6-1 Multivariable Linear Systems and Row Operations

Write each system of equations in triangular form using Gaussian elimination. Then solve the system.
l.5x=-3y -31

y=—4x - 22

SOLUTION:

Align the variables on the left side of the equal sign.

dx+3y=-31
dx+2y=-221
Eliminate the x-term from the 2™ equation. Multiply the 1% equation by —4 and the o" equation by 5.
(-4)5x+3y=-31) = 2Wx-12y=124
(SX4x+2y=-22) = 2x+10p==110
Add the equations together.
-20x-12y =124
20x+10y =-110
—2y=14
y==7
Replace the 2" equation withy = —7.
Sx+3y=-31
y==7

The system is now in triangular form. Substitute fory and solve for x.
Sx+3y=-31
Sx+3-Tr=-31
5x-21=-31
Sv=-10

x=-2

The solution is (—2.-=7).
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6-1 Multivariable Linear Systems and Row Operations

2.4y +17= -7x
8x +5 = -19
SOLUTION:
Align the variables on the left side of the equal sign.
Tx+4y==17
gx+3y=-19

Eliminate the x-term from the 2" equation. Multiply the 1 equation by —8 and the 2" equation by 7.
(-8)(Tx+4y=—17) = -56x-32y=136

(THBx+3y==19) =  S6x+35y=-133
Add the equations together.

-36x—-32v=136
S6x+35r=-133
Jy=3

r=1

Replace the 2" equation withy = 1.
Tx+4y==17
..II = I
The system is now in triangular form. Substitute fory and solve for x.

Tx+dy=-17
Tx+4(H=-17
Tx+d=—17
Ti=-21
x==3

The solution is (-3, 1).
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6-1 Multivariable Linear Systems and Row Operations

3.12x=21-3
2y =6x+7
SOLUTION:
Align the variables on the left side of the equal sign.
12x + 3y =21
—-0x+2y=1
Eliminate the x-term from the 2™ equation. Multiply the " equation by 2.
(12x+3v=-21) = 12x+3v=21
(ZN-bx+2y=T7) = 2x+4y =14

Add the equations together.

12x+3y=2]

—12x+4v=14
Ty =35
=3

Replace the 2" equation withy = 5.
1Zx+3y =21
¥=3
The system is now in triangular form. Substitute fory and solve for x.
12x+3y=21
|1.T + ,“_5} =21
12x+15=21
[2x =6

x =035

i %

N (s =
The solution is =23 .

W= )
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6-1 Multivariable Linear Systems and Row Operations

4.4y =12x -3
9x =20y - 2
SOLUTION:
Align the variables on the left side of the equal sign.
12y +4y==3
Ox—20y=-2
Eliminate the x-term from the 2" equation. Multiply the 1% equation by 3 and the N equation by 4.
(N-12x+4dr=-3) = 3b6x+12v=-9
(4)9x -20y =-2) = 36x-80y=-%

Add the equations together.
~36x+ 12y =-9

36x—80yv=-8
—H8y=-17
y=0.25

Replace the 2" equation withy = 0.25.
12x+4y==3

y=10.25
The system is now in triangular form. Substitute fory and solve for x.
—12x+4v=-3
“12x+ 4(0.25) = -3
—12x+1=-3
~2x=-4

&=

Lpa |

b

i
The solutionis | —.-
LY 3 "'I 4

—3x+ p+bz=13

5. 2x4+2y-5z=9

dx—5y+2z=-3

SOLUTION:
The variables are aligned on the left side of the equal sign.
—3x+y+b6z=135
2x4+2y-3z=9
dx—5y+2z=-3
Eliminate the x-term from the an equation. Multiply the 1% equation by 2 and the 2nOI equation by 3.
(IN=3x+y+62=15) = —6x+2y+12z=30
(3N 2x+2y-5z=9) = Bx+6y—15z=27
Add the equations together.

-6x+2y+122=30
(+)ox+by—152=27

8y—3:z=57
The new set of equations is:
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6-1 Multivariable Linear Systems and Row Operations

“Ix+y+6z=135

8y—3z=57
dy—5y+2z=-3
Eliminate the x-term from the 3" equation. Multiply the A equation by 4 and the 3rd equation by 3.
(AN-3x+y+6z=135) =% ~12x+4y+24z=60 _
y . ; X Add the equations together.
(30(4x-5y+2z=-13) — 12x-13y +6z=-9

—2x+4dy+ 24z =60
{(+)12x =15 +6:=-9
~11y+30z =51

The new set of equations is:

—3x+ yp+bz=135
By—3z=37
—11y+ 30z =51

Eliminate the y-term from the 3" equation. Multiply the 2nd equation by 11 and the 3rd equation by 8.
(1IMBy—3z=5T) = B8y-—-33z=627
(B)-11y+30z=51) = -88y+240z=408
Add the equations together.

88y -33z=0627
(+)—88y+ 240z = 408

207z =1035
z=5

Replace the 3™ equation withz = 5.
=3x+ y+6z=15

8y —32=357
=3
The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.

Sy=3z=57
8y —3(5) =57
8y-15=57
8y =72

y=9
—3ry+y+b6z=13

—3x+9+06(5)=15
~3x+9+30=15
-3x=-24
x=8§
The solution is{8.9.5) .

§x— 24y +16z=—7
6. 40x-9y+2z=10

2x+8y—=z=-2
SOLUTION:
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6-1 Multivariable Linear Systems and Row Operations

The variables are aligned on the left side of the equal sign.
8x—24y+162=-T

40x—9p+2z=10
2x+8y—z=-2
Eliminate the x-term from the 2™ equation. Multiply the 1! equation by —5.
(=5)N8x-24v+16z=-T) = —40x +120y - 80z =35
(40x -9y + 2z =10} = 40x -9y +2:=10

Add the equations together.
—40x + 120y — 80z =35
(+0x =9y +2-=10
[11y—T8Bz=43

The new set of equations is:
Bx—24y4+162=-T

111y —782=45
I2x+8y—z==2
Eliminate the x-term from the 3" equation. Multiply the 1°' equation by —4.
(- Bx =24y +16z=-7) = —32x+96y — 64z = 28 _
Add the equations together.
(32x+8y-z=-1) = Ix+8y—z==2
~32x+96y—64-=28
(+)32yv+8y—z=-12
104y —65z=26

The new set of equations is:
Bx— 2-—1_i' + 6z ==1

11y —78= = 45
104y —63-=26
nd rd . . : .
The 2~ and 3 equations simplify to:
Bx-24y+16z2=-T7
37y-262=15
By—5z=2
Eliminate the y-term from the 3rd equation. Multiply the 2nd equation by 8 and the 3rd equation by —37.
(8W3Ty—26z=15) = 296y-208z=120
(=3708r-35z=12) = =296y +185z=-74
Add the equations together.
296y - 208z =120
(+)=296y+185===-T74
=23z =46

-

Replace the 3" equation withz = —2.
8y —24y+162==7
37y-26z=15
r==2
The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.
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6-1 Multivariable Linear Systems and Row Operations
37yp-26=15
37y -26(-2)=15
37y+52=15
Tyv=-37
p=—]
Bx-24dy+1bz=-7
Bx—24-+16(-2)=-7
8x+24-32=-7
Br=1

X=-

8

1 3
The solution is| —.~1.-2 |.
8 )

7.3x+ 9y — 62 =17

—2X—y +24z =12
2X—%5 +12Z2 = -30
SOLUTION:
The variables are aligned on the left side of the equal sign.
Ix+9y—-6z=17
—2x—y+24:-=12
2x=5y+12:=-30

Eliminate the x-term from the 2" equation. Add the 2" and 3% equations together.
—2x—y+24-=12
(+)2x-5p+12==-30
—by+36z=—I18
The new set of equations is:
Jx+9y—-6z=17

—6y+36-=—18

2x—5v+I122=-30

Eliminate the x-term from the 3" equation. Multiply the 1% equation by —2 and the 3" equation by 3.

(-2W3x+9v—62=1T) = —6x—18y+12z=-34
(3)(2x -5y +122=-30) = 6x — 15y + 362 =-90
—Hxr—18y+ 122 =-34
(+16x =13y +36z=-90
=33v+d8z=-124
The new set of equations is:
3x+9y-062z=17
—Oy+36-=—18
=3 +482=-124
This reduces to:

Add the equations together.

eSolutions Manual - Powered by Cognero

Page 7



6-1 Multivariable Linear Systems and Row Operations

Ix+9y—-62=17
—y+bz=-3
~33y+482=-124
Eliminate the y-term from the 3 equation. Multiply the 2nd equation by —33.
(-33—y+62=-3) = 3I3}v-198:=99
(-33y+48z=-124) = -33y+48z2=-124
Add the equations together.
33y —=198-=99
(+)=33v+48-=-124

=150z ==25

1
Replace the 3™ equation withz =
1]

3Ix+9y—6z2=17
—y+hz=-3
I
6
The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.

—p+bz==3

_'_'|__~

-3

-y+6H
L

—y+1==3
===

wv=4
Ix+9y—62=17

|
3y + O(4) ﬁ[ |—1?
N, 2 J

Ix+36-1=17
Jx=-18
r=—0

il 1
The solution is | 6.4, |
5

g

8.5x — 50y +z =24
2x + 10y +3z =23
—-5x — 20y +10z =13

SOLUTION:
The variables are aligned on the left side of the equal sign.
3x=-30y+z=24

2x+ My +32=23
~5x-20y+10:z=13

Eliminate the x-term from the 2nOI equation. Multiply the 1St equation by —2 and the an by 5.
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6-1 Multivariable Linear Systems and Row Operations

(=2)5x=50yp+z=24) =  —10x+100y-2z=—-48 _
i X ) . Add the equations together.
(S¥2x+10y +32=23) — 10x+50y +152=115
—10x+ 100y — 2=z =—48
(+N0x+50py+15z2=113
1530y + 13z =67
The new set of equations is:
Sx—50y+=z=24
150y 413z =67
—5x=20y+10z=13
Eliminate the x-term from the 3rd equation. Add the 1! and 3™ equations together.
Sx=50v+z=24
(+)=5x=20y+10==13
—T0y+11z=37
The new set of equations is:
Sy—50v+=2=24
150y +132 =67
Ty +11z=37
Eliminate the y-term from the 3" equation. Multiply the 2nd equation by 7 and the 3" equation by 15.
(TNI50y+132=67) = 1030v+91z=4069
(13X=-T0v+11z=537) = —=1050y + 165z =535
Add the equations together.
LO50y + 91z =469
(+)}=1050y + 165z =555
236z =1024

Replace the 3™ equation withz = 4.
Sx=-50v+:z=24
150y + 132 =67
=4
The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.
150y +13z=67

150y +13(d)=67
150y +52=67

150y =15
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6-1 Multivariable Linear Systems and Row Operations

B 1
The solution is | 5.—.4 |
Vo100 )

Write the augmented matrix for each system of linear equations.
9.12x -5 =-9
-3x+8y =10
SOLUTION:
Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix.

12 =5,-9]
i)
3 8|

10. —4x — 6y =25
7x +2y =16
SOLUTION:

Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix.
-4 -6125

7 2'16

3x=5y+7z=9
I1. =10x+ y+8z=6
dx=15z=-8
SOLUTION:

Each of the variables of the system is not represented in each equation. Rewrite the system, aligning the like terms
and using 0 for missing terms.
3x-5y+7=z=9
~10x+y+8z=06
dy+0y—15z=-8
Write the augmented matrix.

3 <5 719
-0 1 & 16
| 4 0 -15-8
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6-1 Multivariable Linear Systems and Row Operations

dx—z=27
12. —8x+Ty—6z=-35

12x—3v+5z=20

SOLUTION:
Each of the variables of the system is not represented in each equation. Rewrite the system, aligning the like terms
and using 0 for missing terms.
dx+0y—==27
—Bx+Ty—-6z=-33
12x—3v+5z=20
Write the augmented matrix.
4 0 -1!27
-8 7 —61-35

12 -3 5,20

w—8x+5r=11
Tw+2x-3y+89z=-3
13. =
ow+l12y—l5z=4
Ix+dy—8z=-13

SOLUTION:

Each of the variables of the system is not represented in each equation. Rewrite the system, aligning the like terms
and using 0 for missing terms.
Ww=8x+3v+0z=11
Tw+2x—=3y+92=-5
ow+0x+12v—13z=4
Ow+3x+dy—82=-13
Write the augmented matrix.
1 -8 5 0 !'n

-5

7 2 3 9.
6 0 12 -|5§ 4
0 3 4 -8 -I3
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6-1 Multivariable Linear Systems and Row Operations

14x -2y +3z=-22
Sw—dx+1lz=-8
" 2w—6y+3z=15

Jw+Tr—y=|

SOLUTION:

Each of the variables of the system is not represented in each equation. Rewrite the system, aligning the like terms
and using 0 for missing terms.

Ow+ldx—-2v+3z=-22
Sw—dx+0r+1lz=-8
2w+ l0x—06yv+3z=13

Jw+Tx—yp+0z=|
Write the augmented matrix.
[0 14 2 3|22

5 4 0 11! -8
2 0 -6 3115
13 7 -1 01
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6-1 Multivariable Linear Systems and Row Operations

15. BAKE SALE Members of a youth group held a bake sale to raise money for summer trip. They sold 30 cakes, 40
pies, and 200 giant cookies and raised $684.50. A pie cost $2 less than a cake and cake cost 5 times as much as a
giant cookie.

a. Let ¢ = cost of one cakes,p = cost of one pies, and g = cost of one giant cookies. Write a system of three linear
equations to represent the problem.

b. Write the augmented matrix for the system of linear equations that you wrote in part a.

C. Solve the system of equations. Interpret your solution.

SOLUTION:

a. The variables are the individual costs of each item. One equation used is the total cost of everything: 30c + 40p +
200g = 684.50. The second equation is the comparison in price between cake and pie:p — ¢ = 2.
The third equation is the comparison in price between cake and the giant cookie: ¢ — 5g = 0.

b. Each equation is represented by a row.
30 40 200 | 684.50]

; .

{

c. The last 2 equations each have a c. Find g andp in terms of ¢ in each and then substitute these values into the 1%
equation.
p-c=

p=-

B Bl

=

c=5z=1
g =—g

g=10.2¢c

30 +40p + 2000 = 6845
30e+40=2+ )+ 20000.2¢) = 6845
30 — 80+ 40 + 40 = 6845
0c=T64.5

c=0693

Use the value of c to findp and g.
w=02c

g =0.2(6.95)
g=139

p==2+c

p==-2+6893

p=493

(6.95, 4.95, 1.39); A cake cost $6.95, a pie cost $4.95, and a giant cookie cost $1.39.
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6-1 Multivariable Linear Systems and Row Operations

16.

17.

18.

19.

20.

21.

Determine whether each matrix is in row-echelon form.

[1 8]7]

10 113]

SOLUTION:

There is a zero below the leading one in the first row. The matrix is in row-echelon form.

SOLUTION:
There is a zero below the leading one in the first row. The matrix is in row-echelon form.

|
1
I 3 1 -7
1
|

SOLUTION:
There is a nonzero number below the leading one in the first row. The matrix is not in row-echelon form.

1 =4 10]
0 | -6
00

SOLUTION:
There is a zero below each of the leading ones in each row. The matrix is in row-echelon form.

01 -7]-3

SOLUTION:
There is a nonzero number below the leading one in the second row. The matrix is not in row-echelon form.

01 -8,
00 1
00 0 |
00 0,

SOLUTION:
There is a zero below each of the leading ones in each row. The matrix is in row-echelon form.
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6-1 Multivariable Linear Systems and Row Operations

Solve each system of equations using Gauss-Jordan elimination.

. 2x==10y+11
-8y =-9x+23
SOLUTION:
Rewrite the equations, aligning the terms.
2x+10p=11
Ox-8y=23
Write the augmented matrix.
2 10 11]
9 -8123]
Apply elementary row operations to obtain reduced row-echelon form.
2 10511
9 -§123]
(2 10, 1]
10 —53'1 265 [etartsh
2 10} |1'|
0 1]05 ==
[2 0} el
KU n.:‘s}
1 0) 3|l
0 1!05]

The solution is (3, 0.5).
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6-1 Multivariable Linear Systems and Row Operations

23,4y +17= - 7x

Apply elementary row operations to obtain reduced row-echelon form.

8x +5y = -19
SOLUTION:
Rewrite the equations, aligning the terms.
Tx+4y==17
Bx+5y=-19
Write the augmented matrix.
7 4,-17
8 3 19
7 4)-17
|8 5 |-19]
17 41-17]
0 3 ' 3] R, + TR,
7 41-17
0 1! jetu
[7 0} -=21]02E
0l 1|
[1 0} -3]e el
0 o1
The solution is (-3, 1).
24. x+7y =10
X+% =-6
SOLUTION:
Write the augmented matrix.
1 7} 10]
3 916/
A
[1 77} 10]
[3 9{-6]
ERE L]
[0 —12! 36 | Bt
[1 “7:110]
0 | 3 | tate-12)

0 1! 3

ply elementary row operations to obtain reduced row-echelon form.

H=TR:

] U:--]I-‘i—

The solution is (-11, 3).
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6-1 Multivariable Linear Systems and Row Operations

25.7y =9 —5x
8x=2-"5y
SOLUTION:
Rewrite the equations, aligning the terms.
X+Ty=9
Sx+ay=2
Write the augmented matrix.
5 739
18 512]
Apply elementary row operations to obtain reduced row-echelon form.
[5 719

§ 5,2

.
|0 =31
[5 “glo
0 1}2

3
{

(10
1o 1]
The solution is (-1, 2).

—_—

T-_~

26.3x —4dy +82 =27
X-y-z=3
X+8 —22=9
SOLUTION:
Write the augmented matrix.
3 -4 8127
9 -1 —1i 3
11 8 =2, 9
Apply elementary row operations to obtain reduced row-echelon form.
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6-1 Multivariable Linear Systems and Row Operations

Ry 4 =143
i,
Lo —

-

1 f
~ M S e~ o
] w_f ] J.
- T - - T
..,_“ | | 1_“
= = ) = T
W §ieiE
L P e =

Myl =193)

The solution is (1, 2, 4).
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6-1 Multivariable Linear Systems and Row Operations

27.x+9 +8=0
5x+8y +z=35
X—4dy —z=17
SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

1 9 8! 0]

508 1535‘
1 -4 =117

1 9 8! 0]

0 28 61-50 |00

1 -4 -1 17]

1 9 81 0

0 14 31-25|tE
11 -4 -1} 17

9 8! 0

1 9 81 0

0 1 -61-8|=
10 -13 -9)17

19 8l 0

01 -6 -8

10 0 -87|-87 )"
19 8! 0

0 1 -6 -8

00 1] ljeRt=n
19 8! 0]

0 1 0)-2|foh
16 0 1} 1

(1 9 0] -8]«—=

0 1 0;-2

00 1y 1

10 0! 10"

0 1 01-2

00 1 1

The solution is (10, -2, 1).

28.4x+8y -~z =10
-8 +%2=14
7X+6y +52=0
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6-1 Multivariable Linear Systems and Row Operations

SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

4 8 1110

3 -8 9114

7 6 5,0

—12 =24 3130«
12 -32 361 56|

7 6 51 0

4 8 -1l10]e2
0 -56 39126 th_

7 6 5,0

-28 -56 7!-70]«——
0 -56 39 26

28 24 20 O

48 -1 0]t
0 -56 391 26

10 =32 27 |-70 |24

4 8§ 1! Eﬂ

0 224 -15&5-1{;-1]4;“'—

(0 -224 189 | —490 | B

48 -1l 10

0 -56 391 26[«"

(0 0 33594 |0

4 8 -1! 10]

0 -56 391 26

10 0 1;-18 2

4 8 -1 10]

0 =56 01728 20

0 0 1;-18

(4 8 11 10

0 1 0;-13|efes=0

00 1;-18

(4 8 0! -8l

0 1 0:-13

00 1,18

M2 0! 2]

0 1 0113

00 1;-18

- -
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6-1 Multivariable Linear Systems and Row Operations

oy

1 0 0 24)emz=n
0 1 ni 13
L | =18
The solution is (24, —13, —18).

29.2x—10y +z =28
-5x +11y +72 =18
bx—-y—-122=14

SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
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6-1 Multivariable Linear Systems and Row Operations

2 10 128
-5 11 7018
6 -1 —-12]14
2 —-10  1]28]
I 10 -5132 |t
6 I -12 14
(2 -10 1! 28]
0 -30 111-36|t28—
6 -1 -12] 14
2 -10 1! 28]
0 =30 111-36
0 29 —15 | =70 |12
2 —10 1! 28]
0 =30 11i -36
0 =1 —4)-106 |« 2%
(2 10 1! 28]
0 =30 11; -36
0 30 1203180 |«
(2 -10 1! 28]
0 -30 11: -36
0 0 1313144 |0
2 =10 1] 2%
0 =30 111-36
0 0 1] 24|
2 -0 1! 28]
0 =30 01-300 |ttt
00 1) 24|
(2 -10 1!28]
0 1 0110802
0 0 1)24]
(2 —10 0! 4}e——"—
0 10110
0 0 124
(1 =5 0! 2]t
0 10010
0 0 1,24
1 0 0!52] 28
0 1 010
00 124
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6-1 Multivariable Linear Systems and Row Operations

The solution is (52, 10, 24).

30. COFFEE A local coffee shop specializes in espresso drinks. The table shows the cups of each drink sold

throughout the day. Write and solve a system of equations to determine the price of each espresso drink. Interpret

your solution.

Hours | Cappuccino | Latte | Macchiato | Earnings (5) |

811 103 8% 19 1040.25

11-2 48 32 26 406.50

2-5 15 b3 (1 334.00
SOLUTION:

Write the equations with ¢ = cappuccino, | = latte, and m = macchiato.
105 + 36/ + 79m =1040.45

48c + 321 + 26m =406.50
45¢ =+ 250 + 18m =334.00

Write and solve the system of equations in a matrix.
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6-1 Multivariable Linear Systems and Row Operations

103
48
45
103
720
720
103

1o
0
0 0

86 79 11040.25
32 261 406.5
25 18, 334

86 79 | 1040.25

480 390 1 6097.5 |t
400 288 | 5344 | h
86 79 1040.25
80 1021 7535 b
25 18 334 |t
3870 3555 46.811.25] « 25
80 102 7535
|
|

| 5 B

2575 1854 | 34,402 N
86 791 1040.25 |t
80 1021 7535
1295 1701 | 12,409.25 |« =5

86 79 | 1040.25
20,720 26,418 1 195,156.5 |«
20,720 27.216 | 198,548 | %

=

86 79 1 1040.25

B0 1021 7535
0 798 33915 |t
86 79 11040.25 |

80 1021 7535

0 I 4.25_@-&
86 79 | 1040.25

80 01 320 |flE=h
0 1] 4.25]

86 79 | 1040.25|

1 0 Y P

0 |i 4.25 |

0 79!696.25 |« =t —

1 0 4

0 1) 425

0 0!360.5] 20
101 4

0 1 425

0! 35 4—1'-"‘”

0 4

1| 4.25
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cappuccino: $3.50, latte: $4.00, macchiato: $4.25

31. FLORIST An advertisement for a floral shop shows the price of several flower arrangements and a list of the

flowers included in each arrangement, as shown below. Write and solve a system of equations to determine the

price of each type of flower. Interpret your solution.

.,,_‘%h

Birthday bougquel $35.00
4 roges, 12 libes, and 5§ rises

M3 Sunny Garden $50.25
' ‘l}"" 6 roses, 9 liles, and 12 riges
e Summer Expressions 75
KAl Someebonmew . 2

10 roses, 15 likes, and 20 irses

SOLUTION:

Write the system of equations with r = roses, | = lilies, and s = irises.

dr+ 12/ +55=35
6r+9/+125=50.25
10r + 15/ + 205 =83.75
Write and solve the system of equations in a matrix.
51 35
12 150.25

20 | 83.75 |

F4 12
6 9
10 15

b el B

0 0

= = LA

h

= o

0

35

0

Sample answer: There are an infinite number of solutions to the system. One of the rows in the matrix is eliminated,
so the solution set is (—2.75s + 8, 0.5s + 0.25, s). More information is needed to determine which of these solutions is

valid.
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Solve each system of equations.

32.2x+y -3 =0
x—4y+10z = -7

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

5x +2y +8 =23
SOLUTION:

=2 1 300

34 1007
|5 2 823
2 1 3! 0

0 =5 11:-14|¢ 2020
L5 2 8j 23
[<2 1 =31 0]

0 -5 11i-14
L0 9 1) 46 L
-2 | 31 o]

0 -5 11114
L0 0 104 104 20t
=2 1 =31 0]

0 -5 111-14
L0 0 1) 1fje==
(2 | _3[ 5

0 =5 0 i =25ttt
LO 0 1y 1]
s T s

0 I 05
100 11

2 1 03] tfa3e

0 1 015
L 00 1 |_
[-2 0 0|2t

0 1 0: 5

_ 0 0 1 |

[ “! | Jectiti=2t

0 1 0 Ei
0 0 11
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33.

4k -5 - =-25
-b6x+y+7z=-21
xX—3y —10z=8

SOLUTION:

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

4 -5 -91-25
-6 | 75_31
|7 -3 -10, 8
[ 12 —15 =27 1-75]«&
-12 2 |4i—4: i
.7 -3 -10, 8
[12 =15 271 =75
0 —13 —131-117 |2k
|7 =3 -10} 8
[4 =5 91 25] 2
0 | ;i g | e tutt-1n)
17 -3 10| 8
[-28 35 63 |175]«5—
0 I 1 9
| 28 <12 =40 32}B
[4 -5 -9 -25]fu
0 1 |i ]
[0 23 23207 fb
[4 -5 -91-25
0 1 19
0 I 14 L)_<..ff-..i
(4 -5 -9 -25]
0 1 19
10 0 0 O0fetch
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34, -x+3y+10z =8
Ax -9y — 3z = -17
3x+5y — 2 =46
SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
-1 3 10! 8]
4 -9 -34:-17
305 -2} 46|

00 0,0

in terms of z.
x—4z=7

x=4z+7
y4+2z=5

y=5-2z

The solutions are (4z+ 7.5 -2z,z).
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35.5x—4y —Tz=-31
2x+y—-8& =11
—4x+3y +6z =23
SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

5 4 =7!-3]

2 1 -8 I
4 3 6) 23
[5 4 -71-3

0 5 —101 45 [0t
-4 3 6 23
[ 5 -4 -71-3]

0 1 =21 9|t
-4 3 6] 23
[ 20 -16 -28 | -124]«=2

6t -2 t;v‘
=20 15 30 115«

0o -1 2 | T e
[§ -4 =7|-31]
0 1 =21 9
0 0 0] 0]t
(5 0 -15]5]e20—
01 -2 f;r
00 00
10 -3 et
0 1 =2 5@‘
00 050
We are reduced to two equations with three variables, so there will be infinitely many solutions. Write the equations
in terms of z.
x-3z=|
x=3z+1
y=2z=9
y=2z4+9

The solutions are (3z+ 1.2z +9.z).
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36. 3x+4y —-z=-10
6x—-y—-5=-29
dx -5y +z=11
SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

-3 4 =1!=10
6 -1 -51-29
| 4 =5 1, 11
[-3 4 =1!-10]
0 7 =71 49|50
4 =5 1) 1]
3 4 -11-10
0 1 =11 =7t
|4 =5 1) 11
-3 4 —11-10]
0 1 -1 =7
L e B
[=3 4 =11-10]
0 1 <1 =7
|00 0] O0fet
30 3!18]«2=25—
0 1 =1i=7
00 0] 0
M0 =1 —plet
0 1 -11-7
00 00
We are reduced to two equations with three variables, so there will be infinitely many solutions. Write the equations
in terms of z.
x—z=-0
r=z—0
y—z=—1
y=z-7

The solutions are (z —6.z-7.z).

37.8x -9y —4z=-33
-2X+3y-2=9
~7X+6y +11z =27

SOLUTION:
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Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

We are reduced to two equations with three variables, so there will be infinitely many solutions. Write the equations

8 -9 —41-33]
B 5 S84
-7 6 |1i 27|
[ 8 9 —41-33

0 3 =12y Fleltfed
5 & 11) 27
[ 9 —4!-33]

I -4 1et

L 6 11| 27]
'8 -9 —41-33
0 1 -4 1
11 -3 | -J«—"‘i—-
'8 9 —41-33
0 1 41 1
10 15 =60 | 15|20
[8 -9 -41-33]
0 1 -4
10 1 -4, 1jefti
'8 -9 | =33 ]
0 ]
0 0 0 Ofert—
(8 0 —40 | 245
01 -4 1
00 07 0]
[1 0 =51 -3] 2
0 1 -4 1
00 00
in terms of z.
r—52=-13

v=5z-3
y—dz=]

y=dz+]

The solutions are (5= —3.4z+1.z).

38.2x -5y +4z +4w =2
-3x+6y —2Z —Tw=11
5x—4y +8 — 5w =29
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SOLUTION:

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
[2 -5 4 41 2]

bt

10 -8 16 —10; 58|«
2 =5 e
0 -3 2128
10 17 -4 3048 f2f
2 -5 4 41 2
0 -3 8 -21 28
10 31 0 —62124 |50
2 -5 4 41 2]

0 -3 8 -2:128

0 lﬂ—:i-ljwt--""

2 -5 4 4! 2]

0 0 8 -8B 40|20

0 1 0 -2 4

2 =5 4 a :3'_

0 0 1 =15t

10 1 0 24

2 0 4 —622]520

00 1 115

10 1 0 -2 4]

[2 0 0 2127808
0 1 -1:5

01 0 -2,4]

10 0 -1 1]

00 1 <15

0 1 0 -2;4]

'm0 0 =111]

0 1 0 -2:4|n

0 0 1 =15«

We are reduced to two equations with three variables, so there will be infinitely many solutions. Write the equations
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in terms of w.
x=w=]

x=w+]

y=2w=4

y=2w+4

s=w+35

The solutions are (v + 1. 2w+ 4w+ 5w}

39.x -4y +4z+3w=2
-2X—3y+7z—-3w=-9
3x -5 +z+10w=15

SOLUTION:

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
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1 -4 4 312
2 37 -3i-9

| 3 =5 1 10415

(1 4 4 3|2

0 -1 15 3i-5|828

(3 -5 1 1015
I 4 4 3! 2

0 =11 15 3:i-5

0 7 -1l 1) 9f&FE

1 4 4 32

0 =11 15 31-5|tT
0 0 -16 3264 |t
M -4 4 312

S G 3‘:~5}
0 0 1 24 fem

M1 —44 44 331 2275
0 44 —60 -12120
0 0 1 =24

=4 iy

110 —16 21 42]"5
0 11 -15 -3 5|t
00 1 -2;-4

11 0 0 -11!-22]Ah

Ha#] SR,

1
0 1 0 35—
00 1| -2

We are reduced to two equations with three variables, so there will be infinitely many solutions. Write the equations
in terms of w.
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40.

==2w-4

The solutions are (w— 23w —5.2uw—4.w).

GRAPHING CALCULATOR Find the row-echelon form and reduced row-echelon form of each system.

Round to the nearest tenth, if
3x +25y =18
6.8x — 4y =29.2

SOLUTION:

Use the graphing calculator. Enter the elements into the matrix.

MATREIXIA] 2 =3

[z .5 1
[ 6.B Y égl_]

necessary.

22 3=29.2

Select matrix, math, ref for row-echelon form. Also, when viewing the matrix, you can select Ans—Frac to see it

in fraction form.

¢ [A]>
-. 288235294
’.

f
1
K
s*Frac
1 -18-17 7?3-1..
%] 67D ..

e
L L
[
Hr
£ [
[

= T

Select matrix, math, rref for red

uced row-echelon form.

rrefC [A] 2>rFrac
[[1 85 1
B 1 6-511
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_y - I y==8
5 2
3 5 3
X+—y=-
3 2
SOLUTION:

Use the graphing calculator. Enter the elements into the matrix. You can enter 5 + 6 for the fraction. Also, when

viewing the matrix, you can select Ans—Frac to see it in fraction form.

MATREIXIA] 2 =3

[.4 -5 1
[.FE B2k h]

z23=2.9

Select matrix, math, ref for row-echelon form.

et [A]l 2rFrac
[[1 576 18-3]
[ 1 -2 11

Select matrix, math, rref for red

uced row-echelon form.

rrefC [R] 2
[[1 &8 18]
(8 1 -811
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SOLUTION:
Use the graphing calculator. Enter the elements into the matrix. You can enter 2 + 3 for the fraction. Also, when
viewing the matrix, you can select Ans—Frac to see it in fraction form.

[L7 iEEEBEEEEm

[ L]
[2 |
Ans*Frac
[[¥ 273 1-86.,
[ 375 1 e 1
[2 =S =1

Select matrix, math, ref for row-echelon form.

ref [A] JrFrac

[[1 2721 1-42 ..
(8 1 “67 /22,
(B B 1 il

Select matrix, math, rref for reduced row-echelon form.

rref i [A]l 2rFrac
il v =] ]

B 1 B8 5-2]
(BB 16 1]
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43.159x -y +4.32 =14.8

—-8.2x +14y =146
-11x+ 0.5y — 1.6z =-204

SOLUTION:

Use the graphing calculator. Enter the elements into the matrix.

6-1 Multivariable Linear Systems and Row Operations

[A]

[[153.9 =1 4.3 ..
[-8.2 14 B L
[-11 .D -1.6 ..

Select matrix, math, ref for row-echelon form. Also, when viewing the matrix, you can select Ans—Frac to see it

in fraction form.

[Eé . 8625893881 ..

[&
H
[

Select matrix, math, rref for red

uced row-echelon form.

et [R] 2
[[1 88 3 1
B 1 8 2.8]
(BB 1 -V 11
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44. FINANCIAL LITERACY A sports equipment company took out three different loans from a bank to buy

treadmills. The bank statement after the first year is shown below. The amount borrowed at the 6.5% rate was

$50,000 less than the amounts borrowed at the other two rates combined.

STATEMENT SUMMARY
Amouni Bermowed_._.___. ...
Lol .. B5 intarest Rate
Loan 2....
Loan 3...... PRI
byl Pl

a. Write a system of three linear equations to represent this situation.
b. Use a graphing calculator to solve the system of equations. Interpret the solution.

SOLUTION:

T Interest Aate
% Interest Rate

a. Write a system of equations. Let x = the amount for the 15 loan, y = the amount for the 2"d loan, and z = the

amount for the 3rOI loan.

The total amount borrowed was $350,000, so x +y +z =350,000. The total interest paid was $24,950, so 0.65x +

0.07y +0.09z = 24,950. The borrowed for the 1% Joan is $50,000 less than the other 2 combined, sox =y +z —

50,000.

Align the terms.
X+ y+z=350,000

0.065x 4+ 0.07 v+ 0.09z = 24,950

x—y—z=-30,000
b. Us
[A]
[[1 1 1
[.B65 .87 .89
[1 a1~ =]

Select matrix, math, rref,

rrefd [A] 2

[[1 8 8 158868A]
B 1 8 1468688]
(B B 1 68888 ]

]

e the graphing calculator. Enter the elements into the matrix.

The solution is (150,000, 140,000, 60,000). The company borrowed $150,000 at 6.5%, $140,000 at 7%, and $60,000

at 9%.
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45.

46.

47. "

Determine the row operation performed to obtain each matrix.
1 5 -6 [1 5 :
0 1
0 -1

b Ll

1
-~
1

SOLUTION:

The 3 row is the new row. —1 + 1 = 0, so it appears that the 2" row was added to the third row. Check the other
values.

—3+2=-1

—2+1=-1

Ry +Rj3

41
=

4] 1 4

ot i B

SOLUTION:

The 3" row is the new row. There are a few ways for the 2 in the 2" column of the third row to be produced.
Dividing the row by 2 does not work with the other values. We can also either subtract twice the 15 row or add

twice the 2nOI row. Check the other values.
8-2(3)=2

4-2(1)=2

-3-2(-5)=7

1-2(4)=-7

R3—2R;or —2R; + R

15 2 4. 14 1 15 2 4114
| b 3 5 |:- 1 5 5 5 1 15
- f — I
2 1 0 16' 20 2 1.0 16'20
n -1 6' —4 34 5 18! 38
SOLUTION:

The 4™ row is the new row. The easiest way to change —3 to 0 is to find the sum of the 4™ row and the 1° row
multiplied by 3. Check the other values.

3(15) +(11)=34

32 +(-1)=5

3(4)+6=18

3(14) + (-4) =38

3R+ Ry
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0

-|.]a-_\' e

Fd

J1  I=J

Y 4]

l 0 93 3

|
Y
i
]
-y

=

-~
bl
o)

SOLUTION:

The 2nd row is the new row. 8 — 8 =0, so it appears that the 1°' row was subtracted from the 2" row or vice
versa. Check the other values.

5-(2)=7
—7—=0=~7
1-2=-1
6-12=-6
9-(2)=11
R,-Rior-R; +R,

49. MEDICINE A diluted saline solution is needed for routine procedures in a hospital. The supply room has a large
quantity of 20% saline solution and 40% saline solution, but needs 10 liters of 25% saline solution.
a. Write a system of equations to represent this situation.
b. Solve the system of equations. Interpret the solution.

SOLUTION:
a. Set up a system of equations. Let x = the 20% solution and y = the 40% solution.

The total number of liters is 10, so x +y = 10. The 10 liter solution needs to be 25% saline, so 0.20x + 0.40y =0.25
(10).

The two equations are:
x+y=10
02x+04y=25

b. Solve the system.
L 1 10
102 0425
" 110}
|12 4]25]«—
1 1!10]
0 25 |eB=28

B
01
1 0

The nurses will need to mix 7.5 L of 20% and 2.5 L of 40% saline.
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50. OPEN ENDED Create a system of 3 variable equations that has infinitely many solutions. Explain your reasoning.

SOLUTION:

One method of writing these equations is to write the first equation and then multiply all of the terms in this equation
by the same value to make the second equation. This will guarantee that two of the equations will cancel each other
out, the reduced row-echelon form of the matrix will have a row of 0s and there will be infinitely many solutions to
the system.

Sample answer:
x+y+z=3
2x+2y+2z=06

Sx4+5y+452=15

The system written as an augmented matrix and in reduced row-echelon form yields
M 11 3 111 3

2 6 land| 0 O 0 0O respectively.

515 00 0 0]

=

I
T

2

Any ordered triple of real numbers (x,y,z) such that x +y +z = 3 is a solution. This is to be expected since the
second and third equations are multiples of the first equation.

51. CHALLENGE Consider the following system of equations. What value of k would make the system consistent and
independent?
X+2y =5
S5y —kz=-22
2X +52 =26
—2x+ky+z=-8

SOLUTION:

For a system to be consistent and independent, there must be only one solution. Set up the augmented matrix,
aligning the variables.

3 2 0

|
0 5 —ki-22
2 0 5126
2 k 1}-8

Apply elementary row operations until you obtain 2 rows with an element in k and Os in the remaining elements.
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3 2 0! 5

0 5 —ki-22

2 0 5126
|2 & | | -8
[3 2 0! 5]

0 5 -k i-22

0 4 -151-68| 200

-2 k 1 ;-8]
3 2 0! 3

0 s ko1 =22

0 4  -15-68
10 3k+4 3 |=14[ 228
3 2 0 5 ]

{ 5 k 22

0 4 ~151 -68
10 15k+24 0 |-138| futh
3 2 0o !5

0 0 4k +75 1 252 | SRt
0 4 -15 E—ﬁﬁ

0 15k+24 0 | -138

Notice that using the last three rows, we can come up with three equations and 3 variables, y, z, and k. However,
these equations are not linear. Therefore, we need to take them out of the matrix.
(—dk +75)z =252

Ay—15z=-68
(154 +24)y =—|38

Gety and z in terms of k in the 1°'and 3" equations.
(—4k +75)z =252

(15k+24)y=-138
o138
T 15k+24
Substitute these values into the 2" equation.
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4y—-15z=-68
~138 Y . 252
J.[ —13% J 15| —=>= |- 68
(I5k+24) "\ 4k+75)
5523780 _ o

15k+24 —d4k+75
—552(—4k + 75) - 3TB0(1 5k + 24) = —68(1 5k + 24)(—4k + 75)
2208k — 41.400 - 56. 7004 — 90,720 = 4080k + 6528k — 76,500k — 122,400
~54,492k —132.120 = 4080k - 69,972k —122.400
0=4080k" ~ 15,480k + 9720
0=102k" 387k +243
0=34k" — 129k + 81
0= (k-3)34k -27)
27

34

k = 3:3-1"

52. ERROR ANALYSIS Ken and Sari are writing the augmented matrix of the system below in row — echelon form.
2Xx-y+z=0

X+y—2Z=-7
X—3y+4z=9
Ken Sari
1 1 =2,-7 I 3=l =17
[n 1 4,-2] 01 =1 —2‘
0o 1, 4 0 0 1, 4

Is either of them correct? Explain your reasoning.

SOLUTION:
Two matrices may appear to be different in row-echelon form yet still have the same solutions.

Apply elementary row operations to each matrix to obtain reduced row-echelon form.
Ken:
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Sari’s and Ken’s matrices produce the same solution. Confirm that this is the correct solution by substituting the
values into the original equations.
2x=y+z=0

Xx—=3y+d:-=
~1-3(2+ 4 =9
~|-6+16=9
D=9
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53. REASONING True orfalse: If an augmented square matrix in row-echelon form has a row of zeros as its last
row, then the corresponding system of equations has no solution. Explain your reasoning.

SOLUTION:

False; Sample answer: Because the equation in the last row is 0 = 0, the value of one of the variables cannot be
determined. Therefore, the corresponding system of equations may have infinitely many solutions.

The system may also have no solution if one of the other rows is 0 = 6.

The system may have one solution if the row of Os is considered extra. For example, if the system includes 4
equations in 3 variables, one of the equations can be eliminated and the remaining equations may be solved with one
solution.

54. CHALLENGE A parabola passes through the three points shown on the graph below.
[ &1

a. Write a system of equations that can be used to find the equation of the parabola in the formf (x) = ax? + bx +c.
b. Use matrices to solve the system of equations that you wrote in part a.
c. Use the solution you found in part b to write an equation of the parabola. Verify your results using a graphing
calculator.
SOLUTION:
a. Replace (x,f (x)) with the coordinates of each point.
fix)=ax +bx+c
d=a(ly +b{ly+¢
d=a+b+c
flxy=ax’ +bhx+c
—G=a(-1)y +b(-1)+¢
—b=g-b+¢
f(x)=ax" + by +¢
“S=a(=2) +b(-D) +¢

—S=da-2b+c
b. We have a system of three equations with three variables. Solve using Gauss-Jordan elimination.

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
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[ T N

I =1 1:-6

14 =2 1,-5

' 1 1! 4

0 -2 01-10|e2t
..'l -2 ] _"_

(I T

0 1 0 i 5 etz
[0 =6 =3 =21 |e—=
o114

01 015

00 39|
[1 1 11 4]

01 015

10 0 1 |-3 |«
| 1017 fetich
01 015

100 1)-3]

1 0 0! 27ttt
0 | ui 5

00 1,;-3

The solution is (2, 5, —3).

C. Replace a, b, and ¢ inf (x).

flx)=ax’ +hx+¢

Flx)y=2x"+5x-3

Input the function in your calculator and check the values in the table.

Y

Hix
[
mn

I] | St o
[s
L'y ]

o
1
b2
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55. WRITING IN MATH Compare and contrast Gaussian elimination and Gauss-Jordan elimination.

SOLUTION:

Sample answer: In Gaussian elimination, matrices are in row-echelon form. In Gauss-Jordan elimination, matrices
are in reduced row-echelon form. Matrices in row-echelon form and reduced row-echelon form may have rows
consisting entirely of Os. If they do, these rows appear at the bottom of the matrices.

Row-echelon form:

1 2 316
0 1 4:3
0 0 1,8
00 00

Reduced row-echelon form:
10 0! 40 |
01 0129
00 1 8
000 1 |
In both forms of matrices, the first entry in any row with nonzero entries is 1. This is called a leading 1. In both
forms of matrices, if there are two successive rows with nonzero entries, the leading 1 in the higher row is farther to
the left than the leading 1 in the lower row.
Row-echelon form:
I 2 316
0 1 4:3
00 1.8
00 00
Reduced row-echelon form:
1 0 0! 40|

0 1 ni—.“-:i}
0 0 . 8
0000

For a system with a unique solution, when the matrix is in reduced row-echelon form, every column that has a
leading 1 has Os above and/or below that 1.
Row-echelon form:
I 2 316
0 1 413
00 1.8
00 0[]0
Reduced row-echelon form:
1 0 0! 40
01 029
00 1 8
00 0] 0
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Verify each identity.

56.2C0$2 _1; =1+cos X

SOLUTION:
We need to go from a squared trigonometric term to a trigonometric term that is not squared, so we should use a
power-reducing identity.

r Vv

I +cosx

PO -,
oo —=1) +
e 'I|I||| A
2 | 2 )
FY 4 e
_a H m:».x]
L2
=|+cosx
2% | —cosx
57. tan =

¥
2 1+ cosx

SOLUTION:

We need to go from a squared trigonometric term to a trigonometric term that is not squared, so we should use a
power-reducing identity.

. X
gin
v . ¥
tan” —= =
2 s X
c0s
2
£
[ X
| —=cos :k 5 J|
)
| 2
+ T 1 l_--‘
- | —cosx
| +cosy
I COs X
58. — ———=tanx
SINYCOSY SNy
SOLUTION:
Get a common denominator.
| cosx 1= cm;" x

sinycosy  siny  sinxcosy
Use a Pythagorean identity.
l-cos’x  sin"x

ﬁiﬂ JC0sY !".Hlll XCOSY
_sinx

cosx
=1an x
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Find the exact value of each trigonometric expression.
59. cos 105°

SOLUTION:
cos 105 =cos (45 +60)
=cosdicosol —sin43sin 60

21 2.8
T2 2 2 2
2 V6

4 4

J2 -6

4
60. sin 165°
SOLUTION:

sinlf3=sim (43 +120)
=sind3cos| 20+ cosd3sinl 20

S22\ 1J+ 2, 2
__ N2 6
4 4
_\.I'E—u"ri
4
61. cos ?—?r-
12
SOLUTION:

In 5
Cos —; =¢cosl03

=cos (45 + 6}
= cosd5coshl = sin 45s5in 60

V21 25
2% 2 2
N2 s
T4 4
_2-J6
T4
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62. sin
12

SOLUTION:

R Fiide
§in— =sinls
12

=sin(45-30)

=sind3cos30 - cosd3sin30

W25 2
T2 02 2 2
V6 V2
T4 4
=J6—Jz
4
63. cot 127
2
SOLUTION:

113 =
:ull—f:unlmﬁ:&

=cot235

- 2

tan 255

tan{135+ 120}

|
tan 135+ tan 120
| =tan135tan120
_I=tanl35tan 120
 tan 135+ tan 120
) )

-3

=3

T

-3 1443

RS T

1434433
i

4423

e B

=
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64. sec 1275°

SOLUTION:
secl275=secl95

I
~ cos195
gk
cos{135 + 60)
1

- cosl35cos60) —sinl135sin 60

|
=_u"§_1_ﬁ‘~.r'§

2 2 1

4 ~J2+6

" Bf6 6

_-W2+46
2-6

_—4¢E+4JE
T
=\2-6

65. SOFTBALL In slow-pitch softhall, the diamond is a square that is 65 feet on each side. The distance between the
pitcher’s mound and home plate is 50 feet. How far does the pitcher have to throw the softball from the pitcher’s

mound to third base to stop a player who is trying to steal third base?

SOLUTION:

From the diagram, it may appear that we are dealing with a right triangle, but that is not the case. Notice how the

angle at the pitcher’s mound is not quite a right angle.

eSolutions Manual - Powered by Cognero

Page 52



6-1 Multivariable Linear Systems and Row Operations

Make a triangle from 1% base to 3" base to home plate as shown below.

The diamond is a square, so we know that the angle at 1°' base must be 45 degrees. We can now use trigonometry

to identify some missing side lengths.

¥ 19 base=
455
651t

Fibase ¥

adlfeicent
Ivpotennse
cos 45 = L‘
-
Ay
265
325\2=y

opposite
Inpotenuse

cosll =

sinf =

sindi=—
(V]

2z
F

3252==
We can now use the Pythagorean theorem and the small triangle to find x.

L=

-
-

L]

-

50 = 325¢2

3257

(32542 + (50-32.5V2) =x°

J32542) +(50-32.52) =x
46.1=x

The distance is about 46.1 feet.

a +bh =¢
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66. TRAVEL In a sightseeing boat near the base of the Horseshoe Falls at Niagara Falls, a passenger estimates the
angle of elevation to the top of the falls to be 30°. If the Horseshoe Falls are 173 feet high, what is the distance from
the boat to the base of the falls?

SOLUTION:
Draw a diagram of the situation.

Falls

/ 173t
ot <21

The diagram represents a right triangle. You are given the angle and the opposite side and you need to determine the
adjacent side. This can be done using the tangent function.

ogyresiie
tan & = ﬁ—
erelfcicent

-

tan 3 =

x
xtan 30 =173

173
x=-
tan 30
r= 300
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67. RABBITS Rabbits reproduce at a tremendous rate and their population increases exponentially in the absence of

natural enemies. Suppose there were originally 65,000 rabbits in a region, and two years later there were 2,500,000.
a. Write an exponential function that could be used to model the rabbit populationy in that region. Write the function

in terms of x, the number of years since the original year.
b. Assume that the rabbit population continued to grow at that rate. Estimate the rabbit population in that region

seven years after the initial year.
SOLUTION:

a. The model for exponential growth isN =N (1 + r)t. The initial population is 65,000, so N, = 65,000. The
population after 2 years is 2,500,000, so t = 2 and N = 2,500,000. Solve for r.

N=N(1+rY
2,500,000 = 65.000(1 + )
2.500.000 i

= )

65,000
(2,500, 000

\ 65,000
12,500,000

\ 65.000

52=r
Replace r in the model.
N=N/(l+rY
N = 65,0000 + Y
N o=63,000(1+5.2)
N =63, 000(6.2)

Rewrite the function usingy and x.

y = 65,000(6.2)

b. Lett=7 and solve fory.
v=>05000{62)

v =65.00006.2)

v 22 890,495,000
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Solve each equation.

