1 is a one-to-one function
with f(0) = —1 and f’(0) = 4. Therefore with f(=1) = =2 and f'(=1) = 5. Therefore
1 1 1
1 1 1 H—9) = - —
’ g(-2)=+ - = <.
—1) = — = —. ' _9 T I
_':1’[: J f;(q(_]” !1((}} 4 fla(=2)) f( 1) )
- . i . 21. f(x) = Va3 +2r+4 is a one-to-one fune-
) = - — 9 1 £ L. W .
18. f(") =z +dr—218 "’,“”{ to-one function tion and f(0) = 2 so g(2) = 0. Meanwhile,
with f(0) = —2 and f'(0) = 4. Therefore , 1 a2 . o
9(~2) = 0 and RN
f(0)=1/2
(~2) = 55— = () SR U H
—2) = . = = — gl = — = — =2
! fa(=2) ~ 70) 1 =) T TO)
22. flz) = \/.rf’ +dr? + 3r+ 1 is a one-to-one
19. f(x) = 2”4 32" + & is a one-to-one function function and f(1) = 3 so g(3) = 1. Mean-

with f(1) =5 and f(1)=54+9+1 = 15.

Therefore g(5) = 1 and

1 1 1
q'(5) = - =_.

f'(g(5))  f(1) 15

MR. OBADA

0545872053

while,
5rt 4+ 1222 4+ 3
£ = S
%{v”.r" ilE] 4o+ 3r +1
20
/ = =__
£ b ] 3 , 9
q'(3) = -

T Fe®) O 10

*

o)t
" s

5o

o

0
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MCQ Part

Find the derivatives of trig ic functions using differentiation rules.

(19-22)

1

S aelgh slisub Al Jlsal! Ol dloul

19. (a) f(x)=sinz?
[ (x) = cos (x ) (2x) = 2x cos (a ))

(b) f(x) = sin’z

fl () =2sinxcosx
(¢) f(x)=sin2x
[ (x) = cos2z (2) = 2cos 2x
20. (a) f (x) = cos \/T
f, (r) = (—sin \/T) _é(_,,)—l,lﬂ
- —%(-l‘)_l/'2 sin /i
(b) f(x)=\/cosx

f'(-")=—)(<“\l) % (—sinz)

[a—

. —1/2
= —c 8N x(cosx)

)-(z)
)

lvl'—‘

(c) f(:)—(o\(‘.'

f'(x) = —sin (

= ——sin
2

/‘\ lul —\/

MR. OBADA
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21.

(a) f(x)=sinz’tanz
f' (x) = sin x? (so(-"’.:') + 2 cosx® tan

(b) f(x) = sin® (tanx)
f'(x) = 2sin (tanx) - cos (tan x) - sec*z
(¢) f(x) = sin (tan’r)
f'(z) = [ma (l;m").r)] (2tanx) (sec’r)
= (2tanx) (se‘('r‘).r) [('().\‘ (l;mz‘r)]

22. (a) f(x)=sec 22 tan x>

f(l)—\((( )I()
+ tan® (2?) sec (2?) (2

= 2x sec x“ [\u a2 + tan? 12]

(b) f(x)= sec? (tanx)
f' (x) = 2sec (tan z) [sec (tan x)

.tan (tan )| (sv('z.r)

(c) f(x)=-sec (l;mg.r)
fl(z)= [.\‘v(- (tan?z) tan (1;1112.:')]
- (2tan x) (sec’r)
== ('..).‘illl.l‘S(‘(“') r)

- [sec (tan*z) tan (tan®z)]

O —

D e C
M"
l\h L
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MCQ Part

12 Find derivatives of natural logarithmic functions.

{1-14)

132

Bangebalt ool Jlgul e Sl

1. f'(x) = 322.e* + 22.* = 22 (x + 3)

2. f'(x) = 2e** cosdx + €**(—sin4dx)4

3. f(t)=t+2
f'(t)y=1+2"1og?2

4. f(t) = 4™
F(t) = 4% + 4% (In4)3 = 4* (1 + 3tIn4)

5. f'(x) = 2e*1*+1(4) = 8etzt+!