68. J 2.1
¥ x=1 12
SOLUTION:
3.2 17
¥ ox=1 12

2N x-1) 2(12% x) [ T{xHx—1)
12{x)}x~1) ) 12{xHx 1) i 1 2{x)}x—1)
36x-36+24x=17x" =17x
0=17x"-77x+36
0=(17x-9)x—4)

9
r=dgr—
17

i b =N
69, Bt i S i
*+3 x+1 13

SOLUTION:

4 2 2

x+3 x+1 15

4150 x+ 1) 20150x+3)  Ux+1)x+3)

IS(v+ (e +3) 150+ D(x+3) 150+ 1 +3)
60r+60-30y—90=2%" +8x+6

D=2y -22v436

D=3 =11x-18
O={x=94x=2)
x=2or9
70. i_ l ;E
3 x=-2 2x
SOLUTION:
4 I B
3 x-2 2x
4{2_1:}[_1'—2}_ 1G)2x) 13(3)(x-2)

IHx=202x) (x=235X2x) 2x(3Kx-=2)
§x" —16x—6x =39 78
§x" —6lx+78=0
(x—08x—13)=0

x=hor—
8
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71. SAT/ACT rACF is equilateral with sides of length 4. If B, D, and E are the midpoints of their respective sides, what
is the sum of the areas of the shaded regions?

—,’?\—'C
7

B3 x-'ﬁ
C4 x-'E
D 443
E6 \-'E
SOLUTION:

If =ACHF is equilateral with sides 4 units long and B, D, and E are midpoints, then the four small triangles are also
equilateral and their sides are 2 units in length. More importantly, these small triangles are congruent. Therefore, the

area of the shaded region covers 3 of the 4 equal triangles or _1 of aACHK,

The base of =ACYH is 4 units. We can also form a 30-60-90 triangle to determine the height of the triangle.
A B Cc

F
Using the 30-60-90 formula, the height is 2 V3.

The area of the region is:
3f 1Y =
A= ][‘E;!H}r:am
=2343)
g

=343
The correct choice is B.
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72.

73.

REVIEW The caterer for a lunch bought several pounds of chicken and tuna salad. The chicken salad cost $9 per
pound, and the tuna salad cost $6 per pound. He bought a total of 14 pounds of salad and paid a total of $111. How
much chicken salad did the caterer buy?

F 6 pounds

G 7 pounds

H 8 pounds

J 9 pounds

SOLUTION:

Set up a system of equations. Let ¢ = chicken salad and t = tuna salad. He bought a total of 14 ponds, so ¢ +t = 14.
He spent $111, so 9¢ + 6t = 111.
Solve using Gauss-Jordan elimination.

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.

9 6111
11
10 3
[1 1
01

I |:H"

| Glo|tct
10 1!5

c isthe 1St term, so ¢ = 9 and the correct choice is J.

The Yogurt Shoppe sells small cones in for $0.89, medium cones for $1.19, and large cones for $1.39. One day,
Scott sold 52 cones. He sold seven more medium cones than small cones. If he sold $58.98 in cones, how many
medium cones did he sell?

All

B 17

C24

D 36

SOLUTION:

Set up a system of equations. Let s = small, m = medium, and | = large. Fifty-two cones were sold, so s + m+ | =52,
Seven more medium cones were sold than small cones, so m=s + 7. The total cost was $58.98, so 0.89s + 1.19m +
1.391 = 58.98.

We have a system of three equations with three variables. Rewrite the system, aligning the variables.

S+m+l=52
s=m+0==7
0,895 4 1. 1% +1.39/ =58.98

Solve using Gauss-Jordan elimination.

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
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b

|
|
]
0

m is the Z”d term, so m = 24. The correct choice is C.

= bhd =

[ TR e —

]

0

|
]

e

|
!

0.89 1.19 1.3958.98
| &
i

' 52 7
7

|
0

i

39 | 58.98
| 52
59
l
|

_?? ha]

41 : PR .
24
11
G A
24

|
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74. REVIEW To practice at home, Tate purchased a basketball and a volleyball that cost a total of $67, not including
tax. If the cost of the basketball b was $4 more than twice the cost of the volleyball v, which system of linear
equations could be used to determine the cost of each ball?

=
h+v==G67
h=23v-4

G

h+v==G67
h=2v+4

H

h+v=4
h=2v-067

J

h+v=4
h=2v+67
SOLUTION:

Let b equal the price of the basketball and v = the cost of the volleyball. The first statement says that their total cost
is $67, so the first equation is b + v = 67. The next statement says that the cost of the basketball was $4 more than
twice the cost of the volleyball. Therefore, the second equation is 2v + 4 = b. The correct choice is G.
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Find AB and BA, if possible.

LA=[8 1]
'3 -7
SOLUTION:
(3 =2
A=[8 I[;B= | j]

Ais a1l x 2 matrix and B is a 2 x 2 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB.

AB =[8(3)+1(-5) 8(-7)+1(2)]
=[24-5 -56+2]
=[19 -54]

Because the number of columns of B is not equal to the number of rows of A, BA is undefined.
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o i
2.a=| > ;"]
5_? 3
6 —4
5= ]
h[l 3
SOLUTION:

[2 9 6 —4
A= .|sB= .
5_? 3 ,“ 3

Ais a2 x 2 matrix and B is a 2 x 2 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

ip-| 2(6)+9(0)  2(-4)+9(3)
-T(6)+3(0) —7(-4)+3(3)
[12+0 -8+27]
T 4240 2849 |
12 19
|42 BTJ

Because the number of columns of B is equal to the number of rows of A, BA exists.
[6(2)+-4(-7) 6(9)+-4(3)

L 0(2)+3(-7)  0(9)+3(3)

(40 427

21 9

Bd =

3.A=[3 -35]
4 0 -2
-3 2

SOLUTION:

B=

Ais a1l x 2 matrix and B is a 2 x 3 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entry.

AB=[3(4)+(-5)1 3(0)+(-3)(-3) 3(-2)+(-5)2]
=[12-5 0+15 —6-10]
=[7 15 -16]
Because the number of columns of B is not equal to the number of rows of A, BA is undefined.
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sa=]

B=[6 1 -10 9]
SOLUTION:
2 |
A:_LB:W 1 -10 9]
| 5
Ais a2 x | matrix and B is a 1 x 4 matrix. Because the number of columns of A is equal to the number of rows of

B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

[ 4(6) 4(1) 4(=10) 4(9)]
15(6) s(1) s(-10) 5(9) |
[24 4 -40 36]

|30 5 =50 45|

AB

Because the number of columns of B is not equal to the number of rows of A, BA is undefined.

5.A= 3
I._f}_.
f[6 0 —=1]
B=
-\._4 u H_p
SOLUTION:
B "6 0 =1
A=|5|;B=
4 9 8
& - -

Ais a3 x | matrix and B is a 2 x 3 matrix. Because the number of columns of A is not equal to the number of rows
of B, AB is undefined.

Bis a2 x 3 matrix and A is a 3 x 1 matrix. Because the number of columns of B is equal to the number of rows of
A, BA exists.

To find the first entry of BA, find the sum of the products of the entries in row 1 of B and column 1 of A. Follow the
same procedure for row 2 column 1 of BA and the remaining entries.

16(2)+0(5) +(~1)(-6)
—4(2)+9(5)+8(-6)

[ 12+0+6
| -8+45-48

|3
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200
6.A= -4 -3
|1 =2
B_'u 6 -5
12 -7 o
SOLUTION:
[20 0 .
acla cal.g2f® 8 B
B N N A
| -2

Ais a3 x 2 matrix and B is a 2 x 3 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

[ 2000+ 0(2)  26)+0(-T)  2(=3)+0(1)
AB=|-4(0)=3(2) —46)-3(-T) —H-5)-3(I)
L H0)-22) W6 -2A-T)  H=5)-2(D)

0 12 -0
=< =3 17
4 20 -7

Because the number of columns of B is equal to the number of rows of A, BA exists.
M_TJ{EHM -4)=5(1)  0(0)+6(-3)~5( E}J

A2 =T+ 2AH=-T=-H+1=2)
[—20 _g]
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[3 4
T.A = 1 ]

-7 1

[ 2 -§]
B=

-6 0 9 |
SOLUTION:

[3 4 ['5 2 -§]
A= j|;B:

-7 1 -6 0 9]

Ais a2 x 2 matrix and B is a 2 x 3 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

[3(5)+4(-6) 3(2)+4(0) 3(-8)+4(9)
“7(5)+1(=6) —7(2)+1(0) -7(-8)+1(9)
[15-24 6+0 -24+36]|

-35-6 -14+0 56+9 |

9 6 12]

41 —14 65

AB =

Because the number of columns of B is not equal to the number of rows of A, BA is undefined.
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6 -9 10
S'A:_.; 3 x}
[6 -8
i -9
B= oy 5
E
SOLUTION:
6 -8
[6 -9 10] _ |3 -9
A__.J, 3 x}’ =2 5
4 1

Ais a2 x 3 matrix and B is a 4 x 2 matrix. Because the number of columns of A is not equal to the number of rows

of B, AB is undefined.

Bis a4 x 2 matrix and A is a 2 x 3 matrix. Because the number of columns of B is equal to the number of rows of

A, BA exists.

To find the first entry of BA, find the sum of the products of the entries in row 1 of B and column 1 of A. Follow the

same procedure for row 2 column 1 of BA and the remaining entries.

6(6)+(-8)(4) 6(-9)+(-8)(3)
3(6)+(-2)(4) 3(-9)+(-9)(3)
2(6)+5(4) -2(-9)+5(3)
| 4(6)+1(4) H-9)+1(3)
36-32 -54-24 60-64|
18-36 -=-27-27 30-72
12420 18415 —20+40 |
2444 -364+3  40+8 |

B4 =

4 =718 4
18 -54 -—42
18 33 20
28 -33 48
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9. BASKETBALL Different point values are awarded for different shots in basketball. Use the information to
determine the total amount of points scored by each player.

kT | FT | 2-pointer | 3-pointer Shots |Puinh

Rey 44 LY 25 free throw |

Chiris 37 M 3 2-pointer 2

Jerry 35 19 2 Y-pointer 3
SOLUTION:

This can be solved by multiplying two matrices. Matrix A is a 3 x 3 describing the total number of shots made by

each player for each value of shot. Matrix B is a 3 x 1 describing the point values of each shot.

44 32 25 |
A=|37 24 31|.8=|2

35 39 29| |3
Find AB.

44 32 25][1]
AB={37 24 31}2

35 39 293

[44(1)+32(2) + 25(3)
= 37D +24(2)+31(3)
| 35(1)+ 39(2)+ 29(3)
(44 + 64+ 75 ]
={37+48+93

135+ 78+87

183

=| 178

1200

Rey, 183 points; Chris, 178 points; Jerry, 200 points
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10. CARS The number of vehicles that a company manufactures each day from two different factories is shown, as

well as the price of the vehicle during each sales quarter of the year. Use this information to determine which

Mini Van
1 500 00 150 150

2 50 350 150 400

P .

Ist(5) | 2nd (§) | 3rd () | 4th(S)

Coupe 18700 17,100 16,200 15,600
Sedan 25,400 24,600 23,900 23,400
SV 16,300 35,500 34,900 34500
Mini Van 38,600 37,900 37,400 16,900

factory produced the highest sales in the 4th quarter.
SOLUTION:

We need to determine the factory which produced the highest sales in the 4" quarter only. Therefore, the
information we need from the 2" table is the far right column.

For Factory 1, multiply the 1* row in the first table by the last column in the 2" table. For Factory 2, multiply the o"

row in the first table by the last column in the 2" table.

Factory 1:
15,600
. 23,400
[500 600 150 250]-| "
34,500
| 36,900

=[500(15.600) + 600(23.400) + 150(34.500) + 250(36.
=[36.240.000]

Factory 2:
15,600 |
i 23,400
[250 350 250 400]- S 60
24,0
| 36,900 |

=[250(15.600) + 350(23.400) + 250(34.500) + 400(36.
=[35.475.000]

900)]

900)]

Factory 1 which produced the highest sales in the 4" quarter.

Write each system of equations as a matrix equation, AX = B. Then use Gauss-Jordan elimination on the

augmented matrix to solve for X.
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2% =5x%,+3x; =9
11.  4x +x —6x;,=35
—.-"i.'l.'I + ‘}_1.‘_.. ~Tx. =-0

SOLUTION:
Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column

should include x,, the second column x,, and the third column x5. The column matrix and the matrix of constant

terms should be listed in order.

S S 9
4 1 6| |x]|=]35
.-'t g _? .'E-;. ._ﬁ

Write the augmented matrix|4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.

-3 9 -7,-6 .
Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into 1.

Page 9
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2 -5 319
[418]=| 4 1 635
=3 3 -7 | -6
(2 -5 319
=0 11 _125” by =20,
-3 9 -7 ,-6
2 5 319
=0 11 -12i17
003 =5 15 el
(2 -5 319
=0 1l —12117
010 =100 TR
2 5 3 19
=0 11 —12117
00 | —6 | o fust=19)
2 -5 31 9°
=[0 11 01-55 |t
0 0 16
(2 =5 31 9]
=0 1 {15_5 il
0 0 1,-6
"f‘_ 0 3!"6“ Hye SR,
=0 1 01 -5
0 0 1] -6
E- {],! 2 =30,
=0 1 0:-5
0 0 1 -6
BRIy
[11X]=]0 1 0:-5
00 1]-6
The solution of the equation is given by X.
X, I
X=lx|=|-5
L ¥ _—ﬁ

Therefore, the solution is (1, =5, —6).

3.'1-' = iﬂ.‘[‘: = .T.'g = 6

12. =5x +12x;, + 22, =5
4y, —8x, +3x, =16
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SOLUTION:

Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column
should include x,, the second column Xx,, and the third column X,. The column matrix and the matrix of constant

terms should be listed in order.

[3 =10 -1] [x] [6]
=5 12 2| |x|=|-5
-4 -8 3 lx | |16

Write the augmented matrix|.4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.

[3 -10 -1! 6
-5 12 21-5
4 -8 3 16|

Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into I.
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13.

[3 -10 -1!6
[41B]=[-5 12 2 -5
4 -8 316
3 -0 -116]
=0 -14 1 11550
-4 -8 3;55_!
(3 10 -1! 6
=0 -14 1 115
0 —64 5 i?z A+ 3
(3 -10 -1 6
=0 -4 1115
0 0 -3 i 24 Wi, -TH,
(3 -10 116
=[0 -14 1115
0 0 1|8 [ texd
310 ~1le
=[0 —14 0 7[R0
0 0 1,8
(3 -10 -1! 6
=0 1 0-05
0 0 1 8
"3 ﬂ' _15 |. w0
=[o 1 0 E-n.s]
00 1 8
(3 0 0! 9 Jefh
=0 1 01-05
00 1) 8
(1 0 0! 3 &
[11X]=]0 1 01-05
D] & |
The solution of the equation is given by X.
| = 3
X=|x, [=]-0.5
|_.1':_ 8

Therefore, the solution is (3, —0.5, 8).

2% —10x; + 7%, =7
6x, — %, + 5%, =2

—4x, +8x, —3x, =-22
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6-2 Matrix Multiplication, Inverses and Determinants

SOLUTION:

Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column
should include x4, the second column X,, and the third column x5. The column matrix and the matrix of constant
terms should be listed in order.

(2 =10 7] [x] 7
(4] -1 ::" . _'||'_., = _:
4 H _3 ] | 'E; J | _:2

Write the augmented matrix|4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.
[2 =10 7! 7]
& =1 & -3
ER
Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into .
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6-2 Matrix Multiplication, Inverses and Determinants

2 -10 717
[4]B]=|6 -1 55 5
-4 8 -3)-22
2 -0 717
= 0 29 —]ﬁi_'}g o tamil
4 8 3 ,-22
2 -10 7! 7
=0 29 -16i-23
0 =12 11 | -8 [ 2k
[2 10 7| 7
=0 29 -161 -23
0 0 127 )-508 |, 12200

2.0 7| 7
=(0 290 -16!-23

_.[‘} {J. | | - B+ 12T
2 -10 7! 7]
={0 29 01-87 |0
0 0 1) 4]
(2 -0 717
=0 1 01-3[E
0 0 14
"2 'D ?!_23 1+ 101
=01 0 -3
0 0 1 -4
(2 0 0! 5 et
=[0 1 0:1-3
0 0 1,4
(1 0 025« A=
[1X]=[0 1 0i-3
0 0 14
The solution of the equation is given by X.
| = 2.5
X=|»[=]|-3
|L —i}

Therefore, the solution is (2.5, —3, —4).

X 455 +50=-18
14. =7x, =3x; +2x, ==3

6 4+ Tx, —x, =42
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6-2 Matrix Multiplication, Inverses and Determinants

SOLUTION:

Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column
should include x,, the second column Xx,, and the third column X,. The column matrix and the matrix of constant

terms should be listed in order.

1 5 5] [x] [-18
-7 =3 2| |x|=|-3
L6 7 1] |»] [42
Write the augmented matrix|4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.
(1 5 5!1-18
-7 -3 213
|6 7 -1 42
Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into I.
1 5 5 1-18
[4)B]=|-7 -3 2 -3
6 7 1) 42|
1 5 5| -18
=0 32 371120 Bt
6 7 -li 42
(1 5 5118
=|0 32 37:-129
(0 23 31150 R
1 5 5 |18
=10 32 37 1-129
(0 0 1411833 [ B2k
15 51 -18
=|0 32 37:1-129
_'U' ] i i =i3 fei-141)
[1 5 51-18]
=10 32 01352 |0
0 0 1 ;—13‘
1 5 50118
=0 1 0} tllf'f—‘
0 0 1]-13
1 0 5!-73]« 22
=0 1 01
0 0 1;-13]
1 0 0! -8 |e——
[71X]=[0 1 011
0 0 1,-13]

eSolutions Manual - Powered by Cognero Page 15



6-2 Matrix Multiplication, Inverses and Determinants

The solution of the equation is given by X.

[ x |_ ~3
X=|x|=] 11

X | ~13

Therefore, the solution is (=8, 11, —13).

2x +6x;, =5x; =-20
15. 8x =12x, +7x, =28
—4x, +10x%, —x; =7

SOLUTION:
Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column

should include x4, the second column X5, and the third column x5. The column matrix and the matrix of constant

terms should be listed in order.

2 6 -5 [x] [-20

8 =12 7| -|x|=|28
14 10 1] [x] |7
Write the augmented matrix|4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.
(2 6 -51-20

§ -12 7 128

-4 10 -1 7

Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into .
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6-2 Matrix Multiplication, Inverses and Determinants

2 6 -5!-20]
[41B]=| 8 -12 728
-4 10 -1 7
2 6 5120
=| 0 36 271108 [t
4 10 -1 7
2 6 -51-20]
=|0 -36 27 108
[0 22 =11 -33 [ Pheky
2 6 -5!-20]
=[0 =36 271108
(0 0 99594 | Mgk
2 6 =51-20]
=0 -36 275 108
_ﬂ { | i & _(&
2 6 -51-20
=[0 36 0 |54 |0
0 0 1] 6 |
[2 6 -51-20]
=0 1 0115 [efE_
00 1 6 |
2 0 -5 -29]«fthe
=01 015
00 16 |
(2 0 0! | |2
=[0 1 0115
0 0 1] 6|
(1 0 0!05)A2—
[11x]=[0 1 0i15]
00 116
The solution of the equation is given by X.
| 0.5
X=|x |=|1.5
ln] L6

Therefore, the solution is (0.5, 1.5, 6).

3x =5xy 4 122, =9
16. 2x +4x,—1lx, =1

—5x,+ Tx, —15x, =28
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6-2 Matrix Multiplication, Inverses and Determinants

SOLUTION:

Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column
should include X1 the second column Xy, and the third column X3- The column matrix and the matrix of constant

terms should be listed in order.

3 -5 12] [x 9
2 4 -l |x|=]1
-5 7 -15] |x| |-28

Write the augmented matrix|4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.

3 -5 121 9]
2 4 -~
=5 7 =15 =28

Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into I.
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6-2 Matrix Multiplication, Inverses and Determinants

3 -5 121 9
[41B]=|2 4 -1} |
-5 7 =15 -28
3 =5 1219
=| 0 -22 5715 |[&A2h
-5 7 -15)-28
(3 =5 121 9]
=|0 =22 5715
(0 -4 15| =39 [, Shesk
(3 -5 1219
=10 22 57115
0 0 51459 | -
3 =5 1219
=|0 =22 57115
0 i | | -9 By -5L)
3 -5 1219
=|0 -22 0 i528|B"E
0 0 i -9
[3 =5 121 9]
=0 1 01-24 S
0 0 =9 |
(3 0 121 11t
=01 01 -24
00 1] -9
3 0 01 3]ttt
=0 1 0:-24
[0 0 1) -9 |
[1 0 01 =] [ttt
[f1X]=]0 1 0124
00 1]-9
The solution of the equation is given by X.
i.‘r, -1
X=|x|=|-24
|_,'1'_1 = =

Therefore, the solution is (-1, —24, —9).

—x, —3x, +9x, =25

17. =5x, +11x; +8x, =33
2x 40,13, =45
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6-2 Matrix Multiplication, Inverses and Determinants

SOLUTION:

Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column
should include x,, the second column X,, and the third column x3. The column matrix and the matrix of constant
terms should be listed in order.

I -3 9 [ x, 25
S5 11 8| |x]|=|33
2 1 -13 X, —45

]

Write the augmented matrix| 4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.
[-1 -3 9 | 25]
-3 |1 8 3

2 | i

ad LR

Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into I.
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6-2 Matrix Multiplication, Inverses and Determinants

1 -3 9 1125
[4}B]=|-5 11 8 133
[ 2 1 =13 -45]
(-1 -3 9 |25
=l 06 26 -37i-92 B3R
2 1 -|3i—45_
(-1 =3 9 | 25]
=0 26 -37:-92
i -5 35 i 5 ] TN+
-1 =3 9 | 25
= 26 371 -92
_ 0 =55 | =330 | She2ek,
-1 =3 9 |25
=0 26 -371-92
_[; 0 l i & oei-3%)
-1 -3 91325
" l] 1(} I.-IEE“} Hy+3TH
0 0 1,6
(-1 -3 9125
=[0 1 05 |28
0 0 16
(-1 0 9140] 20
=[0 1 015
0 0 16|
(=1 0 0! -14]eR2D
=[0 1 015
(0 0 1] 6 |
(10 0!14]
[71X]=[0 1 015
D016
The solutlon of the equation is given by X.
[.\1 14
X=|x|=| &
lx] Ls.

Therefore, the solution is (14, 5, 6).

18. =3x +10x; +5x, =—42

2 +7% 435, =20
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6-2 Matrix Multiplication, Inverses and Determinants

SOLUTION:
Write the system matrix in form AX = B. Make sure you align the variables. For the first matrix, the first column
should include x,, the second column Xx,, and the third column X,. The column matrix and the matrix of constant

terms should be listed in order.

(1 -8 3] [»] [-4
_3 |. ” 5 . .T: = _"-F :
12 7 3] |=»)] |20

Write the augmented matrix|.4 | £]. Attach the matrix of constant terms to the end of the 3 x 3 matrix.

1 -8 -3! 4
-3 10 5 | -42
12 7 3|20
Use Gauss-Jordan elimination to solve the system. First, use elementary row operations to transform A into I.
| -8 3! 4]
[4]B]=|-3 10 5 i-42
[ 7 % {Z6
I -8 -3 -4
=[0 —14 4154 |0
2 7 320
(1 -8 3! 4]
=[0 -14 —41-54
0 23 -9 -28| M-
| -8 314
={0 -14 4 i-54
0 0 34850 | 2k
1 -8 31 4
=[0 —14 —41-54
0 0 1 |=25|Rech

=[0 —14 0 | -154 |

1 -8 3! 4]
=0 1 011 | f
0 0 1 |-25]
1 0 1! 84 . R8N,
=01 01
0 0 1 -25]
1 0 0! 9 |2
[71X]=[0 1 0: 1
0 0 1|-25
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6-2 Matrix Multiplication, Inverses and Determinants

The solution of the equation is given by X.

X, 9
A=lx =] 1]
X -25

Therefore, the solution is (9, 11, —25).

Determine whether A and B are inverse matrices.

[12 =7
19.a= " ]
I3 ?]
B= _
L5 12
SOLUTION:
[12 =7 3 7

IfAhand B are inverse matrices, then AB = BA = 1.
m_'mm—?{s} 12(7)-7(12)

TS +33) S5 +3(12)

3635 34—34J

[3(12)+7(=5) H-T)+7(3)
|5(12)+ 12(=5) 5(-7)+ IE{JJ
36-35 -21+21
60-60 —35+36
1 0]
0 1

Because AB =BA=1B=A ‘andA=B..
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6-2 Matrix Multiplication, Inverses and Determinants

4 s
20.A = _
L2 —ﬁ_
[—6 §]
B=
n._:l -I_
SOLUTION.
[4 —5] -6 3
A=l B= ]
5 b =2 4

21.

If A and B are inverse matrices, then AB = BA = I.
- [4(—6)—5(=5) 4(5) —5{4}1

| 3(=6)-6(-53) 5(5)-6(4)
24+ 25 ZH—ZI}J

| =30+30 —25+24

Iy 1

(—6(4)+5(5) —6(=3)+5(—6)
L =5(4)+4(5)  ~5(-5)+ 4(-6)
24425 3ﬂ—3n|

=20+20 25-24

4

-5 3
A=
= ﬁ _4..
8= 4 3
1605
SOLUTION:
<=5 37 T4 3
A= ;B= I
L6 4] ;ﬁ 3]

If A and B are inverse matrices, then AB = BA = I.
~5(4)+3(6) —5(3)+3(5) |

| 6(4)—-46)  6(3)—4(5) |

[-20+18 =15+15

Tl 24-24 18 :u}

(2 0

o —zJ

AB=

AB # |, so A and B are not inverses.
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6-2 Matrix Multiplication, Inverses and Determinants

[-8 4
22.A—hlcj _3]
[3 4
B = ]
._ﬁ b
SOLUTION:
[-8 4 (3 4
ol 3ol
L6 =3 6 8

If A and B are inverse matrices, then AB = BA = 1.

B -8(3)+ 4(6) —8(d)+ 4{8;J’
L 6(3)-3(6)  6(4)-3(8)
[-24+24 -32+32]
| 1s-18 24-24
0 0
o nJ

AB # 1,50 A and B are not inverses.

2B.Az 3]
12 |
B:'—l :}

|5 -9
SOLUTION:

A_'l;r 2 _B_'—l 2
RER

If A and B are inverse matrices, then AB =BA = I.
[9(-1)+2(5) H2)+2(-9]
| S(-1+1(5)  5(2)+ -9}
—G+10 18-18
[ -5+5 m-qJ

o

“lo i}

M:'-Hﬁhznﬁ} —|{2}+2:|}]
| 5(9)-9(5)  5(2)-9(1)

94+10 -2+2]
(45-45 10-9 |

oo
1o

Because AB =BA=1B=A tandA=BL.

Al =
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6-2 Matrix Multiplication, Inverses and Determinants

7 5
24. A :h_ﬁ _4]
4 s
B :._ 6 7 |
SOLUTION:
(7 5 [4 5]
A=l —4];B:h 6 7]

If A and B are inverse matrices, then AB = BA = 1.
T(=4)y+3(6)  T(=3)+3(7)

| —6{—4)—4(6) —ﬁ{—:'r}—skf?}J

[-28+30 -35+35

Tl 24-24 30 :J

o

o EJ

AR =

AB # |, so A and B are not inverses.

3 -3

25.A=h_3 i)

e o

B2l 5 -

SOLUTION:
(2 -3] _ [4 -3
Azh—3 4_’B'h-3 -3}

If A and B are inverse matrices, then AB = BA = 1.

B :' A--3-3)  2-3)-3-2) ]
_—3{—4}+ -3y 3-3)+4-2)
8+9 —6+6
“liz-12 ‘J—RJ
(1 0
1o J
E“!:'—J::}—si-s} —4(=3)-3(d) |
L=3(2)-2(-3) -3(-3)-2(4)]
-8+9 12-12
T -6+6 948
1 0]
"o |_‘

Because AB =BA=1 B=A “andA=B ..
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6-2 Matrix Multiplication, Inverses and Determinants

(9 -7
26.A =
A 8 -5
Fi o
B=
4 10]
SOLUTION:
[ =711, _[1 -6
18 =57 7|4 10

IfAhand B are inverse matrices, then AB = BA = 1.
9N -T(4) A-6)-T7(10)

| 8(1)=5(4)  B(—6)—5(10) |

[9-28 -54- ﬂ

ABR =

8-20 -48-50
[-19 -124]
I A

AB # |, so A and B are not inverses.

FindA ™2, if it exists. IfA™! does not exist, write singular.
[—4

2
L6 3}
SOLUTION:

Create the doubly augmented matrix [4 | /].

coee Tl B
[414] [ﬁ 310 1]

27.A =

Apply elementary row operations to write the matrix in reduced row-echelon form.

-4 211 0
=6 3{0 1

[-4 2! 1 0]
0 0!1-3 2

€

A row of 0s has been formed, so the first 2 columns cannot become the identity matrix. Therefore, A is singular.
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6-2 Matrix Multiplication, Inverses and Determinants

-4 8

SOLUTION:

Create the doubly augmented matrix [4 | /].

[:r”]_[-ﬂt 811 0]

| -210 1]
Apply elementary row operations to write the matrix in reduced row-echelon form.
—4 811 0
1 =210 1

-4 211 0
0 01 4|2

A row of 0s has been formed, so the first 2 columns cannot become the identity matrix. Therefore, A is singular.
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6-2 Matrix Multiplication, Inverses and Determinants

T3 5
29. A :h‘j "
SOLUTION:

Create the doubly augmented matrix [ | /].

: 3 05010
['r"f}_[z 310 1|

Apply elementary row operations to write the matrix in reduced row-echelon form.

3 501 0
|- -3 i

[3 511 n}
._ﬂ' 112 j_r{_:"-’r"-'-'.
-; U’ : _q _15”&_ =54,
16 ]2 3 |

- [

4 [-3 -5
The first two columns are the identity matrix. Therefore, A is invertible and A - j " } .
- 2

Confirmthat AA T=A ‘A =1.

| 3 5“—3 —51
% 412 3

[ 3631452 3(-5)+503)
[F2-3)-3(2) -2[-5}=-3{9}l
9+10 —15+15

| 6-6 10-9

-3(3)-5(-2) —3(51—5;—31J
| 2(3)+3-2)  2(5)+3(-D)
(=9 +10 .,15”1

6-6  10-9
1 0]
lo |J
30.A=° "]
16 4
SOLUTION:
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6-2 Matrix Multiplication, Inverses and Determinants

Create the doubly augmented matrix [4 | /].
(4] 1]=

Apply elementary row operations to write the matrix in reduced row-echelon form.

10
0 1

(8 5
6 4

Confirm that AA *

A4 =

]

A A=

by =
! 2
-3 -1|

The first two columns are the identity matrix. Therefore, A is invertible and Al

g Fh
6 40

1 0]

0}
l_

3 4)edtonn

16 -20]¢
-3 4

R =5,

:A_lA:L
E: 5} g ==
2

| 6 4 3 s |
i -
8(2) + 5(-3) H[ ;JHH!

5

E]+Jf|‘l--l]|
'm—ls -20+20]
12-12 —15+16 |
I 0
01
2 _E'F 5]

2

5 4_:_5 4]
: g P
28)-2(6) 265)-2(4)
-3E)HA(6) 3(5)+ H4)
1615 m—m'l
|-24+24 —15+16]
1 0
01
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6-2 Matrix Multiplication, Inverses and Determinants

3LA=|3 6 4

SOLUTION:
Create the doubly augmented matrix [4 | /].
-1 -1 =311 0 0
[411]=|3 6 4101 0
21 8,0 01

Apply elementary row operations to write the matrix in reduced row-echelon form.

-1 -1 311 0 0
36 41010
12 1 8,001
-1 =1 =3!1 0 0]
0 3 513 1 0|ttt
12 1 80 0 1
[=1 =1 =3!1 0 0]
0 3 51310
10 -1 22 0 || fe2f
=1 =1 =311 0 0
0 3 -5:3 10
10 0 19 1 3«22
-l <1 311 0 0
00 3 048 6 15[«22%

i
!
0 0 1,9 1 3
|
i

0 1 0116 2 5|8
00 179 1 3
=1 =1 0128 3 9]8h

0 1 0116 2 5
L0 0 1,9 1 3
=1 0 0!44 5 14} 228

0 1 0i116 2 5
10 0 179 1 3]
10 044 -5 -14]e—"—

010116 2 5
0019 1 3

|[-44 -5 -14
The first three columns are the identity matrix. Therefore, A is invertibleandA 1= 16 2 5
9 1 3
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6-2 Matrix Multiplication, Inverses and Determinants

Confirm that AA *=A ‘A = I,

-1 _
."I-.'I -

= =1 <344 =5 =14
306 416 2 5
201 8)l9 1 3

(=44 =1(16)=3(9) -1=35)-12)-3(1) -U-14)-1(5)-3(3)]
4D +6(16)+ 4D 3=-5)+6(2)+41) 3=-1H+6(5)+4H3)
| 2(—4)+1(16)+8(9)  2(-5)+12)+8(1)  2(-14)+1(5)+8(3) |
[ 44-16-27 5973 14-5-9
132496436 —15+1244 -42430+12
| —88+16+72 -10+2+8 -28+5+24

1 00

010

00 |

4 =5 <=1 =l =F
6 2 5|3 6 4
g 1 32 1 8

(A=) =5(3) = 142) —d4(=D)=5(6)=14(1) —44(=3)—35(4)—14(8)
16—+ 2(3+5(2)  16(=D+26)+5(1)  16(=3)+2(H)+5(8)
C9-D I3+ 3D Y1)+ 1(6)+3(1) 9(-3)+ 1(4)+ 3(8)
[44-15-28 44-30+14 132-20-112
~16+64+10 -16412+5 —48+8+40
94346 9+6+3 =27+4+24

0o

1
010
00
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6-2 Matrix Multiplication, Inverses and Determinants

4 2 1
32.A=-2 3 35
16 -1 4

SOLUTION:

Create the doubly augmented matrix [4 | /].
4 2 1.!1 00

[4}1]=|-2 3 5.0 1 O
6 —1 4,0 0 1

Apply elementary row operations to write the matrix in reduced row-echelon form.

4 2 111 0o

2 3 51010

(6 -1 4,0 0 1]

4 2 111 o0

0 8 1111 2 0t

6 =1 —4,0 0 1]

42 1100

08 111 20

10 -8 -111-3 0 2|0

4 2 111 0 0

0 8 11 2 0

00 0,2 2 2fefoh

A row of Os has been formed, so the first 3 columns cannot become the identity matrix. Therefore, A is singular.
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6-2 Matrix Multiplication, Inverses and Determinants

2

—J

[5 2 =1
33.A=/4 7
1 -5
SOLUTION:

Create the doubly augmented matrix [4 | /].
o
[4)1]=|4 7 =310 1 0

Apply elementary row operations to write the matrix in reduced row-echelon form.

-

2

4

{

A row of 0s has bee

3

2 -]

7 -3

27 -1
0 0

2 3
34.A=3 6
-2 -8
SOLUTION:

Create the doubly augmented matrix [ | /].

4]

Apply elementary row operations to write the matrix in reduced row-echelon form.

eSolutions Manual - Powered by Cognero

2

fad

;]

=

2 -l

SR

00

[
o 10

o X

6 =5

= S b Do

L

4

-8 1

[
0

0

0
1
0

0
0
1

n formed, so the first 3 columns cannot become the identity matrix. Therefore, A is singular.
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6-2 Matrix Multiplication, Inverses and Determinants

r-2 o S b
= o M = Ll D b el D W
&
!
3
=

—
=

o oo b
—_ = & - =
— =
—_—
=]

| A
N = -]
I'I-"

] =]
1
-

=

-
et
-
e
Ean == R ===

The first three columns are the identity matrix. Therefore, A is invertible and Al=| 7 -6 -2|.
-12 10 3
|

Confirm that AA T =A'A = I.
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6-2 Matrix Multiplication, Inverses and Determinants

A A=

Find the determinant of each matrix. Then find the inverse of the matrix, if it exists.

10
0 1
00

35. | ° _5]
|3 =2
SOLUTION:

0
0
1

-4

(23 + 3Ty -4(=12)
H-34)+6(7)—5(-12)
—2(-34)-8(7) + 1(-12)

Find the determinant.

34 29 9
7 -6 -2
12 10 3

2(20) + 3(=6) — 4(10)
3(29) +6(—6) - 5(10)
_2(29) - 8(-6) + 1(10)

2(9) + 3(=2)— 4(3)
3(9) + 6(-2) - 5(3)
2(9)-8(-2) + 1(3).

[ —68+21+48 58—18-40 18-6-12
~102+42+60 B87-36-50 27-12-15
| 68-56-12 -58+48+10 —18+16+3
10 o]

0 1 0

00 1]

34 20 92 3 -4

T -6 2|3 6 =5

-12 10 3||-2 -8 1

A2+ 29(3)+9(=2) <3431+ 29(6) +9(—8)  —34(—4)+29(—5)+9(])
T(2)-6(3)-2(-2)
—12(2)+10(3)+ 3(-2)
6848718
14-18+4
| -24+30-6

7(3)-6(6)—2(-8)
~12(3) + 10(6) + 3(-8)

T(—4)-6(-5)-2(D
=12(-4)+ 10(=5) + 3(1)

—1024+174-72 136-145+9
21-364+16 -28+30-2
=36+ 6024 48 -50+3

I b
det(A) = A| = l{' ;x‘: ad - bc

3 -2

=6(-2) - 3(-35)

=-12+15

-
=2

Because the determinant is not 0, the matrix is invertible. Find the inverse matrix.
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6-2 Matrix Multiplication, Inverses and Determinants

i | [d -4
dut{ Nl—c u

_1 -2 1
31-3 6
E_
3
2
Confirm that AA *=A A = 1.
44" 6 _5}% i
Ad = 3
¥ =2l 4
[ A% 5
6l —= |=5¢-1 {1[ 52
_1[3J‘1{} _EJ{J
|(Fen o)
il == |=26=1): 3] = =32
_’g 3 (=) 3 3 (1)
[4+5 10-10
|2+2 5-4
1 0]
1o 1|
[ 2 5],
Ala=|"3 EF _5J
1 2 3 2

I
1
|
Ll | D
foy —
o
-
—
e | L
|
Lrdd
—
|
.HII-.J

]{ 5)*[ J{ ~2)

| -1(6)+2(3) ~1{-5)+2(-2)

—44+35 LS

-

= 3 3

6+6 54
_[1 0]
1o

36. ]'I2 :J

SOLUTION:
Find the determinant.

a b
det(A) = |A| :J III‘=ad—bc
i L
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2 7
T
|] ﬁ‘ (8)-1(7)

==16=7

-

==-23

Because the determinant is not 0, the matrix is invertible. Find the inverse matrix.

4= 1 [d -b
det{ )| —¢ o

N 1| &8 =7
T [

8 7
| 23 23
11 2
o

1
Ad™ =

| 23723 23 23
8 8 7 16
"HH BB
|n]
“lo 1]
-8 7
' 4= BB {2 ?}
o2
L 23 23
8

7 8 7
(-2)+ () —55 M+ 55®)

| 23

T Tps. 2 s 2
| R0 @M@
(16,7 _56, 56

|23 23 23 2

2.2 7 16
S -+ e

2323 23 23

F
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377 ‘T]
& b

SOLUTION:

Find the determinant.
I b

det(A)=|A|=|: ‘=ad—bc
i -l!l'I

= —4(9) - 6(-7
o ‘ (9)-6(-7)
= -36+42
=0
Because the determinant is not 0, the matrix is invertible. Find the inverse matrix.

b | d =b
' det( )| —¢  a |

3 7
=
j 2
-1 —=
. _ -1 -1, _
ConfirmthatAA " =A "A=1.
i 3 7
-4 =7 2
AA™ = 2. 8
6 9], _2
I N ,-'-I||"| =
—4LiJ—?{—|} 4 —J—?(—:]
k2 6, \ 3
N % f 5
ﬁ(E +‘J‘{—l] ﬁ- 11""}[ — EW
| \2) \6, \ 3/
g7 4.1
— 3 ';
| 9-9 7-6
| 0
1o
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[ 3 7 3 7
L R L i

3. 2
- -2(6) —I(-T)-=(9)
. ]

-5+ 7 —ﬂ+E
= 2 2
4—-4 T-6
| u'l
"o 1]
M2 -9
38. ]
.__4 3
SOLUTION:
Find the determinant.
I b
det(A):|A|:|: i‘:ad—bc
L £

-

l=1203) - (—4)(-9
=36~ 36

=1

Because the determinant is 0, the matrix is singular and the inverse does not exist.
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(3 1 =2
39.18 -5 2
-4 3 -l
SOLUTION:
Find the determinant.
la b ¢ f i ;
detd)=Al= ¢ fl=a Tl-p Tlee” "
: h i g f g h
o i
3 1 —Ei
-5 2 8 2 g8 -5
8§ -5 2|=3 |—E -2
i =l e S | -4 3
4 3 - -

:3[‘5{‘|’"3‘3}]_1[8{"”_{_4“3}]_2[3‘3}44]{_5}]Because the determinant is not 0, the
=35-6)-H-8+8)-2(24 -20)

= 3= =10y = 2(4)

=-3-8

=-11
matrix is invertible. Use a graphing calculator to find the inverse matrix.

[A]l-1*Frac
[[1-11 35-11 8.

[& 1 2.
[-4711 13711 2.

Use the ,,Frac feature under the MATH menu to write the inverse using fractions.
C ] 5 -
11l
Therefore, A =10
413
I 11

i o i -
|18 =
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40. |5 9 3
12 7 !
SOLUTION:
Find the determinant.
la b ¢ f i ;
detd)=Al= ¢ fl=a Tl-p Tlee” "
: h i g f g h
o i
K =1 53 . :
. ¢ 3 15 3 59
5 9 3|=I + 1 -2
' |7 4 2 4 ]2 7
12 e '

=1 -T7C SC4Y = (2X3)] = 2[3(7) = (2 K¢ ) . .
1[0 =70)] + 1[4 -] -2[5(7) - (2] Because the determinant is not 0, the matrix is
=1(36-21)+1(20-6)-2(35-18)
=1(15)+ 1(14)-2(17)
=15+14-34
=—3
invertible. Use a graphing calculator to find the inverse matrix.

[A]l-1*Frac

R 2 g% o8
[14-2 -8-5 13.

l["i?fﬁ Q-5 -1..

Use the ,,Frac feature under the MATH menu to write the inverse using fractions.

) : '.;

_ 4 3

Therefore, A - L —E t
5 T

| 7 f_} _I-l

5 .5 5
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9 3 7
41.|-6 2 -5
|3 1 4
SOLUTION:
Find the determinant.
la b ¢ f i ;
detd)=Al= ¢ fl=a Tl-p Tlee” "
: h i g f g h
e i
9 3 7
-2 -5 _|-6 -5 -6 -2
6 -2 -5/=9 _3| +7
14| 7|3 4| |3 1
3 ] 4

=9[-2(4) - 1(=5)] =3[ -6(4) - 3(=5)] + T[-6(1) - 3(-2)]
=9(-8+35)-3(-24+15) + (-6 +6)

=9(-3)-3(-9) + 7(0)

==27+27

=1
Because the determinant is 0, the matrix is singular and the inverse does not exist.
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2 3 -
42| 4 -5 2
16 1 3]
SOLUTION:
Find the determinant.
la b ¢ f F ;
detA)=A|=ld ¢ fl=a| |-k o -
: h i g f g h
o i
2 3 1 Py
5 2 4 2 |4 -5
-4 -5 2=2 31—3'() 1|_]‘
6 1 3 ‘

=2[=5(3) = 12)] = 3[~4(3) - 6(2)] - 1 -4(1) - 6(-5)]
15-2)-3(=12-12) - (-4 + 30)
1

Because the determinant is not 0, the matrix is

=-34+72-26
=12
invertible. Use a graphing calculator to find the inverse matrix.

[A]l-1*Frac
L=l er 12 =0 1

[ 1 5
[13-6 43 1.

Use the ,,Frac feature under the MATH menu to write the inverse using fractions.

[ 12 5 1]

12 6 12
Therefore,Afl: 2 1 0
13 4 1

L6 3 6]
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-1 3 2
43.13 -5 -3
4 2 6
SOLUTION:
Find the determinant.
la b ¢ p it ;
detd)=Al= ¢ fl=a Tl-p Tlee” "
: h i g f g h
o i
-1 3 2
. =5 =3 |3 -3 |3 -5
b _3__]|"’ ﬁ_'1|4 6|l 2
4 2 6 = ' IR
= ~|[=5(6) - 2(-31] - 3[3(6) - 4(=3) ]+ 2[3(2) - 4(-5 . . -
= =1[-5(6) - 2(-3)] -3[3(6) - 4(-3)] + 2[3(2) - 4 ”]Becausethedetermlnant|snot0,thematr|X|s
==1{=30+46)-3(18+12)+ 2(6+ 20)
==1(=24)=3(30)+ 2(26)
=24 -90+ 52
=14
invertible. Use a graphing calculator to find the inverse matrix.
[A]l-T¥Frac

Fll12s¢ 1 =1-1..
Liase 1.  =5-1..
[-13-7 -1 277 .

Use the ,,Frac feature under the MATH menu to write the inverse using fractions.

(2 | 1

7 14
Therefore,Afl: L 1 3
7 14

B2

7 7
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6 -1 2
44. 11 -2 -4
-3 1 -5
SOLUTION:
Find the determinant.
la b ¢ p i ;
detA) = |A|= |d ¢ _.P‘=HL 'h o -
: h i g f g h
o i
6 -1 2 .
-2 4 11 4 |
1 -2 -4=6 +1 |+2
) i I iy S i - |
-3 1 =5
=6[-2(=5) ~ =]+ 1[1=5) = (=3X=H] + 2[M1) - (=3)-2)] Because the determinant is not 0, the
=6{10+4)+ 1{-5-12)+2(1-6)
=6(14) + I(—17)+ 2(-5)
=84-17-10
=57
matrix is invertible. Use a graphing calculator to find the inverse matrix.
[A]l-T¥Frac

[[14-537Y -1-19 8..
[17-957 -8-19 2..
l[ -S75¢ -1-19 -..

Use the ,,Frac feature under the MATH menu to write the inverse using fractions.

14 | 8
57T 19 57
Therefore,Afl: L %{-S
57 19 57
5 | I
L ST 19 57
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Find the areaA of each triangle with vertices (X4, Y,), (X5, ¥,), and (X5, y3), by usingA = %|I|H[X]i, where

i, =1}

3 |‘ |4
_1‘

|
= | GUD = (=101 =[4(1) = 4()] + 4(=1) - 4(3)|

=%|3+l—l]+—4—|2]

!
=512

|
:E“r.l'
=6
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FT 1
{1, 6

[l

"H (6, 4}

0] (2,00 x
L1 1

46.
SOLUTION:

A=

a3 | —

2 1

2 0

+1°
6 4

= %|{m{l:n—{4m )= 6[2(1) ~ 6(1)] + 2(4) ~ 6(0)

1d ] —

:%|u_4_a.:41+s_n|
~l 412449

2
:l|23;’

2

|
=E(33]

=14
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6-2 Matrix Multiplication, Inverses and Determinants

-1
1 (3.5
AN F,

11
=3, 6)
k'

47.

SOLUTION:

-
"]

-
I
I

=9

o]

Lad

6
31
|

= 135X - (1)) - 6130~ 0] + 301) - 50)

= %|—3{4}— 6(3)+3-0)

=1}-27
2

|
='2-[37}

=13.5
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J (7,9)
{
I
[e] H_,_[ X
ot 16, 1)
1, -3
P A
SOLUTION:
] I
A==|detl6 -1 1
2
1 -3 1
11 6 1| |6 -1
:-]- -3‘ +1
=3 o ol -3

|7[(=101) = (=3X1)] = 3(6¢1) = 1(1)] + 6(=3) = 1(=1)

b | —

1 4
:E|?(2}-J{5}-|3+||
|
=s~14

I
=-§{|3}
=9

GivenA andAB, find B.
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6-2 Matrix Multiplication, Inverses and Determinants

' 36 48]
|-24 48]

(8 -4
49.A = _ (-‘,AB:

I
SOLUTION:
_'II-' X
LetB = } .
y =z

Set up two systems of equations.
AB=4-85

(36 48] [8 —4][w =x

| 24 43}[3 ﬁH_r :}
Bu—dy=36
Iw+by=-24

Sx—-4-=48

Ix+6z=48
Solve for w,y, x, and z.
(38w — 4y =36)

(H=8)w +6y =-24)

4w=12y=108
{+)=24w—48y =192
~ 60y =300

y==5

Bw—-4(-5)=136
dw+20 =36
Buw =16
w=1

Solve the next system.

(3)(8x -4z =48)
() (=8)3x + 62 = 48)

2dx =122 =144
(+)-24x - 48z =384
=60z ==-240

i —

Ex—44) =48
Bx—16=48
Bx =64

x=8
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6-2 Matrix Multiplication, Inverses and Determinants

a0 | | 4
50.A=|2 -3 2|,AB=|-16 -6
11 -1 4 2 -5
SOLUTION:
Matrix B must be a 3 x 2 matrix in order for AB to exist.
lu v
LetB=|w x|.

¥z
Set up two systems of equations.

AB=A-B

1 471 [5 0 1][w »
=16 =6|=|2 =3 2}||w =x
-2 =5 1 -1 4 ¥ oz

u+lw+ y=I
2u-3w+2y=-16

i—widy=-2

Sv+lx+z=4
v—3x+2z=-6
v—x+4d4z=-5
Solve the system.

2u=3w+2y=-16

(+H=3Hp—w+dpr==-2)

2y —3Iw+2y=—~16

(+) =3u+3w=12y=06

-u=10y=-10
Su+ y=1
y=1-5u
-t =10y=-10

u=101=5u)==10
=10+ 50 =-10
49 =10
w=>0
y=1=0n
y=1=5(0)

y=1
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H=w+dy=-=
0—=w+4l)
—w==0

w=

bl

Now solve the next system.

2v=3x+2z=-6

(+H-3Wv—x+4dz=-5)

2v=3x+2=z==6
(+) =3v+3x=12z =15

—v—10z=9

Sv+z=4

z=4 -5
—=10z=9
—v—1(4-35v)=9
-1 —40 +50v =9

49v =49
v=|
z=4-5r
z=4-5{1)

v—x+dz=-5
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Find x andy.
51.A= - _1} B= 4], and AB = _3}
| -3y 3x & | 31
SOLUTION:
AB=4-1
2] [2x -y][4
La__ T S_r_—|.;__—2_
~2=2x{4) +{-yK-2)
-2=8x+2y
—l=dx+y
—dx—1=y

31=—3y(4) +5x(=2)
31=—12y—10x

31 =—12(-4x—1)-10x
31=48x+12-10x

19 = 38x

52,10 & 0O

0 0 1«

SOLUTION:
F o000
0 s 0=r
00

s 0 o o
—1(} +0
0 1 0t

= st ~0(0)] -0+ 0
= rsf
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& &g
53.10 ¢ ¢
00 ¢
SOLUTION:
—
il L| e ¢ [0 ¢ [0 ¢
0 e el=¢c |—¢ |+¢
. | 10 ¢ [0 ¢ 00
00 ¢

= (e = 0)—¢[0c = 0e]+ [0 - c]
= ¢ —e(0)+e(0)

— "_"I
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6-2 Matrix Multiplication, Inverses and Determinants

54. FUNDRAISER Hawthorne High School had a fundraiser selling popcorn. The school bought the four flavors of
popcorn by the case. The prices paid for the different types of popcorn and the selling prices are shown.