6. f'(x) =e " 50 fl(z) = —e".
7. h(z) = ()"
: 2
W (x)=Mn(})-22- (3)
=2z In(3) (%}IQ

MR. OBADA

0545872053

8. hiz)=4"%
h'(x)

9. flu)= 1'1'24_'1”

472" U In(4) - (=22)
—927-47%" . In(4)

1 .
fi(u) = z-“2+’l”' . ‘_[”2 + 4u)
' du
ug-}-nlrr
=e (2u+4)
10. f(x) = 3e*n7
1
f'(x) = 3etan®. (—{t;‘m.r)
' dr
= 3" Tgec?y
f,-lu'
11. f(w) =
w
4w LT
, we e —¢ 1
f {”'} - .”‘2

Yi (e
10
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MCQ Part

Find derivatives of natural logarithmic functions. {1-14)
12 192
Faaslall Baanle U1 Jlg ) Silids J
12. f(w) = —
¢ (ifT] Gw (
. l -« —w-e )
f'(w) = -
{( IEI-J
B e — Gebr (1 —6w)
o {{ fm')z I G
1 1
13. f'(z) = —.(2) = -
2r 1
1 1
14. f(x) = 5 In8 + 5111.1'
_1 £
< f i o
Fia) = 2

MR. OBADA

0545872053
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MCQ Part

13 Use implicit differentiation to find derivatives of inverse trigonometric functions, (29-30) 208
AnSall AABAN Jisudt Oldide Sl d Gaall QLY plusal
29. (a) f(x)=sin"! («* +1) 30. (a) f(x)=cos™! (.1‘2 + )
Diffrentiating with respect to u, Diffrentiating with respect to r,
‘ l o, 1
f(x) = ’;—’ [sm . (.:’3 + l)] : f'(z) = (— [("us_l (.1'2 + :)] .
By the Chain rule we get, By using Chain rule,
1 d ;o ; ] 1
f(z) = B v — T z® +1) [ (z) = —— ; (2% + )
\/l—i.rJ+l)‘ /I __(J‘-_?_*_.’_))l‘l
=1 (3 =2 +1)

V1-(x3+1)?

3
(

\/I — (23 + l)").

(b) f(x) =sin"' (V)
Diffrentiating with respect to r,
d
fi(z) = ; [silfl (\/T)] .
o.ar

By the Chain rule, we get

MR. OBADA

0545872053

(b)

f(z) = cos™! (:))

Diffrentiating with respect to .r,
d

)
f(z) = == cos ™! (%)}
By using Chain rule,
—1 1 [2
fl{.r): .)—;——. (-)
l - (%)- (L.r d
—1 -2
J1- () (7)
2
N 17.1"2 —4
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MCQ Part

13

Use implicit differentiation to find derivatives of inverse trigonometric functions,

Sl AL gl i Sl J il BUELN plasal

(25-34) 204

31.

(a) flx)= tan ™! {\/T}

Diffrentiating with respect to r,

d
fr) = = [Iau 1 (\;T}] .
By the Chain rule, !
1
£ () = ‘

L+ (v V)
1 1
T (1t (7)
1

2y (1+ 1)

(b) f(x)=tan™! (l)

Diffrentiating with respect to x,

e 7 R |
I () E{rrm (T):|

By the Chain rule,

1 d (1
Pt ()
1+ ( )2 dr \ x

MR. OBADA

0545872053

32. (a) f(x)=V2+ tan—lr

Diffrentiating with respect to x,

fi(x) = -
[
By the Chain rule,
, 1
filr)=

1

2v2 + tan~ 1l dr

d .
(\f‘ 2+ tan .r) .

d {2 + I.ml_l.x')

2v2 + tan"'x

1

(=)

2(1+ «2)
{b} ft*} — (_tﬂ.Il_II

2+ tan~Lr

Diffrentiating with respect to x,

£ (2) = % (tT) _

1
| + a2

By the Chain rule,

£ (@) = (') (

an =1
€ tan x

1+ x2

e)l."*
fn’'lL
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MCQ Part

Use implicit differentiation to find derivatives of inverse trigonometric functions.

13 (29-34) 204
AunSall AL Jlat Oliidee Sl J el GUELYI plusa!
p i il
33. (a) f(x)=4sec(z7) 34. (a) f(x)=sin™" (l)
Diffrentiating with respect to . x

Dﬁl‘ tiati z tl espect to .
f’(.l‘) = i (] sec (,l)) Hirentiating with respec 0 1

A 1: { |
By ('llilil(l i‘ulv. f(z) = ;_ (sin“l (—)) 2

{ ax xI
[ (x) = 4sec (J"l) tan (-"4) (;—’ (J'") By the Chain rule,
o 1 1 i1
= 4 sec (.l"l tan (.r") (l.r“) f’ (,) = 7):_1 (7)
) 1\2 ds 2
= 162 sec (.r") tan (.:"1) L~ (?)
(b) f(x)= 4sec™! (.r") _ £ (_1>
Diffrentiating with respect to x, V22— \ T2
1
f'(x) = %— (4sec™! (z%)). = e 1
d.r s
By Chain rule, *’_1 r=—1
£ (z) = 4 1 d (%) (b) f(x) =csc™ (x)
) =4———(z SF - .
g - .dx Diffrentiating with respect to r,
.l"’ (_,.-I) | aux . d o |
: f'(@) = s ().
= 47,——13\/:1* (42°) By the Chain rule,
“ o - l
T ey e e
- rvzd —1 THE

b
o

Y (e
10
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MCQ Part

14 Find the linear approximation of a given function at a given point [1-8) 34
| Alai i las A sl Loyl St

1. (a) f(r) =+ 20 =1 2. (a) flxo) = f(0)=1and

ﬂm%ﬁ”—ﬁ—1 ﬁ”:awu*3
Ffa) — — 12 . )

fi@) 2" | So, f'(0) = ;
fxo) = f'(1) = 5 The Linear Eri])pl'U]{illli'ltiUIl is,
F‘;{). -

Lix)=1+ l (z—0)=1+ l!
L(x) = f(x0) + f'(z0) (x — o) 3 ’

| (h) Using the approximation L(x) to estimate
=l+5(-1) ‘?/15_1_ we get V1.2 = f(0.2) & L(0.2) =
L1 1+ —(0.2) = 1.066

(b) Using the approximation L(x) to estimate
V12 we get 1.2 = f(1.2) = L(1.2) =

I |
— — 2) =
5 + 2{1._] 1.1

MR. OBADA 0)l. 37w
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MCQ Part

= Find the linear approximation of a given function at a given point (1-8) 234

Ui iz Sane A Jasel) Loyl Sl

3. (a) flx)=V2xr+9,290=0 4. (a) flz)=—, 20 =1
f(xo) =f(0)=v2:0+9 =3 flxo) = f(1)

=N

=2

1 /2 ‘
LI P e Yo -1/2 ¢ 2 3
[ (z)= 5(-2-’ + 9) -2 F(z) = = and so f'(1) = =2
= (2z + g)—‘w"f The linear approximation is
s 1 L(z) =2+ (-2)(z—1)
. ! T — f! 0)=(2-0 0)~ /2 .. ,
i (o) = J7(0) = 9 3 (b) Using the approximation L(x) to estimate
D0, 2 2
L(xz) = f(xo) + f’ (xo) (x — o) 0.99° We S m =J000) L0909 =

| 2+ (—2)(0.99 — 1) = 2.02
=3+ *; (.I'—”)

I
(b) Using the approximation L(x) to esti-
mate V8.8, we get V88 = f(-0.1) =
|
L(~0.1) = 3+ 5(~0.1) = 3-0.033 =

2.967

MR. OBADA O Bqn
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MCQ Part

1 Find the linear approximation of a given function at a given point {1-5) 234
Aladi i Slaae AN Jadell oy B0 St
5. (a) f(x)=sindx, x5 =0 6. (a) f(x)= rsill‘l.r. Tp=T
flzo) =sin(3-0) =0 ff*n = s =0
' ‘ ‘ filx) =cosx

f!( )—3(0&31 ( I”]_H )= cost = —1

f(xe) = f (U) =3cos(3-0) =3 Tht linear 11;})1(:\11114[1(:11 is,

So. (x) = flxo) + f'(x0) (x — x0)

[(,) f( +f Iy (f'_-i'n) _{]+(—]]|[.r—n}_7r—.r
=043 (x— 0) (b) Using the approximation L(x) to esti-
— 3 mate sin(3.0), we get sin(3.0) = f(3.0) =

(b) Using the approximation L(x) to esti-
mate sin(0.3), we get sin(0.3) = f(0.1) =
L(0.1) =3(0.1) = 0.3

MR. OBADA

0545872053

L(3.0)=7-3.0

O —
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MCQ Part

Use I'Hopital's rule to compute limits in various cases
15 1-12 247
dalites Sl § OULG Clusd Jling) Basld pusaal
. r+2 . T+1 . o0
1. lim 4. lim ————— istype —;
-2 12 — 4 r——oo 1%+ 4o+ 3 0o
T+ 2 e e 1
= lim we apply L'Hopital’s Rule to get
r——2 (r+2)(x — 2 . '
( 1+ ) 1 ) lim - = 0.
— lim _ 2t r——o0 21 + 4
TR 1 et o1 0
21 5. a!lnl'll is type —
. - — :
2. 11,1_12 22 — 3719 we apply L'Hopital’s Rule to get
’ e P d 21
. (x=2)(x+2) a0 (r- L — 1)
= lim lim e
T—9 {_r _)2}(_1. _ 1) t—+0 2faf
. T+ 2 2e* 2
= lim =4 lim 25— = = —
r—2 71— 1 t—0 1
32 +2 . osint 0
3. lim b+ 2 6. lim——— is type —:
P—3 00 J'2 — _1_ t—0 [_"‘jt — .
3+ 2 we apply L'Hopital’s Rule to get
. . P )
— Ilﬂ]g{ ] v " % (sint) ~cost 1
o ] — im —*———— = lim = =
3 ) a? t—0 % (e3t —1) t=0 3e3t 3
=7="