Price Paid Selling Profit per

Cases of Popcorn

Class per Case Price per Case
Butter | Kettle | Cheese [ Caramel ($) Case ($)

freshman 152 80 125 136 butter 1890 _ 4200

sophomiore 12 92 12 150 ketile 21.00 45.00

Juraes 76 0 18 122 cheese 300 | 4800

SETION 140 102 106 143 caramel 2520 51.00

a. Complete the last column of the second table.
b. Which class had the highest total sales?
¢. How much more profit did the seniors earn than the sophomores?

SOLUTION:
a. The profit is the selling price minus the price paid, or the 2" column minus the 1% column in the 2" table.
42.00-1890=23.10
45.00 -21.00=24.00
48.00 - 23,10 = 24.90
51.00-2520=25.80
b. The total sales per class can be found by finding the sum of each row in the 1* table.
152 +B0+125+136 =493
112492+ 1124150 =466
176 +90+118+122 =506

1404102+ 106 + 143 =491
The junior class had the highest total sales.

C. To determine the profit per class, multiply the 2" and 4 rows of the 1° table by the last column of the 2" table.

Sophomores:

23.10

24.00
[112 92 112 150]-

24.90

25.80 |
=[112(23.1)+ 92(24) + 112(24.9) + 150(25.8)]
=[11.454]
Seniors:

23.10

24,00
[140 102 106 143]

24.90

25.80 |
=[140(23.1) +102(24) + 106(24.9) + 143(25.8)]

=[12.010.8]
12,010.8 — 11,454 = 556.80
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_ L 1 1]
55. Consider A = o l-‘,B: i I,andC:

a. Find A2, AS, and A4. Then use the pattern to write a matrix for A"

b. Find BZ, BS, B4, and B°. Then use the pattern to write a general formula for B".

C. Find C2, C3, C4, C5, ... until you notice a pattern. Then use the pattern to write a general formula for c".
d. Use the formula that you wrote in part  to find c’,

SOLUTION:
a.

S
A=

0 1]
{ = A4

v qer
Lot o

W10 W+
_ll{i]+ll['[]']| L1y + 00T

[r 2] q

0 1|0 1]
(42000 W+ 200
“Log) + 10) mm:mJ

e

0

A= A4
(1 3][E

o 1_'!_{: ||

(1) +3(0) 1)+ 3(1)

LOC) + 1(0) (1) 4 IilJ

L

I &
Assuming the pattern continues, 4" = L’ i J :

b.
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B

B

Assuming the pattern continues, & =

C.

[ S ]
| (T B ]

BB

| S T P
| S5 RN

D+ 1)+ 11y
LI+ 1D+ 11)

S
_4 4_
BB

e

_4 4_

[2()+2¢1) 21+ 2(D)
2N +2() 2(Dh+2()

{

CA(1y+ A1)
KRN

-

|

]

}1

AT+ 4(1)
41+ 4(1)

|

=
_E H_
B'B
(g 8] [1 1

8 s_'L J

"8(1)+8(1) 8(1)+8(1)
81 +8(1) 8(1)+8(1)

16 16
16 16

It appears that each entry is 2 to the n — 1 power.

|

A
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Fd B

| O B

0 S
[ =
| S T O

=

sl

[22)+002) ::{m—{};z:"J
12(2)+2(2)  2(0)+2(2)
4 0]

_E 4.-

i )

(4 0][2 0
g8 4]|2 2
[42)+002) 40)+0(2)
C18(2)+4(2) 8(0)+4(2)
'8 0]
|24 R|

l:1-l = fi.l-(l

[8 0][2 0
|24 82 2
[ 82)+02) 80+ u{z}w
1 24(2)+8(2)  24(0) + 8(2)

16 0
64 16

Cr =0
Me 0]
64 16

=]

™
Il

0
)
T16(2)+0(2) 16 +02) ]
L64(2)+16(2) 64(0)+16(2) |
[32 0]

1160 32|

Id b2

It appears that a;; and a,, are 2 to the nth power. The a,; term looks like n - 2". Assuming the pattern
zil ["

w2 an |’

continues, €™ '—{

d.
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. [ n}

{ =
n" 2

.

C = _“_}
737 2
_'123 0
1896 128

56. HORSES The owner of each horse stable buys bales of hay and bags of feed each month. In May, hay cost $2.50
per bale and feed cost $7.95 per bag. In June, the cost per bale of hay was $3.00 and the cost per bag of feed was
$6.75.

Stables | Balesof Hay | Bags of Feed

Galloping Hils 45 5
Amazing Acres 15 9
Fairwind Farms 115 [
SaddieUp Stables 90 n

a. Write a matrix X to represent the bales of hay i and bags of feedj that are bought monthly by each stable.

b. Write a matrix Y to represent the costs per bale of hay and bags of feed for May and June.

C. Find the product YX and label its rows and columns.

d. How much more were the total costs in June for Fairwind Farms than the total costs in May for Galloping Hills?

SOLUTION:

a. Each column will represent a stable.
P45 75 135 90

i 5 9 e |1]

b. Let May be the 1°' row and June be the 2™ row.
_[250 795
© 1300 675

X =

Vi 250 795 rs 75 135 i:ruJ

300 675/|5 9 16 11
[2.5(45) + 7.95(5) 2.5(75)+7.95(9) 2.5(135)+ 7.95(16) 2.5(90)+ 7.95(11)
3(45)+ 6.75(5)  3(75)+6.75(9)  3(135)+6.75(16)  3(90)+6.75(11)
(15225 259.05 4647 312.45]
[168.75 28575 513 344.25]

Fairwind Farms (June):
135(3.00) + 16(6.75) = $513

Galloping Hills (May):
45(2.50) + 5(7.95) = $152.25

513 — 152.25 = $360.75
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Evaluate each expression.

4 1 =3 =1 9 =6
A= C=
[n 2 3] [ 7 5 u]

2 1
B=|o 1 n=[ 4 2]
3 =3 ik o
57.BD +B
SOLUTION:

2 ]

T 2 ;
BO+B={0 | |: I~‘+
5

= R

|
s =
3 2 + |3 -3

[ 2(7)y+1{-4) 22+ 1(=1) 2
S o2y+1=1y |+[0 1
3(T)+(2X-4) 3D+ (-2%-D] [3 -2

(10 3] [2 1
={—-4 =1|+|0 1
(29 8| |3 -2
12 4
= 0
32 6
58.DC -A
SOLUTION:
, (7 2][-1 9 -6] [4 1 -3
DC- A= - _—
4 -|”? 50 ,Ll 2 3}
[T-D+27) TO+25) N-6)+20)] [4 1 -3
=_—4{-L1-u?} -4(9)-1(5) —dt—ﬁ}—lml}_lﬂ 2 8}

|7 73 42] [4 1 3
|3 41 24| [0 2 8

(3 72 =39]

-3 43 16
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59.B(A +C)
SOLUTION:-
B i z .
4 1 =31 [-1 9 =61
BA+Cy=|0 1 [{ : 3’ +[? ]
s |0 2 8 500
S
10 -9
=19 ! [:; 7 8
3. < .

[23)+ 7)Y 2000+ KT) 2(—9)+1(8)

=[0G)+ 1) 0(10)+ K(T) O(-9)+1(8)

| 3(3)-2(7) 3(10)-2(7) 3(-9)-28)

(13 27 =10
=7 7T 8§
-5 16 43
60.AB + CB
SOLUTION:
5 2. A
4 1 =3
AB=| Bj 0 |
= 13 =2
[ 42+ UM-33) )+ 1D -3(-2)
T1002)+2(0)+ 8(3)  0(1)+2(1) + 8(-2) |
[=1 1
24 -14
ER —ﬁ} %
Ol = 0
7 5 0
- 13 =2
[=12)+ 9 =6(3)  ~1(1)+9(1) = 6(-2)
LM E03) T +5(1)+ 0(=2)
[—20 20]
L4 12]
3 T Hgr s
AB+CE= L, +[ 20 =0
(24 -14] | 14 12]
_[=21 31]
|38 -2
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Solve each equation for X, if possible.

17 5 3
"‘=[2 ﬂ] C=1 6 -2]
8 4
1 =3
6 7

SOLUTION:
A+C=2X
0HA+C)=X

62.4X +A=C

SOLUTION:
4X +A=C
4X=C-4

|
X==(C-
3¢ A)

eSolutions Manual - Powered by Cognero
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63.B-3X=D
SOLUTION:
B-3X=D
-3 X=D-E

X =1B-D)
)

8 4

| =3|-{0 1

6 7

2]

Lad
|
Il

6

=T LY

fad  —

— e | ==

64. DA =7X

SOLUTION:
D4=7X
TA =04

X= & DA
7

T__;_(_ H| ?'I'
T —ZJL {}JI

J

[
LI — T i ]

2D+ N2) A+ |

j’:-'-? O+ 1(2)  O(7)+ 1(0)
L3 =2(2) 3(7)-2(0) )
4 14
.-Y—i— 20
7
-1 21
. y :.
.
¥
X=|l= o
T
| 3
| . ? -

65.3 x 3 DETERMINANTS In this problem, you will investigate an alternative method for calculating the
determinant of a 3 x 3 matrix.
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—33I|

o 2 1

a. Calculate det(A) = |4 6 5| using the method shown in this lesson.

b. Adjoin the first two columns to the right of det(A) as shown. Then find the difference between the sum of the
products along the indicated downward diagonals and the sum of the products along the indicated upward diagonals.

-2 3 14 =22
‘I' [ &}
21 02

c. Compare your answers in parts a and b.

d. Show that, in general, the determinant of a 3 x 3 matrix can be found using the procedure described above.
e. Does this method work for a 4 x 4 matrix? If so, explain your reasoning. If not, provide a counterexample.

SOLUTION:
a.
2 3 1 .
, ; I I T
Sl=-=2 |=3 4
|2 o 1Mo 2
0 2 1

= =2[6(1) = 2(5)] - 3[4(1} = O(5)] + 1[4(2) - 0(6}]

= 2(~4)-3(4)+8

=8-12+8
=4

b.

-2 3 1|2 3

4 6 54 6

0 2 1410 2

26X+ 3GH0Y+ AN 2)—[HEHO)Y = 2050 2) + 34K )]

=12+ 0+8—(0-20+12)
= -4-(-8)
=4

d. Let a-i represent each element in the matrix. Multiply the values out and show that the output is equal to the

method taught in the text.
a b el |la b cla b

d e fl=ld e [fld e

g h il |lg h ilg h
= (aei + b + edh) — (gee + hfa + idh)
= aei + bfe + celh — gec — hfa — idh
= alei = hf )+ b fo = id) + c(dh - ge)
= alei — hf )= blid — fo) + c(dh— ge)
= alei — hf ) = b(di — gf ) + cldh - ge)

d ¢s|

g A

U o R A
_“|J'r i h"g i

eSolutions Manual - Powered by Cognero
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66.

€. This method does not work for a 4 x 4 matrix.

1 2 3 0
o 1 2 3
IfA = , det(A) = —60.
231 1
3121
1230 1230123
o1 2301 230 1 2
s 3 1 15k 3 12 30
s 120 1232

= 1(1)(D(1) +2(2)(1)(3) +3(3)(2)(1) + 0(0)(3)(2) - [3(3)(2)(0) + 1(1)(3)(1) + 2(1)(0)(2) + 1(2)(1)(3)]
— 1+12+18+0-(0+3+0+6)

— 11
Since 11 # —60, this method does not work for a 4 x 4 matrix.

a b 1 [= » ;
PROOF Suppose A = “ / andAl= " -‘ Use the matrix equation AA 1= I, to derive the formula for the
C Xy Vs |

{ d

inverse of a 2 x 2 matrix.

SOLUTION:
First, find AA™,
a b|[x L‘.-‘_'-I 0
le d]|x, »] |0 1

Cax, +bx.  ay, +bv. | [ ﬂ'l

|ex, +dx, o +dvs| |0 |
Set up a system of equations for each element in the resulting matrix equality.

ax, + bx2: 1
ay; +by, =0
CXq +dx2:0

cy, +dy,=1

el C b ]
= y,= ,and y,=

Solving each system of equations, x, = , X :
Yo oadeb’ " adeh’t adeb

adeh

Substitute these values back into the original matrix.
B i -I!l'l L ~ B
X V) —‘_ u:f - :‘1;'1' .;m" --.;'f] _ ] o )

Ll =h et _;;.;f;_-.l’:r |—¢ &
Laed =ch  ad =ch
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67. PROOF Write a paragraph proof to show that if a square matrix has an inverse, that inverse is unique. (Hint:
Assume that a square matrix A has two different inverses, B and C. Then show that B = C.)

SOLUTION:

Suppose B and C are both inverses of square matrix A. Then by definition, AB =BA =1and AC = CA=1. Then B
(AC) =Bl =B and (BA)C = IC = C. But B(AC) = (BA)C by the Associative Property of Matrix Multiplication.
Therefore, B=C.

68. MULTIPLE REPRESENTATIONS In this problem, you will explore square matrices. A square matrix is called
main diagonal are 0, and lower triangular if all elements above the main diagonal are 0. If all elements not on the di
called diagonal. In this problem you will investigate the determinants of 3 X 3 upper triangular, lower triangular, and

a. ANALYTICAL Write one upper triangular, one lower triangular, and one diagonal 2 x 2 matrix. Then find the de
b. ANALYTICAL Write one upper triangular, one lower triangular, and one diagonal 3 x 3 matrix. Then find the de
c. VERBAL Make a conjecture as to the value of the determinant of any 3 x 3 upper triangular, lower triangular, or
d. ANALYTICAL Find the inverse of each of the diagonal matrices you wrote in part a and b.

e. VERBAL Make a conjecture about the inverse of any 3 x 3 diagonal matrix.

SOLUTION:

a. Sample answer:

I
upper triangular: A =

fd  od

lower triangular: B =

b o

: )]

diagonal: C = 8 3l

Al =ad —be
=1(3)-0(2)
=3-0

-

=3

B =ad-be
=1{3) -2
=3-0

-
‘]

('|—{m' - be
= {2y =100
=)
-

b. Sample answer:
[
upper triangular: D = | 0 al;
00 6

e 2d
i e

[
lower triangular: E=| 2 3
14 5 6
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10 0
diagonal: F= 0 2 0};
00 3
" ]:4 5] L0 S| |0 4| I 1] ﬂ|1 0 ﬂ|2 3 F:_Iz
Dy 0 6| o 6 _J‘n 0| A=l gl 14 6|7 |a 5 =
= 1[4(6) — 0(5)] - 2[(0}6) - (OH5)] + 3[0(0) - 0(4)] = 1[3(6)— 0(5)] - 2[(206) — (0N )]+ 0[2(5) - 4(3)] =12
= 1(24) = 2(0) + 3(0) =1(18)-2(12)+ 0 = ()
=24 =—hH =

C. The formula used to find the determinant is called expansion by cofactors. For the purposes of this answer, in th

considered a cofactor. Looking at the pattern, it appears that for E and F, the first cofactor is all that is needed. Noti
by 0.

1 2 3 00 6
Now consider the upper triangular matrix D = |0 4 5|, If we interchange rows 1 and 3, we get |} 4 35|.No
00 6 LI =& 3
(a b ¢
LetA=d ¢ f
g h i|

e

If A is lower triangular or diagonal, the value of the determinant is | b

’: . If A is upper triangular, the value of the

dC=

6]
0 2|

- 2 0
CH2)-0(0yf0 1

1f2 0
210 |

[

[t o |

00

[F1-'"Frac
[[1 B 5
B 1-2 &
(B8 B 1

lad

]
]
#311]

e. The pattern appears to indicate that the inverse matrix will have the same Os as the original matrix. The nonzero e
actually be the reciprocals of the original elements.
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! 0 0
la 0 0] a
LetA= 0 A 0 .The inverse of A will also be a diagonal matrix of the form | 0 !l 0].
0 0 ¢ " 4
o0 -
L L
I
I
3 -1 5 (14 6 33]
69. CHALLENGE GivenA andAB, findB.A=/1 0 2/ ,AB= 4 4 I3
6 4 1 18 12
SOLUTION:
_!' ¥ !
LetB= uw v w
|lx y =
Set up three systems of equations.
A =48
14 6 33| |3 =1 5|[r s .-'i
4 4 13(=1 0 2|4 v w
._] 18 12 6 4 | oy oz

Jr—uw+3x=14
F+0u+2x=4

or+du+x=|\

Js—v+35y=6
s+0r+2y=4

Os+dv4+y=18

—-w+52=33
P4+ 0nw422=13
& +4dw4+z =2

Solve the first system.
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(43 —p+5x=14)
(+)or+du+x=1

127 =41+ 20x=56
(+¥or+du+x =1

18r+21x=757

1 &{d~2x)+21x =57
72=36x+21x=57
—15x=-15
x=1
r=4-2(1)

=31

Jr—u+3x=14
2 —u+5(D=14
G-u+5=14
-n=3

w=-3
Solve the next system.
s+2y=4
y=4-2y

(4)3s—v+5v=6)
(+¥os +4v+ v =18

12s —4v+ 20y =24
(+)os+dv+y =18

18s + 21y =42

185+ 21y =42

18(4 =23+ 21y =42

72-36y +21y=42
~15p=-30

.1 d

5= 2(2)

= 4= 2

A

eSolutions Manual - Powered by Cognero
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W—v+3v=0

I —v+5(2)=06

—v+ =6
r=—4

=4

Solve the last system.
f+2z=13

1=13-2z

I —w+52=133)

(+)6f +dw+ =12

12t —dw+20z=132
(+1f+dw+z2=12

18 +21z=144

18+ 21z=144
18{13-2z)+21z=144
234-36=+21z=144

=15z==90
z=56
r=13-2(6)
=1

¥—w+5:=133
D —w+35(6)=33

3—w+30=33

—w=A{)

w=A{
[r 5 ¢][2 01
B=I|uw v wi|=-2 4 0
¥ ¥y oz 1 2 6
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70.

71.

72.

REASONING Explain why a nonsquare matrix cannot have an inverse.

SOLUTION:
One way to prove this statement is to assume that everything is true and find a contradiction.

Sample answer:

First, assume that A is a nonsquare matrix. If this is the case, then A has dimensions m x n where m # n. Next,
assume that A has an inverse. If this is the case, then AA "= A A = I,

However, we have a contradiction. If A has dimensions m x n where m # n, then AATT = I, and AlA = I, Both of

these multiplications result in 1, however, they are in different dimensions. Thus, since (2 AATL + AlA.

Therefore, A cannot be nonsquare and also have an inverse.

OPEN ENDED Write two matrices A and B such that AB = BA, but neither A nor B is the identity matrix.

SOLUTION:

While other options are also true, the simplest way to make AB = BA is to have the identical elements in A and
identical elements in B. This way, each element of AB or BA will also be identical.

2] (3 3]
5] ’B=

7]
s 3

Sample answer: A =

| I O ]

Lad

PROOF Show that each property is true for all 2 x 2 matrices.
Right Distributive Property

SOLUTION:

Ll @ s by by |)les €|

ay +hy ap Ihﬂ}: oy €
[

ay +by  ay +by |6

Cay

_{I:ll” } If':'.” ]L' 1 t El'.fll + Ir':'r1"l'_-'|:| {{f” T -h'“}l].-. f 'l'.’f|_!. I‘ h|'l.]{'.1': ]

(dayy 4Dy deyy +{ayy + by ey (aay + by oy +lay + by ey,
ey + ooy F a0y, ey e + o apes, e
l'.'f:II'.'” I‘l‘r":;f.-tl t II_\‘L'}I {- Ih”{':l LL.I (] !}'-l |'| { I'.T'.‘{ ¥3 { Ir}'.ll’_ L]

)y F @ty F By HBaey e + @t + B B0,

Ly €y dyCyp by ey dy ey Hay ey + by by

)y F Gy s + 8505, h”{“ baea Byon + Baes
L9216+ 831€ 9363 T dyiCn j: e ey Byciy + by

=AC+BC
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73. Left Distributive Property
SOLUTION:

E\.!{A IR l,}} = -cll c'.Il." ][[‘Tll E;]: }_l_[hll Iﬁl." }]
€y T iUy U by by,

= -C“ fu:-l a,+b, a.+h,
o €y € |l +by @+ b

elen, + b)) ve(ay, b)) 6 (a; +b,)+e (e, +5..)
| x{a, + by ) tenlan +by) cy(@s+ b)Y onlas +by)
i Oyl rllhll +(.‘| sty +{.i:'bil Ciytha + f".ilhi:' F Cyallss + f"-ii'hil' :|
| Cathyy +Coibyy + Oty +00by s+ Cibyy Ot +Onbyy
ol _"l iy + Oty by H by g, +opan b by j|

Cilhy + 05ty + 8 + 0000 Colly + 0y ¥ 65,003 F Conllsa

| Gty Gy €ty G ]+|:L'“b" tephy b+ filh:::|

Cqlhy +Cntly  Cyfly + ity N P

CA+CRB

74. Associative Property of Matrix Multiplication
SOLUTION:

K["’n “t:}|:"-‘|| by ]J[fu "-'L!i|

(L an by bnljlen e

ayby by b+ aby ] IF‘"H L'II]

_“n"’n +apnhy  ayby +anb,

(AB)C

]
(@ by +apby) deyy +{ay by +apbag ey (ay by + apabs dops +(ay by + by ey,
(o by +aanbyy Jeyy g by +anba)ey  (anby +anbs Jeyy +aybs +anby ey
| anbyey +apbye Faybpes Fapbpey  aybycn + apbyegs +aybyey +apbnes
|y by +ayabyey) +aybaey +anbney  ayhy e +aghy ey +ayhyaess +agnbsses,
_[anbien +aybiaey + dpbyey +apbney  apbyen + ey, +apbyey + dpbyen
T A O L LY N | VL O O N - L R Nt NGO s A, LR

_F”H[‘r"u"n + ey )+ aplhey) +bgey) @ (B + Baey )+ ay (Bye + byey)
ay (B + ""l*f D+ ag(byey) +baes))  ay (b ey + Bacs )+ s (Bycps + by )
bey +haey  Bye. +h1:":z}

a;
I‘.h! -Iﬁ.-. bj,{.l + h'g,ﬂ'. 3 f‘-'”r_'u + h}:{':z

ayay | hy byl o
dy  ay |\[By bu ey on

A(BC)
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75. Associative Property of Scalar Multiplication
SOLUTION:
by by T
J

AB @y |
=r
s dy  dy || by by

’:::”h” +aby a b -E-u”ﬁ“:|
. 271 2 PR E

Landy +anby  ayby +anby,

[‘:{”nhu taphy)  clayhy +aphy)
* Letayby +anby)  elayby +apby)
’7m| By Feaghy, e by, +easbs ]

cayby +caybyy  cayby +canb,

L'E-'” {'ﬂu-"h“ .fJ”}

Cillyg Celyy b

i{-'”u *’*’t:- by By
o
| Lay an )by by
(c

A)B

[_”u ap [ By by T

'f-lr'pl {l"g'p

aybyy +aby, E;r”.‘.‘r” + dyabsa
L:”h” Fanly  dyhy, + u]zh}l:|
clayby +aphy)  claybys +apby)
(clay by tapnby ) clayby, +aynby, J

_ | canby +eaphy  cayby +eaphy, ]

cay by +eanby  cayby +canby,
ayehy +aehy,  a b +apeby, |
aychy +ayeby  aychy, +anchy,
_ e e |feby  ehy
iy dy || chy by,

=A(cB)
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76.

77.

78.

79.

80.

ERROR ANALYSIS Alexis and Paul are discussing determinants. Alexis theorizes that the determinant of a 2 x 2
matrix A remains unchanged if two rows of the matrix are interchanged. Paul theorizes that the determinant of the
new matrix will have the same absolute value, but will be different in sign. Is either of them correct? Explain your
reasoning.

SOLUTION:

Paul; the determinant of a matrix involves finding the difference of the product of the diagonals. If two rows are
interchanged, then the sign of the difference changes.

|I' & |!|'I
For A=|" : , det(A) = ad — bc. If we interchange the rows... For & = | det(B) = bc — ad.

LA o

ad —bc =—(bc —ad)
REASONING If AB has dimensions 5 x 8, with A having dimensions 5 x 6, what are the dimensions of B?

SOLUTION:

6 x 8; sample answer: Since the number of columns of matrix A must be equal to the number of rows of matrix B,
matrix B must have 6 rows. The product matrix AB has the same number of columns as matrix B. So, matrix B must
have 8 columns.

Writing in Math Explain why order is important when finding the product of two matrices A and B. Give some
general examples to support your answer.

SOLUTION:
Sample answer: Order is important because the Commutative Property does not hold for matrix multiplication. For

example, if A isa 2 x 3 matrix and B is a 3 x 2 matrix, then AB is a 2 x 2 matrix and BA is a 3 x 3 matrix. Also,

sometimes AB will exist, but BA will not. For example, if A isa 2 x 3 matrix and B is a 3 x 3 matrix, then AB isa 2 x
3 matrix, but BA does not exist. Even when both products are defined, AB and BA are generally not equal.

Write the augmented matrix for each system of linear equations.

10x=3y==12
-Gx+4y=20
SOLUTION:

Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix.
10 -3} -12]

-6 4} 20 |

[3x+Ty—2z=4]
Oy —8v+z=32
Sx+p—1lz=306

SOLUTION:

Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix.
[15 7 =2 l4i
9 -8 1 132

15 1 -11,36
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81.

82.

83.

w—=bx+14y=19
Iw+2x—dy+8z=-2
Ouw+18y—122=3

Sx+10y—16z=-26

SOLUTION:

Each of the variables of the system is not represented in each equation. Rewrite the system, aligning the like terms
and using 0 for missing terms.
w-0x+14y+0z=19

Iw+2x-4y+8z=-2

Qu+0r+181r-12-=3

Ow+3x+10y-16z=-26
Write the augmented matrix.
1 -6 14 0 !9

3 2 -4 § -3

9 0 18 -12

0 5 10 -16|-26

=

PHYSICS The work done to move an object is given by W = Fd cos 6, where 6 is the angle between the
displacement d and the force exerted F. If Lisa does 2400 joules of work while exerting a force of 120 newtons
over 40 meters, at what angle was she exerting the force?
SOLUTION:
W = Fdcosfl
2400 = 120(40) cos
2400 = 4800¢0s &
0.5 =cosd
cos (0.3)=¢
60° =@

Write each degree measure in radians as a multiple of & and each radian measure in degrees.

-10°
SOLUTION:
I ey e .
100 = —10°l 7 radians
L 1R0®

10 .
= = =1 radians

T i
= —— radians
18
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84. 485°
SOLUTION:
4850 = 435{ n radians |
180°
485 ;
= —— 1t radians
977 j
= — i radians
i |
g5, L
"4
SOLUTION:
3 ]
% radians = 3_1 radians
~3(180°)
4
=135°

Solve each equation.
86. logyo Y10 =x

SOLUTION:
log, N0 =x
J O = 1
Y10 =100
It]'.'~ =10

=X

G | =—

87. 2logs(x — 2) = log 36

SOLUTION:
2log.(x—2)=log, 36
log,(x—2) =log, 36

2 =36
X —4x+4=36
¥ —4x-32=0

(r=8)x+4)=0

x=8ar-4

(x=

The logarithm of a negative number provides no real solution, so x cannot equal —4.

[ 180°

\ 7 radians
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88. logs (x +4) + logs 8 = log;; 64
SOLUTION:

log.(x+4)+ log. 8=log. 64
log.[(x +4)-8]=log. 64
log. (8x+32)=log, 64
Br+32=064
Bx=32
=4

4

89.log, (x —3) +log, (x +3) =2
SOLUTION:
log, (x—3)+log,(x+3)=2
log, [{x=3)x+3)]=2
log, (x" =9)=log, 16
X -9=16
x =325
x==%5
The logarithm of a negative number provides no real solution, so x cannot equal —5.

90. l (log; x + log, 8) = log, 16

SOLUTION:

|
:{In:_,;, r+log.3)=log, 16

.]_.;Iug_{ﬂj.‘} =log, 16

I
log. (8x)° = log,

| 6
|
(Bx) =16
Bx =256
x=32
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1 1
91 Ioglzx— p 10g129+ 3 10g12 27

SOLUTION:

| |
e >
log,, x=_log,. 9+ : log,., 27

I [}
log,. x=log,.(%)" +log,, (27}
log,. x=log,,3+log,,3
|-ﬂ¥|_. x= |“gl:{;i

x=9

92. AERONAUTICS The data below represent the lift of a jet model's wing in a wind tunnel at certain angles of
attack. The angle of attack « of the wing is the angle between the wing and the flow of the wind.

Angle of Attack o 0.1 05 10 15 10 30 50 10.0
Lift (Ibs) 17 | 260 | 4762 | 7116 | 9503 | 17826 | 23844 | 40493

a. Determine a power function to model the data.
b. Use the function to predict the lift of the wing at 4.0 degrees.

SOLUTION:
a. Enter the data into your calculator. Select the power regression.

After rounding, the power function is approximately y = 364.04x

1.254

b. Select Y=, VARS, Statistics, EQ, RegEQ, to graph the entire equation. After graphing the equation, select
CALC, Value, 4, to findy when x = 4.
WMi=3E4.037 74471972020

H=4 N=20P0.735Y .
[0, 20] =cl: 2 by [0, S000] =d: 500
The lift is approximately 2071 Ibs.
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6-2 Matrix Multiplication, Inverses and Determinants

93. SAT/ACT Inthe figure, ¢, || /.. If EF = x, and EG =y, which of the following represents the ratio of CD to BC?

94.

A
.-'r‘ b
8/c| \o
- ' x - fl
/ \
E / F % G
- AT, f’
Al-+
X
B I+ "
X
c &=
X
DI- =
.1I
El+
|.I
SOLUTION:
This question involves similar triangles.
A

X y— X

From the figﬁre, if EF =x and EG =y, then FG =y — x. The question asks for a comparison of CD to BC. By

P=x

.
M I . The correct

similarity, CD to BC is equivalent to FG to EF. Therefore, the ratio of CD to BC is
X X

choice is A.

What are the dimensions of the matrix that results from the multiplication shown?
[ a b ¢ 1 ]
d e ik
P ! f
F1x3
G3xl1
H3x3
J4x3
SOLUTION:

The first matrix is 3 rows by 3 columns, or 3 X 3. The second matrix is 3 rows by 1 column, or 3 x 1. The
multiplication of these will produce a matrix with the rows of the first matrix (3) and the columns of the second
matrix (1). Therefore, the correct choice is G.
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6-2 Matrix Multiplication, Inverses and Determinants

95. REVIEW Shenae spent $42 on 1 can of primer and 2 cans of paint for her room. If the price of one can of paintp
is 150% of the price of one can of primer r, which system of equations can be used to find the price of paint and
primer?

I
Ap =r+ _Jr,r+2p:42

1
Bp=r+2r,r+ jp=42

1
Cr=p+ 1p,r+2r=42

1
Dr=p+2,r+ _ =42
SOLUTION:
She spent $42 on one can of primer r and two cans of paintp, so r + 2p = 42. The cost of one can of paintp equals

. . . 1
150% the cost of one can of primer r, sop = 1.5r. This can also be written asp =r + Sr Therefore, the correct

choice is A.

96. REVIEW To join the football team, a student must have a GPA of at least 2.0 and must have attended at least five
after-school practices. Which system of inequalities best represents this situation if x represents a student’s GPA,
andy represents the amount of after-school practices the student attended.

Fx>2y>5
Gx<2,y<5
Hx<2,y<5
Jx>2,y>5
SOLUTION:
The phrase at least is represented by >. The correct choice is F.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

1

Use an inverse matrix to solve each system of equations, if possible.

Sx=-2y=11
C—dx+Ty=2
SOLUTION:

Write the system in matrix form AX = B.

i N

Use the formula for the inverse of a 2 x 2 matrix to find A_l.
—f

- | id
d::tl[.-]']léh—n' i

1

J

B l d =h
el —be|—¢ u

|
STy = (—4)-2)
1 [7 2]
27|45
7 2]
27 27
14
27 271

MultipIyA_1 by B to solve the system.

-

-

5

[ ]

27

-
. )
X 2}

The solu_tion is (3, 2)

4
A e
o 2?{
4
27

|

|

4

=]

2
i

|
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

2.

2x+3y=2

y—dy=-2]

SOLUTION:

Write the system in matrix form AX = B.

Use the formula for the inverse of a 2 x 2 matrix to find A_l.

s
det{ A}

X
B

K

- I [ -3
A== -1 2

MultipIyA_1 by B to solve the system.

4
11
|
11
4

A B=

]

iy

r
—h
ad -be|l-c  a

1
2

3
¥
:

-3

wd

o
|

ok

o

3

—(2)+—(=21)

The solution is (=5, 4)

eSolutions Manual - Powered by Cognero

Page 2



6-3 Solving Linear Systems using Inverses and Cramer's Rule

-3x+5y =33
2x—dy=-26

SOLUTION:
Write the system in matrix form AX = B.

2 il

Use the formula for the inverse of a 2 x 2 matrix to find A_l.

- | !d —h
-:I::tl[.-Hi_—c' i

B l d b
ad =be| —¢ o

B 1 4 =5
) -(5K2)| -2 3]
1[4 =5
22 3

S =0

2 2
|2 -3

N

MultipIyA_1 by B to solve the system.

=3

o |l 33
-3 || —26

|
=k b b | e B E bd | b

LN ]
[ ]

A'B=

-

-5
{33}*?{—1{!}

—
fed

3)+—(-26)

130

+

A

o6 T8

—— e —

b-a

=';‘J

The solution is (-1, 6)
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

x4+ vy=19
" 3x-2y=-18
SOLUTION:

Write the system in matrix form AX = B.

B ke

Use the formula for the inverse of a 2 x 2 matrix to find A_l.

det{ )| —¢ @

1 [d —51

chel --.I’Jr.'! - |

- [ 2 -1
S A=2)-(I3)| -3 4
g =]
= 2]

2
|5 75
R .

L3 5]
MultipIyA_1 by B to solve the system.
s

|

A'B=

2

S Lh | e LA D

—?nim+—l_{—1m
2 ]

-

2a9)+-218)
2 2

3B 2
| 575
57 72
5 &
0
o 5
15
| 5

d ":}

The solution is (=4, 3)
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

2x+y—z=-13
5.3x+2y—-4z=-36

x+b6p-3z=12

SOLUTION:

Write the system in matrix form AX = B.
2 I =] |=x =13
3 2 —di-|v[=|-36

|1 6 =3] |z 12

Use a graphing calculator to find A1 Enter the values for the matrix A. Enter [A]fl. Select — Fruc to get the
values in reduced fraction form.

[Al-1¥Frac
[[123-25 :3325

[1-3 ) i
[16-25 -11-25 ..

18 3 2]

25 25 25
gt 1 I

5 5 5

6 11

25 25 25

MultipIyAf1 by B to solve the system.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

18 3 2]

35 25 35|l
7T LA N U | (s

5 5 i I

LCTRL U

25 25 25

18

3 2 |
—{~13)——=(~36}——(12)
25 25 25

(1332

(-36)+1(12)
- 2

. H
| —

16 11 I
—(=13)=—(-36) + —(12)
25 25{ ' 25!' i

234 108 24 ]
25 25 25
| 13 36 12
51§ 8
208 39 12
T35 25 35
150 ]
25
_| 33
| s
200
Eon
<6
=| %
8

The solution is (-6, 7, 8).

3x—2p4+82=733
6. 6x+3y-9z=-12
dx+4y+20:z=0

SOLUTION:
Write the system in matrix form AX = B.
13 -2 B||= 38

6 3 9 |yv|[=]|-12
44 20(|: 0 |
Use a graphing calculator to find A", Enter the values for the matrix A. Enter [A]_l. Select — Frac to get the
values in reduced fraction form.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

[A]l-1Frac
LB 29 -1-1161]
wrrled 297232)
wmorlvd 7232 11
(4 3 1]
20 29 116
PRI O A
T s8 174 232
ST I |
| 58 174 232

MultipIyA_1 by B to solve the system.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

— il

| o 2
| =l [:__.:."l'..a

o

]

Lad

=0

]

A" B=

e |

4 232
s 7 (L%
174 232

8 1

| i
~1

L¥ )
-L- ==

{33} I.’_ 12)- —{{}}

25
=5 OB 1)+ _,3,}4: )

{:JE] - I—?'E{ Ij] e q—“;{[}}

482 8
174 174
114 60
_+_
L 174174
116
29

The solution is (4, -9, 1).
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

x+2y—z=12
7. 2x—y+3z=4

Ix+v+2z=6

SOLUTION:
Write the system in matrix form AX = B.
[ 2 =1[x] [2
2 =1 3 |dx|=|4
13 1 2][=z] |6

Use a graphing calculator to find A1 Enter the values for the matrix A. Enter [A]fl. Select — Fruc to get the
values in reduced fraction form.

Because A is a singular matrix, its determinant is zero and /"' does not exist.

There is no unique solution.

dx+06v+o=—|
8, —x-—y+8z=38
bx—dy+1l==2|
SOLUTION:
Write the system in matrix form AX = B.
[4 6 1][x] [-1]
-1 =1 8| 1‘ 8
|6 =4 1) |=z] |21]

Use a graphing calculator to find AL, Enter the values for the matrix A. Enter [A]fl. Select —» Fruc to get the
values in reduced fraction form.

[A]l-1*Frac

[[Z-64 =R
[59-448 19-224 .
[S7224 13-112..

3 5 7 ]
64 32 64
pi_| 50 19 33
T 448 224 448
s 13 1
24 112 224

MultivaAf1 by B to solve the system.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

'3 s 1
64 32 64 |
il
]IB: ﬂ .H. ._.i | B
ag 24 was ||
ERNE
224 112 224 |
C 3 5 7 1
—( =)= =—(8)+ —(21)
64 32 o4
59 19 33
B o TR |
TR AT YT
5 13 |
By ey |1 T gl S b =HuaT v |
EARASTTA AT
3 4 4
64 32 64
_| -39 152 693
448 224 448
5 104 21
5 o4 21
224 112 224 |
3 80 47
64 64 64
|39 304693
448 448 448
5,208 21
| "224 " 224 224
o
64
U A
148
224
224 |

The solution is (1, —1, 1).
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

9. DOWNLOADING Marcela downloaded some programs on her portable media player. In general, a 30 minute
sitcom uses 0.3 gigabyte of memory, a 1 hour talk show uses 0.6 gigabyte, and a 2 hour movie uses 1.2 gigabytes.
She downloaded 9 programs totaling 5.4 gigabytes. If she downloaded two more sitcoms than movies, what number
of each type of show did Marcela download?

SOLUTION:

Let s = the number of sitcoms, t = the number of talk shows, and m = the number of movies. She downloaded 9
programs, so s +t + m=9. They totaled 5.4 gigabytes, so 0.3s + 0.6t + 1.2m = 5.4. She also downloaded 2 more
sitcoms than movies, so s =m+ 2.
Write the system, aligning the variables.
S+r4+m=9
0354066 +1.2m=54
2

s+l =m=

Write the system in matrix form AX = B.
AX =8

[t © vlls1 9]

03 06 121 |=34

n 0 —1)|m| | 2

Use a graphing calculator to find AL

[Elo2 3. 35333533,
[5_ -EB.BEEEBEL..
[ 2 _3.33333335..

HhsrFrac
[[-2 16-3 2 ]
[S5 =28,3 3]

[-2 163 1 1]

MultipIyAf1 by B to solve the system.

[[-2 18-3 2 1]
[5 -28-3 -3]
[-2 1873

Hns#* [B]

]

l—“—I: -t
galr =

]
]
]
11

4 sitcoms, 3 talk shows, and 2 movies
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

10. BASKETBALL Trevor knows that he has scored a total of 70 points thus far this basketball season. His coach
told him that he has scored 37 times. Trevor wants to know how many free throws, 2-point field goals, and 3-point
field goals he has made. The sum of his 2- and 3-point field goals equals twice the number of free throws minus two.
How many free throws, 2-point field goals, and 3-point field goals has Trevor made?

SOLUTION:
Let x, = free throws, X, = field goals, and x5 = three-point field goals. Trevor scored 37 times, o X; + X, + X3 = 37.
He scored 70 points, so x; + 2x, + 3% =T70. Also, x, + Xg3=2Xy — 2.
Write the system, aligning the variables.
X 4x +x, =37
X +2%, +3x,=T0
2% +x,+x,=-2

Write the system in matrix form AX = B.
AX =8

‘-—Ill

37

=| 70

| .‘I.'I
. b

PERSURE. 1 J—

|
3
1| 2

2 | [ % 2

Use a graphing calculator to find AL

[[.3333333333
[2.333333333
[ -1.6666666EY

3 1]
[-5-3 1 -1-311]

MultipIyA_1 by B to solve the system.

013 B8 -1-3]
Lesa =1 2725 ]
=975 1 =1-3]]

Hnis* [B]

13 free throws, 15 field goals, and 9 three-point field goals
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

Use Cramer’s Rule to find the solution of each system of linear equations, if a unique solution exists.

1. v+ y=4
2x+ y=-0
SOLUTION:

The coefficient matrix isA =

a b
det(A) = |A| = F ”,=ad—bc
2301
> l!:.—_ﬁ{]]—_.“!
==3=2

=

i
| ‘ . Calculate the determinant of A.

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

A - (-6)1)
) -5

446

-5
3(-6)-2(4)
- _5

The solution is (—2, —2).
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

o, AAHAR=A
2X+06y=23
SOLUTION:

The coefficient matrix isA =

det(A) = |A| = ‘ ;;‘: ad —Dbc

I L]
LA ¢
|

) NE———
[=2(6) - 5(.
al i [

LA bF

=12-15

-~
==23

1
| %]

. . Calculate the determinant of A.

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

_l]
.||

X

WA P TR
. lad

-

2
_H6)-(5)3)
-3

24-15

The solution is| 3.3 |

g

bl || —
>
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

13, Sx+4y=7
—.\'—4}' =—3
SOLUTION:

The coefficient matrix isA =
of
F

¥
i

det(A) = |A| = ‘ ;f‘= ad —bc

sty - -1y
473D

==20+4
==|6

4
4| . Calculate the determinant of A.

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

|4

7 4
1 3
. | G
T4 - (=304
) 16
_28+12
=T
=1
4|
Y
A
5 7|
-1 -3
o ~16 -
=3 - (=1T)
- ~16
15+7

6
|

3

b |

)

The solution is | I,
\
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

. S
14, dx+ E_]. =5
Jx+y=0
SOLUTION:

The coefficient matrix isA =
o b
det(A) = |A| = ‘
A |

4 y

] ‘
3 _4{” 1 =
I i B

3
=41

“
=2

- . Calculate the determinant of A.

‘=ad—bc

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

4]
x="—
Bl

g —

[T -

3
_46)—(3)8)
3

24=24

L]

=)
The solution is (2, 0).
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6-3

15.

16.

eSolutions Manual - Powered by Cognero

Solving Linear Systems using Inverses and Cramer's Rule

2x—y+z=|
x4+ 2y—4z-=3
dx+3y-Tz=-8
SOLUTION:
2 -1 1
The coefficient matrixisA =1 2 -4 |. Remember to align the terms, using Os if needed. Calculate the
14 3 -7
determinant of A.
g b ¢ / I ;
detd)=Al= d ¢ fl=af Cl-b el f
: hood z g h
o hoi
< = I‘ 2 4 |1 -4 |1 2
1 2 =2 +|| il =
7713 =7 |4 7| 4 3
4 3 -7 !

=2[2(-7) = 3(-)] + 1[H=-T) - (-] + [ 1(3) - 4(2) |
=2(=14+12)+ (=T +16}+1(3-8)
=—44+9-5
=)
Because the determinant of A is 0, you cannot apply Cramer’s Rule; therefore, no unique solution exists.
X4+ p4+2=12
br-2y—-z=16

Jx+4y+2z=2%

SOLUTION:
(1 1 1]
The coefficient matrixisA = 6 -2 -1 . Remember to align the terms, using Os if needed. Calculate the
3 4 2
determinant of A.
g b ¢ / ;4 ;
det(A) = |A| = 1d ¢ f|=al; '.‘-h{ vel ©
: hoi g g h
e hoi
(R _
=2 - |6 -l 6 -2
6 =2 —lj=1 - +1
4 2 3 2 I 4
3 4 2

= 1[-2(2) - 4(-1)] - 1[6(2) - 3(-D)] + 1] 6(4) - 3(-2) |
= {~4 +4) = {12+ 3) +1(24 + 6)
=0-15430

=13
Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

16 —iq‘]ﬁ -2
28 2| |28 4
Is

12[-2(2) - 4(-D] - 1[16(2) - 28(~1)] + 1[16(4) — 28(-2)]

15
_0-60+120

12
{ﬁ 16 —I
3 28 2
6 -
|

28 2

6 —I
3 2
15
1[16(2) - 28(-1)] - 12[6(2) - 3(~1)] + 1[6(28) - 3(16)]
. 15
1(32+28)-12(12+3)+ 1(168 — 48)

: 15

60—180+120

- 15

616
3 28

7l

+1

I
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

6 -2 16|
3 4 EE‘;
16 6
3 ZH|

+12

1
4 28

n
|

-
-

4

15

1[-2(28)- 4(16)] - 1[6(28) - 3(16)] + 12[6(4) ~ 3(-2)]

15
—120 =120+ 360

15

=8
The solution is (4, 0, 8).

-2

x+2yv=|
17. 3y—-4z=2
Y+oy+z=20

Lh

SOLUTION:

]

The coefficient matrix isA = | U
]

determinant of A.
g b ¢
det(A) =|A|=1d ¢ f|= H;
1
e hoq
1 2 o ;
3 4 _lo -4
0 3 —di=I =2|
| 1 |
16 1| o

T d

an

.f'l ]
;
!_ﬂ‘

]
I

0]

6

-4 ‘ . Remember to align the terms, using Os if needed. Calculate the

= 1[3(1) - 6(-4)] - 2[0(1) — 1] + 0] 0(6) - 1(3)]
=1{3+24) = 2(0+4)+ 0(0 - 3)

=27-840

=19

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

12 2 0

25 3 4

I

B 19

I2|3 —4_:|25 —4i+ﬂ25 3
6 1] o 1| 20 6

19

12[301) - 6(-4)] - 2[25(1) ~ 20(~4)] + 0

- 19

_12(27)-2(105)

- 19

114

)

-6

4

1120

0 25 4

20 1

B 19

> _Ji_lz“ Mgt =

oo 11 1 20

' 19

1[2501) = 20(=4)] - 12[0(1) = 1(~4)] + 0

B 19

(254 80)—12(0+ 4)

) 19

10548

R

57

19

-

=3
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

/.l

|
2 12
0 3 25
| 6 20
19
3 25

1 I
6 20

s (+121

I 20 |1 6|
19
H3(20)—6(25) - 2100200 - 1(25) |+ 1 2]0(6) - 1(3
=-[-{ ]' {}}]- [{ I:) : -}]--+ ---[--{} “}] The solution is (6, 3, —4).

441 |
_ﬁ‘n 25 10 3

90+ 50 -36
19

19
=4

Gx+Ty=-30
18. 8y+5z=11

—3x+10p=73

SOLUTION:
(9 7 0

The coefficient matrixisA=| 0 & 5 |. Remember to align the terms, using Os if needed. Calculate the
-3 0 10

determinant of A.

la b ¢ p P, ;
detd) = A= ld e fl=a “|-bf" il °
: hoo 7 g N
o i
g9 7 0
5 0o 3 -5 =2
h 8 5|=9 -7 ||—li
10 310 3 |
-3 0 10|

=9[8(10)—0(5)] - 7[0(10) —(-3)(5)] + 0
=9(80 - 0) - 7(0+15)
= 720105

=615
Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

15
73 10
615
-30[8(10) - 0(5)] - 7[11(10) = 73(5)] + 0
615 o

~30(80)— 7[110-363]

615
~2400-7[-255]

615

~2400 + 1785

8 5
=30 -
‘u m‘

[
73 0

50" 50|+n
-3
615

9[11(10) - 73(5)] + 30[0(10) — (-3)(5)] + 0

615
9(110-365)+30(15)
615

9(~255)+ 450
615

—-2295+450
615

0 1l
-3 73
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

_l4]

||
9 7 -30
0 8 11
30 73

615

g 1l _lo uf |0 §
9 -7 ; |
o7 373 30

615 The solution is (-1, =3, 7).

~9[8(73)= 001 )] = 7[0(73) = (=3)1 )] - 30[0(0) - (-3)(8)]
- 615

Z

-~

=20

_9(584)-7(33)-30(24)
613
5256-231-720
615
4305
615
=]
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

19. ROAD TRIP Dena stopped for gasoline twice during a road trip. The price of gasoline at each station is shown
below. She bought a total of 33.5 gallons and spent $134.28. Use Cramer’s Rule to determine the number of gallons
of gasoline Dena bought for $3.96 a gallon.

GAS | Gasoline
il.lnlndnd $3.96 I

SOLUTION:

Letf = the number of gallons purchased at the first station and let s = the second station. She purchased a total of
33.5, sof +s=33.5. She spent $134.28, so 3.96f + 4.05s = 134.28.

Find the coefficient matrix A.

I I
T13.96 4.{:5}
Find the determinant.
det(A) = 1(4.05) — 3.96(1) = 0.09
The determinant does not equal 0 so we can apply Cramer’s Rule.

fi',|

4]

335 |
13428 405
T 009
_33.5(4.05) - 134.28(1)
- 0.09
1395
009

=155

20. GROUP PLANNING A class reunion committee is planning for 400 guests for its 10-year reunion. The guests can
choose one of the three options for dessert that are shown below. The chef preparing the desserts must spend 5
minutes on each pie, 8 minutes on each trifle, and 12 minutes on each cheesecake. The total cost of the desserts
was $1170 and the chef spends exactly 45 hours preparing them. Use Cramer’s Rule to determine how many

servings of each dessert were prepared.
Bluebarmy Pie Chocolate Trifle Cherry Cheesecake

SOLUTION:

Letp =the number of pies, let t = the number of trifles, and let ¢ = the number of cheesecakes. There are 400
guests, sop +t+ c =400. The total cost was $1170, so 3p + 2.5t + 4c = 1170. The chef spent 45 hours or 2700
minutes preparing them, so 5 + 8t + 12¢ = 2700.
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Find the coefficient matrix A.
o1 1

|15 8 12
Find the determinant.
deu{,-n=|2" 4|—1;3 4+|ﬁ =
8 120 5 12) |5 8
=2.5(12) - 8(4) = [3(12) = 5(4)) + 3(8) - 5(2.5)
=30-32-(36-20)4+24<-12.5
==2-16+11.5
=-06.5
The determinant does not equal 0 so we can apply Cramer’s Rule.
_|"rr'|
a
400 1 |
1170 2.5 4
_2?(1[! 8 12
- 6.5
4{“]3_5 4 lIll'ﬂ] 4 1170 2.3
B 12l {2700 12| 2700 8
B 6.5
400[2.5(12) = 8(4)] = [1170(12) — 2700(4)] + 1 1 T0(8) — 2700(2.5)
B N 6.5
S00(30 =32)— (14,040 — 10,8007+ 9360 — 6730
B 6.5
- =800 -3240+ 2610
N 6.5
=220
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21.

il

T

400 ||
3 1170 4|
s 2700 !:I
T 65
1170 4 3 4| 3 1170
- 400" +1]° |
2700 12 5 120 |5 2700|
6.5
~ H1T70(12) — 2700(4) — 400{3(12) - 5(4)] + 3(2700) - 5(1170)
) 6.5
14,040 - 10.800 — 400(16) + 8100 - 5850
- -6.5
3240 - 6400 + 2250
= —f1.5

~ 140
p =220 and t = 140, 50 ¢ = 400 — (220 + 140) = 40

220 blueberry pies, 140 chocolate trifles, and 40 cherry cheesecakes

PHONES Megan, Emma, and Mora all went over their allotted phone plans. For an extra 30 minutes of gaming, 12
minutes of calls, and 40 text messages, Megan paid $52.90. Emma paid $48.07 for 18 minutes of gaming, 15 minutes
of calls, and 55 text messages. Mora only paid $13.64 for 6 minutes of gaming and 7 minutes of calls. If they all

have the same plan, find the cost of each service.
SOLUTION:

Let g = the cost for gaming, let ¢ = the cost for calls, and let t = the cost for text messages. Use each girl’s

individual cost to set up a system of equations.
0g+12¢+40r =529
18g + 15c+ 55¢ =48.07
Gr+To+0r=13.64
Find the coefficient matrix A.

30 12 40
A=[18 15 535
16 7 0
Find the determinant.
dcu,-n—?-w!'j 55_]21::: 55 +4ul.ss |5‘
|7 o0 6 0 6 7

= 30[15(0) - 7(55)] — 12[18(0) — 6(55)] + 40[1 8(7) - 6(15)]
= 30(-385) — 12(-330) + 40(36)

=~11.550 + 3960 + 1440

= —6150

The determinant does not equal 0 so we can apply Cramer’s Rule.
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_|xl‘x|
T
529 12 40
48.07 15 55
(1364 T 0
6150
|15 55| _|48.07 55| . |48.07 15
529 -12 + 40
~ 7 0 {lj_m 0 1364 7
B 6150
52.9[15(0) = T(55)] - 12[48.07(0) ~ 13.64(35)] + 40[48.07(7) - 13.64(15)]
- -6150
_ 52.9(-385)-12(~750.2) + 40(131.89)
- ~6150
-20.366.5 + 9002.4 + 5275.6
- 6150
=0.99
A,
iL |,l|
30 529 40
18 48.07 35
16 1364 0
—6150
. las_m 55 ‘IE 55’ ; ‘IS 48.!]?‘
3 - 52. + 40
13.64 0 6 0 6 13.64
- —6150
_ 30[48.07(0) - 13.64(55)] - 52.9[1 8(0) — 6(55)] + 40[1 8(13.64) — 6(48.07)]
B 6150
30(=750.2) - 52.9(-330) + 40(-42.9)
- ~6150
-22,506+17.457-1716
- -6150

=1.1
$.99/min for gaming; $1.10/min. for calls; $0.25/text message
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

Find the solution to each matrix equation.

F o e A
"k I”_x. ,1,]_[4 0
| 3 > 2 3

SOLUTION:

Write the system in matrix form AX = B.

(2 1[x »] [4 0]
| 3 LIl xs s 2 3

Find A%,
v 1 !Ff." —h-‘
) el —.l’:c'!_ S|
: =5
TCAED-3 -3 -2

[y

FindA “B.

1 1[4 0
AR = ;
3 2112 3

2 3
|8 6
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6-3 Solving Linear Systems using Inverses and Cramer's Rule

. e i
s [ 20 3]
I O [ S 0 5
SOLUTION:
Write the system in matrix form AX = B.

(5 2)[x »]_[9 -8
{-2 Ml »] |0 5
FindA L.

sl ) L d —b]

el = bhe |_ -

| i B
_5{1}—{—2]{2'}{3 5}

i

-

|
1

O | —

T

2 3
2
|9 9
12 s
9 9
FindA 1B,
2
Par i -!g __E
2 5 ||0 5
9 9
L9y [ EJU 20 [’Iu
. e —— rea o o
|9 9 9 9)
BlE: : O N
_a*‘“(‘a]” 9" ’]
[ 2
=21
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24 6 4| x ¥ e 10 8
0 3|x. | [12 6
SOLUTION:
Write the system in matrix form AX = B.

6 4|lx, »] [0 8
L} 3lx | |12 6
FindA L.

= | d -b
! ad =be|-¢ a

- | B
C6(3)-(0X4) 0 6

] F 4
180 6
I 9
_|6 9
0 -
|
. -1
FindA “B.
1 2
& oll10 8
r'p=|° :tj [1? 6}
0 - =
]

1um+[—5\'u'*:+ 1{8}{—3{61
6 9" 6 9)

1 1)
_m|{n+[§]u2} utﬂu[ﬂm}
(10 24 4 12

=l6 9 3 9
4 2
-1 0
“lo —21
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o : ; .

S
3 =3lx s |17 =2
SOLUTION:

Write the system in matrix form AX = B.

5 s e )

FindA L.
s | [ d -b
i ad =bc|=c @

et T )
C(=2N=5)-3()]| -3 -2

_|i’—5 )
713 =2
501
17 7
1 3 2
e
. -1
FindA “B.
51
) =h
gl T 7 {- 1]
3o _2(lm -
L7 7
[ 5 | 5 (1 1
shpemd] =SiaTy =SeenEl== e ]
_?{}{?J{}?{]a?]{}'
R 2 3 el z]
=V AT === | ]
_ ?{ }+[ ?J{ ) 'I{ Hy ?{ }__
0 17 5 9
PR — _+_
| 7 1 1 7
6 34 3 18
SR

eSolutions Manual - Powered by Cognero

Page 31



6-3 Solving Linear Systems using Inverses and Cramer's Rule

26. FITNESS Eva is training for a half-marathon and consumes energy gels, bars, and drinks every week. This week,
she consumed 12 energy items for a total of 1450 Calories and 310 grams of carbohydrates. The nutritional content
of each item is shown in the table below. How many energy gels, bars, and drinks did Eva consume this week?

Energy ltem bar | drink
Calories % | %0
Carbohydrates (g) LA

SOLUTION:

Let g = gels, b = bars, and d = drinks. She consumed 12 items, so g + b + d = 12. She consumed 310 grams of
carbohydrates, so 25g + 43b + 14d = 310. She consumed 1450 calories, so 100g + 250b + 50d = 1450.

Write the system in matrix form AX = B.
AX =8

I . 2
25 43 14| b |=| 310
100 250 50| || |1450

Use a calculator to find A2,

[[-1.8 .ZEEEEEG..
o2 - . BEEBEE..,
[2.86 =.2 i

AnsrFrac

[ =920 441D =&
(1.5 =1-15 i1i..
[1325 =175 37

FindA 'B.

[[-9-5 4-15 -2..
(125" =119 }1.
[1342 =140 3&¥.

Ans#*[B] [

SN

5 gels, 3 bars, 4 drinks
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GRAPHING CALCULATOR Solve each system of equations using inverse matrices.

2a—-b+dc=0
27. a+5h=2c=-6

Ja=-2b+6c=8

SOLUTION:

Write the system in matrix form AX = B.

AV =P8

: 6
NNk
{.

b = o]l 1o

2 -1 4 '
A |

|
3 -2 6

Use a calculator to find A2,
[[5]
[3]
(411

[A]-

] T T 4.5
[3 5] -2
(4.29 =.25 -2..

[

FindA'B

[16.5 .5 3.5
[.3 5] =
[, 25 =20 2.

Ans#*[B]

[[-5]
[2 1]
[5 11
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Ix—5y4+2z=22
28. 2x+43y—-z=-9
dx+3v+3z=|
SOLUTION:
Write the system in matrix form AX = B.
AY =B
13 =5 21 [x] (22
2 3 14> :l—{?
4 3 3|z [1]

Use a calculator to find A2,

[A]l-1Frac

[[6<37 21-74
[ -5<37 1-74 e
[ 3737 -29-74 ..

FindA B
[[6~37 21-74
[ -5<37 1-74 i
L =alar 22579 ..
Ans#*[B]
|6 o
[=F])
[2 11
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29.

r+55-2r=16

2r—-s+31r=3

Ir+25—dr==2

SOLUTION:
Write the system in matrix form AX = B.

AY =8

16
13 2 -4« lé‘
Use a calculator to find A2,
[A]l-1*Frac
[[-25 1l6-3 13-

[1-3_ 270 1-9..
[-1/5 1373 9-5.

[1 5§ =2

2 -

r

q 5

I

FindA 1B

[[-2-3 1l6s2 13-,
L1709 270 173
[-1-3 1373 9-2..

Ans#*[B]
[l =2)
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—dm+neop=17
30. Im—-n—p=3
—Sm—-2n+3p=2

SOLUTION:
Write the system in matrix form AX = B.
AX =8
(4 1 6] [m 17
I =1 =l m|=| 5
-5 =2 F])|p 2

Use a calculator to find A+

[Al-1*Frac
[[iflﬁ 3f1@ =
2529 =920

[11x59 13-5A

FindA B
[[1-168 3718 -.
[Z2729 =9728 =
(11458 13-58 -.
hs* [B]
L3 ]
[=1]
[5 1]

Find the values of n such that the system represented by the given augmented matrix cannot be solved

using an inverse matrix.

[n -8 ﬁ]
|

I & 13

31.

SOLUTION:
When the determinant of the coefficient matrix is 0, the augmented matrix cannot be solved using an inverse matrix.
no -8

| il

=0

2n-=1{-8)=0
2n+8=0
2n=-8§

tr=—d
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3 14
32. |17
ln 2]

b2

5

SOLUTION:

When the determinant of the coefficient matrix is 0, the augmented matrix cannot be solved using an inverse matrix.

| =

1 I

" |=0
=

- {(n)ny=10

6-n =0
i =—6

=6

n= "\,I"E

-5 =913
33, .JJ
¥

noon

SOLUTION:

When the determinant of the coefficient matrix is 0, the augmented matrix cannot be solved using an inverse matrix.

5 -9
=0

L i

=5n—(-9m=0
dn=10
n=1
1. o o-n E 0
|7 n | -8

SOLUTION:

When the determinant of the coefficient matrix is 0, the augmented matrix cannot be solved using an inverse matrix.

noo—=i
=0
7 n

n—(=Tmy=10

o+ Tn=10
wn+7y=10

n=0or-7
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35. CHEMICALS Three alloys of copper and silver contain 35% pure silver, 55% pure silver, and 60% pure silver,
respectively. How much of each type should be mixed to produce 2.5 kilograms of an alloy containing 54.4% silver if
there is to be 0.5 kilogram more of the 60% alloy than the 55% alloy?

SOLUTION:

Let x = the 35% alloy, lety = the 55% alloy, and let z = the 60% alloy. There are 2.5 total kilograms, sox +y +z =
2.5. The new alloy contains 54.4% silver and 54.4% of 2.5 is 1.36, so0 0.35x + 0.55y + 0.6z = 1.36. Also,z =y + 0.5.
Write the system, aligning the variables.

x+y+z=235
0355+ 0.55v+ 0.6 =136
Ox+yv—=z=-035

Write the matrix in the form AX = B.
C I 1| [x] [ 25]
035 055 06| |v|=|l.30

0 1 -1|; 0.5

Use a calculator to find A ™.

[A]l-1¥Frac

[[23-9 -48--9 -1,
[~f#9 2879 5B~
[-7-9 289 -4,

FindA B
LIZor 8 —quaar 21
L=r~9 2809 57,
[-7F~9 28,9 -4
Ans#*[B]
Et.g 1

[.5_]
[1.31]

0.4 kg of 35% alloy, 0.8 kg of 55% alloy, and 1.3 kg of 60% alloy
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36. DELI A Greek deli sells the gyros shown below. During one lunch, the deli sold a total of 74 gyros and earned

$320.50. The total amount of meat used for the small, large, and jumbo gyros was 274 ounces. The number of large
gyros sold was one more than twice the number of jumbo gyros sold. How many of each type of gyro did the deli

sell during lunch?

Small Jumbo
3 ounces of meat...... 3350  Gounces of maal....
Large Chicken
dounces ol meal..._.. . $425 5 ounces of maat
SOLUTION:
Let s =small, | = large,j =jumbo, and ¢ = chicken. A total of 74 were sold, so s + | +j + ¢ = 74. The gyros sold for

$320.50, s0 3.5s + 4.251 + 5.25 + 5¢ = 320.5. The total amount of meat for the non-chicken gyros was 274 ounces,

s03s+4l+6 =274.Also, 2 +1=1.

Write the system, aligning the variables.
s+l+ j+c=T4
355+ 425 +5.25f +5¢=320.5
35+4l46j+00=274
Os=I+2j40c==]

Write the matrix in the form AX = B.

| | | || & T4
35 425 525 5||1| |3205
3 4 6 of||j| | 274

0 -1 2 of|el [ -

Use a calculator to find A2,

[A]l-1Frac

[[Z288-69 -S&5-69..
[ 4823 8723 ..
[ 28,23 423 ..
[-31-69 20-69 ..

Find A1B.
[A]1-1[E]

L L W |
) (i

20 small, 31 large, 15 jumbo, 8 chicken
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37. GEOMETRY The perimeter of rABC is 89 millimeters. The length of AC" is 47 millimeters less than the sum of

the lengths of the other two sides. The length of BC is 20 millimeters more than half the length of AB . Use a
system of equations to find the length of each side.

SOLUTION:

Let x = the length of AB, lety = the length of BC, and letz = the length of AC.
The perimeter is89,sox +y +z =89. Also,z =x +y —47 andy = 0.5x + 20.

Write the system, aligning the variables.
x+y+z=289

X+ y—z=47
0.5x— py+0:==20

Write the matrix in the form AX = B.
(1 1 1] x| [ 89]

I 1 =1||v|=]| 47
105 -1 ﬂ‘ z| |-20]

Use a calculator to find A,

[A]-1¥Frac
[[1-3 1-3 273 ..
[176 176 =243.

[172 =128
FindA B
[A]1-1[E]
[[32]
[35]
[211]
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Find the inverse of each matrix, if possible.

38. | ‘J
SOLUTION:

I —
& @
e’ t_’-hJ

~ | e —
I I-_'?I @
pr
1 [e™ —e
Cl-e |—-e" e
o
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39. |x x|
X 2]
SOLUTION:
I 3
A=|x x
x 2

[
|

|2 -=
N G X
o T 2—3¥ l
lag
X X
n 3
A7 = a *
2-3x |
- -
X
o 252
e 2-3x 2-3x\ «x
- x X 1
(~) 2]
| 2=3x 2=3x\x
2x -3
A= 2-3x 2-3x
X |
| 2-3x 2-3x
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40.

o |
0 o
SOLUTION:
A:[ﬂ' I* ]
o =
p ,:_E_ﬁ_|i1|: -1
g {x™") 0 =
PO
| 0 =n
-_I 1 _n"|i““- _[]
0D =«
N S
0 g=
41.{"' ”}
i 2
SOLUTION:
i =3
i -l'__
-, | 2i 3
i) - (-3 -7 -
e *1 ‘[Ef‘ 3}
=24 #3827 | =1 =i
. 1[2:‘ 3}
A" ==t ,
= =i
: {Ei 3]
A== )
=
i [ 3
i i
4 [-2f -3
A =’V ]
'
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LetA and B be n x n matrices and let C, D, and X be n x 1 matrices. Solve each equation for X. Assume
that all inverses exist.

42.AX =BX-C
SOLUTION:
AX = BY -C
AX - BX =-C
(A-B)X =-C

(A-=BY " (A-B)X =(A-B)Y'(-C)
X=(4-By'(-O)

43. D = AX + BX
SOLUTION:
D=A4AX + BY
D={A+MX

(A+BY'D=(A+BY' A+ B)X
(A+BY' (=X

44. AX + BX=2C —X

SOLUTION:
AX +BX =2C-X
AX+BX + X =2C
AX +BX +IX =2C
(A+B+NX=2C
(A+ B+ IV A+B+ DX =(A+B+1V'(20)
X={A+B+ D20

45.X+C=AX-D

SOLUTION:
X+C=4X-D
X-AX=-C-D
N -AX=-C-0D
X(fi-A)=—C-D
N =AWf =AYy =(—C—=Ini- Ay
X =(-C-D)I-A)
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46.3X —D=C —BX
SOLUTION:
XN =-D=C=F8X
IX+BX=C+D
X+ B8 =C+ D
(3W+MX=0C+D
(+ BB+ XY =31+ By (C+ D)
X=0GI+By (C+ 1)

47.BX =AD + AX
SOLUTION:
BX = AD+ AX
BYX — AX = AD
(B- DX =4D
(B— AV (B—AD)X =(B-A)Y"AD
X =(B-Ay'(AD)
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CALCULUS In calculus, systems of equations can be obtained usingpartial derivatives. These equations
contain A, which is called a Lagrange multiplier. Find the values of x andy to satisfy the system.

X+ 441=0
48. 2y+i=0
Y+ y+7=0
SOLUTION:
We need to find the values of x and y to satisfy the system. Replace A withz.
x+z41=0
Iy+z=0
r+y+T7=0
Align the variables.
y+0v+z=-1
Ox+2y+=z=0
x+y+0z=-7
Let A be the coefficient matrix and B be the matrix of constant terms. Find A2,
[A]
5 6 T I 2
12 1]
[1 1 @811
|
[A]I¥Frac
05 I 2
12 1]
[1 1 @811
Find A 'B.
[[1 8 1]
12 1]
[1 1 @]l
[AI-T[E]
LL25]
[ =2]
[4 11

The value of x is =5 and the value ofy is —2.
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49. ERROR ANALYSIS Trent and Kate are trying to solve the system below using Cramer's Rule.

50.

2¢+Ty=10
b+ 21y =30
Trent Kate
The system has no The system has one
solution because the solution but cannot
determinant of the be found by using
coeffickent matrix is 0. Cramer's Rule.

Is either of them correct? Explain your reasoning.

SOLUTION:

e
A=
6 21
det{ Ay=2(211-6(7)

=42-42
-0

Neither; if the determinant of the coefficient matrix is O, then there is no unique solution. The system may have no
solution, or it may have an infinite number of solutions. The system of equations shown has an infinite number of

solutions.

CHALLENGE The graph shown below goes through points at (-2, -1), (-1, 7), (1, 5), and (2, 19). The equation of

the graph is of the formf (x) = ax® + bx% + cx + d.
HELNF R

i

Ve

Lahd
'.TI.

.

_T = Tzo 2 T:

Find the equation of the graph by solving a system of equations using an inverse matrix.

SOLUTION:

Rewritef (x) = ax + bx% + cx + d, replacing x with the x-coordinate andf (x) with the y-coordinate of every point on

the graph.

Ff(xy=ax +h +ox+d

1 =a(=2Y +B{-2F +e(-)+d
~l=—8a+4db—-2c+d
T=a(=1V + (=1 +ef-D+d
T=—a+bh-—c+d

S=a(l) +b(1) +c()+d
S=a+b+c+d

19=a(2) +b(2) +e(2)+d

19=8a+4h+2e+d
Write the equations in the form AX = B
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(-8 4 -2 |

-1 1 =1 1||h
|
|

[ S
|8 4 2

ld] |19

Use a calculator to find A2,

[Al-1*Frac

Fl=1412 16 ~=1..
[1-6 ~1¥p =
[1-12 -2-3 2-.
[=12G 245 A5

FindA B
[1218 =2rs
L =176 255 27..
Ans+[B]

{[% ]

[1_]
[ 5]
[3 11

Rewritef (x) = ax3 + bx2 + cx + d, replacing a, b, ¢, and d with their values.
f@):b£+x2—3x+5
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a b _ _
51. REASONING If 4= r ?| and A is nonsingular , does (A2) 1= (A 1)2? Explain your reasoning.
I
SOLUTION:
Yes; Sample answer:
A" =A-A

a+be ab+bd .
ac+ed be+d ¢

(e + beWbe +d™ Y= lae + cd Wab +hn‘}._—m- =ed o +he

B ] Cbe+d’ —:’rh—hn"-

(@he+ad” + b +bed) ~ (@ be + abed + abed + bed” )| ~ac —cd & +be J

) | | be+d® —ab—bd | pa. b9 =]
a‘d” =2abed + b | ~ac—cd o+ he ] T ad-be |c «a

R be+d  —ab—bd |
(axed = be)

—-ac—cd o +bhe |

be 4 d* il = bed 1
(ad =bey  (ad —bey

—i1e — el a +he

| (e - bheY  (ad —bey i

Thus, A% 1= (a2

52. OPEN ENDED Give an example of a system of equations of two variables that has no solution and demonstrate
how the system expressed as a matrix equation would have no solution.

SOLUTION:

Any system in which the coefficient matrix has a determinant of 0 cannot have a unique solution. Therefore, these
systems cannot be considered consistent and independent. One method of creating such a system is to have one
set of coefficients (for one equation) be a multiple of another set of coefficients (for a different equation). For
example, if one equation is ax + by = c, another equation should be 3ax + 3ay = d.

[ 1] [x] [4]
Sample answer: x +y =4; x +y = 5. Expressed as a matrix equation, this becomes i { -‘ =P To solve,
.1L

[1 1 1
= — which is undefined.

multiply by the inverse of the coefficient matrix. However, = —————
111 (= 0

Therefore, there is no solution to the system.
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53.

54.

eSolutions Manual - Powered by Cognero

WRITING IN MATH Describe what types of systems can be solved using each method. Explain your reasoning.
a. Gauss-Jordan elimination

b. inverse matrices

c. Cramer's Rule

SOLUTION:

a. Sample answer: Gauss-Jordan elimination can be used to solve any system of linear equations. It is possible to
perform row operations on any matrix.

b. Sample answer: Inverse matrices can only be used to solve systems with square coefficient matrices because
matrix multiplication can only be done if the number of columns of the first matrix is equal to the number of rows of
the second matrix. They also cannot be performed when the determinant of the coefficient matrix is 0.

c. Sample answer: Cramer's Rule uses determinants to solve systems, and because it is only possible to find the
determinant of a square matrix, this method can only be used to solve square systems. They also cannot be
performed when the determinant of the coefficient matrix is 0.

Find AB and BA, if possible.

3 =2 (4 1
A=|" [B=

ERE N 12 7]
SOLUTION:

3 -2] '
A=|" [.B=

. 12 7

Ais a2 x 2 matrix and B is a 2 x 2 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

5(4)+1(2) 5(1)+1(7)
g =11
22 13]

Because the number of columns of B is equal to the number of rows of A, BA exists.

‘w__fw}ﬂ—:}{:} B{EM--EHT}]

L_[43)+1(5) a(=2)+1()

BA - 12(3)+7(5) 2 2}'?{']J
iz
41 3 |
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56.

eSolutions Manual - Powered by Cognero

4 =2 6| [17 2 -4
A=[7 8 3[8=/10 -9 6

11 =5 - | 0 -8
SOLUTION:

4 2 6] [17 2 -4]
A=|7 8 3 [B=[10 -9 6

11 =5 -] l 0 -8

Ais a3 x 3 matrix and B is a 3 x 3 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

D AT+ (=2)10)+6(1) A2+ (-2)-9)+6(0)  d(-4)+(-2)(6)+ 6(-8)

AB=|  T7(17)+8(10)+3(1) 7(2)+ 8(-9) +3(0) 7(—4)+ 8(6) + 3(-8)
HAT = (=5)A0+1(=1)  1K2)=5(=-9)+0{=1) 1= -5(6)+(-1)(-8)
[54 26 -76]

=|202 -58 —4
136 67 —66

Becau_se the number of columns of B is equal to the number of rows of A, BA exists.
I7(4)+2(7)=4(11) 17(=2)+2(8)-4(-5) 17(6)+2(3)-4(-1)
I{]{J]—Q{?}-—ﬁ[]l] HO(-2)—9(8)+6(-3) |ﬂ{ﬁ}—@{3]+ﬁ{—|}

_ H4)+0(7)=8(11) 1{-2)+0(8)-8(-5) 1(6)+0(3)-8(-1)

BA =

[ 38 2112
=| 43 -122 27
-84 38 14

0 -3 6! 4
9 —zi—|
3 1 --25-3
0 3 -11
SOLUTION:

There are no leading 1s. The matrix is not in row-echelon form.
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I 0 -2 3 0!-24
57.10 1 =2 2 01 -7
00 0 0 1 4

SOLUTION:
There is a zero below each of the leading ones in each row. The matrix is in row-echelon form.

58. TRACK AND FIELD A shot put must land in a 40° sector. The vertex of the sector is at the origin, and one side
lies along the x-axis. If an athlete puts the shot at a point with coordinates (18, 17), did the shot land in the required
region? Explain your reasoning.

Wy

SOLUTION:

Sample answer: No; with this point on the terminal side of the throwing angle #, the measure of @ is found by solving

1 17

17 - —_ .
tan 6 = ™ Thus 6 = tan 2 or about 43.4°, which is greater than the 40° requirement. In the graph shown

below, it is clear that the plotted boint of (17, 18) falls outside of the 40° line.

¥ 17.18)
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59. STARS Some stars appear bright only because they are very close to us. Absolute magnitude M is a measure of
how bright a star would appear if it were 10 parsecs, or about 32 light years, away from Earth. A lower magnitude
indicates a brighter star. Absolute magnitude is given by M =m+ 5 — 51log d, where d is the star’s distance from
Earth measured in parsecs and m is its apparent magnitude.

Apparent | Distance

Star Magnitude | (parsecs)
Sirius - 164
Vega 003 776

a. Sirius and Vega are two of the brightest stars. Which star appears brighter?

b. Find the absolute magnitudes of Sirius and Vega.

¢. Which star is actually brighter? That is, which has a lower absolute magnitude?
SOLUTION:

a. The apparent magnitude of Sirius is less than that of VVega, so Sirius must appear brighter.
b.

Sirius:

M=m+5-5logd

M =-1.44+5-5log2.64

M o=1.45

Vega:
M=m+35=3logd

M=00345-5log7.76
M =058

c. 1.45>0.58, so Vega has a lower absolute magnitude and is actually brighter.
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60. SAT/ACT Point C is the center of the circle on the figure below. The shaded region has an area of 3= square
centimeters. What is the perimeter of the shaded region in centimeters?

A2n+6
B2z +9
C2n+12
D3n+6
E3n+12

SOLUTION:

The shaded region is one-third of the entire circle. Solve for the radius.
|

In=—nr"
3
O=p°

=7
The perimeter of the circle is the circumference. The arc of the shaded region represents one-third of the
circumference of the entire circle.

C=2nr
= 2n(3)
=07
I;{' = E{ﬁ:ﬂ
l1 :'
=2n

Including the 2 radii, the perimeter of the shaded region is 2z + 6. The correct choice is A.
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61. In March, Claudia bought 2 standard and 2 premium ring tones from her cell phone provider for $8.96. In May, she
paid $9.46 for 1 standard and 3 premium ring tones. What are the prices for standard and premium ring tones?
F $1.99, $2.49
G $2.29, $2.79
H $1.99, $2.79
J $2.49, $2.99

SOLUTION:
Let s = standard and letp = premium.
25+2p =896
s+ 3p =946
s=946-3p
A946-3p)+2p =896
1892 -6p+2p=890
._4;, — G 0§
p=2.49
s =946 3(2.49)
5=946—-747
§=1.99
The correct choice is F.

62. REVIEW Each year, the students at Capital High School vote to choose the theme of that year’s homecoming
dance. The theme “A Night Under the Stars” received 225 votes, and “The Time of My Life” received 480 votes. If
40% of girls voted for the star theme, 75% of boys voted for the life theme and all of the students voted, how many
girls and boys are there at Capital High School?

A 854 boys and 176 girls
B 705 boys and 325 girls
C 395 boys and 310 girls
D 380 boys and 325 girls

SOLUTION:
There were 225 + 480 = 705 votes, so there are 705 students, and b + g = 705. If 75% of the boys voted for the life
theme, then 25% of the boys voted for the star theme. Therefore, 0.4g + 0.25b = 225.
Solve the system.
g=T05-h

O4705-6)+025H=225
282045 +025h=225
~0.15b = 57
b =380
& =705 - 380
g=325
The correct choice is D.
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63. REVIEW What is the solution of the following system?

4 -
Ix—:1'+ 2 p=—§
8 it 6
i1+|—_1'—l—:——|2
a
it i } = 2 z==25
& 8 12
F (4,6, 3)
G (-8,12,6)
H (16, 24, 12)
J no solution
SOLUTION:
4 .
I—.r— S y+2z=—§
8 it 6
Sprty-Ltoai
4 3
2y -J-_r 7 g==25
] 8 12
Write the equations in the form AX = B
[1 2 5
{‘E 3 ] ’V_'l.'_ -8
3 2 Ay )|E
4 6 3 { -
& 5 a|Es
16 8 12

Use a calculator to find A+

[A]l-1"*Frac
[[EExEES 2627,
-188-283 662,
[144f263 2774,

FindA 1B
[[B2-283 Z2EZ2S .
[ 183283 662,
[144-283 27~4..
Ans#* [B]
[ éé]

A

Lo Dome Lo |

2
1

The correct choice is H.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

Write each system of equations in triangular form using Gaussian elimination. Then solve the system.
2x—-y=13

2x+y=23

SOLUTION:
Align the variables on the left side of the equal sign.

2x=y=13

2x+y=23

Eliminate the x-term from the 2™ equation. Multiply the " equation by —1.

(-I2x+1v=23) = -2x—-y=-23
Add the equations together.
2x-y=13
—2x—-v=-23
“2y=-10
p=3

Replace the 2" equation withy = 5.

2x=y=13
y=>2
The system is now in triangular form. Substitute fory and solve for x.
2x-y=13
2x=-5=13
2Zx=18
=0

The solution is(9.5).

x+yv+z=6
2. 2x—y-—z=-3

Ix—Sy+7-=14

SOLUTION:

The variables are aligned on the left side of the equal sign.
X+y+z=0

Eliminate the x-term from the 2" equation. Multiply the 1% equation by —2.

(-2} x+y+z=0) = =2x-2y-2:=-12
Add the equations together.
—2x-2y-2z =-12
(+)2x—y—z =-3
—3p—3z =—I5
The new set of equations is:
Y+v+z=6
~Jy—-3c=-13
Ix—5y+7z=14
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

Eliminate the x-term from the 3" equation. Multiply the 1°¢ equation by 3.

(=3Nx+rv+z=06) = —3x-3v—-3:=-18§
Add the equations together.
—3x-3y-3z=-18
{(+)3x—3v+T7==14
-Brv+d-=—4
The new set of equations is:
X+y+z=6

—3y—3z=-15

By +4z=-4

Eliminate the y-term from the 3" equation. Multiply the 2nd equation by —8 and the 3rd equation by 3.

(-8N-3y-3z=-13) = 24y+24z=120
(3-8y+4z=-4) = ~24y+12z2=-12
Add the equations together.

24y +24z=120
(+)-24y+12z=-]2

36z =108
==3
Replace the 3™ equation withz = 3.
X+ ¥+:2=0
3y=3z==135

=2

The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.

—3y—3z=-15
=3y=-33)=-15
~3y-9=—13
-3y=-6
y=2

X+yv+z=0
X+243=6
x+5=6
x=]

The solution is{1.2.3) .
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

Solve each system of equations.

Jx+3y=-3
T 6x—-5y=28
SOLUTION:
Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix.
3 3 -8
16 -5128]
Apply elementary row operations to obtain reduced row-echelon form.
3 3-8
6 -5128
3 3 |-8

3 3;-8
|
10 1]—4 | fuxtclh
3 0] 4 LB
10 1] -4
I [
1ol 3 |enes
Lis
014

i1

.. (4
The solution is 3 41,

~x+8y-2-=-37
4. 2x+5y-1lz=-7
dx-Ty+06z=4
SOLUTION:
Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix.
-1 8 -=21-37
2 5 -1 -7

4 =7 6 | 4
Apply elementary row operations to obtain reduced row-echelon form.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

-1 8 -2 1-37]

2 5 -7

|4 =T 6 4]

-1 8 =2 |-37]

0 21 15 -8 |« B2h
(4 -7 6 | 4

-1 8 21 -37

0 7 5127 |
0 25 -2 <144 | Ruoit

-1 8 -2 37

0 175 -1251 675 |2
0 175 —14 [ -1008 | "
-37]

2

|
i
25y =27 | FiEE
I
11

333 | Mot

8

7

0
-1 8§ -21-37]

T =§i27

0 ]i_3 ft+11)
-1 & -21-37]
0 7 0142+
(0 0 1| -3
(-1 8 -21-37]

I 01 -6 |«
(00 1§ -3
(-1 8 0)-43]f0—
0 1 016
(00 1) -3
=1 0 0] 572
0 1 0i-6
0 0 1-3
10 0! -5]«—"—
01 0i-6
0o 1;-3

The solution is (=5, —6, —3).

—2x+2yp+z=35
5. 3x-2y42z=7

Sx—y+dz=8
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

SOLUTION:
Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix.

[-2 2 1!5]
3. -2 247
s =1 ul
Apply elementary row operations to obtain reduced row-echelon form.
2 2 115
3 -2 217
|5 -1 4 i 8
= IR U
0 2 7 E 19 i+ 31
5 -1 4i 8
22 115]
02 702
| 0 8 1341 2t
22 115
02 7129
|0 & =15 | 75 | Mumity
[2 2 115
0 2 7129
L e L
2 2 115
0 2 0162
10 0 1]5]
[-2 2 115]
0 1 01-3|eSti_
10 0 1] 5]
[2 2 0] 0]t
0 1 01-3
L0 0 15|
=2 0 0! 6 Jetiz2i
0 1 0:-3
|0 0 1]5)
[1 0 0] 3]t
01 0 : .
0 0 15|

The solution is (=3, =3, 5).
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

x—3yv+8z=7
6. 8x+3y+122=-9
Sx—dy-3-=9
SOLUTION:

Each of the variables of the system is represented in each equation and aligned. Write the augmented matrix. Apply

elementary row operations to obtain reduced row-echelon form.

-5 8177
-8 3 12:1-9
15 <4 =319
[t -5 8!7]
0 =37 76147 |0
15 4 -3,9]

| -5 g I 7
0 -777 1596 5 087 |
0 777 —1591 ;962 [ F&

[T -5 817]

0 -37 76147 |2
10 0 5 25| Rty
-5 817]

0 -37 76147

0 0 15 |t
[1 -5 8! 7

0 =37 0)-333 |0
0 0 1) 5
=5 817]

0 1 0190
0 0 1,5

[1 0 8!52] a2t
01 019

00 1]5]

o o0l12]e"5—
01 019

00 1,5

'i'he solution is (12, 9, 5).
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

7. PET CARE Amelia purchased 25 total pounds of dog food, bird seed, and cat food for $100. She purchased 10
pounds more dog food than bird seed. The cost per pound of each type of food is shown.

—_—
00

F(

I 2
' A
£4.00% £7.004h £31.001h
a. Write a set of linear equations for this situation.
b. Determine the number of pounds of each type of food Amelia purchased.

SOLUTION:

a. Let d equal the number of pounds of dog food, b equal the number of pounds of bird seed, and ¢ equal the number
of pounds of cat food.
Use the total number of pounds to make the first equation: b + ¢ + d = 25. Use the comparison of bird seed to dog
food for the second equation: d = b + 10.
Use the total cost for the third equation: 4d + 3c + 7b = 100.
Align the variables in the equations.
heo+d=25

h4+le—-d==10
Th+3c+4d =100
b. Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

1 L 11 25
10 —1i-10
17 3 4,100
[1 1 11 23
0 1 21 35|80
7 3 4100
(1 1 1! 25
0 1 2 35}
0 -4 -3)-75 200
[1 1 1125]
0 1 2135
0 0 5652
11 1125
0 1 2135
10 0 1]13)e2
(1 1 1125]
0 1 01 9=
00 1713
11 02t
0109
00 1;13]
(1 0 0! 3R
0 10109
0 0 1713

IS pounds of dog food, 9 pounds of cat food, and 3 pounds of bird seed
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

8. MULTIPLE CHOICE Which of the following is non-singular?

2 3 -5 4

00 00
A .

I 6 -3 0

14 4 3 4
[1 2 3 4

012 3
B

00 1 2
000 1
[3 2 1 4

20 05
C

20 0 5

15 1 -7 8]

[ 3 10

06 2 0
D

4 3 -1 5

L7 7 3 9]
SOLUTION:

When a square matrix has a nonzero determinant, then the matrix is non-singular. Use a calculator to find the
determinant of each matrix.

detC[A1>
detC[BI >

The determinant of B is 1, so the correct choice is B.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

Find AB and BA, if possible.

1 -3

9.A=|-2 3
L0 4
SOLUTION:
[ 1 -3
A=|-2 5
0 -4

4 I 1 0 1]
1:;B=/1 0 1 1
-6 | m1-10
4] 1 0 1]
1:B=(1 0 1 1
6 1 1 -1 0

A s a3 x 3 matrix and B is a 3 x 4 matrix. Because the number of columns of A is equal to the number of rows of

B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

AB =

(1) =3(1) £ 4(1)
S2(1)+5(1)+1(1) =2(1)+5(0)+1(1) =2(0)+5(1)+1(=1) =2(1)+5(1)+1(0)
0(1)—4(1)-6(1)

H(1)=3(0)+4(1)  1(0)=3(1)+4(=1) 1(1)=3(1)=4(0)

0(1)—4(0)—6(1)  0(0)=4(1)-6(-1) 0(1)—4(1)-6(0)

1-3+4 1=0+4 0—3-4 1-34D

=| 24541 24041 0+5-1 —2+5+0
0-4-6 0-0-6 0-4+6 0-4-0
-' 2 -7 =2

=| 4 4 3

|1-10 6 2 -4

Because the number of columns of B is not equal to the number of rows of A, BA is undefined.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

3 2 -3 4]

10.A=|8:B='1 1 0

9 |5 -8 2|
SOLUTION:

[2 -3 4]

A=|8:B=/1 1 0

9 5 -8 2

Ais a3 x | matrix and B is a 3 x 3 matrix. Because the number of columns of A is not equal to the number of rows
of B, AB is undefined.

B is a3 x 3 matrix and A is a 3 X 1 matrix. Because the number of columns of B is equal to the number of rows of
A, BA exists.

To find the first entry of BA, find the sum of the products of the entries in row 1 of B and column 1 of A. Follow the
same procedure for row 2 column 1 of BA and the remaining entries.

2(3)-3(8)+4(9)
BA=| 1(3)+1(8)+0(9)
5(3)-8(8)+2(9)

[6-24+36
34840
15—64+18

e

= 11

-3

Find the determinant of each matrix. Then find the inverse of the matrix, if it exists.
g g
11. | ° |

I =2

SOLUTION:
Find the determinant.
i b
P

det(A) = |A| = ‘ ”,‘=ad—bc

k
b

=-fH+8

=7

Because the determinant is not 0, the matrix is invertible. Find the inverse matrix.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

|

A | d =b
det{ )| —¢ @
_|:‘-2 -3
211 3
-1 -4
=1 3
2 2
. -1 -1
ConfirmthatAA " =A "A=1.
, [3 8 s
4" = | =2 l E
- . 72
_3{—|}+H i 3{—4]+8|{§V
| 2 L:;I
I _ 3
"{'”'2[5] -r[-4}-:[-2-J
_'--34.4 12412
L1-1 4-3
_'| 0
o
Haed -l Ay g
47 A= ]_ E 1 -2
|2 2
[ 1(3)-4(-1) —1(B)—4(-2)
=1 . 3 I 3
_E[J}-E{—” E{E}+E{—3}
(-3+4 —8+8]
e was
z 3 |
[roo
1o
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

12.

[9 -5
|-7 -4
SOLUTION:
Find the determinant.
I b
det(A)=|A|=l: ‘:ad—bc
L -l!l'I
0 _5

= —9(—4) — (-7)(-5
I e R

=36-35
=]

Because the determinant is not 0, the matrix is invertible. Find the inverse matrix.

w | d b
T det(A)| ¢ a |

[-4 5

L7 =
Confirm thatAA 2 =A™A =1.

e -51[—4 51
Ad™" =

-7 4|7 -9

94} (-5)(7) -9(5)+(-5)(-9)
ST EDT) T(5)+H(A(-9)
[36-35 —45+45
| 28-28 -35+36
L u'i

. -4 5“-9 -5
A A=
7 9||l-7 4]

| M 5T A5+ 54
L9+ (9N-T) n—sm—@}t—daJ
36-35  20-20 |
63 +63 35436

_'|n
0 1

eSolutions Manual - Powered by Cognero

Page 13



Mid-Chapter Quiz: Lessons 6-1 through 6-3

SOLUTION:
Find the determinant.

det(A) = Al = l

-

|—< 3

1 =5

ol b
‘= ad —bc
L -l!l'I

=—4(-5)-7(3)

=20-2]

==]
Because the determinant is not 0, the matrix is invertible. Find the inverse matrix.

g1 | \‘ﬂ’ ~h
det(A)| -c a |
[-5 -3
5 3
:[? 4
Confirm thatAA *=A""A =1,
.-1.4‘:__4 31{5 31
7 5|7 4
[ HA5)+3)(T) —4(3)+(3)(4)
T(3)+(=5)(7) 7’{3]+l—5}{4}‘

~20+21 =12+12]
| 35-35 21-20 |

_'| 0]
1o i_l

.. [5 3[4 3}
A A= )
7 4”? -5 |

S +HT) HH+I-D
| T(—4)+4T) ?{3;+4{—5}]
=20+21 15-15
T|-28+28 2t—2ﬂ|

_'| 0
1o 1

Ly

14.1° m}
_4 )
SOLUTION:

Find the determinant.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

h
det(A)=|A|=JH ‘:ad—bc
L -tli
5 =10
LS SORED
— 30440
=10

Because the determinant is not 0, the matrix is invertible. Find the inverse matrix.

- d b
det( A} —¢ @

_1[-6 10
T

1 1

ConfirmthatAA “=A "A=1.

AA™' =

-5[—§]+1—1m[—3~ﬁ: 5{l1+f—'“1[%]

3
4[—?“—{:} —;] 4{|}+n—m[]—']
L5 . 8 2

&

e
=_—
Il
||__J U'lr"' L || s
| Sr— |
L
|
=

| —

) —2C10+1-6)

L

(5)+2(4) -2(-10)+1(-6)
2 5 2 i

-6
4-3

L T ]

+ 4
| BN RR =

I
- o
| |

0
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

15. NURSING Troy is an Emergency Room nurse. He earns $24 per hour during regular shifts and $30 per hour when

working overtime. The table shows the hours Troy worked during the past three weeks.

Regular | Overtime
Week mﬁ Hours
1 35 7
2 18 (1]
3 40 §

a. Use matrices to determine how much Troy earned during each week.

b. During week 4, Troy worked four times more regular hours than overtime hours. Determine the number of hours

he worked if he earned $1008.

SOLUTION:

Multiply a 3 x 2 matrix (hours) by a 2 x 1 matrix (rate).

(35 7
0

&

b. Let x = the number of overtime hours.
24(4x) + 30x = 1008
24(4x)+ 30x = 1008

Oy < 30x = 1008
126x = 1008
=8

eSolutions Manual - Powered by Cognero

vy

[ 35(24) + 7(30)
= 38(24) + 0(30)
L 40(24) +9(30)
"1050

912
11230

Week 1 = $1050, Week 2 = $912, Week 3 = $1230
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

Use an inverse matrix to solve each system of equations, if possible.

16. 2x—y==6
3x+2y=37
SOLUTION:

Write the system in matrix form AX = B.

[2 =1][x] [6
3 2||»] |37

Use the formula for the inverse of a 2 x 2 matrix to find A_l.

ol o I o —hJ
det(A)| ¢ a

l d —h

X cael .ﬁc[—c' a

! S|
i :{3}-1—1}{31[-3 1]

_1(2 |W
7(-3 2
[2 1
|17 7
3 2
S
MultipIyA_1 by B to solve the system.
2 1
A'B= 7 79
3 237
T
2 1
i Efﬁ}+?[37]‘
3 2
_ -5{6] : ?f_ﬁ”l
I2. 33
177
| 18 74
S
49
nEl
56
| 7.
N &
i E}

The solution is (7,8)

eSolutions Manual - Powered by Cognero
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

2x+v+z=19
17. 3x—2y+3=z=2

dx—6r+5z=-26

SOLUTION:
Write the system in matrix form AX = B.
2 1 1)[x] [19]
I =2 3:lxl=] 2
14 -6 5||=z] |-26]

Use a graphing calculator to find A! Enter the values for the matrix A. Enter [A]fl. Select —» Fruc to get the

values in reduced fraction form.

[Al-1¥Frac
[[QHS -11-3 ﬁ.

{ =1 2
[-18-3 1673 -

Led | B2

tad | L

-

2 =1

3
1016 7
¥

- =

]

o s}
% 3

MultipIyA_1 by B to solve the system.

eSolutions Manual - Powered by Cognero
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

g 1 5

: 3 3|19
A'B=| =1 2 -=1[]| 2

0 16 7||-26

"3 3 3y

8 1 5 '

E("*‘}'—'E—{EITE{”E{*}

=119+ 2(2) = 1(-26)

-

—gnghgi:}—g;—:m
2 2 2 |

=

3 3 3

= =19+ 4426
190 32 182

—_——t—+

-

J -

=

The solultio'n is (0, 11, 8).

Page 19
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

18. MULTIPLE CHOICE Which of the augmented matrices represents the solutions of the system of equations?
x+y=I13

2x=3y=-"9

| 0

i
5

Mo 1

SOLUTION:

The first two options, F and G, are doubly augmented matrices and cannot represent the solution to the system. One
method of checking the other two choices is to plug the values back into the original equations.

Choice H:
x+y=13
2x=3y==9
6+7=13
13=13
A -3T)=-9
12-21=-95
) =0

The correct choice is H.

Use Cramer's Rule to find the solution of each system of linear equations, if a unique solution exists.

19. 2x=y==0
dx-2y=12
SOLUTION:

2 -]
The coefficient matrix isA = i 5l Calculate the determinant of A.

I b
det(A)=|A|=" ‘zad—bc
c
“ == -4-1
4 o= AD -
=-444

=0
Because the determinant of A is 0, you cannot apply Cramer’s Rule; therefore, no unique solution exists.
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

Ix—y—=z=13
20. 3x-2y+3z=16
—-x+dy—8z=-9

SOLUTION:
The coefficient matrixisA = 3 -2 3 |. Remember to align the terms, using Os if needed. Calculate the

determinant of A.
la b ¢

det(A) =|A| = d ¢ fl=al. ',l-h
e i
il

Trd lad
|

(]

fad

= 3[-2(-8) - 4(3)] + 1[3(-8)— (~ 1] - 1[ 3(4) ~ (-1)(-2) ]

=316-12)+ =24 +3)-1{12-2)

=12-21-10

=-19
Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.

4

L

=

gl
13 -1~
6 -2 3
9 4 -8
-9
52 3|+I|n 3|_]‘1a -2
4 -8 |9 -§ |9 4
- 19
13[-2(-8) - 4(3)] + 1[16(-8) — (-9)3)] - 1[16(4) - (-9)-2)]
ik T L
52-101-46
T
— 95
19
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Mid-Chapter Quiz: Lessons 6-1 through 6-3

||
v

3003 -

iol6 3

1 -9 -8

T

3”’ 3_”3 3_|3 lﬁl
Tl -8 -1 - -1 -9
a -19

_3[16(-8)~ (~9)3)] - 13[3(-8) - (- 1%3)] - 1[3(-9) - (- 1)(16)]

=128 +27)=13(=24+3)- (=27 + 16)

-19

-19

3034273411
B 19
_-19
T
=]

||

3 -1 13

3 =2 16

14 -9
T

Rl 15 | 'j;|+|3
e -9

3
=1

—_—

-

-9

_3[-2(-9)-406)] + 1[3¢-9) - (- 1)(16)] + 13[3(4) ~ (= 1)-2)]

—138-11+130
-19

19
=T
=1

The solutionis (5, 1, 1).

eSolutions Manual - Powered by Cognero
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6-4 Partial Fractions

Find the partial fraction decomposition of each rational expression.
X+l
X +5x+6

SOLUTION:
Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.
x+1 A B

- — +
X +5x+6 x+3 x+2
Multiply each side by the LCD, x* + 5x + 6.
t+l=Alx+2)+ B+ 1)
Group the like terms.
x+l=A{x+2)+ B(x+3)
Xx+l=dAx+24+ Bx+38
Ydl=dy+ Bra+ 24438
x+l={d+Bx+24+38
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

1.

side.
A+ B=1
24+36=]
Use any method to solve the new system.
A+ B =1
A=1-8
2A+38=]

01-B)y+3B8=1
2-28+38=1
2+ 8=
B=-1
A=1-(-1)
A=2
Replace A and B with 2 and —1 in the partial fraction decomposition.

x+1 A 5]
= . = -+
v+5x+6 x+3 x+2

x+1 2 ~1

— =——+-
F4+53x4+06 x+3 x+42
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6-4 Partial Fractions

=18
x=13x+42

SOLUTION:

2.