MR. OBADA

0545872053
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MCQ Part

Use I'Hopital's rule to compute limits in various cases
15 (1-12 247

dilzdes DA 4 S Gl Jlawg) Sasld paskin)

~ tan~ 1t 0 cos— 1 x
7. lim - Is type —: 10. lim ——— is undefined (numerator goes to
t—0 sint " 0 r——1 12 — 1 )
we “-EI}I.\’ L’Hopital’s Rule to get 7, denominator goes to (),
< (tan—1t 1/(1 +#2 :
li_“_] M — 111]1 M — ]_ 11 I_ sma —r1 . T l] )
t—0 5 (;.;mp) t—0 cost . :EBT 15 .}.%u ﬁ
) we apply L'Hopital’s Rule thrice to get
.St 0 . cosx—1 . —sinx
8. lim—— is type —; = lim ——— = lim —
t—=0s1n" ' 0 x—0 3z z—0 G
T . —Cosk 1
we apply L'Hopital’s Rule to get = l111{1] it
. T—
] % (sint) ) cost
lllléﬁ = 111% lfﬁ =1 1 tanx — x 0
t—=0 — (sin™ ¢ t— — 1= 12, lim ———— is type —:
dt ( } x—+0 x3 o : ]‘ 0
o 0 we apply L'Hopital’s Rule to get
9. lim — is type o lim sec? r — 1
r—m ST 0 :1,,2 .
we apply L'Hopital’s Rule to get Apply L'Hopital's Rule twice more to get
) , 2(1) i 2sec? rtanr
., 2cosZr 2 m -
lim = = —2. = b 2 4
=T COS T -1 . 4dsec®rtan®r + 2sec*r 1
= lim = .
a—) §] 3

.‘.L-

TR0
MR. OBADA @)l Fw
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MCQ Part

3 Use I'Hopital's rule to compute limits in various cases (112
dalises OV 8 O Clusd Jling) 3usld pusin

247

. VE—1 o AT YT 16. lim Lii\'t\'w 2
13. lim —— = lim . G . Ao
t—=1 t—1 t=1 t—1 t+1 :
; (t—1) we applj\" L'Hopital’s Rule four times to get
= lim — e e
2 — li = i
e 1 1)\/?_: : o 5P S 1222
= lim =i = fimi~— = fin ‘= =c0;
t—1 ./t + 1 2 xz—o0 24r  z—o0 24
Int 0
14. lim is type —:
t—=1t —1 0

we apply L'Hopital’s Rule to get
d 1
Z (Int 5

lim(;“(—)= im %=1

t—1 P (t—1) t—1

8

s Y 00
15. lim — is type —;
r—o0 €T . OO .
we apply L'Hopital’s Rule thrice to get

. R . O
lim — = lim —
T— 00 (.;r T— 00 (.;l
. 6
= lim — =0.
Ir—>00 €

MR. OBADA O Bqn
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FRQ Part

16

a) Determine the continuity of a function at a given point.

(29-32)&(39-41)

P95,96

a)sllans Aadi wie A Jlail § Caxedl

b) Find limits at infinity and limits that are infinite,

(67-71)

107

b) A ie Cilgidls B J) Ja G Sblgd! St

29.

30.

lim 7T(x)= lim 0.14x
2—+10000- 2—+10000-

= 0.14(10.000) = 1400

lim T(zx)= Ilim (e+0.21x)
z—10000+ x— 10000+
= ¢+ 0.21(10,000)

= ¢+ 2100
¢4 2100 = 1400
c=—=T700
A small change in income should not result in
a big change in tax, so the tax function should
be continuous.
If lim T(x)=0, then a = 0.

z—0T

If lim 7T(x) exists, then b must be 2400.
220,000
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FRQ Part

a) Determine the continuity of a function at a given point. (29-32)&(39-41) P9S.96
5 a)itlanas dadi e A5 Jlail § Coxdl £
b) Find limits at infinity and limits that are infinite. (67-71) 167
b) LI e Dblgly gl I Jag ) Sbigd sl
31. For T'(x) to be continuous at = = 141,250 we Now 32. lim T(x)= lim 0.10z
must have i T(x) 6,000~ _;‘—,;‘,(_lmn—
e = 5600
p . . 307,050 -
lim T(x)= lim  T(r). & o - I o
r—+141,250~ z-+141,250+ dim_ (35)(x) —b ) - ) i
Now = 000050 oaes lim o T(x)= lim 0.152 — 300
INOW = (.35)(307.050) — 12.747.5 x—+6,0007 x—6,000+
lim T(x)= lim  (.30)(x)a = $600.

z-+141,250

= (.30)(141.250) — 5685

r-+141,250

= 36690.

On the other hand,

lim T(x)= lim
r—+141,250+ r—+141,250+

= (.35)(141,250) — b

(.35)(x)—=b

= 49437.50 — b.

Hence
b = 49437.50 — 36690 = 12,747.50.

For T'(x) to be continuous at x = 307,050
we must have

lim T(x) = lim
-+307,050~ 4307 050+

T(x).

MR. OBADA

0545872053

= 94,720.

On the other hand,

lim T (x)

x2-+307,050+

= lim (.386)(xr) — ¢

x—307,050+
— (.386)(307.050) — ¢
= 118521.3 —e.

Hence
e = 118,521.3 — 94720 = 23801.3.

So T(6,000) = $600 = lim

x— 6,000

T(x), and

T(x) is continuous at x = 6, 000.
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FRQ Part

a) Determine the continuity of a function at a given point. (29-32)&(39-41) p9s,96 |
a)sllans dlad s A5 JLall § Condl

16 b) Find limits at infinity and limits that are infinite. (67-71) 107
b) LW i Sblgills B J) Jad G Sbiga sl

39. lim f(x)= lim ) e 41. First note that ‘
s o BRI A lim f(z)= lim In(x —2)+z°

—9 I sinx el Eopsar-y 3 .
S =In(3—-2)+3°=09.

Hence a must equal 2 if f is continuous. i
: / Also f(3) = 2¢% + 1.

lim f(r)= lim bcosx 3 ,
p- so if f is continuous, 2¢%® + 1 must equal 9;

r—0- x—0-
=% .rh_:(l)l— BRI that is €3 = 4, so b = l'é". Then note that
so b and a must equal 2 if f is continuous. £(0) =20 4 1 =3,
40. We need ae® +1 =sin"10, so a = —1. Also,
Weneed 22 —2+4+b=sin"'1,s0b= 2% —2. [l_i)‘(lll_ flz) = ’l_l’l(l)l_ a(tan™! z + 2)

= u(tml_1 0+ 2)
= a(0 + 2) = 2a,

so a must equal 3/2 if f is continuous.

MR. OBADA 0)l. 37w
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FRQ Part

a) Determine the continuity of a function at a given point. (29-32)&(39-41) p95,96
ig a)sllane dhad s Ao Jladl § Coxedl
b) Find limits at infinity and limits that are infinite. (67-71) 107
b) &g s Sblglly LU ) Jad G ol sl
67. h(0)= 1+';((:(“\,“) = .{;::) = 30 mm 71. We must restrict the domain to vg > 0 be-
200 25 cause the formula makes sense only if the
'li:;lc 139089 = 300 mm rocket is !mmrh(-(l npwnnl}. To find v,. set
i 19.6R — v3 = 0. Using R ~ 6,378,000 me-
68. Length at t = 0 is h(0) = 20 mm. Length ters, we get vg = V19.6R ~ 11.180m/s. If the
eventually is [l_lllﬁlk h(t) = 50 mm. rocket is launched with initial velocity > v, it
- will never return to earth: hence v, is called
69. lim vir= lii ﬂ = the escape velocity.
t— o0 t—o0 1M
lim vg = lim am10]
t— o0 t—oc 4
— lilll ,s.m;
t—oc ]
= lim R
t— oo ]
Fe Y
B R ]
70. f(t) > 0ast — 0 and t = oo. This makes 2 xR G A e st

sense because the drug will require some time
to reach the muscles, and should wear off over
time.