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
=138 A N i}

=13x+42 x-6 x-7

Multiply each side by the LCD, x> — 13x + 42.

x=18=A(x=T7)+ B(x—6)
Group the like terms.
r=18=A(x=T)+ B(x—10)

Y=18=dx=T4A+ 8x=068
x=18=dx+Bx-T74-68
r=18=({Ad+Blx-TA-68

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ B=|
—T74-66=-18
Use any method to solve the new system.
A+ B=1
A=1-8B
~74-6B=-18

-7l -B)-68=—18
—7+7B-68=-13

T+ B==18
ff=-11
A=1-(=11)
A=12

Replace A and B with 12 and —11 in the partial fraction decomposition.

r—14a N i
".' —13x+42 x-6 ' :1'—?

y—18 12 -11
Sl %6 AT

eSolutions Manual - Powered by Cognero
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6-4 Partial Fractions

x+13

XTI 412

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
x+13 A IH
C+Tx+12 x+3 x+4
Multiply each side by the LCD, x° + 7x + 12.
x+13=Adlx+ )+ Bx+3)
Group the like terms.
x+13=dA{x+4)+ B(x+3)
x+13=Ax+4d44+ Bx+38
r+13=dx+ B+ 44438
A+ 13=(Ad+ Bix+44+38

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ B=]
44+36=13

Use any method to solve the new system.
A+ B=1

A=1-B

44+38=13

A1 -By+3B=13

4-48+38=13

4—-8=13

B=-9
A=1-(-9)

A=10

Replace A and B with 10 and —9 in the partial fraction decomposition.

x+13 A B
P2+Tx+12 x+3 x+4

x+13 10 -9

-~

¥ +Tr+12 x+3 x+4

eSolutions Manual - Powered by Cognero
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6-4 Partial Fractions

x+12

4, ——
x"+14x+ 48

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.

x+12 A i3
¥ +14x+48 x+6 x+8
Multiply each side by the LCD, x? + 14x + 48.
A+ 12=Hx+8)+ Blx+6)
Group the like terms.
r+12=Ad(x+8)+ Blx+6)
x+12=Ax+84+ Bx+68
2+ 12=Ax+Bx+ 34+ 68
x+12={4+ Bx+BA+6H
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+B=1
BA+68=12
Use any method to solve the new system.
A+ B=1
A=1-8
BA+068=12
Bl-M+6bB=12
8-88+68=12
8-2B=12
2B=-4
f=-2

A=1-{(-2)
A=3

Replace A and B with 3 and —2 in the partial fraction decomposition.

x+12 A4 B
Xt +14x+48 x+6 x+8
x+12 3 -2

4145148 %+6 x+8
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6-4 Partial Fractions

xeh
¥ —10x =45

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
x+h A I

5 — = = -
2x" =19x =45 =2x-9 x4+3

Multiply each side by the LCD, — 2x° —19x — 45.

x+6=Ax+3+B-2x-9)
Group the like terms.

x4+ 6= AMx+3+ B(-2x-9)
X+0=Axr+54-28x-98
X+0=Ay=28x+54-98
x+bh=({4-2B)x+54-98

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A-28=]
5A-9R =0

Use any method to solve the new system.
A-28=1

A=1+28
SA-98=06
Sl+28-98=6
S5+10R-98=6
i+ b=6
A=l
A=1+2(1)
A=3

Replace A and B with 3 and 1 in the partial fraction decomposition.

x+6 4 B
2y —19x—45 C _2x—9 Y+ 5
r+6 3 |

> = -+
=2y =19x-45 =2x-9 x+35

eSolutions Manual - Powered by Cognero
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6-4 Partial Fractions

x+7

2x" +15x + 28

SOLUTION:

6.

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
x+7 A B
2 +15x+28 2x+7 x+4
Multiply each side by the LCD, 2x> + 15x + 28.
x+T7=AMx+H+B2x+T)
Group the like terms.
x+T=Ax+4)+ B(2x+T)
x+T=Ax+44+28x+7T8
1+ T=Ax+28x+44+78
x4 T={A+2B)x+44+78H

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+2B=1
44+78=7
Use any method to solve the new system.
A+28h =
A=1-28
44+78=17
A1-2B)+78B=7
4-8B+78B=7
4-B=7
B=-3
A=1-2(-3)
A=7
Replace A and B with 7 and —3 in the partial fraction decomposition.
x+7 4 B
207 + 5y +28 2x+7 . x+4
x+7 7 -3

2" +15x+28 2x+7 x+4

eSolutions Manual - Powered by Cognero
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6-4 Partial Fractions

Find the partial fraction decomposition of each improper rational expression.
I +x—4

x =2y

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
3

R l'rl:!.'i.r +x—4
(-] 1_31': - 6x)
Tx—4

. ... 1x-4

Therefore, the proper rational expression is.3 +—

¥ =2x
Now we can rewrite the remaining expression as partial fractions with constant numerators, A, and B, and
denominators that are the linear factors of the original denominator.

Tx=-4 A i

e

¥ -2¢ x x-2
Multiply each side by the LCD, X2 = 2x.

Tx—d4=A(x-2)+ B(x)
Group like terms.

Tx=4=A(x-2)+ B{x)

Tx=4=dx=24+8Bx

Tx=d=dx+ Bx-24

Tx—-d={A+Bx-24
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
ide.
S!d f B=T7

-24=—4
Use any method to solve the new system.

-24=-4

A=2

A+ B=7

2+8=7

B=3

Replace A, and B with 2, and 5 in the partial fraction decomposition.

Tx=4 A B

e

xrr=2xr x x-2

2 5
The partial fraction decomposition of the improper rational expression is 3 + —+
X

c=2"
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6-4 Partial Fractions

g -5x* =30x-21

x+7x

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.

-3

g ?_1-;:-.-'-.1--' —30x =121

(=} (=5x> - 35x)

21

Sx-2
5x =21

x*+7x

Now we can rewrite the remaining expression as partial fractions with constant numerators, A, and B, and
denominators that are the linear factors of the original denominator.

sx-21_ A4 _ B

+Tx x x+47
Multiply each side by the LCD, X2+ 7X.
Sx=21=A(x+7)+ Bix)
Group like terms.
Sx=2l=A(x+7)+ B(x)
Sx=2l=Ax+T7Ad+ 8Bx
Sx=2l=Ax+8Bx+74
Sx=2l=(A+Bx+T4
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
ide.
A

T4=-21
Use any method to solve the new system.
TA=-2]
A=-3

A+ B=5

-3+ 8=3
B=3

Replace A, and B with —3, and 8 in the partial fraction decomposition.
5x~21 4 B

Therefore, the proper rational expression is—3 +

4Ty ¥ x47
Sx-21 =3 1

C4+Tx ox x+7
. . . . . .. .. =3 8
The partial fraction decomposition of the improper rational expression is =3+ —+ FrEt
X X
D 4 dx® + 22232

v 4+ 2y -8y

SOLUTION:

9.
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6-4 Partial Fractions

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.

X+ 2xt —H.\.'JI—EJ: +dx +22x-32

(=)(=2x" —4x% +16x)

8 +0x =32

. L B +6x-32
Therefore, the proper rational expression is -2 + FaE ke
X+ IX X

Now we can rewrite the remaining expression as partial fractions with constant numerators, A, B, and C, and
denominators that are the linear factors of the original denominator.

B’ +6x-32 A i C

[ p—

P2 -8x x x-2 x+4
Multiply each side by the LCD, x° + 2x° — 8x.
B+ —-32=Ax-20x+ D+ BlaoHx+)+C(xWx =2
Group like terms.
8" +6x-32= Alx=20x+ D+ Blax+DH+C(xdx - 2)
8x  +6x—-32= .-I{.r'- +2x=8)+ B(x" +4x)+C(x* =210
8x° +6x—32=Ax’ +24x -84+ B +4Bx +Cx* —2Cx
81" +6x—32=Ax" + Bx" +Cx" +2A4x +4Bx - 2Cx -84
Bx" +6x-32=(A+ B+ +(24+48-2C)x -84

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ B+ =8
2444B-2C=6
~8A=-32
Use any method to solve the new system.
~84=-32
A=4
4+ B4+C =8
B+ =4
2(4)+4B-2C=6
B+48-200=6
4B-20C==2

We now have a system of two equations and two variables.
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6-4 Partial Fractions

B+ =4
B=-C+4

420 =2
H—LC+4)-2C=-2
—AC+16-2C=-2

Replace A, B, and C with 4, 1, and 3 in the partial fraction decomposition.

—6C=-18
C=3
B=—(3)+4
B=1

By +6x-32 4 B c

=—+

CHE2 -8B x x-2 x+4
By’ +6x-32 4 1 3
—_— =4 e

X 4+2y-8y x x-2 x+4

The partial fraction decomposition of the improper rational expression is —2 +—+
X

eSolutions Manual - Powered by Cognero
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6-4 Partial Fractions

2 2 1 By —6
¥ =2y
SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
3T =3

v =23l =2 =2+ By =6

10.

(=} (x* -2x°)
22 +8x -6
(=) (=2x" + 4x)
dx -6
Therefore, the proper rational expression is x* —2 + j‘ _,b{ll :

Now we can rewrite the remaining expression as partial fractions with constant numerators, A and B, and
denominators that are the linear factors of the original denominator.

dx=0 A I
: =—+
=2r x x-2
Multiply each side by the LCD, X% — 2x.
dy—6=Alx-2)+ Blx)
Group like terms.
dx—6=Alx-2)+ B(x)
dx—6=A(x-2)+ B(x)
dx—-6=Ax—24+Bx
dx—6=Adx+ Bx-24
dy—6=({A+ Mx-24
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.
A+ B=4
-24=-6
Use any method to solve the new system.
-24=-6
A=3
A+B=4
3+ B=4
=]
Replace A and B with 3 and 1 in the partial fraction decomposition.
dr=06 A B
: =—+
x*=2r x x=2
dr=6 3 I

x*=2x x x-2
. . .. . . NN NN I
The partial fraction decomposition of the improper rational expression is v* 2+ —+——.
X ki
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6-4 Partial Fractions

11, X+ Illx' + 33{ +2
r+8rv+135
SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
Jx+4

: T
48415y +12x +33x+ 2
i

(=1(x" + 8 +15x)

4x* +18x +2
(=) t_-i.‘r" +32x + (ﬂ:}}
—14x-58
Therefore, the proper rational expression isx + 4 + % .

Now we can rewrite the remaining expression as partial fractions with constant numerators, A, and B, and
denominators that are the linear factors of the original denominator.
=14x—58 A B

" +8x+15 x+43 x+5
Multiply each side by the LCD, X2+ 8x + 15,
—ldy=538=Ax+3)+ B(x+3)
Group like terms.
ldx=538=d(x+3)+ Bx+3)
-14x=538=dAx+54+ Bx+38
=14y =58=dx+ Brx+ 54438
ldx-58=(Ad+ Bix+354+38
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+B=-14
5A+3B=-58
Use any method to solve the new system.

A+ B=—-14
A=-B-14
S5A+38=-58

S(-8-14)+38=-58
—58-T70+38=-38
—2EB=12
B=-6
A+(-6)=-14
A=-8
Replace A, and B with —8 and —6 in the partial fraction decomposition.
-14x-58 A i1

4+ Brx+15 x43 x+5
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6-4 Partial Fractions

12.

=14y =58 -8 =

x+8x+15 x+3 x+5
8 -6

The partial fraction decomposition of the improper rational expression is x + 4 + —— -
A+ X

¥ —0xt +24x" —4x-12

x —6x" +8r

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
x=3

X — 630 + ﬂ_r}x' _Ox + 24%° —dx—12

—iix' —6x' +8+%)
-3x + 163" —4x
(=) (=32 +185° = 24)

2%" +20x-12
~2x* +20x-12

¥ -6x" +8x
Now we can rewrite the remaining expression as partial fractions with constant numerators, A, B, and C, and
denominators that are the linear factors of the original denominator.

2 4+20x-12 4 B (&

. : =—h ¥
X =6x" +38x x x=2 x-4

Multiply each side by the LCD, x> +5X + 6.
24 205 -12= Ax—Yx— D+ BxWx - +C(x)x-2)
Group like terms.

24205 -12= Mx-Dx - D+ BxNx -+ Clxlx-2)

Therefore, the proper rational expression isx —3 +

247+ 205 -12= A(x" —6x+8)+ B(x* —4x) +C(x* —2x)
2420512 = A" —6Ax+8A+ B — 4By + O = 20x
200 4205 —12=Ax" + By 4+ O —6Ax—4Bx —2Cx + 84
2x° +20x =12 =(A+ B+ C)x* +(—64 -4B-2C)x+84
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.

A+B+C=-2
64-4B-20C=20
§4=—-12

Use any method to solve the new system.
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6-4 Partial Fractions

B ==12

A==1.5
1.5+ B+ ==2

B+ =-05
-6(=1.5)-48-2C"=20
Q-dp=-20=20

=48 =20 =29
We now have a system of two equations and two variables.

B+C=-0.5
B=—C-0.5
AB-2C =29
~4(-C-0.5)-2C=29
4C+2-2C =129
20=27
=133
B=-(13.5)-0.5
B=-14

Replace A, B, and C with —1.5, —14, and 13.5 in the partial fraction decomposition.
I +20x-12 4 R . C

¥-6x+8 » x-2 x-4
274+ 20x=12 =15 =14 135
- , = + -
' =6x" 4+ 8x x x=-2 x-4
. . .. . . . -1.5 =14 135
The partial fraction decomposition of the improper rational expression is x — 3 + e 1
X X =L X
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6-4 Partial Fractions

Find the partial fraction decomposition of each rational expression with repeated factors in the
denominator.

x= =3

13.

T ey
SOLUTION:

The expression is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and
C, and denominators that are the linear factors of the original denominator.
This time, however, we have repeated factors in the denominator.

x3+2x2+x:x(x+1)(x+1)

Because the factor x + 1 has a multiplicity of 2, include partial fractions with denominators of x, x + 1, and (x + 1)2.
x*=3 4 B . C

P2 +xr ox x4+l (x+1)
Multiply each side by the LCD, x(x + 1)°.
=3 = A + B x+ 1D +Cx
Group like terms.

W =3= Alx+1) + Blx)x+ 1)+ Cx

O =3= AT+ 2x+ D)+ By + 1)+ Cx
¥ =3= A +2Av+ A+ B + By +Cx
¥ =3=AcC + B 4+ 24x+ Bx+Cx+ A
M =3=(A+ B +(2A+B+Cix+ A

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ 8=1
24+ B+ =0
A==3
Use any method to solve the new system.
A=-3
-3+ B=1
=4
2A+B+C=0
2A=-N+4+C=10
6+4+C=0
C=2
Replace A, B, and C with —3, 4, and 2 in the partial fraction decomposition.
-3 A B C
VA2 +Ex o x4l (x+1)
vt =3 -3 4 2
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6-4 Partial Fractions

Sx* —18x+24
¥ =4x +4x
SOLUTION:
The expression is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and

C, and denominators that are the linear factors of the original denominator.
This time, however, we have repeated factors in the denominator.

xS — 4x2 + 4x = X(X —2)(x —2)
Because the factor x — 2 has a multiplicity of 2, include partial fractions with denominators of x, x — 2, and (x — 2)2.
5x'-18x+24 A4 B 4

=4 +dx x x=2 (x=2)
Multiply each side by the LCD, x(x — 2)2.
Sx° —18x+24 = A(x-2) + B(x)(x—2)+Cx
Group like terms.
S - 18x+ 24 = A -2V + B -2y + Cx
' =18x+ 24 = A(x" —4x+ 4+ B(x* = 2x)+Cx
2 —18x+24=Ax" —4Ax+44+ Bx* —2Bx+Cx
2 —18x+24=Ax" + Bx* —4Ax-2Bx+ Cx+44
5" =18x+ 24 =(A+B)x” +{-44-2B+Clx+44
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on
the right side.

A+ B=3
44-2B4+C=~18

44=24
Use any method to solve the new system.
44=24

A=6

A+ RB=35

O6+Mf=5

B=—|
—-44-2B+C=-18
—4(6)-H-1+C=-18

14.

Lh  Uh

L

244+2+C=-18
=4
Replace A, B, and C with 6, —1, and 4 in the partial fraction decomposition.
5S¢ -18x+24 4 B 5
P-4 +4x x x-2 (x=2)
Sa’ —18x+24 6 i -1 4

P4 44y ¥ x-2 (x=2)
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6-4 Partial Fractions

15.

eSolutions Manual - Powered by Cognero

—x* =22x=50

' +10x +25x

SOLUTION:

The expression is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and

C, and denominators that are the linear factors of the original denominator.

This time, however, we have repeated factors in the denominator.

x> +10x% + 25x = X(x +5)(x + 5)

Because the factor x + 5 has a multiplicity of 2, include partial fractions with denominators of x, x + 5, and (x + 5)2.
-x*-22x-50 A B C

=—

L0 +25x x x+5 (x+5)
Multiply each side by the LCD, x(x + 5)2.
—x =225 —50= A(x+5F £ B(xNx+5)+Cx
Group like terms.

~x" = 22x~50= A(x+5) + B{x}x+35)+Cx

—x"=22x=50=A(x" +10x+25)+ B{x" + 50+ Cx
= 22x =50 = Ax" + 10Ax+ 2544 Bx" + 5B+ Cx
—xt =22 —50=Ax" + B +10A4x+58Bx +Cx + 254
X =22x=50=(A+B)x" + (104 + 5B+ C)x+254
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on
the right side.
A+ B=-]
104+ 5B+C==22
254==30
Use any method to solve the new system.
254=-50
A=-2
A+B=-]
L, A
B=I
0A+58+(C =-22
-2+ 5(1)+ C=-22
—2W+5+C=-22
C=-7
Replace A, B, and C with —2, 1, and —7 in the partial fraction decomposition.
—x*-22x~50 A B . C

=—t

FHI0x+25x x x+5 (x+5)
=x* = P2x =50 2 1 -7
B i

0 +25r ¥  x+5 (r+5)y
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6-4 Partial Fractions

Sy —Hr+16
x4+ 8x% + 16y

SOLUTION:

The expression is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and
C, and denominators that are the linear factors of the original denominator.

This time, however, we have repeated factors in the denominator.

x> +8x% + 16x = X(x +4)(x + 4)

Because the factor x + 4 has a multiplicity of 2, include partial fractions with denominators of x, x + 4, and (x + 4)2.
53" ~6x+16 A B €

CA8C +16x x x+4 (x+4)7
Multiply each side by the LCD, x(x + 4)2.
S5 —bx+16=Ax+4Y + B{x¥x+4)+Cx
Group like terms.

5xT —bx+16= Alx+ 4}'\ FRxHr+ 4+ COx

16.

—5x" —6x+16=Ax" +8x+16)+ B{x* + 4+ Cx

5% —6x+16= A" +8Ax+ 164+ Bx" +4Bx+Cx

St —bx4+16=Ar" + By + 84Ax 4+ 4By + Cx +164
Sat —bx+16={A+B)x" +(844+4B+C)x+164

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ B==5
BA+4B8+ " ==0
164=16
Use any method to solve the new system.
l6d=16
A=1
A+ B=-5
l+ B=-5
f=-6
BA+4B+C=-0
Bl +H-6)+C=-6
8-244C=-6
=10
Replace A, B, and C with 1, —6, and 10 in the partial fraction decomposition.
-5x -6y +16 A B [
P +8C+16r X x+4 (x+4)
—5x*—6x+16 1 -6 10

=}

CAHBC +16x x x+4 (x+4)
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6-4 Partial Fractions

17x+ 256
=162 + 64dx

SOLUTION:

The expression is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and
C, and denominators that are the linear factors of the original denominator.
This time, however, we have repeated factors in the denominator.

x> — 16x% + 64x = X(x —8)(x — 8)
Because the factor x — 8 has a multiplicity of 2, include partial fractions with denominators of x, x — 8, and (x — 8)2.
17x+ 256 A B . '

17.

=165 +64x x x-8 (x-8)

Multiply each side by the LCD, x(x — 8)2.

1 Ta+256=Alx—8)Y + BlaWx—8)+Cx

Group like terms.

17Tx+256=A(x—8) + B(x)}{x—8)+Cx
17x+256=A[x" =16x+64)+ B(x" —8x)+Cx
1Tx+256=Ax" —16Ax+ 644+ Bx* —8Bx+x
174256 =Ax" + Bx® —164x —8Bx + Cx + 644
1Tx4256=(A+B)x" +(-164-8B+C)x+644

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.

A+ B=0

164=-8B+C=17

644=256
Use any method to solve the new system.
644 =256

A=4
A+8=10
4+B=0
B=-
—16A4A-8B+C =17
—16(4)- (- +C =17
—64+324C=17
C=49
Replace A, B, and C with 4, —4, and 49 in the partial fraction decomposition.
17x+ 256 4 B . c

¥ =165 +64x x x-8 (x-8)

17x+256 _4 -4 = 49
=163 +64x x x-8 (x—8)
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6-4 Partial Fractions

18, _—]{}.1'—_1{}3
X +12x" 4+ 36x
SOLUTION:

The expression is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and
C, and denominators that are the linear factors of the original denominator.
This time, however, we have repeated factors in the denominator.

x> +12x% + 36x = X(x + 6)(x + 6)

Because the factor x + 6 has a multiplicity of 2, include partial fractions with denominators of x, x + 6, and (x + 6)2.
A0y 108 4 B -

o +12% +36x T B r+6 ¥ {(x+6)

Multiply each side by the LCD, x(x + 6)2.

—10x=108 = A(x+6) + B{xHx+6)+Cx

Group like terms.

~10x =108 = A(x + 6) 4 Blxfx+6)+Cx

—10x =108 = A(x" +12x+36)+ B(x" +6x)+x
—10x—108=Ax" +124x + 364+ Bx* +6Bx + Cx
A0x—108=A4x" + B’ +124x + 6Bx + Cx + 364

10x=108=(4+ B)x’ + (124 468+ C)x + 364

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.

A+ B=10

124468+ C==10

364=-108
Use any method to solve the new system.
joAd=—-108

A==3
A+ B=0
3+8=0
B=3
12A+68+C =-10
12(-3)+ 6(3)+ C =—10
—36+18+C=-10

(=8
Replace A, B, and C with —3, 3, and 8 in the partial fraction decomposition.
10x-108 4 B 4
©+12x° +36x T o r+6 x {(x+6)
10x—108 -3 3 8
Y125 +36F X X486 (x+6)

19. ENGINEERING The sum of the average tensile and shear stresses in the bar shown below can be approximated
20x + 1 Ome + 20

by s(x) = : :
"+ |y

, Where x is the diameter of the pin.
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6-4 Partial Fractions

Art Change

a. Find the partial fraction decomposition.
b. Graph s(x) and the answer to part a in the same viewing window.

SOLUTION:

200+ 10me + 20 ..
a. Decompose s x) = ———————— . First, divide the numerator by .
X" 4+ |

200 + 10my + 20

slx)= = A
X 4 Y

2 3
'u_r +10x+ =

i T

.'l.'E + .T:

The fraction is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and C,
and denominators that are the linear factors of the original denominator.
This time, however, we have repeated factors in the denominator.
43 = (x2)(x +1)

Because the factor x° has a multiplicity of 2, include partial fractions with denominators of x, xz, and x + 1.

20 20
x+10x+ :
g 0 g A s
X+ x ¥ ox x4+l

Multiply each side by the LCD, x3 + x2.

2 20

T[-1l+”hJ_?L /_i+£__ ¢

X Ax X ox x+l
20 0. 20
e _ A+ l) | Blatl) Oy’
eyt x4yt Yy eyt

20 20 ;
—x+ 10+ —=dalx+ D)+ Be+ 1D+
n n
(20 ) 2 i i

—+ 10 |.1‘ + -—-ﬂ =Ay +Ax+ Br+ B+Cx
LT J T

) ! ¢

2 £10 |x+ 20 A + v + Ax+ By+ B
i3 / T

(= Y- )

£+1H i.r+"—{} =(Ad+ i +(A+Bx+ 8
LT J n

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
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6-4 Partial Fractions

A+C =0
"
A+ 8 :“—{} +10
n
b
o
I8
Use any method to solve the system.
g |
b= -
i
2
A+ H—-‘T{]! +10
n
2 2
.-!+“—ﬂ— '—“E:—I{}
m n
A=10
A+ =0
104+C=0
C==10
. 20 . . . -
Replace A, B, and C with 10, = and —10 in the partial fraction decomposition.
i
20 20
x4+ 10y +
& - AL S e
XX x xr x+l
20
X v r+1
b.

[-10,10] 5d: 1 by [-10, 10] scl. 1

eSolutions Manual - Powered by Cognero

Page 22



6-4 Partial Fractions

Find the partial fraction decomposition of each rational expression with prime quadratic factors in the
denominator.
xr +5x-5

20. ———=-
(™ + 4y

SOLUTION:

This rational expression is proper. The denominator has one prime quadratic factor of multiplicity 2.
Rewrite the expression as partial fractions. For denominators which are quadratic factors, use Ax + Band Cx + D in
the numerators.

¥ +5r=3 Ax+B Cx+D
(x* +4)° T x+4d (" + 4y
Multiply each side by the LCD, (x2 + 4)2.
FHSx=5=(Ax+ Bz + D+ (Cx+ D)
= A +4Ax+ B +4B+Cx+ D
=Ax' + Bx* + 4 A4x +Cx+ 4B+ D
(A" +(B)x” +(44+C)x+48+ D
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.
A=1
£=10
dA+0=5
4B+ D=-5
Use any method to solve the new system.
A=

B=0
44+C =5
4(1)+C =5
C=1
4B+ D=-5
40y + D=-5
D=-5

Replace A, B, C, and D with 1, 0, 1, and —5 in the partial fraction decomposition.

4 5r=5 _Ax+ B L Cx% L'l_
(x*+4) " +4d (7 +4Y

P8y —5 x x—73

(v 44y  x+4 T 44

vt +dx" +8r+18

x(x" +3Y

21.

SOLUTION:
This rational expression is proper. The denominator has one linear factor and one prime quadratic factor of
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6-4 Partial Fractions

multiplicity 2.
Rewrite the expression as partial fractions with constant numerator, A, and a denominator that is the linear factor.
For denominators which are quadratic factors, use Bx + C and Dx + E in the numerators.

3x'4dx’ +8x 418 A4 BxrC Dr+E

—

o

o(x® +3) X or+3 (43
Multiply each side by the LCD, x(x2 + 3)2.
' +4x° +8x+18
= A +3V +(Bx+OWaX ™ + 3+ (D + EXx)
=A(x* +6x° +9)+(Bx+CXx' +3x)+ Dx* + Ex
A 64 + A+ By + 3By + O +30x+ Dy + Ex
=Ax 4+ By 4 O’ + 64 + 3By + Dx” +30x + Ex+94
=(Ad+B)x' +(C)x" +(6A+3B+ D)x +(3C + Eyx+94
the equation to form a system of equations. In other words, the coefficients of the x-terms on the left side of the

equation must equal the coefficients of the x-terms on the right side.
A+ B=3

=0

bA+38+ D=4
I+ E=8§
94=18

Use any method to solve the new system.
C=0

94=18
A=2
A+ =3
2+8=3
b=
6A+38+ D=4
6(2)+ 3N+ D=4
1243+ D=4
[=-11
4 =8
i+ £=8
E=8
Replace A, B, C, D, and E with 2, 1, 0, —11, and 8 in the partial fraction decomposition.

Equate the coefficients on the left and right side of

3t 4dx  +8x+18 A Bx+C " Dre+ E

wx" +37 © 43 (x+3)
3 44y +8r+18 s E R —“1lx+8
wWx +37 x X+3 6+
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6-4 Partial Fractions

SOLUTION:
This rational expression is proper. The denominator has one linear factor and one prime quadratic factor of
multiplicity 2.
Rewrite the expression as partial fractions with constant numerator, A, and a denominator that is the linear factor.
For denominators which are quadratic factors, use Bx + C and Dx + E in the numerators.
dxt 4 xt =25x+32 _A4 Br4+C Dy+ F

Xxt =27 ¥ =2 {r-2r
Multiply each side by the LCD, x(x> — 2)°.

"
dx" +x-=25x+32

= A" =2 +(Br + OWx XN x" = 23+ (D + EXx)

=A(x* —4x  + )+ (Bx+CXx' = 2x)+ Dx* + Ex

= A —4Ax" + 44+ Bx* =28y + O’ —2Cx+ Dx" + Ex

=A + Bx' +Cx’ =44 = 2B + Dx" —2Cx+ Ex+44

=(A+B)x* +(C)x’ + (44 -2B+ D)x” +(=2C + E)x + 44
of the equation to form a system of equations. In other words, the coefficients of the x-terms on the left side of the

equation must equal the coefficients of the x-terms on the right side.
A+B=4

=40
4 A4-28+ =]
2C + E=-25
d4=32
Use any method to solve the new system.
=0
44=32
A=8
A+ B=4
8+8=4
B=-4
—4A-2B+D=|
~4(8) -2+ D=1
-32+8+ D=1
D=25
20+ E=-25
~2(0)+ E =25
E=-25
Replace A, B, C, D, and E with 8, —4, 0, 25, and —25 in the partial fraction decomposition.

Equate the coefficients on the left and right side

x4 x® -25x+32 4 { By+C  Dy+ F

X =27 ¥ =2y 2
dxt 2 —25x+32 . E - 4y 25x—"25
x(x® =2y X =2 -2
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6-4 Partial Fractions

B’ —d8x+7

23 . .
(3 =6y

SOLUTION:

This rational expression is proper. The denominator has one prime quadratic factor of multiplicity 2.
Rewrite the expression as partial fractions. For denominators which are quadratic factors, use Ax + Band Cx + D in
the numerators.

By’ -d8x+7 _Ax+B Cx+D
(" =6) =6 (x-6)
Multiply each side by the LCD, (x2 - 6)2.
§x' —d48x+ 7= (Ax+ BYx' —6) +(Cx + D)
= Ax’ —6Ax+ By’ 6B+ Cx+ D
= Ax' + Bx* ~6Ax+Cx—68B+ D
=(A)x" +(B)x" +(-6A+C)x-68B+ D
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.
A=8
£=0
64+ =-48
-6+ D=7
Use any method to solve the new system.
A=8
8=
6d+C =-48
~6(8) + ' =—48
=10
68+ D=7
-6(0)+ D=7

D=7
Replace A, B, C, and D with 8, 0, 0, and 7 in the partial fraction decomposition.
By’ - d8x+7_Ax+B (x4 D
(x* =6) =6 (x =6y
Bx' —48x+7 _ Bx 7

{x" —=6) =6 (x =06y
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6-4 Partial Fractions

—5x —10x* —6x+4
(x° +2x+3)

24.

SOLUTION:

This rational expression is proper. The denominator has one prime quadratic factor of multiplicity 2.

Rewrite the expression as partial fractions. For denominators which are quadratic factors, use Ax + Band Cx + D in

the numerators.
—5x% —10x° ~6x+4 _ Ax+ B N Cx+ 0
(" +2x+3) X +2x4+3 (" +2x+3)

Multiply each side by the LCD, (x2 +2X + 3)2.

=Sy =l —br+d={Adx+ B)x +2x+ )+ {(Cx+ D)
= Ax’ + 2Ax" 4+ 3Ax+ B + 2Bx+ 3B+ Cx+ D
= Ax" + 2Ax° + Bx* 4 3Ax + 2B+ Cx 4384 D
=(A)x" +(2A+ B)x” + (3A+ 2B+ C)x+ 3B+ D

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A=-5
2d+ B=-10
3A+2B+(C=-6
3B+ D=4
Use any method to solve the new system.
A=-5
24+ B=-10
2-5)+B=-10
=0

IA+2B+C =6
N-5)+200)+C =56
O=59
B+D=4
M+ D=4
D=4

Replace A, B, C, and D with —5, 0, 9, and 4 in the partial fraction decomposition.

—Sx? —10x° —6r+ 4 A+ B ) O D

{(x"+2x+3) F4+2x+3 (+2x+3)
55 —10x° —6x+4 -5x . v+ 4
{(x +2x+3) X 4+2x43 (" +2x+3)
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6-4 Partial Fractions

4x —12x° =5x+20

(x> =3x+3y

25.

SOLUTION:

This rational expression is proper. The denominator has one prime quadratic factor of multiplicity 2.
Rewrite the expression as partial fractions. For denominators which are quadratic factors, use Ax + Band Cx + D in
the numerators.

4’ —12x" ~5x+20 _ Ax+8 = Cx+D
(x*=3x+3) X =3x+3 (" =3xr+3)y

Multiply each side by the LCD, (x2 —2X+ 3)2.

4" —12x" =S+ 20=(Ax+ B} x" =3x+3+(Cx+ D)

= A —3Ax 4 34v+ By —3Br+ 3B+ v+ D
= Ay’ —3A4x" + Bt 434y - 3Be (e + 3B+ D
=(A)x +(-34+ B +(3A-3B+C)x+3B+ D

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A=4
3Ad+ B=-12
3A-3B+C=-5
3B+ D=20
Use any method to solve the new system.
A=4
~34+B=-12
B+ B=-12
=10
3A-3B+(C=-5
-3+ C=-5
C=-17
B+ D=20
0+ =20
D=20
Replace A, B, C, and D with 4, 0, —17, and 20 in the partial fraction decomposition.
4x* —12x° —5x+20 Ax+ B Ce+ D
(F-3x+3) £ -3x43 (X -5x+3)
4x* —12x7 —5x+20 N dx N ~17x+ 20
(x° =3x+3) ¥ =3x+3 (x*=3x+3)

CALCULUS In calculus, you can find the area of the region between the graph of a rational function and
the x-axis on a restricted domain. The first step in this process is to write the partial fraction

decomposition of the rational expression. Find the partial fraction decomposition of each rational
expression.
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=3

SOLUTION:
This rational expression is proper. The denominator has one linear factor and one prime quadratic factor.
Rewrite the expression as partial fractions with constant numerator, A, and a denominator that is the linear factor.
For the denominator which is a quadratic factor, use Bx + C in the numerator.
Ox +16x+1 A Bx+(C

(42X +1) x+2 ¥ +I

Multiply each side by the LCD, (x + 2)(x2 +1).
0% +16x+ 1 _ A(x* + 1) L (Br+C)x+2)
(x+ 2}{.1'3 +1) {(x+ 2}{.\’: +1y (x+ 2}{_1': + 1)
95 +16x+ 1= A" + D+ (Br+CXx+2)

0" 4168+ 1= A" + A+ B +2Bx+Cx+ 2C

O 4+ 16x+1=Ax" + Bx* +2Bx + Cx+ 44 2C

O 416+ 1=(d+ By +(2B+Chx+ A42C

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+B=9

2B+ =16
A+20 =1
Use any method to solve the new system.
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27.

A+2C =1
A=1=-2C
A+ B=9
(1-2C)+8=9
=2C+B=3§
2B4+C=16
CO=16-28

_2(16-2B)+ B=8
32+4B+B=8
5B=40
B=8

C=16-2(8)
C=0

A+2(0)=1
A=1

Replace A, B, and C with 1, 8, and 0 in the partial fraction decomposition.

Ox' +16x+1 A L Bx+C
(x e 22X+ x+2 %l

| B
= —
42 xtl
| ‘r J:I L L L i | L L
1.0 - g dx
W T T
_q_g \é{ i
1 Ty
_E?E N
| 2.l i
EJI!.-HI g
_.[3_2! - g
|
0] 05) 1 |15] 2 |251x
ITTITITT1
SOLUTION:

This rational expression is proper. The denominator has one linear factor and one prime quadratic factor.

Rewrite the expression as partial fractions with constant numerator, C, and a denominator that is the linear factor.

For the denominator which is a quadratic factor, use Ax + B in the numerator.

x4+ 4x Ax+B C
- +

(42" + D+ 1) A 41 x4

Multiply each side by the LCD, (x + 1)(4x° + 1).
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X+ 4y (Ax+ BYx+1) Cdx™ +1)
(At +1x+1) @7 +Dx+1) (a7 + 1) x+1)
Fhdr= A + Ax+ B+ B+al +C

r4+dr=A +4C + Ax+ Bx+ B+ C

X 4dx=(A4+4C) + (A+ B)x+ B+ C
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+4C =1
A+ B=4
B+ =0
Use any method to solve the new system.
B+C=0
B=-C
A+ B=4
A-C=4
A=C+4
A+4C =1
C+d+40 =]
5C=-3
(' =-06
A=-06+4
A=34
= —(-0.6)
B=0.6
Replace A, B, and C with 3.4, 0.6, and —0.6 in the partial fraction decomposition.
x +4dx Ax+ 8 C

(47 +x+1) 44 x4

_34x+06 0.6

- 4.;1.*: I--|“ .-r+ .I-
Find the partial fraction decomposition of each rational expression. Then use a graphing calculator to
check your answer.
x+4

3" =x=2
SOLUTION:
Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.

28.

eSolutions Manual - Powered by Cognero Page 31



6-4 Partial Fractions

bl A B

3x*=x-2 3x+2 x-1

Multiply each side by the LCD, e —x—2.
x+d=A(x-1)+ B(3x+2)

Group the like terms.

v+ 4= A{x-1)+ B(3x+2)

X+d=dx—-A+38x+28
Yx+4=Ax+38x-4A+ 28

Xx+4=(A+3B)x-4+28B

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
Use any method to solve the new system.

A+3bB=1
A=1-38

-A+28=4
~-(1-38)+28=4
—1+38+28=4
5B=35
=1

A=1-3(1)

4==2
Replace A and B with —2 and 1 in the partial fraction decomposition.
v+ 4 A B
I —x=2 3x+2 x-1
=7y I

3x+2 x-1
Check using the graphing calculator.
P=iH+ 43 RE-H-20

W=l V=2
[-10,10] =d: 1 by[-10, 10] =cl. 1

o= -2 e el MH-10

H=0 Y=-2
[-10,10] =ck: 1 by [-10, 10] =k 1
As indicated in the graphs the two equations represent the same curve.
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29.

Sy —Jy48
¥ =4y

SOLUTION:
x> — 4x = X(x +2)(x — 2)

Rewrite the expression as partial fractions with constant numerators, A, B, and C, and denominators that are the

linear factors of the original denominator.
Sx*—2x+8 4 B C
= ¥

X =dx r x=2 x+12
Multiply each side by the LCD, X5 — 4x.
Sx'—2x+8  A(x-2)x+2) . Blx)x+2) C(xNy-2)

X —4x -dx x* —dx X —-4x
Group the like terms.
S5 —2x+8=Mx—2Wx+ 2+ BN x+ D+ Clxdx=2)

Spf — Oy B= Ax' 444+ By + 2Be+ Cx" — 20y
S — w4 B= ' + B 4 O 42820 — 4 4

S5y —2x 4+ 8=(A+ B+ +(2B-2C)x -4 4

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+ B+ =5
2B =20 ==2
-44=8
Solve the system.
44 =3
A==3
A+ B+C=5
2+ B4+ =35
B+(C=7
B=7-C
2B=-2C==2
A7=C)=20==2
14 =20 20 ==2
4 =-16
=4
B=7-4
f=3

Replace A, B, and C with —2, 3, and 4 in the partial fraction decomposition.
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Check using the graphing calculator.
PM=iEHz-2HeB) T 3-4H) Y2= 20 H+ S H- T e

H=h y= HET! V=
[-10,10] =d:1 by [-10,10]sck 1 [-10,10] sc:1 by [-10,10] =k 1

As indicated in the graphs the two equations represent the same curve.

dx® —3v4+3

dx(x =1y

30.

SOLUTION:

The expression is proper, so we can rewrite the expression as partial fractions with constant numerators, A, B, and
C, and denominators that are the linear factors of the original denominator.
This time, however, we have repeated factors in the denominator.

ax(x — 1) = 4x(x — 1)(x — 1)
Because the factor x — 1 has a multiplicity of 2, include partial fractions with denominators of 4x, x — 1, and (x — 1)2.
4 —3x+3 4 B C

e B i

dx(x-1F 4x x-1 (x=Iy
Multiply each side by the LCD, 4x(x — 1)°.
4x'-3x+3_A B _C

dxix-1) dx x-1 (x—=1¥

4" —3x+3  A(x—1)  Bdxix-1)  C(4x)
--l.l'{.'t' -I-ﬂ-‘ ;1.1'{.1' -l?. ’ .4.1'{ X -I}"_. ’ -i.r{.r I}T
Group like terms.

4" —3x+3=A(x -1+ Bldx)x -1+ C(4x)

4" =3x+3=Ax" =2x+1)+ 4B —4B8x+4Cx
4" —3x+3=Ax" —2Ax+ A+ 4By 4By + 4Cx
dx” —3x+3=Ax' +4By - 24x 4By +4Cx+ 4
4y =3x4+3=(A+4B)x +(-24A-4B+4C)x+ A
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on
the right side.

A+d4B=4

2A-4B+ 4 =3
A=3

Solve the system.
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31.

A=3
3+4B8=4
48 =1
B=025
2A-4B+4C =3
-3 -40.25)+4C =-3
i

61+ 4C ===

4C =4

C=1

Replace A, B, and C with 3, 0.25, and 1 in the partial fraction decomposition.
4*-3x+3 A B _C
dx(x=1°  dx x—1 (x=1)°
3025 I
= —+ -

4x x=1 (x-=1)
Check using the graphing calculator.

M=yRE-Zh e RO 10=)

H=n Y=
=5 S)=ch 1 by [-10 10] 2l 1
(et Rty R R NE S P

H=l =
[=5,5]=clh 1 by [-10,10] =l 1
As indicated in the graphs the two equations represent the same curve.

445

(x* +3)
SOLUTION:

This rational expression is proper. The denominator has one prime quadratic factor of multiplicity 2.
Rewrite the expression as partial fractions with Ax + B and Cx + D in the numerators.

2+ x+5 3 Ax+8 Cx+ D

(x* +3) x"+3 (x743)

Multiply each side by the LCD, (x> + 3)°.
P +x+5 _(Ax+ !{E.r‘ +3) " Cx+ D
(x* +3) (X" +3)° (¥ +3)
Group like terms.
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CHx+S5=(Ax+ BT +3)+Cx+ D

A+ = A + 34+ B+ 3B+ Cx+ D

X +5=AC + B 434+ Crx+3B+D

N ax45= A + BC 4 (3A+C)x+3B+ D

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other

words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on
the right side.

A=0

=1

34+4C =1

3B+ D=5

Solve the system.
4=0

B=1
3(0)+C =1
=l
N+D=5
D=2
Replace A, B, C, and D with 0, 1, 1 and 2 in the partial fraction decomposition.

¥ 4x+5 Ax+B  Cx+D

ltx: +ﬁ s +3  (x*+3)

I x+2

X +3 (43
Check using the graphing calculator.
M=l h+ 50 0T+ 20E)

H=0 Y= RLGELEEg
=5 S)=chk 1 by [-1, 1] =clk 1
YesidoHa+ 2+ o2+ 2

H=0 = 5LEEELTE

[-2,5]=clk 1 by [, 1] =l 1
As indicated in the graphs the two equations represent the same curve.

32, s
G-zt 1)
SOLUTION:

This rational expression is proper. The denominator has two linear factors of multiplicity 2.
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Rewrite the expression as partial fractions with A, B, C, and D in the numerators.
2y A B ¢ D

+ ) Y T + 1
(x=1)(x+1y x=1 {(x=1y x<+1 (x+I1F
Multiply each side by the LCD, (x — 1)2(x + 1)2.

2x* o OB
(=1 (x+1)7 x=1 (x=1¥ x+1 (x+1)
2x° _AGe- D) Ble+ Y Ce=1P(x+l)  Dla-1) Group like terms

=D+ =D+ G- - ) (=D
20 = Ax =D+ 1Y + Blx+ 1V + Clx =1V (x+ )+ D{x-1)
2 = A x—x+ 1Y + Blax+ 1Y +Clx =1V (x+ D+ D(x =1

2t = A= 4+ 20+ 1)+ B{x  + 22+ DN+ O’ —2x+ Dx+ 1)+ D" =2x+1)
2= A+ —x -1+ B + 2B+ B+ C(x’ = = x+ 1)+ Dx* =2Dx+ D _
: L , ; e . ; Equate the coefficients on the left
2xt=Ay A — A A+ By 28+ B+ Cx" O - O+ C+ Dy =2Dx+ D
2 = A + O+ A + B = O + D™ = Ax+2Bx-Cx-2Dx—A+ B+C+ D
2x' =(A+ O +(A+ B=-C+ D)x* +{(—A+2B-C - 2D —-A+B+C+ D

and right side of the equation to form two equations with 2 variables. In other words, the coefficients of the x-terms
on the left side of the equation must equal the coefficients of the x-terms on the right side.
A+C=2
A+ B=-C+ D=0
—A+2B8-C-2D=0

—A+B+C+ D=0
Solve the system.

2
A=2-C
A+ B+C+ D=0
(2-CYy+ B-C+ D=0
B-2C+D==2
-A+28-C-2D=0
(2-CYy+28-C-2D=0
28-2D=12
A+ B+C+ D=0
{(2-CV+ B+C+D=0
B+20C+ D=2
Use elimination to get 2 equations with 2 variables.
B-20+D=-2
(+}B+2C+ D=2

2B+2D=10
Solve the system of 2 equations.

eSolutions Manual - Powered by Cognero Page 37



6-4 Partial Fractions

2B+2D=0
(+)2B-2D=2
48=2
B=10.5
200.5y+2D=0
I+20=10)
D==0.5
Solve for C and A.
B+20+D0=2
0.5+2C-05=2
C=1
A=2-C

A=1
Replace A, B, C, and D with 1, 0.5, 1 and —0.5 in the partial fraction decomposition.

. 4 B O B
(=1 (x+1)7 x=1 (x=1F =x+1 (x+1¥
2x* I 0.3 | -H.:.'_

(x=1F(x+1) x=1 (x=1y x+1 (x+1)
Check using the graphing calculator.
M= I -0 102 (2L AL B -2 M

H=i V=0 =0 L:n:-
[~10,10] =c: 1 by [-10, 10] =ck 1 [~10,10] =c: 1 by [-10, 10] =cl 1

As indicated in the graphs the two equations represent the same curve.

1. 2x’ —__IE.r' ~3x+3
X"+ hx+5
SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
2x

: p— > r
XA+ 5) 20 #1207 =3a+3

(=325 +12x° + ’Il].'l.'_!l
—13x 43
=13x+3
by +5
Now we can rewrite the remaining expression as partial fractions with constant numerators, A and B, and

denominators that are the linear factors of the original denominator.
—13x+3 A B

= o

Therefore, the proper rational expression is 2x +

r+6x+5 x+5 x4+l
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Multiply each side by the LCD, x° + 6x + 5.

—13x+3 _ A B
2 4L6Y 45 x4+5 x+]
—l3x+3 Alx+l) . B(x+35)

v+ 6x+3 - FH6X+5 X +6x+5

N3x43=Alx+ 11+ Bl{x+3)
Group like terms.

1538+ 3 =d(x+ 1)+ B{x +3)

=13x+3=Ax+ A+ Bx+58
=13x+3=dx+Bx+ A+58

3x+3=(4+ B+ 4+38
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+ B=-13
A+3B=3
Solve the system.
A+ B==13
A==13-8
A+3B=3
N3=-B+58=3
48=16
5F=4
A=-13-4
A==17
Replace A and B with —17 and 4in the partial fraction decomposition.
—13x+3 4 I
P G+ 5I Cx+5 P IJ.' +1

17 4
_ o
x+5 x+l

Rewrite the entire partial fraction decomposition.
17 4

3

¥+5 x4+l
Check with a graphing calculator.
P=iir3edzH-BHe N2 | VRE2Ha AP OB A e

H=l Y=.h He=i Y=g
[-10,10] =d: 1 by [-10, 10] sck 1 [-10,10] sd: 1 by[~10, 10] scl: 1

As indicated in the graphs the two equations represent the same curve.
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. . i x+4
34. Find two rational expressions that have the sum =
aX A=

SOLUTION:
This problem is another way of asking for the decomposition.

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.
r+4 A £

W -x-2 3x+2 x-I
Multiply each side by the LCD, X —x-2.
x+d=Ax-1+B3x+2)
Group the like terms.
x4+d=Alx =1+ B(53x+2)
Y+d=dx-A+38x+28
X+4=Ax+38Bx-4A+28
x+4={A4+3B)x-4+28
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.
A+3B=1
-A4+2B=4
Use any method to solve the system.
A+3B8=1
A=1-38
~A+28=4
~(1-38)+28=4
-1+3B+28=4
5B=5
B=1
A=1-31)
A=-2
Replace A and B with —2 and 1 in the partial fraction decomposition.
v+ 4 A i

Ixt—x—=2 3x+2 x-1
x+4 =3 I

IxT=x=2 3x+2 x-=I
)

The rational expressions are — .
3x+2 x-1

. . . b-x
35. Find three rational expressions that have the sum —————.
3 TEX X

SOLUTION:
This problem is another way of asking for the decomposition.
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Rewrite the expression as partial fractions with constant numerators, A, B, and C, and denominators that are the
linear factors of the original denominator. This time, however, we have repeated factors in the denominator.

Because the factor x + 1 has a multiplicity of 2, include partial fractions with denominators of x, x + 1, and (x + 1)2.

Bb=x 4 B [
: +

—_— =

P2 +x x x+l (x+1¥

Multiply each side by the LCD, x>+ 2x% + x,

b-x A i {
5 o = _. B A 'l o {T -H:
X TaX X X X+ X T .
= Group the like terms.
6-x _ Arly | Bwx+l)  Ox

P2 exr 424y P42 4xr a2y 4x

6-x=A(x+1) + Br(x+1)+Cx

b—x=A(x +2x+ 1+ By’ + Be+Cx
6—x=Ar +2Ax+ A+ B + Bx+Cx
6-x=Ax + By +24Ax+ Bi+ Cx+ A

6-x=(A+BN +(2A+B+Clx+ 4
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ B=0
244 B4+ ==]
A=56
Use any method to solve the system.
A=6
A+ B=10
64+ =0
B==f
24+ B+C=~=1
200)+(-06)+C=~]
12-64+C=-1
C==7
Replace A, B, and C with 6, —6, and —7 in the partial fraction decomposition.
h—x A B C
e —————t ek + -~
¥ 4+2x74+x x x+]1 (x+I1¥
b—x 6 =h -7
—_—— + -
X¥+2xr+x x x+l (x+1)
. . b -0 -7
The rational expressions are el G
X a2+l (x4
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FindA, B, C,and D in terms of r and t.

36, _r_r - _ A . B
r=-x=2 x-2 x+l
SOLUTION:

rx—=i A4 f

r=x=2 x=-2 =x+]
Multiply by the GCD, X2 —x - 2.

=t A B
¥-x=2 x-2 x4+l
x—=f  Alx+1) 2 Blx-2)

Py ~

X=x=-2 x-x-2 x-x-2
ry—f=dx+ A+ By- 2R
i—f{=dx+8Bx+ A-28
rx—i=(A+Mx+A4-28

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+ B=r
A-28=—¢
Solve the system.
A+B=r
A=r-8
A-2B=~i
r—B-2B=-
-3B=-t-r
— ; bl j-
r'l = Irl - -!_-:i
3
3 F
2r—¢

4=

-~
A
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37.

ax" + x4+ 24 4 B
—_— =4+ =+
X +3x X x+3
SOLUTION:
) POV N :
Mok g it B
X +3x X x+3
Multiply by the GCD, x* — x — 2.
dx” +rx+21 4 B
— =45 —F
X 4+3x X X+3
4 +rx+ 2 X7+ 3x) 4 ARI), Br
43y X +3x ¥ 43y X +3x

A + i+ 2 =4 +12x+ Ax+3A+ Bx

I+ + =4 +(12+ A+ Bix +34

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other

words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.

Fr=124+A4+8

2t=34

Solve the system.
=34
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_I———_-r
it X x4l
SOLUTION:
et A B C

=—4—+

LS S R R
Multiply by the GCD, X+ X,
P | A B C

Y ox X x+l

pe4t AlxNx+1D) Bix+1) Cx
— - - e

X+ X+ XX

px+l=Ar + Ax+ Bx+ B+Cx°
I+l =Ar +Cx v+ Ax+ Bx+ B

x4+t ={A+O)x" +(A+B)x+ B

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+C=0
A+B=r
b=t
Solve the system.
B=t

A+8B=r
A+t=r
A=r=1i
A+C=0
r=t+C=0
C=t-r
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It 4 5t — 16432 2 %
39, 3x 4:-;.1'. 1 6ix 3__._I+f__?+{.1+.’_}

(7 +16) ¥ oxr x+16
SOLUTION:
Ixt 4+ 5t =161 +32 A . E . Cx+ D
(% +16) XX xT+16

Multiply by the GCD, xz(x2 +16).
v +5mC —-1600+32 A4 B Cx+ D

F(x*+16) S 1._1 + 16

3t 4 S =16+ 32 Ax(xT+16) By’ +16) (Cx+ Dyxe

(x" +16) (T +16)  x(x +16)
3t 57 — 16t +32 = Ay +164x+ By" + 168+ + Dv?
I F5 — ey 32 = A O B Dy 2 16Ax = 16R

3x 45 =160 432 =(A+C)x' # (B + D)x” +164x + 168

x4 16)

Equate the coefficients on the left and right side of

the equation to form two equations with 2 variables. In other words, the coefficients of the x-terms on the left side of

the equation must equal the coefficients of the x-terms on the right side.

A+C=3
B+ D=5
| 6.d =—106r

168 =32
Solve the system.
|68 =32

=2
B+ D=5r
D+2=35r
D=5r-2
|6.4=—161
A=—f
A+C=3
~t+(C=3
C=3+1

Find the partial fraction decomposition of each rational expression.

o+ 2x -1

40.

SOLUTION:
x2—x—2=(x—2)(x+1)

This rational expression is proper. The denominator has two linear factors of multiplicity 2.
Rewrite the expression as partial fractions with A, B, C, and D in the numerators.

L e A B 8

- =2 ¥
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Multiply each side by the LCD., (x* — x — 2)°.

Page 45



6-4 Partial Fractions

Y2x=1 4 B € D
- _= + = + .
(F—— 2P -2 E-0F x4l G40

Y rdx-l A D(x-2)  Brsl) | Gt x-2)° Dx-2)

(x*—x=2) (' =x=07 {_x--‘-_r—:f O =x=2¥ {t—'l.—"}

x4 2x=]
=Alx" +2x+1Xx=2)+ B(x* +2x+ N+ Cx+ 1Yx" =d4x+4)+ D(x* -4x+4)
Alx' =3x=2)+ By’ 4 2Bx+ B+ C(x' =32 +4)+ D* —4Dx + 4D
=AY —34x 24+ B + 2Bx+ B+ CxX" —3Cx +4C + D¥* —4Dx + 4D
= Ax" + O + By =30y + Dx" =3Ax +2Bx—4Dx =24+ B+4C +4D
=(A+ )W +(B-3C+ D) +(-34+2B-4D)x - 24+ B+4C +4D
and right side of the equation to form two equations with 2 variables. In other words, the coefficients of the x-terms
on the left side of the equation must equal the coefficients of the x-terms on the right side.
A+ =]
B=3C+D=0
~-3A+2B-4D=2

24+ B+4C+4D=-1
Solve the system using inverse matrices. Write the system in the matrix form AX = B.

Equate the coefficients on the left

Il 0 1 0 A |
0 1 =3 18| |0
32 0 4llc]]2
-2 1 4 4]|D]| |
Find A,
[A]-TrFrac
[[28-27 4-27 -..
[8-9_ 4,9 2.
[7r27 -4,27 1..
L=179 19 b
Find A 'B.
[RA1-1[E] *Frac
[[28-27]
[11/9 ]
[7-27 ]
[-4-9 1]
&
L, 20001 7 4. . . .
Replace A, B, C, and D with 579 27" and 3 in the partial fraction decomposition.
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6-4 Partial Fractions

,,. 2y =1 _ A . B . O X 8]
(¥ ~x=2Y x=2 (x-2F x+1 (x+1)
_ 20 1 7 4
1.1 +2x—11 =21 5 9 " 27 . 9 .
(X =x=2F x-2 (x-2F x+1 (x+I)

4 4 20 1
27, 9 . 27 9

= - 4

x+1 (x+1Y = x—-2 {(x=2)

O +4

Tt =1 +3x42)

SOLUTION:

This rational expression is proper. The denominator has four linear factors. Notice, however, that one of the factors,
X + 1, is repeated.
Rewrite the expression as partial fractions with A, B, C, and D in the numerators.
X +4 A B C D
. 3 = + + ¥ -
(" =I}x"+3x+2) x4+ x=1 x+2 (x+Ir

Multiply each side by the LCD, (x + 1)2(x = 1D(x + 2).

x4 A B C D
(¥ =-Ix* +3x+2) x+1 x-1 x+2 {(x+1f
44 AT D +2) B+ D t3x+2) Clx* =1)x+1) o Dlr—1)x+2)

(=DM +3x+2) (" =Dx" +3x+2) (" =Ix +3x+2) (=1 +3x+2) (' =Ix +3r+2)
VA=A 42 x4 Bl 4 + D+ O+ == D+ D +x-2)

4= A 424 - Ax =244+ B 448 + 5B+ 2B+ O + Cx* =Ox=C+ Dx* + Dx=-2D

3 5 ; ; " ; p : Equate the
FHd=Ar + B+ 0 + 24 +d4 80 + 0" + D —Ax+ 5By —Cx+ D24+ 2B-C-2D
P 44=(A+ B+ +(2A4+4B+ C+ D)y +(~A+SB-C+D)x-24+2B-C-2D
coefficients on the left and right side of the equation to form two equations with 2 variables. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.

A+B+C =]
2A+4B+C+ D=0
-A+38-C+ D=0
—24+2B-C-2D=4
Solve the system using inverse matrices. Write the system in the matrix form AX = B.

(1 11 074 |
2 4 1 1 ||8] |0
15 -1 1|]lc! |o
=2 2 <=1 =2||Dp| |4
FindA .
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6-4 Partial Fractions

[A]l-1*Frac
[ =fvd4 D74 =3-/.
[1f12 1712 1-1..
[873 -4,3 2/3..
(1722 =172 172
FindA 1B
[A1-1[B] *Frac
[[-3-4]
[S-12]
(43 ]
f S22l

305 4
Replace A, B, C, and D with - % TPy and —— in the partial fraction decomposition.
A | e
x4 4 4 B C D
- _ = i . s
(x"=IDx" +3x+2) x+1 x=-1 x+2 (x+1)
3 5 4 3
s o 13, 3 2
x+l x=1 x+2 (x+1r

dx" 4+ x" —3x+3

42, .
=1y

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.

Hx—=1¥ =5 -2x +1
=2+ x T + ¥ =3x+3

(=) (dx’ —8x7 + 4x)

Oy —Tx+3
Ox" —=Tx+3
=1y

Now we can rewrite the remaining expression as partial fractions with constant numerators, A, B, and C, and
denominators that are the linear factors of the original denominator. Remember the repeated linear factor.

9" -7x43 _ A4 B €
=1y £ (x=1)

Multiply each side by the LCD, x(x — 1)2.

Therefore, the proper rational expression is 4 +

x=1
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6-4 Partial Fractions

o -Tx+3_A B C
Mx=1y x—=1 {x-1I¥y

O —Tx+3 _Alx-1)y  Bx(x-1) Oy
x(x=1y Mx=1"  x(x=1 x(x=1y

Oy = Tx+3=dA(x" =2x+ D)+ By =Bx+Cx

A
= — 4
X

Ox* —Tx+3=Ax —=24x+ A+ Bx* = Bx+Cx
Ox' —Tx+3=Ax + Br = 2Ax-Bx+Cx+ A
Oy = Tx+3=(A+ B +(-24-B+C)x+ A

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+B=9
24-B+C=-7
A=3
Solve the system.
f! — .-;
I+ £=9
B=6
FA=B+C==1
-23)-6+C=-7
6=64+C==7
=35
Replace A, B, and C with 3, 6, and 5 in the partial fraction decomposition.
9y —7x+3 A4 B '

=1y r ox-—l ; (x—=1)
I 6 5

==+ + -

x x=1 {x=1¥

. . -y . - 3 :
The complete partial fraction decomposition is 4 + 4 I + TSR
L =

Tl 2t 137 320 — 19" + Bt — T2

xx=D7(x+2)x" +1)

43.

SOLUTION:
Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational expressi
numerator by the denominator.
=1 (x+2Xx" +D)
=( =27+ + 20 + x4+ D)
=x® + 20 ) #2°0 -2 il 2 A 2 2 A 2
=1 +2x" =2 + ¥t —dxt 2?4 20 -2 4 2 —AxT et 4 2k

=x® =2x"# 2% =" + 2x
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6-4 Partial Fractions

— Tx+2

; | s Nerod 3 o 3 % E
LGP et By Ry | oo 2|70 227 =135 + 325 193" 4+ 8" — Tx42

(=) (72 —14x° + 14" - 213 + 14x%)
2" +x #18x +2xT -6 = Tx
(=) (2x° —45" +4x' —6x" +41)
' +22x =2y -1lx+2

X +22¢ —2x ~11x+ 2

wx=1P(x+ 2+
Now we can rewrite the remaining expression as partial fractions with constant numerators, A, B, C, and D and den
denominator. Remember the repeated linear factor and the prime quadratic factor.

42220 =2 -1a+2 4 B ¢ D 3 Ex+F

Therefore, the proper rational expression is 7x+ 2 +

> > + L >
Mr=D(x+2%0x+1) X x=-1 {(x=-1Y x+2 x +I

Multiply each side by the LCD, x(x — 1)2(x + 2)(x> + 1).
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6-4 Partial Fractions

¥ +22x =2x =11x+2
=11 (x+2)x" +1)
A B r D Ex+ F
A + +

Dl e I | ,1.'+2‘.1.'1+]

A =Y (e 2)(x7 + 1)+ Bx(x = D0x + 20027 + D+ Ox(xe + 20X +1)
- Mx—DFix+2%e +D
i De(x—1(x + D+ (Ex+ Fix(x =1V (x+2)

wx =1 {(x+ 2% +1)

L] ¥
22 =2x" =1 1x+2

= A= 1) (x+2)(x" + 1)+ Ba
FDx(x =1 (2 + )+ (Ex+ F
= A" =2x+ 1M +2°0 +x-
+D(x° =2x+ 1) + x)+(Ex
= At + 2+ 7 + 227 =22
+B(x +x wxt e =X -2
+Ox + 2" +2x +20)
D +x -2 =2+ +
HEx+ FYx'+2x -2 -4
= A -2 42 -3¢+ D)
+B(x +x =+ =2x)
+Ox' + 2%+ +20)

rD(x* =23 +2x° =27 + %)
HEx+ FYx' =35 +2%)

= Ax® = 24" + 24X = 3dx +
+8x" + Bx' — By’ + By’ - 2B
+O0 2007 + O + 20k
+Dx' =2Dx* +2Dx° - 2D
+Ex' =3Ex" +2Ex + Fx' -3
=dAx* + Bx’ + Dx* + EX°
+8xct + Ot = 2Dx" + Fy
245" - B 4205 +2Dx7 -
+2Ax + By + O - 2Dx° +.
3Ax-2B8x+2Cx+ Dy + 2 F)
+2.4

={A4+ B+ D+ E)y’
HB+C=2D4+ F)x*
+H=24-B+2C+2D-3E)x
H2A+B+C=-2D+2E=-3F
H=3A=-28+2C+D+2F )
+2.4

the coefficients on the left and right side of the equation to form two equations with 2 variables. In other words, the

equation must equal the coefficients of the x-terms on the right side.
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6-4 Partial Fractions

A+ B8+ D+ E=]

B+C-2D+F=22

2A-B+2C+2D-3E=-2
24+B+C-2D+2E-3F =0

-3A-2B+2C+D+2F =~11

24=2

Solve the system using inverse matrices. Write the system in the matrix form AX = B.

11 0 1 1 0][4
0 1 1 =2 0 1/||B
2 =f 9w i | e
2 1 1 =2 2 -3(|p
3 =22 1 0 2||E

2 00 0 0 0]|F

FindA .

[A]l-"vFrac

(% A...
[4-9 S718 1.
[1/6 176 1.
(16745 -38-45 4..
[1-5 =1718 ~=.
[1716 1/5 i
Find A B,
[A1-1[E]
[r1 1
(8 1]
[2 ]
[-4]
[-4]
(4 11

Replace A, B, C, D, E, and F with 1, 8, 2, —4, —4, and 4 in the partial fraction decomposition.
Iy Ex+ F

[

¥+ 221 -2

vVi-llx+2 A

=1V (x+2Xx +1)

X
2 -2 = 1x4+2 ]
x =D (420« x

44. MULTIPLE REPRESENTATIONS In this problem, you will discover the relationship between the partial
fraction decomposition of a rational function and its graph. Consider the rational function shown below.

hatY |. ] _.tL
= 3-x-5
T11 fs'"‘ﬁﬂ,- -4
Fi| e E
;" ey :-_E
e b’ 4 | AX
4K
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|

4 — 4 ) :
x=1 {(x-1¥ x+2 x +1

8

+ + - -
x=1 (x=IV x4
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6-4 Partial Fractions

a. VERBAL Identify the end behavior and vertical and horizontal asymptotes of the function.

b. ANALYTICAL Write the partial fraction decomposition of f (x).

¢. GRAPHICAL Graph each addend of the partial fraction decomposition you wrote in part b as a separate
function.

d. VERBAL Compare the graphs from part ¢ with the graph of f (x) and the analysis you wrote in part b.

e. ANALYTICAL Make a conjecture as to how the partial fraction decomposition of a function can be used to
graph a rational function.

SOLUTION:

a. It appears that the graph will never hity = 3. Also, asf (x) approaches 3 as x approaches both negative infinity
and positive infinity. This also indicates that a horizontal asymptote is present aty = 3. It also appears that the graph
will never cross x-values of 2 and —2. This indicates the presence of vertical asymptotes at x = 2 and x = -2.

b. Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
3

=413 —x-=-5
!

(-G -12)

-

=X 1
-x+7
=4
Now we can rewrite the remaining expression as partial fractions with constant numerators, A and B, and
denominators that are the linear factors of the original denominator.
X+ 7 A b
=4 x+2 x=2
Multiply each side by the LCD, x° — 4.
—x+T=Alx-2)+Blx+2)
Group like terms.
x+T=Ax-2)+ B(x+2)
=X+ T=dAx=24+ 8x+28
-x+7=dx+ Bx=-24+20
x4 T={d4+ Rx-24+28
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on
the right side.
A+ B=-1
-24+28=T7
Solve the system using any method.

Therefore, the proper rational expression is 3 +
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6-4 Partial Fractions

A+B=—1
A=—1-R8
24+ 28=7
-2A-l1-M+28=7
2+2B+2R=17
4B =3
B=125
A=—-1-125
A=-225
Replace A and B with —2.25 and 1.25 in the partial fraction decomposition.

1.25 =2.25
+
=2 x+2

-

I+

C.
¥1 | YT Tk
” | \
| f(x) = 3| (] i
ol LN . ‘_—L_'—""ﬁ. x
. » v :
v 125 |
| \1/(x) = 3|
i
= o X
|
Y

o T

L

d. Sample answer: The graph off (x) has a horizontal asymptote aty = 3, which is one of the terms in the
1.25
decomposition. The graph ofy = —: is similar to the graph of the original function near X = 2. The graph of the
o

225

e it

termy =

a is similar to the graph of the original function near X = —2.
X4 L

e. Sample answer: The graph of f (x) has a horizontal asymptote aty = 3, could be represented by one of the terms in
the decomposition. Possibly there is a direct relationship between they = 3 graph and the horizontal asymptote.
Further exploration into other improper rational functions where the degree of the numerator is equal to the degree
of the denominator will prove this to be true.

Therefore, for a rational function f(.x)= :_+ , where n is the degree, the graph of the function will have a
AR AT

. ! .. . i . .
horizontal asymptote aty = }? and the decomposition will have a constant term of }? , the graph of which will also
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6-4 Partial Fractions

4]

bey = —.
"

1.25 . . . .

The graph ofy = S s similar to the graph of the original function near x = 2. The graph of the termy =
XL

2.25

= is similar to the graph of the original function near X = —2.
X4 L

There also may be a relationship between the other terms of the decomposition and the original function. Each
denominator of the decomposition is also a factor of the original denominator. Therefore, they will share vertical
asymptotes.

45. GRAPH ANALYSIS The rational functions shown make up the partial fraction decomposition of f (x).

HiiER'Y [ T IATY
EEEEY | 1 11
A 'k = _\_ -
L o] | ] 1 1"“'—1—-‘-_

5 == | x g 1Ol | X
__L_\_L T

EENLN T
Determine which of the four functions listed below could be the original functionf (x).
; 6
i y=—
. 3 X =dx=3
; 6
I, fix)= P
; G
. fix)=——"—
0 X4+ dx+3
V. fix)=—
S X =dx+3
SOLUTION:

The graphs show x-intercepts at x = 3 and x = —1. Thus, the two partial fractions will be of the form

A i t L .
—+ el and the original function could be of the form TR, Therefore, the correct choice is choice I.
K= X+ X5 —rX

REASONING Use the partial fraction decompositions off (x) to explain each of the following.

~2x" —7x" +13x+43
46. Iff (X) = r{ v — ’:}[ v+ fi:l . ]

, explain why !h_q Filx) =-2.

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
(x=2Ux+3Y =(x=Dx" +6x+9)

=x'+4x" =3x-18
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. —_— &
A —3x 182 =T +13x+ 43
4

2

(=) {(=2x" —8x" +6x +36)

r+Tx+7
+Tx+7

Therefore, the proper rational expression is —2 + —; : :
X +4x -3x-18

Now we can rewrite the remaining expression as partial fractions with constant numerators, A, B, and C and
denominators that are the linear factors of the original denominator. Remember the repeated linear factor.
Mot A i ¢

+ -

X 445 —3x-18 x-2 x43 (x+3)
Multiply each side by the LCD, (x— 2ji.x+ 3} . Group like terms.
v+ Tr+7 A 7 C

i 2 - = + - + -
X+4x =3x=18 x=2 x+3 (x+3r

F+Te+7 Alx+ 37 _._ Bix-2%x+3) i Cix—2)
X ordet =3x-18 (x-2x+3)P  (x-2Nx+3)  (x-2Yx+3)

X +Tx+T=A(x+3) + Blx=2Xx+3)+C(x =2)
YT+ T=40 +6x+ 9+ B(x" +x-6)+Cx -2C Equate the coefficients on the left and right side
A+ Te+T= A + 64X +94 + By’ + By —68+ Cx - 2C
M Tx+T= A + B 4 6Ax+ Br+ Cx+94-68-2C
T+ T=(A+ B +(64+ B+C)x+94-68-2C
of the equation to form two equations with 2 variables. In other words, the coefficients of the x-terms on the left side
of the equation must equal the coefficients of the x-terms on the right side.
A+B=1
A+ B+C=T7
94-6B-2C=7
Solve the system using inverse matrices. Write the system in the matrix form AX = B.
1 1 0 41 |1

6 1 1 ||&l=|7
19 -6 2] |c] |7
Find AL
[A]l-1rFrac

[[4-22 2729 ..
(21720 =2L25 -.
[ =970 379

FindA B,
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[RI-TIE]

Lo Lo 1o |
s ()t
e beed ko od

Replace A, B, and C with 1, 0, and 1 in the partial fraction decomposition.

*+7x+7 4 B C
x4 <3x=18 x-2 x+3 (r+3¥
| )] |

=2 x+3 (x+3Y
1
-2 (x+3)
2 -7 413k 443 | 1

Therefore, : -2+ + -
{x=20x+3Y x=2 (x+3)

. 1 1 . ..
As x approaches infinity, the values of 5 and Ga3) both approach 0. So the limit of the expression is —2.
by X+
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6-4 Partial Fractions

e | g .
47.1FF (x) = ‘{—‘l}:,then what is lim £(x)?
X+ N

SOLUTION:

This rational expression is proper. The denominator has four linear factors. Notice, however, that the factor x + 1 is
repeated twice.
Rewrite the expression as partial fractions with A, B, and C in the numerators.

Y-x4l_ A B

(x+1)'  x+1 (x+1)y (x+1)
Multiply each side by the LCD, (x + 1)3.
X =x+l A B O

G xel el ey
Nox4l_Ax+l) B+l C
{x+1) (x+1))  (x+1)" (x+1Y

Group like terms.
x=x+l=Alx+ 17 + Blx+1)+C
M mx+l= A +2x+ D+ Bx+ B+C
—x+l=Ax" +24x+ A+ Bx+ B+ C

—x+l= A +24x+ Bx+ A+ B+ C

¥ =x+l=dr +(ZA+Byx+ A+ B+C
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A=1
24+ B=-1
A+ B+C =)
Solve the system.
A=1
24+ B=-]
2D+ B==]
B==3
A+B+C=1
1+ (-3)+C =1
C=3
Replace A, B, and C with 1, =3, and 3 in the partial fraction decomposition.
x-x+¢l_d4 B
(k) x+l (a1 (D)
¥ —x+] | -3 3

{x+ I}"_ x4l (x4 I}'- ' (x+1)
As x approaches infinity, the values of the three terms approach 0. So the limit of the expression is 0.
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6-4 Partial Fractions

CHALLENGE Match the graph of each rational function with its equation.

L

Y

|
a v=xr+2+—+

=1 x+2

SOLUTION:

The graphs of these rational equations can be differentiated by their asymptotes. The graphs of #48 and #51 both
appear to have vertical asymptotes at x = —2 and x = 1, and a horizontal asymptote aty = 3.

Notice how choices ¢ and d have a constant of 3. It can be deduced that as x approaches positive or negative
infinity, the y-values of ¢ and d will approach 3. This is consistent with the horizontal asymptotes in #48 and #51.

Therefore, we know that ¢ and d are the answers for #48 and #51. We just do not know which is which. Further
analysis of the graph must be done.

Notice in #51 that as x approaches 1 from the positive side, y approaches negative infinity. In #48, the opposite
occurs: as x approaches 1 from the positive side, y approaches positive infinity. Let x approach 1 from the positive
side in choices ¢ and d.

For choice ¢, as x approaches 1 from the positive side, ] approaches positive infinity. Therefore, the equation in
X-=

choice ¢ also approaches positive infinity and ¢ is the correct choice for #48.
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SOLUTION:
The graphs of these rational equations can be differentiated by their asymptotes.

The graphs of #49 and #50 appear to have vertical asymptotes at x = —2 and x = 1, as well as an oblique asymptote
aty =x + 2.

Notice how choices a and b have a linear value of x + 2 outside of the fractions. It can be deduced that as x

approaches positive or negative infinity, the y-values of aand b will approach x + 2. This is consistent with the
i)blique asymptotes in #49 and #50.

Therefore, we know that a and b are the answers for #49 and #50. We just do not know which is which. Further
analysis of the graph must be done.

Notice in #49 that as x approaches —2 from the negative side, y approaches negative infinity. In #50, the opposite
occurs: as x approaches —2 from the negative side, y approaches positive infinity. Let x approach —2 from the
negative side in choices a and b.

Lad

For choice b, as x approaches —2 from the negative side, ” approaches negative infinity. Therefore, the
x+2

equation in choice b also approaches negative infinity and b is the correct choice for #49.
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SOLUTION:
The graphs of these rational equations can be differentiated by their asymptotes.

The graphs of #49 and #50 appear to have vertical asymptotes at x = —2 and x = 1, as well as an oblique asymptote
aty =x + 2.

Notice how choices a and b have a linear value of x + 2 outside of the fractions. It can be deduced that as x

approaches positive or negative infinity, the y-values of aand b will approach x + 2. This is consistent with the
oblique asymptotes in #49 and #50.

Therefore, we know that a and b are the answers for #49 and #50. We just do not know which is which. Further
analysis of the graph must be done.

Notice in #49 that as x approaches —2 from the negative side, y approaches negative infinity. In #50, the opposite

occurs: as x approaches —2 from the negative side, y approaches positive infinity. Let x approach —2 from the
negative side in choices a and b.

For choice a, as x approaches —2 from the negative side, —— - approaches positive infinity. Therefore, the equation
x+2

in choice a also approaches positive infinity and a is the correct choice for #50.
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51.

SOLUTION:

The graphs of these rational equations can be differentiated by their asymptotes. The graphs of #48 and #51 both
appear to have vertical asymptotes at x = —2 and x = 1, and a horizontal asymptote aty = 3.

Notice how choices ¢ and d have a constant of 3. It can be deduced that as x approaches positive or negative
infinity, the y-values of ¢ and d will approach 3. This is consistent with the horizontal asymptotes in #48 and #51.

Therefore, we know that ¢ and d are the answers for #48 and #51. We just do not know which is which. Further
analysis of the graph must be done.

Notice in #51 that as x approaches 1 from the positive side, y approaches negative infinity. In #48, the opposite
occurs: as x approaches 1 from the positive side, y approaches positive infinity. Let x approach 1 from the positive
side in choices ¢ and d.

-

For choice d, as x approaches 1 from the positive side, __] approaches negative infinity. Therefore, the equation
E

in choice d also approaches positive infinity and d is the correct choice for #51.

REASONING Determine whether each of the following statements is true orfalse . Explain your

reasoning
S2FF ()= 5 then lim /(x) =8,
(x"=1(x=2) et
SOLUTION:

One method of solving this would be to find the partial fraction decomposition. Another method is to use what we
learned in Chapter 2.

As we learned in Lesson 2-5, with a rational function of the form j{x} = alx) _ g, where n = m, the

horizontal asymptote is located aty = ;'— . This also determines the end behavior of the graph, which in this case

]

T

approaches :"— as x approaches positive and negative infinity.

. : x +8 X438 !
In this problem, f(x)=-— i =— - , and R Therefore, the graph approaches 1 and
(x =1¥x-2) x" -2y —-x+2 h ]

the limit of the expression is 1.

T
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4yt S k2Tt =1 1x—=45 =5 d+x P |

53. The partial fraction decomposition of f (x) = o 3 is -3 + T
My =a)y X X - AT =3)

SOLUTION:
To determine whether this is true, combine the fractions by finding a common denominator.

-5 d+x x*+1
BT S P 0
¥ x=3 (x =3y
F =57 =3F + (4 + )N =D+ x(x" +1)
- x(x" =3y
=5yt 300 —45+4x —12v 4 x -3 +x' 4 x
= X' =3y
A +5x +27x° —11x—45
wWx' =3)
The statement is true.
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H e

54. OPEN ENDED Write a rational expression of the form {_.IFE ;
X

in which the partial fraction decomposition contains

each of the following in the denominator.
a. nonrepeated linear factors only
b. at least one repeated linear factor

SOLUTION:
a. The best way to do this is to start with the factors and then combine them to form the rational expression. Choose

) 1 I . .
two arbitrary factors, ——+——. Now combine them by finding the LCD.
A= X4a3
| N I x+3 _ xr—2
x=2 x+3 (x=2Ux+3) (x-2)x+3)

X+3+x-2

(x=2Mx+3)

"2

Zr+l

r+x—6
b. The best way to do this is to start with the factors and then combine them to form the rational expression. Choose

. 2 3 I -+
some arbitrary factors, at least one of them repeated: — + —J_r +
XX

=F +. Now combine them by finding the
r=2 (x-=-2¥y

LCD.

2 3 1 4
— b — % -
¥ X x=2 {(x=2¥

2= 32y laHx-2) 4w

Cx-2F $(x-2F ¥(x-2F  £(x-2F

_ 2x(x” —d4x+4) . x" —dx+4) " -x"(x=2) . 4x°
(x=2¥ X (x=2) ¥(x=2y x{x-27

.-: Z_r"1— 81° —18.1.‘ *3.1': I—12.1.-+‘I2 i —_.1"' + Z.r:_ g 4x _
x{x=2Y¥ ¥ {x=2y {x=2y x{(x-=12Y

B 20 =B 8+ I = 2+ 12 + 2x v 4y

- e x=2¥%

2 =x =Bt 43T 42X 4+ 4x 4+ 8= 120412

- (x=2y

Pt —4x+12

Ml =2¥
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55.

56.

WRITING IN MATH Describe the steps used to obtain the partial fraction decomposition of a rational expression.

SOLUTION:
Sample answer:
ax"+a " +..

You are given a rational expression of the form —— o= :
e Y B, Sa

First, factor the denominator, if necessary.

Ar=] M ]
a,x f i, X boe 43 +4a, X R

b +b " 4. (X)(X)™.
Notice that the X | expressions could be linear, prime quadratic, or even prime cubic expressions. The exponents m,,

m,, ... represent the possibility of repeated factors.

Rewrite the equation with constant numerators, A, B, C, and D, and denominators that are the linear or quadratic
factors of the original denominator.

ax"+a, x""'+.. A B Cx+D
(™)™, () )y L)
In this example, we show a repeated linear factor, X,, and a prime quadratic factor, X.,.

Write the original expression equal to the new expression and multiply each side by the LCD, in this case, ()(1)2(X2).
_ACX NN BLYL) (Cx+D J{_H',_f

(X)) (VX)) (X)) (X))
Use the Distributive Property to group like terms. Equate the coefficients on both sides of the equation to get a new
system of equations.

Then solve the system by writing it in matrix form CX = D and solving for X. Finally, use substitution to find the
partial fraction decomposition.

Use Cramer’s Rule to find the solution of each system of linear equations, if a unique solution exists.

X+y+z=0
x4+ y—dz=-13
S5x=3v+z=—10
SOLUTION:

1 1 |
The coefficient matrixisA =2 1 -4 |. Remember to align the terms, using 0s if needed. Calculate the
-.‘"

determinant of A.

a b c , ;
g of
detd)=Al=1d ¢ fl=a ] o I PO
" ho i o f a M
g oo
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I
2 1 ==
5 =3 1

4

2
- +1
T |

E—-'ll
-3

=110 = (=304 - 1[20 = 5¢-4)] +1[ 2(-3) - 5(1) |
=101-12) = 1(2+20) + (=6 - 5)

==11-22-11

=44

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.

||

|6 1 1

15 1 -4

1030
- 44

i I_, —4!_I‘—I:= —4i+1—ln I
=3 = 1) = =3
- —44
__ﬁ[lu}—{—_!j{—cn]—|[—|5{Ij—{—|m{—4}]+|[—15{—3}—:—1ﬂ}{|}]
N —44
_ —66+55+55
T 44
4
" 44
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4,

y=

A
1 6 1
2 =15 -4
_]5 -10 1
e
-15 —4| 2 —4‘ 2 -|5l
| -6 +11.
10 5 1| |5 -10
—44
150 = (= 10)—4)] - 6[2(1) - 5(~4)] + 1[2(~10) - 5(~15)]
- ~44
_ I(=15-40)—6(2 +20) + {20 + 75)
R -44
 -55-132+55
SR
132
44
=3
=
I 1 6
2 1 -5
5 -3 -0
T 44
II -15] |2 —1:+62 I‘
3 -0 5 -10] |5 -3
B —44
CA[=10) = (=3)=15)] = [ 2(=10)— 5(~15)]+ 6] 2(-3) - 5(1)]
- 44
_ —-55-55-66
T
176
Ty
=4

The solution is (-1, 3, 4).

g=2h4+e=7
57. ba+2h=2c=4
da+6b+4e=14

SOLUTION:
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1 -2 1
The coefficient matrixisA= |6 2 -2 |. Remember to align the terms, using Os if needed. Calculate the
4 6 4
determinant of A.
a b e p P, ;
detA)= A= 1d e fl=a l-b leel "
: hoo 7 g N
g i
b =2 | B 5
6 4 =i Taal s ©
. 4 4 4 6
4 o6 4

= 1[2(4) - 6(-2)] + 2[6(4) - 4(-2)] + 1[ 6(6) - 4(2)]
=1(8+12)+2(24 +8) + (36 -8)
=20+ 64+ 28

=112

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.

4

=
gl

17 =2 1|
4 2 -2
14 6 4|
112
2 =2 4 21 |4 2
+2
6 4 14 4 14 6

T[2A4 = 6(=2)]+ 2[4(4)— 14(=2)] + 1[4(6) - 14(2)]

- 112

140 + 884
12
224

112

—
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,_|‘4~|
Y=
||
j‘ 7 1
l‘ﬁ 4 =2
414 g
RTE
4 -2 9 4
l| 48 cal
144 4 4| |4 14
B 112

A = 14(=2)] = T[6(4) = 4(=2)] + 1[6(14) ~ 4(4)]

112
116+ 28) - 7(24 + 8) + 1(84 ~ 16)
- 12

44-224+68
112
112

112

6 2

112
1[2014) - 6(4)] + 2[6(14) — 4(4)] + 7[6(6) - 4(2)]

112
441364196
2
_336
12
=3

The solution is (2, —1, 3).

p=2r-5t=-|
58. p+2r-2t=3

dp+r+it=-|

SOLUTION:
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I <2 =5
The coefficient matrixisA= |1 2 -2 . Remember to align the terms, using Os if needed. Calculate the
41
determinant of A.
a b ¢ p i ;
detA)=A|=ld e fl=a| 7|-b vl ©
: hoo 7 g N
g i
I =3 =5
2 2l 2o 2
2 =I=l +2 -3
I 4 1 4 |

=120~ 1-2)]+ 2[10) - 4(=2)] - 5[ (1) - 4(2) |

=H2+2)+2{1+8)-5(1-8)

=44+ 18+ 33

=357
Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.

A |

X=
i

-1 -2 =5

5 2 =2
oo
- 57

2 -2 .5 -2 |5 2
o
. 1
R 57
=120 - 1= + 2[5 — (- D-2)] - 5[5 - (- 1)2)]
- 57
 —4+6-35
- 57
" 57
L

19
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4
y=lTl

A

I =1 =5

I o5 <3
R
57

5 <2 It <3 | s
_1‘—I 1 |‘5‘4 E
. 57
S = (D] 1100 - 4-2)] - 5[1-D - 4(5)]
B 57
_I5-2)+1(1+8)-5(-1-20)
: 57
3494105

e

7
- 57

39

19
7 -4

A

=l 1 =2

5 1 2

R

T 57

_|‘I 2_15 1_2“3 I1
o= 4
- 57

_ 1) - 4@)] 1[50~ (1)) - 2[5(4) ~ (= Deb)]
) 57
_T=7-42

e

42

57

_ 14

T
The solution is [—H_E._E].

19 19 19
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59. FINANCE For a class project, Jane “bought™ shares of stock in three companies. She bought 150 shares of a utility
company, 100 shares of a computer company, and 200 shares of a food company. At the end of the project, she
“sold” all of her stock.

Purchase Price | Selling Price

COMPAMY | ~per share (5) | per share (5)
utility 54.00 5520
CoemipLiter 48.00 S8.60
lood B0 AN ]

a. Organize the data in two matrices and use matrix multiplication to find the total amount that Jane spent for the
stock.
b. Write two matrices and use matrix multiplication to find the total amount she received for selling the stock.
C. Use matrix operations to find how much money Jane “made” or “lost” in her project.
SOLUTION:
rsa]
a. The purchase price can be placed into a 3 x 1 matrix A = | 48 | . The number of shares purchased can be placed
L60 |
intoa 1 x 3 matrix B=[150 100 200].
In order to find the total gmqunt spent, find BA.
M54
BA=[150 100 200]- 48
-.ﬁﬂ i
=[150(54) + 100(48) + 200(60)]
=[8100 + 4800 +12,000]
=[24,900]

4]

L

5
b. The sale price can be placed into a 3 x 1 matrix C = | 58.6 | . In order to find the total amount earned from selling
61,1

the stock, find BC. ) ]
552
BC=[150 100 200]-| 58.6
61.1]
=[150(55.2) + 100(58.6) + 200(61.1)]
=[8280 + 5860 +12,220]

=[26.360]
¢. Find BC — BA.
BC — BA =[26.360] -[24.900]
= [14:3{:]
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Simplify each expression.

60. csc 0 cos G tan O

SOLUTION:
esc@cos@tan ) = ——-cosdd -
sin i
3 coﬁf.i'_ siné?
siné? cosfd
=1
61.sec’> -1
SOLUTION:

Use the Pythagorean identity.
secc@—l={tan"&+1)-1

=tan’
tan &
" sind
SOLUTION:

tand? |
—— =tanf - ——
sin 7 sin 7

. sin |

cosf? sin#
4
cosd

=sect!
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63. MEDICINE Doctors may use a tuning fork that resonates at a given frequency as an aid to diagnose hearing
problems. The sound wave produced by a tuning fork can be modeled using a sine function.

a. If the amplitude of the sine function is 0.25, write the equations for tuning forks that resonate with a frequency of
64, 256, and 512 Hertz.

b. How do the periods of the tuning forks compare?
SOLUTION:

f
a. For the sine function, the frequency equals the reciprocal of the period, or l};l . Find b for each of the frequencies

in the problem.
f
64 Hertz: — =64
2T
h=128x
256 Hertz -2 = 256
i
h=512x
f
512 Hertz:— =512
A
h=1024x
When the amplitude a = 0.25, the equations for the tuning forks are:
Gd Hertz - v =0.255in 1 2874

256 Hertz v =0.25sin512nt
512 Hertz v =0.25s5in1024x

b. For the sine function, the frequency equals the reciprocal of the period. Therefore, the period and frequency have
an inverse relationship, so as the frequency increases, the period decreases.
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64. SAT/ACT In the figure, what is the value of x?

——
/"'/ o

s

s
A 40
B 45
C60
D75
E 90

SOLUTION:

—

The two angles in the diagram form a linear pair, which totals 180°. This is also the angle measure of a straight line.

2x+x=180
Jx =180

x =60
The correct choice is C.

3p=1 . . .
65. Decompose — | into partial fractions.

B =

p=1 p+l

SOLUTION:

This rational expression is proper. The denominator has four linear factors. Notice, however, that the factor x + 1 is

repeated twice.
Rewrite the expression as partial fractions with A, B, and C in the numerators.

3p-l__ 4 &

=1 p+l p-I

Multiply each side by the LCD,p* — 1.
Ip-1 A B

— s

=1 p+l p-=I

dp=-1_ Alp—lh+ Bip=1)

;:-: | p: -1 p: -1

Group like terms.
Ip-l=A(p-1)+B(p+])
3Jp-l=dp-A+Bp+ B
Jp=l=dp+Bp-A+ B
3p-l=(A+B)yp-4+B

eSolutions Manual - Powered by Cognero

Page 75



6-4 Partial Fractions

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+ B=3
-A+B=-1
Solve the system.
A+ B=3
(+)—Ad+ 8=-]
2E=2
B=1
A+1=3
A=2
Replace A and B with 2 and 1 in the partial fraction decomposition.
Ip-1 A I
p=1 B P+l _.JH--]
Ip-=1 2 1
p'-—'l - g+ ‘;J—]

The correct choice is F.

66. REVIEW A sprinkler waters a circular section of lawn about 20 feet in diameter. The homeowner decides that
placing the sprinkler at (7, 5) will maximize the area of grass being watered. Which equation represents the
boundary of the areas that the sprinkler waters?

A(x—7)%+(y —5)*=100
B (x +7)° - (y +5)° =100
C(x—7)%—(y +5)>=100
D (x +7)%+ (y —5)° = 100
SOLUTION:

The region is circular and the equation for a circle in the coordinate plane is (x — h)2 +(y - k)2 = r2, where (h, k) is

the center of the circle and r is the radius. If the diameter is 20 feet, then the radius is 10 feet and r2 is 102 or 100.
The sprinkler is located at (7, 5), soh =7 and k = 5.

Therefore, the equation is (x — 7)2 +(y — 5)2 =100 and the correct choice is A.
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x+2 4
67. REVIEW Which of the following is the sum of -  and ——
x4 X"+ X
-3x-9
X 4+x=10
G'ETST_24
X +x-6
TP L
X 4+x-6
x+x—1
il
SOLUTION:
To find the sum, multiply by the LCD.
x+2 4 x+2 4
¥+3 X +x-6 x+3 (x+Nx-2)
_{r+2Hx—E}ﬂ 4
(x+30x-2) (x+3Hx-2)
x -4 4

- +
(x+3Hx=2) (x+3x-2)
- x
{x+3Hx-2)

_— IT L

:FTI—ﬁ
The correct choice is H.
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6-5 Linear Optimization

Find the maximum and minimum values of the objective functionf (x, y) and for what values of x andy
they occur, subject to the given constraints.

flx.vi=3x+y

1 ye2x+l
x+2y<I12
l<w<3
SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible

solutions for the objective function, is the shaded region, including its boundary segments.

The polygonal region of feasible solutions has four vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.

v=1

y=2x+1
|=2x+1

0=2x

O=x
vertex at (0, 1)
y=1

x+2y=12
¥+2(1y=12
x+2=12
r=10

vertex at (10, 1)
y=3

x+2v=12

y+2(3)=12
x+h=12
r=6

vertex at (6, 3)
y=3
y=2x+1
3=2x+1
2=2x

l=x
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vertex at (1, 3)

Find the value of the objective function for each of the vertices.
.-"I.i-"'-ﬁ'} =3x+ ¥
£00.1)y=3(0)+1
F0,0)=1
SU0.1)y=3(10)+1
£0.10y=31
F(6.3)=3(6) +3
f(6.3)=21
F(L3)y=3(1)+3
fllL3) =6

The maximum value of f is 31 at (10, 1). The minimum value off is 1 at (0, 1).

.}r'{_.r‘ _1'} = =X 4-..

yEx+4

I

43

4

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

-

Fa

X

e

ij': 1!
 iaridl
¥

L3

4 2 ]
e =4

y=—x+

y=x+

X

A

N
Y

The polygonal region of feasible solutions has four vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.

x=1

y=—x+3

y=—1+3

p=2

vertex at (1, 2)
x=]
v=x+4

v=1+4

L]
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vertex at (1, 5)
x=4

y=—x+3
Y= -4 + -}'

y=-l

vertex at (4, -1)

x=4
v=x+4
v=4+4
=48

vertex at (4, 8)

Find the value of the objective function for each of the vertices.
flx.y)=—x+4y
FL2D==(D+4(2)

FLDH=7
JL3)==(1)+4(5)
S(1L5)=19
Fd-=—(d+H-1)
f(4.-1)=-8
F(4.8)=—(4)+4(8)
F(4.8)=28

The maximum value off is 28 at (4, 8). The minimum value off is -8 at (4, -1).

flx.vi=x—y
x+2y=0
3. Zx-ys7

X=—
>

Ll

1

SOLUTION:
Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

A Y
Yl |
.r——._',l+3|
- r -

The polygonal region of feasible solutions has four vertices. Each vertex is located at an intersection of two of the
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boundaries. Solve a system of equations to identify each vertex.

x==2
y=-3
vertex at (-2, -3)
p=2x=7
Lo
Y==——X+3
2
Voo
Ix=T==—x+3
2
dx—ld=-x+6
S5x=20
x=4
y=2x-7
y=24H~-T=1
vertex at (4, 1)
y=2x-7
y=-3
—3=2x)-7
d=2x
r=7

vertex at (2, —3)

(—2)+3

y=1+3
v=4
vertex at (=2 ,4)

Find the value of the objective function for each of the vertices.

Je,y)=x—y
f(-2.-3)=-2-(-3)
F(-2.-3)=1

fid1)y=4-1

Ffid1y=3

f(2,-3)=2-(-3)
f(2,~3)=5
f(-2.4y=-2-4
f(-2,4)=-6

The maximum value off is 5 at (2, —3). The minimum value off is —6at (-2 ,4).
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flx,y)=3x=3y

x =0

4 y=0

r+2v=6H

2y=x52

Y+yv=E3
SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

The polygonal region of feasible solutions has five vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.

y==X+J
y=0
O==x+35
x=35
vertex at (5, 0)
x=0

I
y=—x+]
-2

1
_'|- = E{ﬂ}-‘- i

r=1
vertex at (0, 1)

y=10
x =10
vertex at (0, 0)
]
P===xe+3
2
= ]—,1.' +1
2
Y#l===x+3
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vertex at (2 ,2)

y=——x+3
2
y=—x+3
I )
x+3=—x+3

Xx+6==2x+10
x=4

|
1 :—?1-”+3

y=1
vertex at (4 ,1)

Find the value of the objective function for each of the vertices.

Fix. v)=3x-5y
F10.0)=3(0)—5(0)
S10.0)=0
S(0.1)=3(0)-5(1)
F(0.1y=-5
F15.0)=3(5)-5(0)
S(5.0)=15
f(2.2)=3(2)-5(2)
f(2.2)=6-10=-4
S =3(4)-5(1)
f4N=12-5=7

The maximum value off is 15 at (5, 0). The minimum value off is —3at (0, 1).

Jlx. vy=3x=2y
yex+3
|<x<5

y=2

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible

solutions for the objective function, is the shaded region, including its boundary segments.

(¥=x+3|

!

i 4 bl | |
/n-r::j":fl

'R Y
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The polygonal region of feasible solutions has four vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.
p=2

x=]

vertex at (1, 2)
X=5

y=2

vertex at (5, 2)
y=x+3

x=]
y=1+3=4

vertex at (1, 4)

Y=Xx+3
x=5
y=x+3

y=3+3=§

vertex at (5 ,8)

Find the value of the objective function for each of the vertices.
flr.yv)=3x-2y

£(L2)=3(1)-2(2)

f0.2y=3-4=1

FLdy=3(11-2(4)

fil,4}y=3-8=-5

f(5,2)=3(5)-2(2)

f(5.2)=15-4=11
F(5.8)=3(5)-2(8)
Fi3.8)=15-16=—1

The maximum value off is 11 at (5, 2). The minimum value off is —3at (1, 4).

flxvy=3y+x

2y >3
2x+2y=24

SOLUTION:
Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.
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The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.

y=—x+2
4
3z
y=—x=3
P
1x+2:ix—3
4 2
v+8=0x-12
2 =35x
y=4
1 !{4}|’ 3
F= - L= 3
T4
vertex at (4, 3)
y==x+2
y-%x—ﬁ
3
X4+2==—x-3
2

2x+4=3x-6
[0=35x
x=2
y=={2)+2=0
vertex at (2, 0)
I

y=—x+2
4
p=—x+2
1I+2—“I+:
4
x+8=—4x+8§
Sx=10
x=0
I
y=—=(M+2=2
: 4{ )

vertex at (0, 2)

Find the value of the objective function for each of the vertices.
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Fle, ) =3yv+x
0.2y =3(2)+0
F(0.2)=6
£(2.0)=3(0)+2
S2.0)=2
f(4.3)=3(3)+4
f(4,3)=9+4=13

The maximum value off is 13 at (4, 3). The minimum value off is 2 at (2, 0).

fx.vy=x—-4y

xz=2

X
Ix

y=8
y=i

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible

solutions for the objective function, is the shaded region, including its boundary segments.
jl' ! | 1

The polygonal region of feasible solutions has five vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.
y=1

xX=2

vertex at (2,1)

y=l

y=2x-7

|=2x-7

B=2x

x=4

vertex at (4, 1)
y=2x-7
y=-x+8

2x=T==x+8
Jx=15
¥=3
yr=-5+8=3
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vertex at (5, 3)
1

p=—x42
< g

y=—x+8

|
X+2==x+5§

2
¥+4=-2x+16
Jx =12
r=4
y=—4+8=4
vertex at (4, 4)
1'—1.1-+2
I
r=2
V= l['r:'.,_‘}
- i 2 el -
y=1+2=3

vertex at (2, 3)

Find the value of the objective function for each of the vertices.
flx, i=x—4y
F(2.0)=2-4(1)
f2n=2-4=-22
f(2.3)=2-4(3)
f2.3)=2-12=-10
4 =4-41)
fan=4-4=0
S(4.4)=4-4(4)
f(d.8)=4—16=-12
fi53,3)=5-4(3)
f(5.3)=5-12=-7

S

The maximum value off is 0 at (4, 1). The minimum value off is =12 at (4, 4).

fix.vi=x—v
Ix-2v=-7
8. x+6y=-9
Sr+r=13
x-3yz-7

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.
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The polygonal region of feasible solutions has fort vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.

3 7
y=—x+=—
= i 2
] 3
J=——r——
[§ 2
3 k- =3
"Xt —=——X—-
2 2 6 2
Ox+2l==x-9
10x =-30
X ==3
] 3
¥=——(—3 —5
1 5
|':|—- i:—::—]
SR 2
vertex at (-3, —1)
I 3
y=——x——
6 2
y==3x+13
| 3 = "
——x——=—33x+13
i) 2
—x—9="30x+78
29y =87
=3
v==5{3y+13
v==I5+13==-2

vertex at (3, —2)
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y==5x+13
| 7
¥ =kt
| i |
-dr+ﬂ=lx+z
3 3
—15x+39=x+7
—16x=-32
=2
y==5{2)+13
v=—10+13=3

vertex at-(2, 3)

3 T
V=—X+—
2 2
| T
P==Xd=
Y=3 3
3 7Y 7
—XF—=—X+—
2 2 3 3
Ox+21=2x+14
Tx==7
x =]
| T
¥=—{—l)+—
3{ 3
|':-—-I-a-I:-E—-}:2
3 3 3

vertex at (=1, 2)

Find the value of the objective function for each of the vertices.
flx.vy=x—v
A=-1.2)=-1-2=-3
f(23)=2-3=-1
J(3.-2)=3-(-2)=5
F(3.-=3-(-1)=-2

The maximum value off is 5 at (3, —2). The minimum value of f is -3 at (—1,2).
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9. MEDICAL OFFICE Olivia is a receptionist for a medical clinic. One of her tasks is to schedule appointments. She
allots 20 minutes for a checkup and 40 minutes for a physical. The doctor can do no more than 6 physicals per day,
and the clinic has 7 hours available for appointments. A checkup costs $55, and a physical costs $125.

a. Write an objective function and list the constraints that model the given situation.

b. Sketch a graph of the region determined by the constraints from part a to find the set of feasible solutions for the
objective function.

€. How many of each appointment should Olivia make to maximize income? What is the maximum income?

SOLUTION:

a. Let x = physicals and lety = checkups.