MR. OBADA o).t
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FRQ Part

a) Find the derivative of a function at a given point.

a) Lo dladi s A Aol Slamdd

17 (5-12) 153
Write the equation of a tangent line using derivative
il Aliseials ulaall Jadell dlotes oS
5. lim fle+h) = flx) lim f(b) — f(z)
h—0 h ) ’ b—x b—ux
T (C h)? 41— (3(x)® + 1) B +2—1— (2 +20-1)
 h—0 , h . , - cl'gl}r b—=x
324+ 6xh+3h2+1— (322 + 1 ' '
= lim v” + bxh + 30" + ( et } . {r'J —x) (:’JQ + bx + .1'2 + 2]
h—0 , h = ;-I,]m !
6xh + 3/ =T ) — T
= lim L = lim b% + b + 2% + 2
h—0 h b—sx
= lim (6x + 3h) = 6x — 32 4
h—0
h)
6. f'(r)= lim fleth) = (@)
(4R =2 +h)+1— f(x) f( — f(x)
= lim lim
h—D h h—0 h
~ 2xh+ h® — 2h _ i {2t -2(a+h)’+1-f(z)
= lim h—0 h
h—0 h = lim [-l.r'q + 622k + 4rh? + h® — 4x — ‘Eh]
. h(2e+h—2) h—0
= 11111 _ L =2y -2 - _Lr‘j — 47
h—sD h

MR. 0BADA
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FRQ Part

a) Find the derivative of a function at a given point.

a) Lo dai wis A\ Adzal St

17 (5-12) 153
Write the equation of a tangent line using derivative
Addiall plidals pulaal! Jasell Adlae LS1
: :+ h) — f(x)
. f(b) = f(x) '(z) = lim £&F -
9. lim ———— 10: F(=) 11.1_13:) h
b—ax I)—.l' 5 5
3 3 = - =
T e AR i X 2(z4+h)-1 2r—1
: b+1 1 -
= jim B2 =y =

b—x b—=x
3(x+1)—3(b+1)
) b+1)(x+1
= lim (GRHCER)

b—ax b—=x

—-3(b—x)

bz (b+1)(x+1)(b— x)
-3

i e (b+1)(x+1)

MR. OBADA

0545872053

2(2x—1)—2(22+2h-1)
(224+2h—1)(2x-1)

= |im

h—0 h

—4h

. (2z¥2h=1)(22=
e (22+2h—1)(22—1)

h—0 h

. —4
= lim

h—0 (2r +2h —1)(2x —1)
B —4
(2 —-1)2

b
o

Yi (e
10

@EMSATMATH12

gr==0



FRQ Part

a) Find the derivative of a function at a given point.

a) lo e wie AW AEzdall Sond

17 (5-12) 153
Write the equation of a tangent line using derivative
| dindial plasaiut pulaall Jasell dlolas S
11. f(t) = V3t +1 12. f(t)=v2t+4 v
oo f(B) = £(t) ) — i £®) = £©
f (f)—ll)l_l:ltW f b=t (b—1t)
3 -3
= lim vabt L—wst+] - ll>in} = +(: - ;{—t B
e (b—1t) o _,
2 2
V3b+1++/3t+1 Multiplying by v2b+4+v2t+4 gives

gives

V3b+1++3t+1

#(6) = lim (3b+1)— (3t +1)
- bt (b—t) (VBb+ 1+ 3t +1)

Multiplying by

i 3(b—1t)

— 1l

b=t (b—t) (V3b+1++/3t+1)
_ 3

= 111
b=t \/3b+ 1+ /3t + 1

3
23t +1

MR. OBADA
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V2b+4++V2t+4
£) = lim (2b+ 4) — (2t +4)

bt (b—t) (V2b+4+ 2t + 1)

: 2(b—1t)
= lim
b=t (b—t) (V2b+ 4+ 2t + 1)
2
= lim —
bt \/2b + 4+ /2t + 4
2 |

T o/Rt+4  Jtta

O —

.‘L-

TS

&
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@EMSATMATH12

gr=="

==

ot



FRQ Part

Find derivatives implicitly.

(5-18) 204

Aol ciliall cildiiall Sl

d

5. E{L.rzyz .—|— 3y) = d_:(“}
2ry? + x22yy’ + 3y’ =4
v (22%y + 3) = 4 — 21y

- 4- 21>

202y + 3
6. 3y° + 32(3y%)y — 4 = 20uyy’

(9zy® — 20y)y' =4 — 34°
:5;,13 -4

Yy

')
y = ——
Y 20y — 9xy?
d d
7. —(vTy — 4y%) = —(12
”,_r{\,ﬂ.u y) rf.r[ )

d ,
—(zy)=8y-y =0

2./Ty " dx
1

Az +y) =8y =0

2./ry
(zy' +y) — 16y -y'\/zy =0

Y (x — 16y,/Ty) = —y
7 -y y

= (x — 16y,/Ty) - 16y Tty —

T T
v

. cos(ry)(y+ _r_:,r"} = 2r

y  2r —ycos(ry)
H e ——————
xcos(xy)

o+ 3 =dey + _:,r"1

i . o, .
1= ;—{—l.ry + ) = 4(xy + ) —i—.'l;;z_u"
axr
| — 4y = (4= + 39%)y'
o 1 -4y
! 3y + 4