There are no more than 6 physicals per day, so x < 6. There are 420 minutes available, so 40x + 20y <420. The
number of physicals and checkups must be positive, so x > 0 andy > 0. A checkup costs $55 and a physical costs
$125, so the objective function isf (x,y) = 125x + 55y.

b. Graph each constraint and locate the feasible region.
40x + 20y =420

x4 v=21
-2y +2]
T T [ []
5 (0, 21) L Tr—6
b e
g e v
N [140x+ 20y=420{"
B o
= == P
< B Uk
o K
ol P,
= [II \‘l‘
i, 0 1/ g, 0 H"\k
[4] F
|
Pliysicals

The vertices of the feasible region are (0, 0), (6, 0), (6, 9), and (0, 21). Find the value of the objective function for
each of these vertices.
S, )=125x+55y
F(0.0)=125(0)+ 55(0)
=0
Fie.0)=125{6) +55(0)

= T50)
A0, 20 =125(0y+55(21)
=1 163
F(6.9)=125(6)+ 55(9)
=245

The maximum income is $1245 when Olivia schedules 6 checkups and 9 physicals.
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10. INCOME Josh is working part-time to pay for some of his college expenses. Josh delivers pizza for $5 per hour
plus tips, which run about $8 per hour, and he also tutors in the math lab for $15 per hour. The math lab is only open
2 hours daily, Monday through Friday, when Josh is available to tutor. Josh can work no more than 20 hours per
week due to his class schedule.
a. Write an objective function and list the constraints that model the given situation.
b. Sketch a graph of the region determined by the constraints from part a to find the set of feasible solutions for the
objective function.
. How can Josh make the most money, and how much is it?

SOLUTION:

a. Let | = tutoring hours in lab and letp = hours delivering pizza.

The number of hours worked must be positive, sop > 0 and | > 0. He cannot work more than 10 hours in the lab, so
| <10. He can only work up to 20 hours total, so | +p <20. He earns $15 per hour tutoring and $13 per hour
delivering pizza, so the objective function is 7/, ) =15/ +13p.

b. Graph each constraint and locate the feasible region.

HEY A

2

315

(=

£ 8

S 4

3

a X
o 4 8 12 16 20

Tutoring (hours)

C. The vertices of the feasible region are (0, 0), (10, 0), (0, 20), and (10, 10). Find the value of the objective function
for each of these vertices.
FiLpy=151+13p

F0L0y=15(0)+13(0)

~ 0

FOHLOY = 15(10)+ 1300}
=150

FU0.203=15(0)+13(20)
= 260

FJU0I0y=15(103+13(10)
=280

Josh should work 10 hours delivering pizza and 10 hours tutoring. He will make $280.

11. SMALL BUSINESS A design company creates Web sites and E-albums. Each Web site requires 10 hours of
planning and 4.5 hours of page design. Each family E-album requires 15 hours of planning and 9 hours of page
design. There are 70 hours available each week for the staff to plan and 36 hours for page design.

a. If the profit is $600 for each Web site and $700 for each family E-album, write an objective function and list the
constraints that model the given situation.

b. Sketch a graph of the region determined by the constraints from part a to find the set of feasible solutions for the
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objective function.
¢. How much of each product should be produced to achieve maximum profit? What is the profit?

SOLUTION:

a. Let w = websites and a = albums. There are 70 hours available to plan, websites require 10 hours, and albums
require 15 hours, so 10w + 15a < 70. There are 36 hours available for design, websites require 4.5 hours, and albums
require 9 hours, so 4.5w + 9a < 36. The profit is $600 per website and $700 per albums, so the objective function isf
(w, @) = 600w + 700a.

b. Solve the inequalities for a.

[Ow+15a=70
15a<=10w+T0
2 14

s——WwW4+—
3

45w+9 =36
O < —4. 5w+ 36
o = -l w4
-

Graph the con;traints.
by

Albums
7

| X

D -
Websites
C. Three of the vertices of the feasible region are (0, 0), (0, 4), and (7, 0). Find the other vertex by locating the
intersection of the two constraints.
| 2 14

—— it == —
7 3 3

=3+ 24 = 4w+ 28

w=4

a===w+4
>

_ |
a=-(4)+4

=12

The last vertex is (4, 2).

Find the value of the objective function for each of these vertices.
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12.

SOy = 600w + 700

S0,0) = 600(0) + T00(0)
={)

S04y = 600000+ TO0{d)

= 2800
SO0y =6000T)+ 700007
= 4200
F(4.2)=600(4) + T00(2)
= 3800

The company should create 7 Web sites and no albums for a maximum profit of $4200.

Find the maximum and minimum values of the objective functionf (x, y) and for what values of x andy
they occur, subject to the given constraints.
fla.vi=4x =4y
x+yz=y
yex+12

y<ll-2x

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

¥l
— s
ly=11 =2x%

The polygonal region of feasible solutions has two vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.

2x+v==-7
y=x+2

2x+{x+2)==-7
Jx=-9
v=—3

y=-—3+2
v=-—1

(—3.-1)
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y=11-2x

+ ¥
[E] I

LTI - R
|
Tt e
-

|
T =
.I

-

-
|
L

(3.3)

Find the value of the objective function for each vertex.

Flx vy=dxy -4y
f(=3.-1) = 4(=3)-4(-1)
==12+44
= =8
Fi(3.5)=4(3)—4(3)
=12-20
==§

The problem has multiple solutions from (=3, —1) to (3, 5), or along the liney = x + 2 in [-3, 3]. The feasible region is

unbounded, so check another point in the region to determine if the line represents maxima or minima.

flx v)=4x—4y
0.0y =4{0) - 40
=0

There is no maximum and the minimum of —8 falls on every point along the liney = x + 2 in [-3, 3].
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13.
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Filx,yy=3x+6y

;'

PE——r =

4

15

-.L d

Ly s
A IV
bl 0 kD

0

I

X

SOLUTION:

-

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible

solutions for the objective function, is the shaded region, including its boundary segments.

.-:r-l-

2
L]

-:=|f"-':,

i ¥

e
‘:l'

The polygonal region of feasible solutions has five vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.
Find the value of the objective function for each vertex.

flx.y)=3x+6y
SO0y =3(0)+ 6007}

=10

£(0.2)=3(0)+ 6(2)

=12

F(1.2) =3(1)+ 6(2)

=15

S5 0)y=3(3)=+6(1)

=13

£(3.0)=3(3) + 6(0)

=9

The problem has multiple maxima of 15 from (1, 2) to (3, 1), or along the liney = —0.5x + 2.5in[-1, 3]. There is a
minimum of 0 at (0, 0).
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flx,vi==3x=6y

pE——x+3
e ¥,

14. v

15

P
1

s
i
= S e T <

I
=

X:

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.
¥i - i 4

L Jly=—greg o

« \ i

o) [1:53* M‘.\-'_'..:':I.

x=0ry = ML
The polygonal region of feasible solutions has five vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.

Find the value of the objective function for each vertex.

flx.y)=-3x-6y
F(0,0) ==3(0) - 6(0)

=0

Fi0.4)y=-3(0)-6(4)

=-24
f(2.4)==3(2)-6(4)
==30
-3(6) - 6(2)
==30
F16.0)=-3(6) - 6(0)
=-18

The problem has multiple minima of —30 from (2, 4) to (6, 2), or along the liney = —0.5x + 5in [2, 6]. There is a
maximum of 0 at (0, 0).

£(6.2)
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Flx.vi=6x—4v
2x+3r=6
Bx—2y=-4

x4+ v=15

15.

SOLUTION:
Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.
Find the value of the objective function for each vertex.
Jix. y)=6x—4y
0.2y =6(0)-4(2)
-8
F(2.5)=6(2)-4(5)
=-8
F(3.0)=06(3) - 4(0)
=18
The problem has multiple minima of —8 from (0, 2) to (2, 5), or along the liney =1.5x + 2in [0, 2]. There is a
maximum of 18 at (3, 0).
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flx.vi=3x+4dy
yEx—-3
ve6=2x

v+ yp==3

16.

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

¥=—3—2x

The polygonal region of feasible solutions has two vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.
Find the value of the objective function for each vertex.
flx,yv)=3x+4y
F(0.=3)=3(0) + 4(-3)

s

J(3.0)=3(3)+ 4(0)

= i)
The feasible region is unbounded, so check other points in the region.
flx. vi=3x+4dy

J(4,=5)=3(4) + 4(-3)
=-8
F(2.-6)=3(2)+ 4(-6)
=-18
There is a maximum of 9 at (3, 0), and no minimum.
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flr.y)=8x+I10y
__i.r i 4
5

I

17. V=
.i.

15
= =

I

I
L

s

WY
=

X 2

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.
LY !

=9

-'7_'-1[' |
[y==—zx+
e .

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.
Find the value of the objective function for each vertex.
Jlx, vi=8x+10y
0.0 =800+ 10(0)
=)
S04 =8(0)+10(4)
=40
F(5.0)=8(5)+10(0)
=40
The problem has multiple maxima of 40 from (0, 4) to (5, 0), or along the liney = —0.8x + 4 in [0, 5]. There is a
minimum of 0 at (0, 0).

18. NUTRITION Michelle wants to consume more nutrients. She wants to receive at least 40 milligrams of calcium,
600 milligrams of potassium, and 50 milligrams of vitamin C. Michelle’s two favorite fruits are apples and bananas.
The average nutritional content of both are given.

Fruit | Calium | Potassium | Vitamin C
apple 9.5 myg 158 mg 9 mg
banana 1.0mg 457 mg 11 me

a. If each apple costs $0.55 and each banana costs $0.35, write an objective function. List the constraints that model
the given situation.

b. Sketch a graph of the region determined by the constraints from part a to find the set of feasible solutions for the
objective function.

c. Determine the number of each type of fruit that Michelle should eat to minimize his cost while still obtaining his
desired nutritional intake.

SOLUTION:

a. Let a = apples and let b = bananas. Apples cost 55 cents and bananas cost 35 cents, so the objective function isf
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(b, a) = 0.35b + 0.55a. The number of apples and bananas must be positive, so @ >0 and b > 0. She wants at least
40 mg of calcium, so 7b + 9.5a > 40. She wants at least 600 mg of potassium, so 467b + 158a > 600. She wants at
least 50 mg of vitamin C, so 11b + 9a > 50.

b. Solve the equations for a and sketch the graphs. Another method of graphing these linear equations would be to
locate the x- and y-intercepts and then connect the points.

1 1h+9g=50
Oa=-11b+50
11 50

ag=——h+—
9 o

Th+95g=4{)
9 5g==Th+d0
14, .80
R [

4675 + 1584 = 600
158a =—467hH + 600
e 1L
158 158
Two of the vertices of the feasible region are intercepts. Set a and b equal to 0 to find these points.

=

11h 490 =50
110y +9a =30
Q=50

Al

a=—

9
Th+954=40
Th=40

h= ﬂ

-

O5a=40

80

a=—
19
467hH + 1580 =600

467hH = 600
- _E![]'ﬂ
467

158 = 600
600
g=—
|58
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4y
g %
&‘\
=
\
\ X X

(8]
Bananas
C.

. [ 5 (40 ) . .
Two of the vertices are L 0, % ] and k 7.UJ . The last vertex can be found by setting the two constraints that
intersect to form the vertex equal to each other.
.”.,'“ :nl]: Hh r 80
4 9 19 14
—L1(19) + 30(19) = — 1 4(9)h + B0
=209 + 950 =—1 264+ 720

230 =83b
230 ~
83
277 =h
]E[' 23{}} 30
d=—— + —
oL 83.) 9
180
=
83
=217

Please note that these points can also be located using the intersection feature of your graphing calculator.

Find the value of the objective function for each of these points.
Fiha)=035304+0355a

5 507
,f'[ﬂ.ﬂ} =0.35(0)+ 0.5 '[’—"
9 9

/ A
275
=
= 3.06
40 4 =
1 [T‘“J = u.35[7] +0.55(0)
B 14
?

=2

F(2.77.2.17)=0.35(2.77) + 0.55(2.17)
={0.9695+1.1935
=2.163
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. L .40 . .
Her cost will be minimized by consuming - bananas. Rounding up, we get 6 bananas. Check to see that this cost

is still lower than the other two vertices.
F(6,0)=0.35(6)+0.4(0)

=21

Find a value of a so that each objective function has maximum values at the indicated vertex, subject to
the following constraints.

x=10
_'|' o :
I+yv=9
4x+3v=6
19.1(x,y) = —4x +ay, (0, 2)
SOLUTION:
Find the feasible region by graphing the constraints.
Equation |
x=0
Equation 2
yzl

Equation 3

x+y=9
r=—x+9
Equation 4
—4x+3y=6
Jv=dx+6
q
PE=X+2
b 4
3.6
(0,2) (7,2)
[e] x

The vertices of the region are (0, 2), (3, 6), and (7, 2).

We need to maximizef (x,y) = —4x + ay at (0, 2). With the —4 coefficient in front of the x, the (3, 6) and (7, 2)
values will be far more negative than the (0, 2) value. A small nonnegative value for a will ensure that (0, 2) is the
maximum. If a > 3, then (3, 6) will become the maximum.
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20.f(x,y) = —4x + ay, (3, 6)

SOLUTION:

Find the feasible region by graphing the constraints.
Equation |

xz=0
Equation 2
ypz2
Equation 3
X+ p=9
ya—x+9

Equation 4

—dx+3r=6
Jv=dxr+6
4
yE=—x+2
3
™y
(3,6
0. 2 (7. 2)
(0] x

The vertices of the region are (0, 2), (3, 6), and (7, 2).

We need to maximizef (x,y) = —4x + ay at (3, 6). With the —4 coefficient in front of the x, the (3, 6) and (7, 2)
values will be far more negative than the (0, 2) value. A small nonnegative value for a will ensure that (0, 2) is the
maximum. If a > 3, then (3, 6) will become the maximum.
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21.f(x,y) =x—ay, (3,6)

SOLUTION:

Find the feasible region by graphing the constraints.
Equation |

xz=0
Equation 2
ypz2
Equation 3
X+ p=9
ya—x+9

Equation 4

—dx+3r=6
Jv=dxr+6
4
yE=—x+2
3
™y
(3,6
0. 2 (7. 2)
(0] x

The vertices of the region are (0, 2), (3, 6), and (7, 2).
We need to maximizef (x,y) = x — ay at (3, 6). With the —a coefficient in front of the y, the (3, 6) value will be far
more positive than the other values as long as a is negative. If a <—2, then (3, 6) will become the maximum.
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22.f(x,y)=x—ay, (7,2)

SOLUTION:

Find the feasible region by graphing the constraints.
Equation |

xz=0
Equation 2
ypz2
Equation 3
X+ p=9
ya—x+9

Equation 4

—dx+3r=6
Jv=dxr+6
4
yE=—x+2
3
™y
(3,6
0. 2 (7. 2)
(0] x

The vertices of the region are (0, 2), (3, 6), and (7, 2).

We need to maximizef (x,y) = x —ay at (7, 2). With the —a coefficient in front of they, the (3, 6) value will be far
more negative than the other values as long as a is positive. Since 7 > 0, the (7, 20) value will be greater than the (0,
2) value as long as a is positive.

eSolutions Manual - Powered by Cognero Page 28



6-5 Linear Optimization

23.f(x,y) =ax+4y,(7,2)

SOLUTION:

Find the feasible region by graphing the constraints.
Equation |

xz=0
Equation 2
ypz2
Equation 3
X+ p=9
ya—x+9

Equation 4

—dx+3r=6
Jv=dxr+6
4
yE=—x+2
3
™y
(3,6
0. 2 (7. 2)
(0] x

The vertices of the region are (0, 2), (3, 6), and (7, 2).

We need to maximizef (x,y) = ax + 4y at (7, 2). With the coefficient of 4 in front of they, the (3, 6) value will be far
more positive than the other values unless a is large enough so that 7a + 4(2) > 3a + 4(6). Therefore, a must be
greater than 4.
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24.f(x,y) =ax—3y,(0,2)

SOLUTION:

Find the feasible region by graphing the constraints.
Equation |

xzi
Equation 2

ypz2
Equation 3

X+ y<9

ya—x+9

Equation 4

—dx+3r=6

Jv=dxr+6

(0,2 (7,2

The vertices of the region are (0, 2), (3, 6), and (7, 2).

We need to maximizef (x,y) = ax — 3y at (0, 2). With the coefficient of —3 in front of the y, the (3, 6) value will be
far more negative than the (0, 2) value unless a is small enough so that 0 — 3(2) > 3a — 3(6). Therefore, a must be
less than 4. The (7, 2) value will be greater than the (0, 2) value unless a is small enough such that 0 — 3(2) > 7a — 3
(2). Therefore, a must be less than 0.
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Find an objective function that has a maximum or minimum value at each indicated vertex.

25. minimum at A
PTTINC]

_ﬁ__...'_.____,\f_ﬁh_
AL T AL L

\

] X

oo | ICA [x
AN A
SOLUTION:

The vertices are A(0, 5), B(4, 6), C(6, 0), and D(0, 0). We want the objective function to have a minimum atA. If we
make the coefficient of y negative, then we only have to worry about vertex B. We must also make the coefficient

of x positive to ensure that A will be less than B. Thus, we can usef (x,y) =4x —vy.
Test:
flxy)=dx—y

J0.5)=40)-5
=_5

J(4.6)=4(4)-6
=10

f16.0) = 4(6)-0
=24

F10.0)=4(0)-0
=10

K
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26. maximum at C

WETT]
HE '-..:EZ
| P
o |
v 1]
SOLUTION:

The vertices are A(1, 6), B(7, 4), C(4, 1), and D(1, 2). We want the objective function to have a maximum at C. The
problem here is that B has greater coordinates. To offset this, we should make the coefficient of y negative and the
coefficient of y greater than the coefficient of x. This way, the negative value of the y-coordinate of B lowers its
value. Also, the negative coefficient of the y-coordinate does not lower the value of C that much. Thus, we can use

fx,y)=x-2.
Test:
flx.y)=x-2y

F(L6)=1-2(6)
=-1]
H7.4)=T7-2(4)
=—]
f(d. 1) =4-2(1)
=2
J(1L.2)=1-2)
=-3
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27. maximum at B
Yib C

SOLUTION:

The vertices are A(0, 6), B(1, 7), C(7, 7), and D(3, 3). We want the objective function to have a maximum at B. To
do this, we should make the coefficient of y positive. In order to make B at (1, 7) be greater then C at (7, 7), we
should make the coefficient of x negative. Therefore, we can usef (x,y) = —2x + 5y.

Fx.y)==2x+3y

F10.6)==2(0)+ 5(6)
=30

STy ==2(1)+5(7)
=33

SN ==2AT)+5(7)
=2]

f(3.3)=-2(3)+5(3)
=9

28. minimum at D
[
-8

TS
t 1 X |

SOLUTION:
The vertices are A(1, 5), B(3, 7), C(7, 1), and D(2, 2). We want the objective function to have a minimum at D. The
value of 2 + 2 is less than the sum of any of the other vertices, so we can usef (x,y) = x +Yy.
Test:
flx.v)=x+y
F(1.5)=1+5
=6
J(E3. ) =3+7
=10
F(A=7+1
=8
J(2.2)=2+2
=4
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29. BUSINESS The Seaside Juice Bar makes two types of mango drinks. A batch of Mango Sunrise uses 3 liters of
mango juice and 1 liter of strawberry juice. A batch of Oasis Dream uses 2 liters of mango juice and 1 liter of
strawberry juice. The store has 40 liters of mango juice and 15 liters of strawberry juice that it wants to use up
before the end of the day. The profit on Mango Sunrise is $16 per batch, and the profit on the Oasis Dream is $12
per batch.

a. Write an objective function, and list the constraints that model the given situation.
b. In order to maximize profits, how many batches of each drink should the juice store make?

SOLUTION:

a. Let x = Mango Dream and lety = Oasis Dream. There are 40 liters of mango juice, so 3x + 2y <40. There are
15 liters of strawberry juice, so x +y < 15. The number of drinks must be positive, so X > 0 andy > 0. Use the profit
per batch to write the objective function.f (x,y) = 16x + 12y.

b. Graph the inequalities.
Ly

W N3+ 2y = 40)

(0 1)
I

]
N 4 & iR

Two of the vertices of the feasible region are (0, 0) and (0, 15). Find the other vertices by locating the intersection of
the two constraints.

v+ 2v=40
3x+2(() =40
Jr=40
40
xX=—
o
(40 )
T.n]
Nl J
3x+2v=40
x+r=15
y=I15-x

x4+ 2(15-x)=40
3x+30-2x=40
x=10
y=15-10
y=3
(10.5)
Find the value of the objective function for each vertex.
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Flx.vi=l6x+12v
F0.0)=16(0)+12(0)
=0
F{0,13)=16(0)+12(15)
= | §0
_f'fﬂ.ﬂ:mffﬂL 12(0)
L3 ) L3 )
640

-

ol

|
=213

fu }
F10,5)=16(10)+12(5)

=60+ 6l

=220

10 batches of Mango Sunrise and 5 batches of Oasis Dream; $220

Find the maximum and minimum values of the objective functionf (x, y) and for what values of x andy

they occur, subject to the given constraints.

Flx. y)=4x-8»

30. yEx : Bx+18
ys—x +8x-10
yE8—x

SOLUTION:

In this case, not all of the constraints are linear. Graph the constraints and locate the vertices of the feasible region.

Ay =x —8x+18

g

Oty 4 Yo 12 16

Set the equations equal to each other to locate the points of intersection.

8—y=x" -8x+18

O=x"=Tx+10
O={x-5)x-2)
x=5arl

The point of intersection is near x = 5. so choose 5.

y=8-5
3

.'I.I

(3.3)
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B—x==x"+8x-10

X =9x+18=0
(x=3Nx-6)=0
x=3orb

The point of intersection is near x = 3. so choose 3.
y=8-3

y=3

(3.5)

¥ =Bx+18=—x" +8x-10

2" —16x+28=D

x —8x+14=0
(x—4) -2=0
(x—4) =2
x—d4=22

v=4++20rd -2

The point of intersection is near v = 3, so choose 4 - J2.

y=(4-+27 -8(4-v2)+18

y=16-8/2+2-3248/2+18

y=4

(4—+/2.4)

From the graph, it looks like another point should be checked. This is the minimum of the first constraint at (4, 2).
Remember, the feasible region in this case is not a polygonal convex set.

e

a 1216

Substitute each of these vertices into the objective function.
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flx.y)=8x-4y

F(3.5)=8(3)-4(5)
— 4

F(3.3)=8(3)-4(3)
=28

Ji4= x"r'_.i..-ij =84 - xn'rj':]_ ETE

=32-82-16
=16-82
=d4.7

FA.2) =84 -4
=24

The maximum of 28 is at (5, 3) while the minimum of 4 is at (3, 5).

Flx, ¥)==2x+5y
31. yEx +6x+3

yE=x —4x+15
yEx+9

SOLUTION:
In this case, not all of the constraints are linear. Graph the constraints and locate the vertices of the feasible region.

Set the equations equal to each other to locate the points of intersection.
y=x+9

x+9=x"+6x+3

D=x"+5x—06

O={x+6Hx-1)

r=—hor]

The intersection is near x = —6.

y=—6+9

y=3
(~6.3)
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y=x+9
¥+9=-x"—4x+15
N +5x-6=0
(x+6)(x-1)=0

r=—bhaorl

yv=—0Hb+Y
y=3
(—6.3)

All three constraints meet at (—6, 3). They also all meet at (1, 10).

From the graph, it looks like another point should be checked. This is the minimum of the first constraint at (-3,
—6). Remember, the feasible region in this case is not a polygonal convex set.

Substitute each of these vertices into the objective function.

J(x,y)==2x+5y
F(=6.3)==2(=6)+ 5(3)
=12413
=7
F(=3,-6)==2(~3)+ 5(—6)
— Y |
F(L10)==2(1)+ 5(10)
- 48
The minimum of —24 is at (—3, —6) while the maximum of 48 is at (1, 10).

Find the area enclosed by the polygonal convex set defined by each system of inequalities.
=0
xsl12
32. Zx+ 6y <B4
2x—3y=s-3

Sx+3y=33

SOLUTION:
Graph each constraint to form the polygonal convex set. Either solve the equations fory or use intercepts to graph
the constraints.
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Equation | :
=0
Equation 2 :
x=12
Equation 3:
2x+6r=84
br=—2r+84

|
ye——x+l14
3

Equation 4 :
2x=-3y=-3

-

Jy=-2x-3

yEz—x+|

L |

Equation 5;

$x+3y=33

Jvz-8x+33
8

y2—=x+]11
3

Graph the inequalities.

One way to break up this region would be to split it into two trapezoids. First, confirm the intersection of
equations 4 and 5.

8 2
—:.r+|l—:,r+|
A 3
Sx4+33=2x+3
30=10x
=%
2
y=—(3)+I1
3
y=2+1
p=23
(3.3)

Substitute X = 3 into equation 3 to find the other endpoint of the vertical line.
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_1-:—;13}+I4
|

y=—1+14

-

y=13
(3.13)
Identify the other points on the trapezoid.

(0. 14}
(3,13}

(12, 10)

{12, 9)

The trapezoid on the left has bases of 3 and 10 units and a height of 3 units.
(b +h 0

A= = =
ST

3410
_,|__"-:['IHH |
2 )

A=19.5

The trapezoid on the right has bases of 1 and 10 units and a height of 9 units.
(b +h )

A= hi ' =
2 )

P4
A=9|

A=495
The total area is 19.5 + 49.5 = 69 units.

SOLUTION:
Graph each constraint to form the polygonal convex set. Either solve the equations fory or use intercepts to graph

the constraints.
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Equation |
y=9

Equation 2:

r=2

Equation 3
X—ys5
—yE—x+3
vExX—3

Equation 4
2x+y=s25

ys-2x+25

Equation 5:
Ix+2y=20
2y < -3x+20
3

y=-—x+10
Graph the inequalities.
& f 1 \

1 Z
Sh\l ? I
4 > 3
TR
One way to find the area of this region would be to split it into triangles and use determinants to find the area of
each triangle. First, confirm the intersection of equations 4 and 5 and equations 3 and 4.
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yzx-5

ys-2x+25

x—5=-2x+25
Jx=30
x=10
10-53=5
(10.5)

r—S5=—=x+I10
>3

2x—10=-3x+20
Sx=30
x=0
6-5=1
(6.1)
Form triangles with the vertices of the figure.

o ] 8 X

Create a matrix for each triangle. The area of each triangle is equal to one-half the absolute value of the
determinant.

2 9 0

% |det{4)|= qi 3 9

= "o 5 1

I,
=~ [2A%(1) = 5(1)] - 9[8(1) ~10(1)] + 8(5) — 10(9)

-

=—12(9-5)-98-10)+ 40— 90|

ot | =

) [2(4) - 9(-2) - 50|

2

1, -
=—:3-‘r!!€—3ﬂ|

5

[y
=_r;-3-1i
=]z
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2 91
1 |

;|dct{ﬂj|:; 6 1 1
n ne. 5 1

bk | ==

=—12IH1) = 5(1)] = 96(1) = 10(1)] + 6(5) - H]{I)|

~8+36+30-10]

b | =

=)

4

~

9 1
6 1 1
71

Lo
Elde[{{ }|—5|
|

o

= —|2[1(1) = 7(1)] = 9{6(1) - 2(1)] + 6(T) - 2(1)|

]

-12-36+42-2

bk | —

=4
The area of the region is 12 + 24 + 4 or 40 units?.

xz0

|
yz—x

-

34. 3x+2yz=8
-3x+4y<28

y+2vrs24

SOLUTION:
Graph each constraint.
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Equation | ;
rz=i0

Equation 2
|

y2—=x
: 2

Equation 3

Jx+2y=8
2yvz-3x+8
3
= X+ 4
’ 2

Equation 4 ;
=3x+4y=28
dy=3x428

e

3
ya-—=7
._'l_
Equation 5:
x+2y<24

2y<—x+24

|
pE——x+12
]

Graph the inquaIities.

One way to find the area of this region would be to split it into triangles and use determinants to find the area of
each triangle. Form triangles with the vertices of the figure.

Create a matrix for each triangle. The area of each triangle is equal to one-half the absolute value of the
determinant.
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| tu 4 1
:|det{.4;|=2{} 7 1
4 10 1
= %gn —4[0(1) — 4(1)] + D(10) — 4(7)|
|,
=—|-4(-4)-28
2! { |
=L
3 |
=
0 4 1
:ldct[ﬂjlzéll 6 |
3 |4 10 1

= %i(]l—dl]l{li}-ni{l}l-l— 12(10) - 4{-.‘3}|

i

= |-4(8) +120 - 24|

b3 | =— | —
|
land
)
oS
gl
=11

]
T
bt

{J'—ll|

-I-|d4:t{l‘_'}|:- 2 6 1
!
: R

e

0= 4[12(1)~ 2(1)]+ 12(1) - 2(6)|

bd | =—

=—|-4(10)+12 12|

]

|
£
=

g T T

=

The area of the figure is 6 + 32 + 20 or 58 units.

=10
x+y=l14

35. x+3yvz13

—x+5p<40
dy+yz8

SOLUTION:

Graph each constraint to form the polygonal convex set. Either solve the equations fory or use intercepts to graph
the constraints.
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Equation 1:
=1l

Equation 2:

Equation 3:

x+3yz13

Equation 4 :
—x+ 5y =40
Syr<x+40

Equation 5:
dr4 =8
yz-dxy+§

Graph the inequalities. One way to find the area of this region would be to split it into triangles and use
determinants to find the area of each triangle. Form triangles with the vertices of the figure.

Create a matrix for each triangle. The area of each triangle is equal to one-half the absolute value of the

determinant.

i |08 ||
S ldet()l=2{5 9 1
10 4 |
N
2
—1)-8(-5)+20-90)
|
= —|40-70|
2
=15
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0 8 1
Idt.t{ﬂjl— 1 1 1
“lo 4 1

0= 8[10(1) — 10(H] + (10)(4) — 101

~8(0) + 40 10|

bt | — T\J = r=.=|—

30)

]
LA

I
|
= [0 8{10(1) ~ 1(1)] + (10)(4) ~ 1(D)]

|d»uc )=

'I‘-J—

= = o=

S

-8(9) + 40 1]

dl— u e

+39)

= ]ﬁ_:n
The area of the figure is 15 + 15 + 16.5 or 46.5 units2.

36. CHALLENGE Provide the system of inequalities that forms the polygonal convex set shown below.

RRRE.SES
'A,t - J4L'EL‘E¢1&. 21
LU |
=12 -6 o] | 6] | 12x

Bariam|
D(—86,—6)4
—12-C 6, — 10}
ENENN
SOLUTION:

Use the vertices to find the linear equation associated with each boundary of the region. Then use the shaded area
as a guide for which inequality symbol to use.
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AR (4. 4y 10(8,2)

4-2
m=
~d -8
2
-2
sl
6
Y=y =mx-x)
1
v—2=——(x—8)
*—2=—1x+§
6 6
fy—12=-x+8
6y=—x+20

by<-—x+20

Y=y =mx-x)
y=2=06{x-8)

y—=2=6x-48%
y=6x-46
yzbxy-46
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CP 6. =1000(—6H,-6)
1 —{-6)
f=—
(—6)

& o

| b2

Y=y =mx—-2x)

!
¥—(=6) = ——(x —(~6))

o

1
y+o=——x-2
3
Jr+18=—x-06

Jy=—x-24

3yz-x—-24

DA (=6, -6) 1o (—4.4)

Y=y, =mix-Xx)
y—4=5{x—(—4)
y—d4=5x-20

Sy
v=5x+24

y=5x+24

37. REASONING Consider the profit function P(x,y) = ax + by. Will P always have a positive maximum value if the
feasible region lies entirely within the first quadrant? Explain your reasoning.

SOLUTION:

No; sample answer: If a or b is negative, then it will be possible for the objective function to have a negative
maximum value. If we further restricted a and b to be positive, then P would always have a positive value.

38. CHALLENGE Find the maximum and minimum values of the objective functionf (x,y) = —6x + 3y and for what
values of x and y they occur, subject to the given constraints.
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yz4
3x+2y=14
—2x+5p<60
X+ yz=3
-ITx+5y<35

2x+y<3b

SOLUTION:

Graph each constraint to identify the feasible region. Either solve the equations fory, or use intercepts to graph the
constraints.

Equation |
yz4
Equation 2
x+2vzl4
2yz=-3x+14

3
»z ==X+ Fi

=

Equation 3
-2x+ 5y <60
Sp=2x+60

y=—x+12

1
R | D

Equation 4
—-x+yz-3
rzx-3
Equation 5
—Tx+35p=35
S5psTx+35

2
V= j.‘l.'+?
&

Equation 6
2x4 v=36
y==2xr+36
Graph the constraints.

o 4 8 12 16 «x
The graph pretty clearly identifies the coordinates of all of the vertices. You can also locate them by using the
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intersection feature of your calculator. Yet another method is to set the intersecting lines equal to each other.

2
—x+T=—x+12
5
Tx+35=2x+60
Sx=25
Y=5
r=1{5‘]+?
3
_l-':?'.-' :"
y=14
(5.14)

5
“2x+36="x+12
b
~10x + 180 =2x+ 60
[20=12x
10=x
=
y=—{10)+12

y=4+12
v=I16
(10 16)

"

Il
-
Lad

y=10
(13.10)
d=x=3
T=x
v=4
(7.4)

-
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7

t.'l";'?-_—
5

| ted

-y,

bd

l4x+T70==15x+ 70
29x =10
x=0

= Eiﬂl' 7
3

=7
(0.7)
Substitute these values into the objective function.
Fx.v)==6x+3y
S(5.14)y=—6(5) +3(14)
=30+ 42
=12
—6(10) + 3(16)
—00 + 48
=-]2
JU13,10)==6(13) + 3(10)
=78 +30
=48
S(7.4)=~6(T7)+3{4)
==42+12
=-30
J(2.4)=-6(2) + 3(4)
==12+12
=0
F(0.7y=-6(0) +3(7)
=0+2]
=21

max of 21at (0, 7), min of —48 at (13, 10)

F0.16)
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39. OPEN ENDED Linear programming has numerous real-world applications.
a. Write a real-world problem that could be solved using linear programming.
b. Using at least 4 constraints, write an objective function to be maximized or minimized.
c. Sketch a graph of the region determined by the constraints from part a to find the set of feasible solutions.
d. Find the solution to the problem.

SOLUTION:

a. Set up an objective using two variables. Put restrictions on the variables using constraints. Set up the constraints
to intersect at integral values to make the solution easier. Make sure the problem is logical.

Sample answer: A bakery makes up to 100 apple and lemon meringue pies each week. Due to labor costs, the
number of lemon meringue pies that are made needs to be less than or equal to 25 plus two times the number of
apple pies. The customer demand for lemon meringue pies is at least twice that of applies pies. The bakery makes a
profit of $8 per apple pie and $10 per lemon meringue pie. How many of each type of pie should be made to
maximize profit?
b. Some good constraints are X > 0 and y > 0, since most applications involve positive values.
flx.vy=8x+10y

yE25+2x

y=2x

x+¥=100

xz0

yz0

100 7
90

4

a0

(25, 75)
70 ! 33.3, 66.7)

&0
50 7
40 7A
30 Y0, 25)
20

'E /m. 0)

10 20 30 40 50 60 70 80 90 100
Apple Pies

Lemon Meringue Pies

c.
The graph of the system of inequalities forms a polygonal region with vertices at (0, 0), (0, 25), (25, 75), and (33.3,
66.7). Locate the intersections of the constraints by solving the system of equations or by using the intersection
feature of your calculator.

d. Substitute the values of each vertex into the objective function. Sincef is greatest at (25, 75), the bakery should
make 25 apple pies and 75 lemon meringue pies to earn a maximum profit of $950.
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40. WRITING IN MATH Is it possible for a linear programming problem to have no maximum solution and no
minimum solution? Explain your reasoning.
SOLUTION:

Yes; this situation can occur when the constraints of the problem do not form a feasible region. When this happens,
there will be no points to test and, thus, no maximum or minimum.

For example, consider the following objective function and set of constraints.
Flx.v)=8x+10y

yzixr-6

yE—2x+4

x=3

x=1
ly=—2c+4

&

y=Jdx—B

No feasible region exists, so there is no maximum or minimum.
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Find the partial fraction decomposition of each rational expression.

P 7

¥+ y=2

4. -2

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
A

Sp+7

P =2 3

Multiply each side by the LCD, y* +y — 2.
By+T=A(y+2)+B(y-1)

Group the like terms.
Br+T=4A(y+2)+ By

By+T=Av+24+By-B
By+T=dy+By+24=-8
By+T=(44+B)y+24-R

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+ B=8

24-8=7

Use any method to solve the new system.
A+ B=

A=
zzf = .B_—

A8-8)-B=

16-2B- 8=
l6—38=
b=

B=

A=8§-(3)

Replace A and B with 5 and 3 in the partial fraction decomposition.
A

Bv+7

8

g

7
7
7
7
o

-

>

5

B
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x=0

X -2x
SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.
x=0 A B
- =—4
x*=2x x x-2
Multiply each side by the LCD, x> — 2x.
x—0=A(x—2}+ Bx
Group the like terms.
x=0=Ax-2Y+Bx
Xx=06=Ax-24+ Bx
r=b=Adx+8Bx=-24
1=6=(A+B)x-24
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

42.

the right side.
A+ B=1
-24d=-6
Use any method to solve the new system.
-24=-6
A=3
A+B=|
3+ =1
B==-2

Replace A and B with 3 and —2 in the partial fraction decomposition.
-6 A 8

1.' -2y x .. r—2

x—06 3 -2

X =2xr x x-2
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P
me =4
SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.
Sm =4 A . Ik

m-4 m+2 m-2

Multiply each side by the LCD, m™ =4

Sm—4=Alm—=2y+8B(m+2)

Group the like terms.

am=4=A(m-2)+ B(m+2)

dm=d=Am=2A+8Bm+28

Sm=4=Am+Bm-24+28

Sm—d={Ad+Bwm-244+28

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the m-terms on the left side of the equation must equal the coefficients of the m -terms on

the right side.
A+ B=35
-2A4+28=-4
Use any method to solve the new system.
A+ B=5
A=5-8
24+ 2B=-4
-MN5-RBy+28=-4
10+ 2B+ 28B=-4
—0+48=—4
48 =06
B=15
A=5-(1.5)
A=335
Replace A and B with 3.5 and 1.5 in the partial fraction decomposition.
Sm—4 A I
-\... - A ‘
m=-4 m+2 m-=2

Smi—4 3.5 1.5
.

m -4 m+2 m-=2
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44, — 2
37 =4y +1
SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
—dy A B

3y —dy+l 3p=-1 y-I
Multiply each side by the LCD, 31" —dy+1,
—dv=Aly=-1+B3v-1)

Group the like terms.
dv=diy-1)+ B3y -1)

-dy=dyv=-A+3i8v=-8
~dy=Av+3iBy-A-8

4y =(A+3B)y-A-B
Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other

words, the coefficients of the y-terms on the left side of the equation must equal the coefficients of the y-terms on

the right side.
A+3B =+

-A-8=0
Use any method to solve the new system.

-A-B=0
A=-§
A+38=-4
-B+38=-4
2B8=-
B=-2
A=—{-2)

A=12

Replace A and B with 2 and —2 in the partial fraction decomposition.
—4v A 8

3y =4y+1 3y=-1 y-=I
9 1

-4y T .

3y =4y +1 B 3Iy—1 y-1
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45. ARCADE GAMES Marcus and Cody purchased game cards to play virtual games at the arcade. Marcus used 47
points from his game card to drive the race car and snowboard simulators four times each. Cody used 48.25 points
from his game card to drive the race car simulator five times and the snowboard simulator three times. How many

points did each game require per play?

SOLUTION:

Let r = the race car and let s = the snowboard. Set up a system of equations. 4r + 4s =47 and 5r + 3s = 48.25.

Solve the system.
dr+45=47

5r+35=48.25

(=3Hdr+4s =47)
() 5r+35=48.25)

12r=125=141
(+)20r+125 =193
8r =52
r=0.
$6.5)+4ds=47
26+ ds=47
dy=721
5 =525

race car, 6.5 points; snowboard, 5.25 points
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i . ) | | .
46. WAVES After a wave is created by a boat, the height of the wave can be modeled usingy = - h + - h sin

2t

, where h is the maximum height of the wave in feet, P is the period in seconds, and t is the propagation of the

wave in seconds.

a. If h =3 and P = 2, write the equation for the wave. Draw its graph over a 10-second interval.
b. How many times over the first 10 seconds does the graph predict the wave to be one foot high?

SOLUTION:

a. Substitute the values into the equation and simplify.

...
i
1| =—
-

+
|
-
o
i
=

Y=

I b | -

Draw thé graph.

'Y _ 3
.JI. '

b. The first tick mark above the origin represents 1 foot. From 0 < t < 10, the graph crosses this point 10 times.

47. Verify that tan @ sin 6 cos 6 csc’ 0= 1isan identity.

SOLUTION:

sin

tan@sinécosfese” = sinfcosd

.

cos sin”

g sin” & cosld

cosd sin” @
=

Find the area of each triangle to the nearest tenth.

48. aABC.ifA=127°b=12m, and c =9m
SOLUTION:

. . TR .
The formula for area given SAS is Area = —hesin A4 . Substitute 127 for A, 12 for b, and 9 for c.

Area =—hesin A

Area=—(1249)5in 127

J | = d | —

Area=43.1
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49. 2 ABC.ifa=7yd, b=8yd,and C =44°
SOLUTION:

. . I 5 g .
The formula for area given SAS is Area = —ubsin (. Substitute 44 for C, 7 for a, and 8 for b.

Area = —absinC’

Area=—(TH8)sin 44

B | = P2 | =

Areq =19.5

50. aABC.ifA=50°b=15in,and c =10n.
SOLUTION:

. . 1 ; .
The formula for area given SAS is Area = —-hesin A . Substitute 50 for A, 15 for b, and 10 for c.

d | —

Area =—hesin A

Areg ==(13)10)sin 30

e |

Area=357.5
S51. adBC.ifa=6cm, B=135°andc =3 cm
SOLUTION:

1 ;
The formula for area given SAS is Arew = S acsin %, Substitute 135 for B, 6 for a, and 3 for c.

] —_—

Area =—aesin B

Area =

(6)3)sinl35

i~3 | — |

Area = 6.4
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52. SAT/ACT In the figure below, lines I, m, and n intersect in a single point. What is the value of x +y?

X AL
|.~ II..:'
\ /

? AV4 -
« = -
.I I‘.l,

_.".5’:]6\-._
FooAan

A 40

B70

C90

D 130

E 260
SOLUTION:

Line n is a straight line and, therefore, is 180°. Angles X, y, and the 50° angle add up to equal line n. Thus, X +y + 50
=180 and x +y = 130. The correct choice is D.

53. The area of a parking lot is 600 square meters. A car requires 6 square meters of space, and a bus requires 30
square meters of space. The attendant can handle no more than 60 vehicles. If it cost $3 to park a car and $8 to
park a bus, how many of each should the attendant accept to maximize income?

F 20 buses and 0 cars
G 10 buses and 50 cars
H 5 buses and 55 cars
J 0 buses and 60 cars

SOLUTION:

Set up a system of inequalities using the constraints in the problem. Let ¢ = the number of cars and let b = the
number of buses. There is 600 square meters of space available, so 30b + 6¢ < 600. There is a maximum of 60
vehicles, so b + ¢ <60.

Solve the inequalities for b.
h+c=60
h=60-¢

308+ 6e =600
306 = 600 - b6
< 600—6¢
30
00—
2

Graph the constraints.
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o =

Number of Buses
o6

e

0o 12 24 36 48 »x
Number of Cars

Three of the endpoints of the shaded region are (0, 0), (0, 20), and (60, 0). Find the fourth point by locating the

intersection of the two lines.

100 —¢

5

300=5c=100-¢

Ol — ¢ =

200 = 4¢
=c
b =60~ (30)

=10

Find the value of the objective function for each of the points.

Fleby=3c+8b

£(0.0)=3c+8b
=3(0)+ 8B
=1}

F0.200 = 3(0) + (20}
= |60
F(60,0)=3(60) + 8(0)
=180
F(50.10) = 3(50) + 8(10)

=230}
The correct choice is G.

54. FREE RESPONSE Use the two systems of equations to answer each of the following.

A B
=5r 4 2y + 11z = 31 x4 2y$22=3
i+ bz=2h iv + I'_.,q-'\.l-_-: a0
Zx—y—=5=-15 —x — 4y —Tz= =37

a. Write the coefficient matrix for each system. Label the matrices A and B.

b. Find AB and BA if possible.

C. Write the augmented matrix for system A in reduced row-echelon form.
d. Find the determinant of each coefficient matrix. Which matrices are invertible? Explain your reasoning.

e. Find the inverse of matrix B.
f. Use the inverse of B to solve the system.
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g. Which systems could you use Cramer’s Rule to solve? Explain your reasoning.

SOLUTION:
a. The coefficients are the values in front of each variable. When the coefficient matrix is written, the variables are
all aligned.
[-5 2 11 (1 2 2
A=|0 2 6&|,B=|3 7 9
12 -1 -5 -1 -4 -7

b. The matrices are both 3 x 3, so AB and BA both exist.

R 2l z2 2
AB={ 0 2 6|3 7 9
2 -1 5]t 4 7]
[=5(1)+23)+ 11(=1) =5+ 2D +11(=4) -5(2)+29)+11(-T)]

=l 0(D+2(3)+6(-1) W2+27)+6(-4)  0(2)+2(9)+6(-7)
A= -=5-1 22 -1 =3(—h) HA2-1MN-3-7)

[-10 —40 -69
= 0 =10 =24
- 17 30 -
: i . c. The augmented matrix includes the
I 2 11 52 11
BA=|3 7 90 2 &
-1 -4 TJ 2 -1 =5

[ =5 +20+2(2) U2+ 2AD+2(=1) 111+ 2(6) + 2(-5)

= =5+ T +9(2)  HD+T(2+NA=1) 311+ T(6)+9(~5)
“H=5)-40)=T7(2) —W2)-42)-7(-1) —N11)—-46)-T(-5)
—1 4 19
=13 11 30
9 3 0
constant terms.
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-5 2 11! 31]
0 2 6126
(2 -1 -5-15
-5 2 11! 3]
0 2 6126
(0 -1 -3 -13|+—0
=5 2 11! 31]
0 2 6126
,.ﬂ ~1 _3i_]3_ a8 45,
(=5 2 11131
0 1 3113|82
0 0 00 |
[1 04 22]6.2] 8"
0 1 |13
00 |0
10 341114t
01 3113
00 0
d.
-5 2 1
det{A)=/10 2 6
2 -1 -5
0 6

2 B

1 -5 |2 -5 N The det(A) equals 0, which is consistent with the

I
= =5

|
= =5[2(=5)—(=1)6)] - 2[0(=5)— 2(6)] + 1 I[O(-1)—2(2)]
==5(=4)=2(-12) + 1 1(=4)

=20+ 24-44
=0
infinite solution answer for part c.
1 2 2
det(tB)=|3 7 9
-1 4 -7
A7 8 48 9.3 T
N A7 ATl The det(B) = 1.

=== (=D -2[3(=-T)— (= IND]+ 2[3(~4)— (—1XT)]
=—13-2-12)+ XN-5)

==13+24-10

=1
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A is not invertible because det(A) = 0. B is invertible because det(B) # 0.

e. Use a calculator.

itl 2 21
iy, £ 2 1]
=1 3 =7l

[B]-]
[([-13 &6_ 4_]
(12 -5 -3]
. (5 2 11]]

f. Multiply Bt by the matrix of constant terms.
<13 6 4 3 [=13(3)+ 6(30) + 4(-37)

12 =5 =3 |- 30 |=| 12(3)=330)-3(-37)
| =5 2 1 -37] | =5(3)+2(30)+ (-37}
[=39+180-148]
=| 36-150+111 g. Sample answer: Cramer’s Rule can be used to solve system
| =15+60-37 |
=7
=| -3
5

B because det(B) # 0. Since det(A) = 0, Cramer’s Rule cannot be used to solve system A.
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Choose the word or phrase that best completes each sentence.
1. A(n) (augmented matrix, coefficient matrix) is a matrix made up of all the coefficients and constant term, that make
up a linear system.

SOLUTION:

An augmented matrix, is a matrix made up of all the coefficients and constant terms that make up a linear system.
For example, the augmented matrix is shown to the right of the system of equations below.

Lad

Iy =Fy=2 Ty 4
-
3

5
3x+2y=-8 3 2 !-8]

The coefficient matrix for this system is

2. (Gaussian elimination, Elementary row operations) reduce(s) a system of equations to an equivalent, simpler system,
making it easier to solve.

SOLUTION:

Gaussian elimination reduces a system of equations to an equivalent, simpler system, making it easier to solve.
Gaussian elimination can be performed with or without matrices. Elementary row operations are the method by
which Gaussian elimination is performed with matrices.

3. The result of Gauss-Jordan elimination is a matrix that is in (reduced row-echelon, invertible) form.

SOLUTION:

The result of Gauss-Jordan elimination is a matrix that is in reduced row-echelon form. Two examples of reduced
row-echelon form are shown below.

o T
. landl0 1 2 1 —4

0 1!

- 00 0

4. The product of an n x n matrix A with the (inverse matrix, identity matrix) is A.

SOLUTION:
The product of an n x n matrix A with the identity matrix isA.
A-I=A
3 )1 0] [3 -]
The product of an n x n matrix A with the inverse matrix is I, the identity matrix.
A-A' =1
) |5 4]
3 4]|27 27| [1 ©
3 5] 1 1| |0 11
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5. The identity matrix I is its own (augmented matrix, inverse matrix).

SOLUTION:

The identity matrix I is its own inverse matrix.
f-1=1

oolfr o] [1 o
o 1]jo 1] o

6. A square matrix that has no inverse is (nonsingular, singular).

SOLUTION:

A square matrix that has no inverse is singular. When a square matrix has an inverse, it is said to be invertible, or
nonsingular.

o
7. The (determinant, square system) of A = ' ; isad — bc.
L S ¢

SOLUTION:

o
The determinant of A = |- y isad — bc. The determinant determines the type of solutions to a system, whether
L ¢

a matrix is invertible, and the inverse of a matrix.

8. When solving a square linear system, an alternative to Gaussian elimination is (Cramer’s Rule, partial fraction
decomposition).
SOLUTION:

When solving a square linear system, an alternative to Gaussian elimination is Cramer’s Rule, which can be systems
of any size as long as there is a unique solution. Partial fraction decomposition does not involve solving systems of
equations.

9. A two-dimensional linear programming problem contains (constraints, feasible solutions), which are linear
inequalities.

SOLUTION:

A two-dimensional linear programming problem contains constraints, which are linear inequalities. It also may
contain a region of feasible solutions which is formed by the boundaries of the constraints.