4y

a
= 10"

Diffrentiating with respect to r,

d 3 4y d 5
— | 3x e = — (10x"
dx (51 ty T+ 2) dir (10:5)

Bv the Chain rule and Produet rule,
} x4+ 2)4y —4
34+ 3% — lr +2) 4y = L T
(x+2)

I+ '_’.:l2 + 3% (r + '_)}l2
—dy' (& +2) + 4y = 200(x + 2]2
3Py (e +2)° — 4 (2 +2)

= 20r(x+2)% —3(xr+2)° — 4y
o (o +2) [31® (x +2) — 4]

= (r+2)? (200 — 3) — 4y

. (r+2)° (200 —3) -4y
iy = - = =
4 (x+2)[3y? (x4 2)— 4]

MR. OBADA
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FRQ Part

(5-16)

204

(%) = I (v)

18 Find derivatives implicitly,
Al Sliall ilEniall sl
1 2 1 2 2
11. %[g-*‘ V_ ¥y = %(_;-j 13. y“'Ve+y—4r" =y
o i e Diffrentiating with respect to x,
aty T oratyy W d . . . d
‘ R (f.r{{ )~y ! ; (y‘?\,",r-l-_i ——1-,!'2) = ] (y)
i T 2 7 T . . i .r
‘ E--}",;‘J’ taty) — ety = 12 By the Chain rule and Product rule,
P2y Dy U
Yy (re —e’) =1 —2xye d 2 d
T 2 : — v Ve +y) —4—+—
, 1 — 2arye” dr ('I J) dx
."Ji - 5 F]
2Ty Y 1
(a2e e¥) |:y2 (ﬁ) (1+ ”_. }]
. 2/ + 1
12. e¥ + re¥y’ — 3y’ sinx — 3ycosx = 0 Y

,  Sycosr —eY

y = e
re¥ — 3sina

MR. OBADA
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+2yy' Vo +y—8r=1y
v+ vy H4uy (r +y) — 162vT +y
=2V +uy
vy + 4y (z+y) - 2T Ty

= 16ryr +y—y*

v [+ +y) - 2y + ]

= 16xyr +y — y?

y 16ay/7T + 4y — 1°

S+ dy(z+y) -2/ Ty

@EMSATMATH12
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FRQ Part

Find derivatives implicitly,

(5-18)

18
Al SUMal Cldiiall Sl

14. rcos(r+y) — ye =8
Diffrentiating with respect to ,
(I 2 [
— (.r('()s(.r +y)—vy ) = — (8)
dxr ) dr
By the Chain rule and Product rule,
4 (zeos(@+) - = (7)) = 2 (8)
— (rcos (i l YY) = b
dr % dux Y dx
cos(x+y)—xsin(z+y)(1+9)—=2yy =0
cos (x+y) —xsin(x+y) —xsin(z+y)y
—2yy' =0
Y (=xsin(x +y) — 2y)
= xsin(x+y) —cos(x + y)

, xsin(x+y)—cos(x+y)

!l p——d .
—zrsin(z +y) — 2y
;  cos(r+y)—xsin(r+y)
.II —— .
rsin(r+y) + 2y

MR. OBADA

0545872053

15. ¥ —In (yl'2 + 3) =2

Diffrentiating with respect to x,
d . 1
;— (¢* —In (42 +3)) = ;— (2x)
4 a.xr
By the Chain rule and Product rule,

d dis d 2 . oy _ d e

dxr (( ) dr (In ('U T 3)) ~dr (22)
2uy’

Ay £ W =9

eV (4y') Z+3 2

1™ (y* +3) y' —2yy' =2(y° +3)

y' (4e" (¥ +3) —2y) =2 (v* +3)
r_ 2 (!]2 + 3)

YT 4w ()2 4 3) — 29
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FRQ Part

Find derivatives implicitly.

el Silall izl Slo)

(5-18) 204

2 P
16. e y—3Vy2 +2=u22+1
Diffrentiating with respect to .
d

I, 5
(o /mT) = L)

(lF.!'

By the Chain rule and Produt rule,

% (") - :z%_ (Vir+2) -2

2 2 Q) ,
e’ 2r)y+ety —3- % = 2r
2y + 2
2 a2 3y’
Qrye® +e* y — j; - = 21
Y-+ 2

:=1-|.
™
™ .
-=|J [ 5]
(] =,
= .
] -
-4 5
b -
|
s
=
R
|
[ ]
=
I
1
2

—2rye® y? +2
2oyt + 2 (1 — m"’-)

e /y? +2 -3y

'
v =

MR. OBADA
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FRQ Part

Use I'Hopital's rule to compute limits in various cases

20 30-40) 246
dalizne Sl § Dbl sl Jey! Barl pasi)

30. i A ator goes to 0 and d 1\

. I_l::ji_ e numerator goes to 0 and de- 33. Lot y = (1 + _)
nominator goes to —oo). £
1
= Iny=uxln|1+4+ — ). Then

31, lim (Va?+1-2) x
T—00 1
— lim [72 41— Vit + 1+ lim ny= lim xln{ 1+ —
P ry = - m + T—00 =00 H 7

1
’ 2241 — 52 — lim In (1 + ;)
= lim | ——— = B
=00 \ 12 + 1+ z—oo  1/x
lim S 0 1 L——L)
= — l ,2
1= VLt — lim = 7
Ir—0o0 —l/,.["z
Inx _ 1 )

32. lim Inr —r = lim = —oo since the = lim T = 1
T—+00 =00 = T=+00 J_ + -
numerator goes to —11 and I||(~_ :11\11.:}11m|.-1l:1r Hence lim y = lim MY — o
goes to 0. (Recall Example 2.8 which shows T—00 T—00

lim BF o)

T30

MR. OBADA
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FRQ Part

Use I'Hopital's rule to compute limits in various cases
20 (30-40) 246

Aalizes OV § SLlg) Sl JUwg! Basld s

34. Notice that the limit in question has the inde- 8. Iim (_l_ _ L)
terminate form 1°°. Also. note that as r gets z—=0+t \VT  Vr+1
large, |= | = lim ( ErL (ﬁ)2>
RS =92 =9 —0+F \/.T\/.l‘+ 1

r—0*

T+ 1) — lim (—'“")
= 2) . Then - VIV + 1
r+ 1

Iny = va2 —4In ( .)) and VE—z—2 0
) & l 36. lillll ﬁ is '}'[)(‘ ‘—)
. . : T+ = g i
lim Iny = lim (\/ r2 —4In ( )) we apply L'Hopital’s Rule to get

Define y = <

T— 00 T—00 r—2 5
. g(b—=)"1=1)
ey lim =— VE)
n (255) 221 310 — ) A1)
v )
= lim + g v10—x 3
T—0C - —_— = -
Vei-4 z—1 5—=x 2
—_— o . , . 0 )
I'his last limit has indeterminate form 5" S0 37. Let y = (1/_,.)1_ Then In y = .rlll(l/.l'). Then
we can apply L'Hopital’s Rule and simplify to lim Iny = lim zIn(1/z) = 0. by Exercise
find that the above is equal to =0+ r—0+ )
- — 4)3/2 | this is equal to 3. So 27. Thus lim y= lim ™Y =1.
R e wro e wri and this is equal to 3. S SR i O
lim Iny = 3.
L= 5
Thus lim y= lim enY — 23 & 920.086.
Ir—0o0 r—00

O —

DI C
B
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FRQ Part

Use I'Hopital's rule to compute limits in various cases
20 (30-40) 246
dalids SVl § Sblpdl e Juyd Basld pasi)
38. Let y = lim (cosz)**. Then [1 _ %)i o3
r—0% = lim ———— = lim - =10
. 1 =00 4 1/2 t—koo 2"1"lf2
Iny = lim —Incosx 2t (1+ 12
r—=0T I
. In(cosx) . 0
= lim ——— is type —
r—0T I ]
so0 apply L'Hopital's Rule to get
. —tanx
lim =
e—0t 1

Therefore the limit is y = €% = 1.

t—3\" t—3)
39. lim = lim ( }r
t—soo \t+ 2 t—00 (t 4 2)

t : _ 3\t
= lim - %) = tl_l:l;‘(l E)
N t . ; i
s+ 3) Jim (1+ )
rl_if-li;-(l +3)' e? _ 5
= . 2 i = 2 =¢
Am (o)

t—3\' 12
40. lim [ —— ] = lim ;
t—oo \ 2t +1 t—=oo \ 24 ;

MR. 0BADA 0)l. 37w
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‘Wishing you
Suceess in your Exams!

May Good Luck be in your

Dear Students favor, and your preparation bring
Pleace make sune to study all fantastic outcomes!
Evam !
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