10. If the graph of the objective function to be optimized, f, is coincident with one side of the region of feasible solutions,
then there may be (multiple optimal, unbounded) solutions.

SOLUTION:

If the graph of the objective function to be optimized, f, is coincident with one side of the region of feasible solutions,
the feasible region may be unbounded and then there may be multiple optimal solutions.
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Write each system of equations in triangular form using Gaussian elimination. Then solve the system.

Ix+4y=7
1, AEEAEST
2y==3x+7
SOLUTION:
Align the variables on the left side of the equal sign.
Ix+dy="7
Sx+2y=7

Eliminate the x-term from the 2" equation. Multiply the 1% equation by —5 and the o" equation by 3.
(=3)3x+dy=T7) = —=15x-20v=-35

(3Px+2y=7) = lax+by=1]

Add the equations together.

~15x =20y =-35
150 +6y =21
1dy=—14
=1

Replace the 2"d equation withy = 1.
Jx+4y="7
y=1
The system is now in triangular form. Substitute fory and solve for x.
Jv+dy =7

Ix+4ly=7
Ix+d=7
3x=7

x=]

The solution is (1, 1).
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1o Sx=3y=16
r+3y=—4
SOLUTION:
Align the variables on the left side of the equal sign.
5x-3y=16
x+iy=—4

Eliminate the x-term from the 2" equation. Multiply the " equation by —5.

(=3x+3y=-4) > -5x=15y=20
Add the equations together.
5x-3y=16
—Sx—15v=20
—18y =130

y=-2

Replace the 2nd equation withy = —2.
Sx-3y=16
y=-2
The system is now in triangular form. Substitute fory and solve for x.
Sx=3y=16

5y=3(-2)=1¢6
Sx+6=16
S5x=10

X=2

The solution is (2, —2).

r+y+z=4
13. 2x—y-3z=4

=3x—dy-5z=-13

SOLUTION:
The variables are aligned on the left side of the equal sign.
r+yv+s=4
Ix—y—3z=4

—3x—dy-5z=-13

Eliminate the x-term from the 2™ equation. Multiply the 1% equation by —2.

(-2Wx+v+z=4) = 2x-2y-2:=-8
2x—-y—3z=4 = 2x-)y-3z=4
Add the equations together.
—2x—2y-2zr=-8
{(+)2x—yv—-3z=4
-3y -5z=-4

The new set of equations is:
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x+v+z=4
—Jy—35z=-4
—3x—dy-5z=-13

Eliminate the x-term from the 3" equation. Multiply the 15! equation by 3.
(Mx+v+z=4) =  Ix+3y+3z=12
=Ix=4y-dz=-13 = =Sx-4y-5z=-13
Add the equations together.

3x+3p+3:=12

(+)-3x—-4y—5z=-13
—yp—2z=—]
The new set of equations is:
Y+ y+z=4
—3y-5z=-4
—p—2z=—

Eliminate the y-term from the 3" equation. Multiply the 3rd equation by —3.
(-3y—35z=-4) = =3y-Sz=-4
(=3—y—=2z==1) = Jy+Hz=3
Add the equations together.
~3y-5z=-4
(+)3y+b6==3
z==I
Replace the 3™ equation withz = —1.
x4+ y4+z=4
3y=3z=-4
z=-|

The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.
3y =5z=-4
—3y-5(-=-4
3y+5=—4
—3y=-9

y=3

x+v+z=4

X+3+(-h=4

x+3-1=4

x+2=4

x=2

The solution is{2.3.~1}.

r+y—-z=35
14. 2x <3y +5z=-1

Jx—y+2:=10

SOLUTION:
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The variables are aligned on the left side of the equal sign.

Y+y-z=35
2x =3y +5z=-1
3x—y+2-=10

Eliminate the x-term from the 2nOI equation. Multiply the 1% equation by —2.

(—2Hx+y—z=5) = 2x-2y+2z=-0
2x=3y+5z=-1 == 2x-=-3y+5z=-]
Add the equations together.

2x—2y+2z==10

(+)2x—3y+53z=-]

—Sy+Tz=-11
The new set of equations is:
X+ y=z=3
-5y +7z=-11

Ix—yv+2z=10
Eliminate the x-term from the 3" equation. Multiply the A equation by —3.
(-3Nx+y—z=5) = =3x=-3p+3z=-15
Jx—yp+2z=10 = 3x-y+2z=10
Add the equations together.
3x-3y+3z=-13
(+)3x—y+2z=10
~4y+5z=-5
The new set of equations is:
X+ y=—z=5
Sy+Tz==11
—dy+3z==3
Eliminate the y-term from the 3" equation. Multiply the 2nd equation by —4 and the 3rd equation by 5.
(—N=5yv+Tz=-11) = 20y-28z=44
(OX—4y+5z=-3)= =-20y+25z2=-25
Add the equations together.
20y — 28z =44

{(+) =20y +25z=-25
=iz=19
19
S ]
rd . . 19
Replace the 3"~ equation withz = 5
X+ y=—z=0 -
~Sy+Tz=-11
19
I

The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.
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-Sy+Tz=-11
M
—“Hw?(—g ==11
\ atf
133
Sy———=-11
]
e, 100
3
20
p==—
3
x+y—z=35
( :ﬂ [ W .
X - -| — =2
\ ?* A | By
|
¥-—=3
: ]
16
x=
3
(16 20 19)
The solution is| .~ —.—— | .
"3 3 3
2x=3y=2z+11
15. 3y+4z=x-28
Jz—x=—18-3y
SOLUTION:

2x—3y—2z=1|
Align the variables on the left side of the equal sign. —x + 3y +4z =18
—x+3v+3z=—18
Eliminate the x-term from the 2"° equation. Multiply the 2nd equation by 2.
2x=-5y-2z=11 = 2x-5y-2z=11]
(2N—x+3y+42)=-28=-2x+ by +8==-56
Add the equations together.
2yx—=5y—2z=11

{(+)—-2x+6y+3z=-56

v+bhz=—45
The new set of equations is:
2x=5y-2z=1]
v+ 6z =—43
—x+3p+3z=-18

Eliminate the x-term from the 3' equation. Multiply the 3rd equation by 2.

2x=3y=2z=25 = 2x=3y=2c=11
(2)(=x+3y+3z==18) = =2x+6y+62==36
Add the equations together.
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16.
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2x—3y-2z=11
(+)—-2x+6y+6z=-36
p4dz =23

The new set of equations is:

2x=3p-2z=11
y+hz=—43
y+ dz==-25

Eliminate the y-term from the 3" equation. Multiply the 2nd equation by —1.
—y—Hz =43

v+4z=-15

(=1} »+ 6z =-45) =

Y+dz=-23 =5
Add the equations together.
—-y=6z=45
(+)} y+dz==25
-2=z=20

z=-10

Replace the 3" equation with z = —10.

2x=-5y-2==11

The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.

ya+bz=-45
z==10
v+ bz==43
¥+06(—-10y=-45
y=60=-45
y=15
dx=3y=2z=11

2x=5(15)=2(-10)=11
2x=T75+20=11
Zx-55=]1

2y =00

r=233

The solution is(33.15.—10]) .

2x=3z=y-1
Jz—8=3x+4dy

X+y+z=3

SOLUTION:

Align the variables on the left side of the equal sign. 3x+ 4y —5z=-8

Eliminate the x-term from the 2" equation. Multiply the 1%t equation by —3 and the 2nd equation by 2.
(=3)(2x=y=3z==1)=>=6x+3y+9z=3

{1]{3.1- +dy—-5z=-8)=>6x+8y—-10z=-16

2x—y=3z=-1

X+v+z=3

Page 8
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Add the equations together.
—6x+3y+9:=3
(+)bx+8yv—10==-16
ly—=z=-13
The new set of equations is:
2x—yp=—3z=-|

lly—=z=-13
X+ y+z=3

Eliminate the x-term from the 3rOI equation. Multiply the 3rd equation by —2.

2x—y=3z=-] = 2y—y-3z=-1
(2H-2x-2y-2z=-6) = “2x+6y+6:==36
Add the equations together.
2x—yp-3z=-I
(+})—2x-2y—-2=2=-6
—3y=35z=-7
The new set of equations is:
2x—yp—3z=-]
ly—==-13
—3y=5z=-7

Eliminate the y-term from the 3 equation. Multiply the 2nd equation by 3 and the 3 equation by 11.
3Nlly—=z=-13) = 33y-3:z=-39
(11)(-3y-52=-7) = -33y-552=-77
Add the equations together.
33y=3z==39
(+)=33y=355-==-T7
_58==—116

=7

by

o

Replace the 3’

2x—-yp=3z=-|

lly=z==13

equation withz = 2.

-
The system is now in triangular form. Substitute for z and solve for y, then substitute fory and z and solve for x.
HHy—z==I3

1y ={2)=-13
lly==11

y=-=1

= p=3z==|
2x=(-1)-3(2)=-1
2v+l-6=-1
2x—-5=-|

2x=4

red

eSolutions Manual - Powered by Cognero Page 9
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The solution is{2.-1.2).

Solve each system of equations.
2x+2y=8

Jx-8y=-21

17.

SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
[2 2! 8]

|5 L]

11
3 -8
[ I
0 -1l
[1

The solution is (1, 3).

13, x=2y=13
-ax—Gy=15
SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
[ 1 =2113
|-5 —6! i:':-‘
[1 =21 13]
(0 16|80 | turst
[1 =2113
[0 115 [ Rate)

0 15
The solution is (3, —5).

0] T——

eSolutions Manual - Powered by Cognero Page 10
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Y4+ y=4

19. x+p+=z=7
x=-z=-]
SOLUTION:

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
11 0! 4
7

—|
4

P
T —_—
— |
=
- |
,
|
T
e
e
)

,._,_
=

S ]

e o2 =

d

i = R ===
i ed B2 e
I

]

|
]

I

0 0 1,3]
The solution is (2, 2, 3).

fed 12 l~-.-'lI

eSolutions Manual - Powered by Cognero Page 11
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x+r=|
20. 3x-Ty+=z=-7
dx+8y+32=-9

SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
(1 10! 1
3 -7 117
14 8 3,-9
M 1ol 1
0 -0 'i_”]' P
4 8 3 -9
o0l 1]
0 -10 1:-10
10 4 3|13 |88
I B
0 10 11-10
10 0 17)-85 [« 20020
R 1ol
0 -10 1:1-10
0 0 1] -5|
E 1ol
0 —10 0f-5|eft
0 0 15
[1 1 06 1]
0 1 0105
10 0 1}-5]
10 0!05]«tt_
0 1 nin.s
16 0 1) -5]

(

The solution is ]—‘
L2

Pk | =
.
|
A
SR

eSolutions Manual - Powered by Cognero Page 12
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Ix—y+z=8
21. 2x-3y=3:z-13
X+z=6-y
SOLUTION:

Rewrite the equations, aligning the variables.
Jx—y+z-=8

2x-3y-3z=-13
X+V+:z=06

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
3 -1 1! 8

2 -3 -31-13

L I

3 -1 1! 8]

0 -5 -51-25 020

11 1 6]

[3 -1 11 8

01 [i' P o bt B

10 4 2710|285

3 -1 1l 8

0 1 1 5

10 0 210t

[2 =1 118

01 iijw

0 0 15/

[3 -1 1!8]

0 1 01080

0 0 1;5]

(3 -1 0!3]5E

0 100

0 0 1,5]

3 0 03]t
0 1 00

0 0 1;5]

o ol ljet=

0 1 00

00 15

eSolutions Manual - Powered by Cognero Page 13
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x+y=z-1
22, 2x+2y+z=13
Jx—5y+d==8

SOLUTION:
Rewrite the equations, aligning the variables.
r+y—zc=-1
2x+2yv+z=13
3Ix—5y+4z=8§
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
I I —=11=l

i
' 13
i
i
|

1 =1l-

0 1 01 3|t
o0 15

(11 014t

0 1 0:3

00 1}5]

[1 0 0] 1}e"=—
01 013

0 0 1,5

The solution fs (1,3,5).

eSolutions Manual - Powered by Cognero
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Find AB and BA, if possible.

3.a=l ! ?|
12 0 1

B=

| . I ?_
SOLUTION:

i I i [-5 —4]
A= ;B=

20 1 1 7]

Ais a2 x 3 matrix and B is a 2 x 2 matrix. Because the number of columns of A is not equal to the number of rows
of B, AB is undefined.

B is a2 x 2 matrix and A is a 2 x 3 matrix. Because the number of columns of B is equal to the number of rows of
A, BA exists.

To find the first entry of BA, find the sum of the products of the entries in row 1 of B and column 1 of A. Follow the
same procedure for row 2 column 1 of BA and the remaining entries.

[—5(1)-4(2) —5(-3)-4(0) -5(7)-4(1) |
()+7(2)  1(=3)+7(0)  1(7)+7(1)]
[=5-8 15=0 -35-4

.I-!-I4 340 ?4?}
-13 1

-39
L5 34

A =

L A

eSolutions Manual - Powered by Cognero Page 15
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24.0=| "~

— -I. ?-l

(1 1
B=

0 |]
SOLUTION:

-] (1 1
A= ;B=

| -4 7] 0 |]

Ais a2 x 2 matrix and B is a 2 x 2 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

,m{-lil}ﬁ(ﬂ} -:{1]_3[,}}

a0y £ 7(0) )+ 7(1)
[-2 1]
J2 1

Because the number of columns of B is equal to the number of rows of A, BA exists.

_[1-2)+1(-4) 13)+1(7)
B L]{ 2)+1(-4) {}(3}4{”_!

i

_[-6 0]
. 7]
25.A = [-i - :r]
_[-8 5
I
SOLUTION:
" § %
A= [-i —_:r], B= 4 |

Ais a1l x 2 matrix and B is a 2 x 2 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB.

AB=[4(-8)-3(-7) 4(5)-3(-1)]
=[-11 23]

Because the number of columns of B is not equal to the number of rows of A, BA is undefined.

eSolutions Manual - Powered by Cognero Page 16



Study Guide and Review - Chapter 6

26.A=1 3]

27.

[ 5
= ]
| -4

SOLUTION:
[ 5
A=[1 3];B= w

Ais a1l x 2 matrix and B is a 2 x 1 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B.
AB=[1(5)+3(-4)]

=[]

Because the number of columns of B is equal to the number of rows of A, BA exists.

[5(1) 5(3) |
”’"[ﬂn 40))

[5 15
4 -12

FindA ™%, if it exists. IFA™ does not exist, write singular.
[ 2 1"

A=
3 8

SOLUTION:
Create the doubly augmented matrix [ | /].

o 1201 0
[41/] { 8§10 |J

Apply elementary row operations to write the matrix in reduced row-echelon form.

eSolutions Manual - Powered by Cognero Page 17
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0 19,3 EJ-t—-—'-”?':"T'

B L UW
i
! : "} i 1%
0 1= ;J<._-____
L P19 19
16 2
2 0 - —| &
19 19 [t
3 2
01 = —
| 19 19 |
r | e
] U : i _L I
: ] 19 |[+——
L5 3
b= =
L 119 19 |
8 1
The first two columns are the identity matrix. Therefore, A is invertible and A= 1? 19
. | FE
19 19

Confirmthat AA T =A 1A =1.
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oo B
2 1]
Ad = 19 19
3 8)l3 2
19 19
Bl "j'\
(8)(3) %))
il 19 19 19 19
i (3) &
A(5)43) o5)5)
| 19 19 19 19
16 3 2.2
_| 19 19 19 19
24 24 3 16
19 19 19 19
[ u|
o 1]
5
P ECIENTY
3 233
19 19
8 I 8 I
—(2)=—(=3) —()-—(8
2l w” IE]'{ ; 19“ w”
3.2 3 2
—(2)+—{(-3) —(I}+—(8
R pWrE®
6.3 8_8
_[19 19 19 19
6 6 3 16
— — — _+_
19 19 19 19
v 0]
Lo 1]
[1 2 3
280A= 0 0 |
2 -1 3
SOLUTION:
Create the doubly augmented matrix [A : f].
1 2 311 00
[41/]=[0 0 1:0 1 0
2 -1 3100 1

Apply elementary row operations to write the matrix in reduced row-echelon form.
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Swatch I and 8y

_ - = =
= ” i
i = L= x
ﬂ_ = -
_ ) 1 1T
b = |____J_.U _..,Kil_jﬂ.. e TV o
- T ) o
= | =
= L1z SRS = _.-\.___.1..”_] £ | umy 1-.___._..;] n.-..__\.".-r.l.s..l
P | | | | |
— e

L U o e L T = R -t = — ™ = —
o LY o T = T o T o S = R o | — = = —_ =
—_ D D L= R = = — = =

= = -
= —_
- = o

1w |“..J =

o v oen | uny
| |

=y o) | unoo

-1

The first three columns are the identity matrix. Therefore, A is invertible and A

Confirm that AA T =A 1A = 1.

Page 20
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[1 9 2]
o2 3% 3 3
4 4
4,4':0{11?_%_%
5 - 9
2 3y e

T
+
I

| =

{:' ;
EJ 5 5 L5
= [I[—I]+ﬂ[3]+l{l]} [I[—E]H][—E]H{I} G[EJ+H[——J+IIG}
s 5 5 5 3
z[l)-t[gju{m 2[—3]—I[—§]+-3{]} 2[? _|[_1_J+3w}
L \3 5 5 5 5 5 |
l+i+[}l —2—3 3 E—E+U
5 5 5 5 5 5
=| 0+0+0 O+ 0+ O+04+0
E_E_,_(} —E+i+3 i-r~l+El
L5 5 5 5 5
10 0
=0 1 0
001
19 2]
I RIIEE
g2 22 oLlg 0 |
5 5 5 7
2 -1 3
0 1 0
:I 9 ‘z I 9 2 I 9 2]
—{l}—= = —(2)—— (=) =(3-=(b+=
,_:r'[llII jiﬂhstil 5{} S{E]Hj{ 1) j{l 5{” 5{33
2 3 | 2 3 | 2 3 |
= LS —-=() SR —=(=) EHN-=M-=3
5{}5[}5[}5{}5{}5{]5{41 51‘.‘!5{}
O+ 10 +0(2) 02+ 1O +0(=1)  O(3)+ (1) +0(3)
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-

29.A =

]"!

SOLUTION:
Create the doubly augmented matrix [ | /].

ST L i
[41/] L: 1210 ||

Apply elementary row operations to write the matrix in reduced row-echelon form.
s
| % —iZ10 1

2 3'1 0
10 014 1|20

A row of 0s has been formed, so the first 2 columns cannot become the identity matrix. Therefore, A is singular.

2
30.A =

SOLUTION:
Create the doubly augmented matrix [4 | /].

G [=8 AL
[41] [3 810 J

Apply elementary row operations to write the matrix in reduced row-echelon form.

-5 2!1 0]
3810 1
5 211 o]
| i
0 46!3 5|
(=5 2! 1 0
0 [l 2y tess
L Cda 46 |
I‘:ul: &
§ g _2|
123 23[R
]
B L. 2
| 46 46
= ﬂ
1 U.—i L =
I 27 23 feB
§ s iJ
L 46 46

The first two columns are the identity matrix. Therefore, A is invertible and Al=

A

d s |
Cad

L 46

Confirmthat AA T =A 1A =1.

eSolutions Manual - Powered by Cognero
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. 21 .
A4 =

-_5(_:_3J+2{4ﬁJ s=pz)
(342 (243

20 6 i+1{]

| 2374 237 %

|2, 3 w0
2346 23 46

[r o

o J

% L

| B 3 {—5 3]

3 53 8
46 46

4 | 4 |
_E{_S} + 5{3} —EQEH E(BI

k S 3 5
—(=5)+—(3) —(2)+—(8
| 626 w9 E®
20 3 8 8

_+_ _.._+_

23 23 23 23

15 |5 6 40

46 46 46 46

1o
Lo
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Use an inverse matrix to solve each system of equations, if possible.
2x-3y=-23

31.

Jx+Ty=23

SOLUTION:
Write the system in matrix form AX = B.

[2 =37 [x]_[-23]
13 7]|[y] | 23
Use the formula for the inverse of a 2 x 2 matrix to find A_l.

I_| : I 'ﬁr _Iﬁ.
T dei( )| - a

| d b
~ad — be - a.

MultipIyA_1 by B to solve the system.

7 3
g2 B [—23}
3 2 23
|23 23
BE 3
=3 Sl b |
| 23: _J}+23{_:}
: T S
'ﬁi"z-‘} F E{EJ}
161 69
23 23
| 69, 46
g ]
[ 92
e
115
| 23

1

The solution is (-4, 5)
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r=6y=9

3
—S5x-8y=-6

32.

SOLUTION:
Write the system in matrix form AX = B.

(3 -6][x] [9
-5 ~8]|»| [-6
Use the formula for the inverse of a 2 x 2 matrix to find A_l.

p | id —hJ

~ det(A) !_—4:' a
B l d =h
e = he| —¢  w

B I 8 6
(-8 -(-6)-35) 5 3

1|86
Cos4[5 3
8 6
= 54 54
53
54 534
Multiply A~ by B to solve the system.
8 6
p=| 3 54 9
_i _3 ~f
L 54 54
[ 8 6
—(9)——(-6)
| 54 54
3 3
(9 6
: 54':} 54" )
72 36
] 54 54
45 18
. T aly
L 54 54}
_E_
_| 54
1 2
. 54
g
= _I
.
.. 11
The solution is [2.——;.
2/
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2x+y=1
33, x-3y+z=-4
y+8z=-7
SOLUTION:
Write the system in matrix form AX = B.
2 1 o][x] [
1 =3 1||y|=|—4
10 1 8||= I—'.-'

Use a graphing calculator to find AL, Enter the values for the matrix A. Enter [A]_l. Select — Frac to get the
values in reduced fraction form.

[A]l-1vFrac

[[25-98 4-29 -
[4729 =8-29 1..
[-1/98 1729 7..

25 4 I
5§ 29 S8

=l 2 8

' 29 29 29
1 I 7
58 29 58

MultivaAf1 by B to solve the system.

eSolutions Manual - Powered by Cognero Page 26



Study Guide and Review - Chapter 6

(25 4 1]

58 29 5% I
{8 = j, HE. J_..4

0 29
o 1 |
58 20 58

[ 25 4 ] i
AN =T
58” 2'-}[ } 53{ }
4 B |

=| ()= () +—(-T
59 39t P 5g Y

1 | 7
TS ) ey 10 |, (Rt
58{ +2*§-'{ } 58{ }_

25 16,7 ]

58 29 58

4 32 7
+

29 29 29

The solution is (0, 1, —1).

x+y+z=I
34, v+ y—z=-T7
y+z=—|
SOLUTION:

Write the system in matrix form AX = B.
[T 1 1[= |

T M Y
01

-
Il
1
-

)
|
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Use a graphing calculator to find AL Enter the values for the matrix A. Enter [A]_l. Select — Frac to get the

values in reduced fraction form.

[A]l-"vFrac
ELX 5 =11
[-1-2 172 1 ]
(172 =172 8 ])

]

|
b2 |
b | =

0

|
I | =

MultivaA_1 by B to solve the system.
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1 0 —I-I
ap=|-L 1 L5
2 2
—1
1 Lt
L 2 2 i
i+ 0(=7)=1(=1)
1 |
= —EHHE{—?HH—U
L -Lem+ o
_El 1—5{— )+ 0= }_
1+0+1
.
2 2
l+I+[Il
L2 2
(2 0 2
— o —
22 2
NI
i
I 7 0
| 273 "3 |
&
2
oo
S
8
)
2
=|=5
| 4
The solution is (2, =5, 4).
Iv+5:z=25
35. 2x-Ty-3z=13
r+y—z=-11
SOLUTION:
Write the system in matrix form AX = B.
[0 3 s5|[=x] [25
2 =7 3| y|=| 15

It 1 =1z |91
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Use a graphing calculator to find AL Enter the values for the matrix A. Enter [A]_l. Select — Frac to get the
values in reduced fraction form.

[A]l-1rFrac
[[S5721 4-21 1.
[ =142 =542 D..
[3714 1714 -
5 4 |3_
31 21 A
: | 5 5
Y P R it 2
42 42 21
310 1
14 14 7

MultivaA_1 by B to solve the system.

eSolutions Manual - Powered by Cognero
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5413
A'B= S 15
42 42 21
) o =]
14 14 7.
[ 5 4 13 il
e Ly | e iy ]
21{“5} 2:‘15}+ 21{ 'H
| 5 5
e SNty 17 1, sy, 10, o Sliviby (oo
43{'51 42{|}J 21{ b
: SO | I
{25} — ) ==(=]]
_]-1{ ) I-l{ ) ?l ]'_
(125 60 1431
_+__
21 21 21
_| 25 7555
| 42 42 21
75,15, 1
14 14 7 |
42 22 42
|25 75 110
42 42 42
225 45 66
42 42 42 |
i
42
| 210
| 42
336
42
27
=|-5
8

The solution is (2, -5, 8).

x=2y-3z=10
36. 2x-3y+4z=11

X—8y+2z=-1

SOLUTION:
Write the system in matrix form AX = B.
I =2 3||=x 0
2 =53 4 |-|y]=|11
I =& 2 =1

LB
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Use a graphing calculator to find AL, Enter the values for the matrix A. Enter [A]_l. Select — Frac to get the
values in reduced fraction form.

[A]l-"vFrac

[[2/9 28765 -1..
[B 1715 2.
[-1/D 6765 1-..

2 28 7]

5 65 65

: | 2
A'=| 0 =
1313

L

5 65 65 |

MultivaA_1 by B to solve the system.
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2 28 _17]
IR 65 0
| 2
1'B=| 0 — ==1|{11
13 13 ]
O T O L
5 65 65
2 28 17 1
=0y + —(11) = —(~1
s{ ﬁﬁi ) ﬁs‘ )

| 2
=1 00+ =D -=(-1)
137 13

| 6 1
e (0 + —(1 1)+ —(=1
_ 5{ I+ﬁsi ) 65{ {

[0 308 17]
565 65
-
= o — e —
13 13
0 66 |
_+___
|65 65 65
',“”*3U3 ;l?_
65 65 65
_| 0. 5 10
65 65 65
0 66 |
65 65 63
65
_| 85
65
65
| 65
5

]

The solution is (5, 1, 1)
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Use Cramer's Rule to find the solution of each system of linear equations, if a unique solution exists.

2x—-4y=30

3x+5y=12

37.

SOLUTION:

The coefficient matrix isA =

a b
k.

det(A)=|A|=‘ d

[T ]

‘ =2(3)-3(-4)

=10+12

=22

1
fad e

4 -.
5 | Calculate the determinant of A.

‘=ad—bc

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

Al
||
30 -4
12 5

2
_30(5)-12(-4)
. 22
150+ 48

72

xX=

g

~2(12)-3(30)

=—3

The solution is (9, —3).
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oy
3

"ar b B —
38'ur Gy=14
x—=3dy=1
SOLUTION:
26
The coefficient matrix isA =
a b
det(A)=|A|:‘ ‘=ad—bc
i -[l'I
2

[§
| =2(-3) - 1(6)

i =3
—6-6

=2

} . Calculate the determinant of A.

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.

|4
T4
14 6

I 3

=1

X

-12
(=3 - 1(6)
-2

-42-6

12
21 -1(14)
mae -
2-14
12
=1
The solution is (4, 1).

2x+3y—z=1
39. x+y-3z=12

Sx—Ty+2z=28

SOLUTION:

fd

The coefficient matrix isA =

W =

=
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determinant of A.

la b oo Jr_ & 3 ;
4 & I : i

detA)=|Al=d ¢ f|=al Il—hﬂ fwli.’ L

e i
2 3 - :
AN N
| 1 =3=2 -3 —]|
| I = e I e
s -7 2| -

n

2[12)— (-7X-3)] - 3[12y - 53] - 1] 1(-7) -5(1) ]
=2(2-21)=3(2+15)-(-7-5)
=-38-51+12

=77
Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.

- 4.

Bz

= S

h2 1 -3

28 -7 2

=T

lI -3 & =3 I!: I

-7 2| |28 2| |23 =
) -77

C[12) — (-TH=3)] - 3[12(2) - 28(-3)] - 1[12(-T) - 28(1)]
- 77
_—19-324+112

-77
-23
T 7T
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4,
y=—
v

2 1 -

oz -3

5 28 2

=

2 -3 | —3| ‘T 12
2| -1 -1

j28 2| |5 2] |5 28
" 77
~2[12(2)- 28(-3)] - 1[ 12y - 5(-3)] - 1[1(28) - 5(12)]
- -77
_2(24+84) - 1(2+15) - 1(28 - 60)
) 77
_216-17+32
=S

231

=77
=-3
;1]

||

2 3 1

N . .

5 -7 28

-7

5| ! IE_‘i |2+I‘1 1‘

-7 28 |5 28 |5 -7
B 77
2[128)— (-TH12)] - 3[1(28) - 5(12) ] + 1[1(-7) - 5(1)]
- -77
22449612

T

308

=

=—4

The solution is (3, =3, —4).

Xx+2y+2=-2
40. 2x+2y-5z=-19

ix—dy+8z=-1

SOLUTION:
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P B
The coefficient matrixisA =2 2 -5 |. Remember to align the terms, using Os if needed. Calculate the
3

4 8
determinant of A.
a b ¢ p i ;
detA)=A|=ld e fl=a| “|-b T
: hoo 7 g N
g i
I 2 I| .
2 =5 |12 -5 2 2
2 2 -3l=1 _3| +1|
4 8| |3 8] 3 4
3 — E|

= 1[2(8) - (-4)(-5)]- 2[2(8) - 3(-5)] + 1] 2(-4) - 3(2) |
=1(16—-20)—-2(16+15)+ I(-8 - 6)
= —4-62-14

=-80
Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.

4,
r=
4

-19 2
-1 -4

~80)
- .TELE{’“ - :-4]{--5}_}_- :i_-w{m — (=X -55; !_[_-_19; ~4) = (~1)2 }_]
80

84314478
80
400

T80

-5
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LAl
T
=2
I|1 -19 —:“.
13 - 8
—8l
TFIGI 5+’22 F.5+i
-1 8 3 8
- 80

i 1[=19(8) —(—1)(-5)] + 2[2(8) - 3(-35)] + 1[2(-1) - 3(-19)]

l{ 152=-5)+2(16+15)+ 1{=2+57)

—50
—157+624+55

2 19
4 -]

-2

12 —19‘

~80

_ 21— (—4)=19)] - 2[2(- 1) - 3(-19)] - 2[2(-4) - 3(2)]

_(=2-76)-2(-2+57) - 2(-8-6)

80
_ ~T8 =110+ 238

- 80

160

Ty

-

The solution is [ -5, ;— 2] .

~3x—dy+z=15
41, x-3y-=z=
dx-3y—-2z=-8
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SOLUTION:
-3 4 1
The coefficient matrixisA =| I =3 -1 |. Remember to align the terms, using Os if needed. Calculate the
4 =3 9
determinant of A.
la b ¢ p i ;
detA)=A|= ¢ fl=a| |-b T i
: hoo 7 g N
g o
Y i ;
== -1 | -1 | —
I =5 =l|==3 +4 +1 _
) ] 3 =2l |4 2| |4 -3
4 =3 =2 '

=3[-5(-2) ~ (-3)-D] + 4[1-2) ~ 4~ D] + 1] 1(-3) - 4(-5) |

==310=-3+4=-2+4)+ (=3 +20)

=-21+8+17

=4
Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated
with the variable with the column of constant terms.
4]

=
||

15 -4 |
3 -5 -1

_g: =3 =2
B 4

-5 -1 |3 - |3 -5
5 +4 +1
T3 - 8 -1‘ oy 3
- 4
15[=5(-2) - (=301 ]+ 4[3(-2) - (-8X )]+ 1[3(-3) - (-8)(-5)]
- 4
1055649
-
0
4
=0
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4]
gl
-3 15
] 3 -l
4 -8 -2

Y

]

=3[3(=2) = (=8}~ D] = 15[1(-2) = 4= )] + 1[1(~8) - 4(3)]
4
~3(~6-8)—15(~2+4)+ 1(-8—12)
4

42-30-20
4

-8
4

=2

l’I)I.‘

|4
"W

-3 -4 15
1 -5 3
4 -3 -8
S

-5 3| Jv 3] .t -5
_3‘—3 —3!”‘4 —a!”'"L —3‘

4
—3[-5(-8)— (-3)3)] + 4[U-8) — 4(3)] + 15[ 1(-3) — 4(-5)]
4

=147 - 80+ 255

=7
The solution is (0, —2, 7).

2x4+3y+dz=29
42, x-8y—-z=-3

2x+v+z=4

SOLUTION:
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The coefficient matrix isA =

) =

determinant of A.
la b ¢

detA) =Al=1d ¢ fl=a
g i

T — 2
I
oo
|

= 2[-8()— W=1)] - 3[1N - 2]+ 4[ 1(1) - 2(-8) ]

3

-8

4

-1 . Remember to align the terms, using Os if needed. Calculate the

=-B+D=3(1+2)+4{1+186)

=—14-9+68
=45

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

A
-]

|
29 3 4
-3 -8 -
REER
T
-3 -1 |-3 -] |3 -8
29 -3 +4|
3 |‘ 4 1| |4 |‘
: 45
20[-8(1) = 1(~1y] = 3[-3(1) - 4(~ )] + 4[-3(1) - 4(-8)]
i e
—203-3+116
-
45
=-2
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4
V==
T A

F 29 4|

|1 -3 —1l

24

45

e I T ) _'+4|] _3‘
4 2 1] ]2 4
a 45

2[-30) - 4(-1)] - 29[1(1) - 2(-1)] + 4[1(4) - 2(-3) ]
- 45
A3+ 4) -2+ 2)+ 44+ 6)
a 45

_2-87+40

s

_—45

45

=~]
2214l

iflj

2 3 29

1 -8 -3

21 4

45

o _3‘—3‘1 29 _ﬁi
Tl 4] T2 4 21
= oy .
2[-8(4) - 1=3)] - 3[U4) - 2(-3)] + 29[ 1)) - 2(-8)]
- 45
 —58-30+493

- 45

405

e

=0

The solution is (-2, —1, 9).
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Find the partial fraction decomposition of each rational expression.

".i -
43, =%

x2—4

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.

2x A B

=4 x=2 x+2

Multiply each side by the LCD, x* — 4.

Zx=Alx+2)+ Blx=-2)
Group the like terms.
2x=Ax+2)+ Blx-2)

2x=Ax+24+ Bx=-28
2x=Ax+Bx+24-28
2x=(A+B)x+24-28

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ f_;i' — 2
24-28=10
Use any method to solve the new system.
A+ B=2
B=2-4
24-28=0

24-2(2—-4)=0
2A-d4+24=0

Replace A and B with 1 and 1 in the partial fraction decomposition.

—d+44=10
da=4
A=1
B=2-(1)
b=
2x A &
15—4;_'{—‘_’” v+ 2
2x | ]
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44, Tx—6
x2—x—-06

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
Tx=6 A B

X*=x-6 x-3 x+2
Multiply each side by the LCD, x> —x—6.
Ti=6=Alx+2+B(x=-3)
Group the like terms.

x=0=A{x+2)+ B(x-3)
Tx=6=dx+2A+ Bx-38
Tx=6=dx+Bx+24-3B
Tx=6=(A+B)x+24-38

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ B=T7
24-3B=-6
Use any method to solve the new system.
A+B=T7

B=T-4
24-38=-6
24-3T-A)=-0
2A-21+34=-6
-21+54=-06
54=13
A=3
B=T-(3)
B=4

Replace A and B with 3 and 4 in the partial fraction decomposition.

Tx—-6 A I51

r-x-6 x-3 x+2

Tx-6 3 4

2 g

-x-6 -3 x+

eSolutions Manual - Powered by Cognero
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45.

=2y 4+
a2-=11x+30

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.
-2x+9 A B

4

¥ -11x+30 x-5 x-6

Multiply each side by the LCD, x? —11x + 30.

“2x+9= A{x—0)+ B(x-3)
Group the like terms.
2x+9=A(x=-06)+ Bl{x=3)
-2x+9=dx—-64+ Bx-50
~2x4+ 9= dx+ Bx-64-58
2x+9=(A+Bix-64-5F

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the m-terms on the left side of the equation must equal the coefficients of the m-terms on the right

side.
A+B==-2
—0A-58=9
Use any method to solve the new system.
A+ B=-2
B=-2-4
—hA4-58=9

A -5(-2-A)=9
—6A+10+54=9

Replace A and B with 1 and -3 in the partial fraction decomposition.

0—4=9
A=1
B=-2-(1)
B=-3
-2x+9 A B
".' —1 ].1'+31I5i =5 ¥ .‘If—{'r
-2x+9 | 3
¥ —1lx+30 x-5 x-6

eSolutions Manual - Powered by Cognero
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Ox2dxy =6

x32x23x

SOLUTION:
Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.

bx'~dx-6 _A B C
¥ -2F-3% ¥ x+1 x-3
Multiply each side by the LCD, x° 4.

b —dr—6=Ax+Hx -3+ Bue(x -3+ Crix+1)
Group the like terms.

6 —dx—6=Ax+INx=3+Bx(x—N+Cxlx+1)

46

b —dx—6=A{x" =2x-N+B{x =30+ C{x + 1)

61" —dx—6=Ax" —2Ax =34+ Bx* = 3Bx +Cx* +Cx

65" —dx—6=Ax" + Bx* +Cx* - 24x-3Bx+ Cx-34

63" —dx—6=(A+B+C)x" +(-24-3B+C)x-34

Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+B+C=06

24-3B+C=-4

-34==6
Use any method to solve the new system.
—34=-6

.ii:r:'

—2A-3B+C=—4
“N2)-3B+ =4
4 —-3B+C=—4
-3B+C =0
=3k
A+ B+ =6
2+ B+38=06
2+48=6
4B =4
B=1
C=3(1)
=13
Replace A, B and C with 2, 1 and 3 in the partial fraction decomposition.
6 —4x-6 A4 B ¢
¥ -2r -3¢ x x+l x-3
63 —dx-6 2 I 3

F=2x-3x x x+1 x=3
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47.

2x3=14x242x+7
2-Tx

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
2x

- ?_1)::2.1:" —14x" +2x+7

(=) (2x" - 14x7)
2x+7
. .. 2x+7
Therefore, the proper rational expression is 2.x +— el
X X

Now we can rewrite the remaining expression as partial fractions with constant numerators, A and B, and
denominators that are the linear factors of the original denominator.
Ix+7 A i

e

-7 x x-T
Multiply each side by the LCD, x> — 7x.
2x+T=A(x=7)+ B(x)
Group like terms.
2x+T=d(x-7)+ Bix)
2x+T7=A(x-T)+ B(x)
2x+T=dx=T74+ Bx
2x+T=(4+B)x-T74
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.

A+B=2

—FA=7
Use any method to solve the new system.

—TA=7

Replace A and B with —1 and 3 in the partial fraction decomposition.
x+7 A B

HE - TR

v=Tr x x=7
2x+7 —_] N

r=-Tr x x-7

*
o

-

a

The partial fraction decomposition of the improper rational expression is 2x ——+ 7
X X
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48.

2x4+3x34+5x24+3x4+2

xix2+1)2

SOLUTION:

This rational expression is proper. The denominator has one linear factor and one prime quadratic factor of

multiplicity 2.

Rewrite the expression as partial fractions with constant numerator, A, and a denominator that is the linear factor.
For denominators which are quadratic factors, use Bx + C and Dx + E in the numerators.

2 +3x0° 507 + 30+ 2

a1y

A
— +
X

Br+C Dre+£E
+

4l (Y

Multiply each side by the LCD, x(x2 + 1)2.

23 380 #5342
= A"+ 1 (Br+ ONa)lx™ + 1)+ (Dx+ EXx)

= A + 2 + )+ (Bx+ O)x" +x)+ Dx* + Ex

=AY e B L OV 424 B 2 D £ Ov+ Ex+ A

(A+ B +(C) + QA+ B+ D +(C+ E)yx+ A

. : r, S i . Equate the coefficients on the left and right side of the
=Ax" 424 4+ A+ By 4+ B + O +Cx+ Dy” + Ex

equation to form a system of equations. In other words, the coefficients of the x-terms on the left side of the
equation must equal the coefficients of the x-terms on the right side.

A+B=12

=
2A+B+D=5
C+E=1
A=12

T

Use any method to solve the new system.

ZA+ B+ D=5
2A2)+0+ D=5
D=1
C+E=3

3+ E=3

E=0

Replace A, B, C, D, and E with 2, 0, 3, 1, and 0 in the partial fraction decomposition.

2043 5" 34 2

23 4307 #5007 +3x 42

xx” +1)

7
X
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A
=8
x

-

Bx+C Dxe+ E
- +

B+l (Y

-
| A

I.

4+l (x+1y
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Find the partial fraction decomposition of each improper rational expression.

1 AP,
49. 2x2:+4

x2-2x

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.

-

b 2.1':'3.1." +4
(—y(2x° -4x)
dx+4

. . dx+4
Therefore, the proper rational expression is 2 +— i
X ey
Now we can rewrite the remaining expression as partial fractions with constant numerators, A and B, and
denominators that are the linear factors of the original denominator.

dx+4 A i

— 4+

r=2x x x-2
Multiply each side by the LCD, x> — 2x.
dx+d=A(x=2)+ Bi(x)
Group like terms.
dx+4=A(x-2)+ Bix)
dx+4=Ax-24+ Bx
dx+d=dx+ Bx=-24
dx+4=(4+By-24
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.
A+ B=4
-24=4
Use any method to solve the new system.
—24=4
A=-2
A+ B=4
2+B=4
B=6
Replace A and B with —2 and 6 in the partial fraction decomposition.
4x+4 A4 n

—+

r=2r x x-=2
dr+4 =2 6

. =4
x=2x x x-2

.

The partial fraction decomposition of the improper rational expression is 2 + —+ -
X fr
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2x212x20

50. =

eSolutions Manual - Powered by Cognero

¥2+4x

SOLUTION:
Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.

-

- & - -
4 4.\'}31" —12x =20

(-)(2x" +8x)
-20x-20
. o =20x-20
Therefore, the proper rational expression is 2 + = e
X 44X

Now we can rewrite the remaining expression as partial fractions with constant numerators, A and B, and
denominators that are the linear factors of the original denominator.

20x-20 A4 B

F4dy  ox x+4

Multiply each side by the LCD, X2 + 4x.
—20x=20=A{x+4)+ B{x)
Group like terms.

20x=20=A(x+ 4)+ B(x)
-20x=20=Ax+44+ Bx
=20x=20=dx+ Bx+44

20y = 20=(A+ B)x+44
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+ B=-20
44 ==-20
Use any method to solve the new system.
44=-20
A=-5
A+ B=-20
-5+ 8=-20
B=-15

Replace A, B, and C with —5 and —15 in the partial fraction decomposition.

=20x = 20 A B
X4y x x+4
=~20x = 20 i . =13
“+4x x x+4
. . .. . . . 5 15
The partial fraction decomposition of the improper rational expression is 2 ——- 1
X X+
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51.

x2 +xb

2x23x

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
0.5

2x - 31‘51" +x—0

(=) (x* = 1.5x)
23x -6
. .1 2 5x—b6
Therefore, the proper rational expression is < +-————.
i X AN
Now we can rewrite the remaining expression as partial fractions with constant numerators, A and B, and
denominators that are the linear factors of the original denominator.

25x=06 A s

e el

&

2x*-3x x 2x-3
Multiply each side by the LCD, 2x% — 3x.
25x—-06=A2x-3)+ B{x)
Group like terms.
253x-6=A(2x-3)+ B(x)
23x=6=24x-34+8x
25x=-6=2A4Ax+Bx-34
25x=6=(24+ Bx-34
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.
24+ B=235
—34=-6
Use any method to solve the new system.
-3d=-6
A=12
24+ 8=2,
AN+ B=25
d+ B=2
B=-15
Replace A and B with 2 and —1.5 in the partial fraction decomposition.
Ax=0 A i3

3

5

e

T ——

2% =3x x 2xr-=3
25x-6 2 -1.5
2¢-3x x 2x-3
2 15
The partial fraction decomposition of the improper rational expression is — +—~— 3
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52.

eSolutions Manual - Powered by Cognero

3x210x20
2x2+5x

SOLUTION:

Because the degree of the numerator is greater than or equal to the degree of the denominator, the rational
expression is improper. To rewrite the expression, divide the numerator by the denominator.
1.5

2x" +5x)3x" = 10x - 20

(=) (3x + 7.5x)
~17.5x =20
. .y oe =1T5x=20
Therefore, the proper rational expression is!.5 + —————.

2x" +3x
Now we can rewrite the remaining expression as partial fractions with constant numerators, A, and B, and
denominators that are the linear factors of the original denominator.
-17.5x=-20 A B

2 +5x x 2x+5

Multiply each side by the LCD, 2x? + Bx.
—17.5x=20= A2x+5)+ B(x)
Group like terms.

17.5x-20= A(2x + 3)+ B(x)
=17.5x=20=2A4Ax+ 54+ Bx
=175x-20=24Ax+ Bx+ 34

17.5x=20=(24 + B)x+ 54
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the

coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right
side.

244+ B==1735
54=-20
Use any method to solve the new system.
34==-20
A=-4
2A+B=-175
2A-H+B=-1735
-8+ B=-175
B=-95
Replace A and B with —4 and —9.5 in the partial fraction decomposition.
-17.5x =20 A B
2x"+5x x 2x+5
-17.5x =20 _—L . -0.5
2x" +5a3 x 2x+5
. . .. . . .. 9.5
The partial fraction decomposition of the improper rational expression is 1.5 ——— T
X &XTJ

Find the maximum and minimum values of the objective functionf (x, y) and for what values of x andy
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they occur, subject to the given constraints.
flx.y)=2x-y
xz0
53.

pE—x+7

yzx+l

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible

solutions for the objective function, is the shaded region, including its boundary segments.

W

yd
7ol

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.
x=10

r=x+1
y=0+1]
v=1

vertex at (0, 1)

x=0

y==x+7

y=0+7

y=T7

vertex at (0, 7)
y=x+1
V=—x+7

x+l==x+7

2x=06

x=3
y=x+l
y=3+l
=4

vertex at (3, 4)
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Find the value of the objective function for each of the vertices.
Jlx, y)=2x—y
S0y =2(0)-1
=]
f(0,7)=2(0)-7
=-7
fi3.4)=2(3)-4

=1

The maximum value off is 2 at (3, 4). The minimum value off is —7 at (0, 7).
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flx,y)y=3x+y
2x—y=l

54. =y

SOLUTION:
Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible

solutions for the objective function, is the shaded region, including its boundary segments.

L ¥
12 =9
B Vi -:,x e 1]
i y=1]
w.r.-m T -

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the
boundaries. Solve a system of equations to identify each vertex.

x=]

y=I

vertex at (1, 1)
x=1I

.1'- = {:'

vertex at (1, 9)
y=9

v=2x-1
9=2x-|
|0=2x

x=5

vertex at (5, 9)

Find the value of the objective function for each of the vertices.
Fx v)=3x+y
FL=3(1)+1
=4
F(L9y=3(1)+9
=12
f(5.9)=3(5)+9
=24

The maximum value of f is 24 at (5, 9). The minimum value off is 4 at (1, 1).

Page 56
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flx.vi=x+y
D=x=<10
55, i

x4+ 2y=8

0=¢=38

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible

solutions for the objective function, is the shaded region, including its boundary segments.

Fi '
|:.~":-‘ 2 ' LB
e "LI =0 - :"\il
N
) -.I- =ﬂ:
Q 4 W] 17 X
L T

V= _: i+..‘.‘

The polygonal region of feasible solutions has five vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.
x=0

.1'- = R
vertex at (0, 8)
x=10

y=4_a
vertex at (10, 8)
x=10

y=10
vertex at (10, 0)

y=0

|
p==—Xx+4
' 2
0= Il~4
2
1_1'—4
2
=8
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vertex at (8, 0)
x=0

|
y=——x+d4
' 2
---——I-ﬂ+4
y= 3{1
y=0+4

|1- = 4
vertex at (0, 4)

Find the value of the objective function for each of the vertices.

flxvl=x+y
J0.8)=0+8
=8
F(B.0)=8+0
=8
F10.8)=10+8

=18
F10.0)=10+0
=10
F(0.4)=0+4
=4

The maximum value off is 18 at (10, 8). The minimum value off is 4 at (0, 4).

Flx.0)=2x-4y

(8%
[PV

56. g

y=a
dx+5v=47
SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.
dx+5yp<47
Sy=—dy+47
4 47

YE = h
a I
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The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.

x=3
y=3
vertex at (3, 3)
=3
4 47
V=——X+—
5 5
4. 47
y=—i3+—
3 5
12 47
PEmEmhe
5 5
I1':JT:?
l
vertex at (3, 7)
y=3
4 47
Y=- ._.1."|. -
3 5
=20 Y
5 5
15 47 _4r
5 5
32 4
ek
3 5
32
—=x
4
=8

vertex at (8, 3)
x=0

Y= lrr4
' 2
T, 0)+4
J-—E{3+
y=0+4

.1'- = 4
vertex at (0, 4)
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Find the value of the objective function for each of the vertices.

flx. V)=2x—4dy
=h—12

=—

ST =23)-47)
=6-28
=-22

F(8.3)=2(8)-43)
=16-12
=4

The maximum value off is 4 at (8, 3). The minimum value off is—22 at (3, 7).
I
I

flx.vi=4dx+3y
57 v+ yvza

2x+y<|2

yex

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.
y=x

y=—=2x+12
x==2x+12
3x=12
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vertex at (4, 4)
y=x

y==3x+3
x==3x+8
4x=38
=72
jr=12

vertex at (2, 2)

y==3x+8

y=-2x+12
—Jx+8=-2x+12

4 =x

y=-X-4)+12

y=8+12

y=20

vertex at (=4, 20)

Find the value of the objective function for each of the vertices.
Fix. vi=4x+3v

S(4.4)=4(4)+ 3(4)
Jid.H=16+16=32
F(2.2)=4(2)+ 3(2)
f(2.2)=8+06=14
F(—4,20) = 4(-4) + 3(20)
Ji=. 20 =-16+060=44

The maximum value off is 44 at (=4, 20). The minimum value off is 14 at (2, 2).

fx)=2y-5x
2x+yz0
x=5r=0

3x+Ty=22

58.

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.
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i I I

ym—rt B

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the

boundaries. Solve a system of equations to identify each vertex.

y==x
y==2x
I
—x==-2x
2
x=0

y=0
vertex at (0, 0)

V==X
2
3 22
y=——Xt—
o 7
| 3 22
— X = ==X —
a 7 7
Tx==15x+110
2e=110
v=>5

y=1
vertex at (5, 1)

3 22
Jrmm
7 7
y==2x
1 19
IO el )
7 7
-3x+22=—14x
llx==-22
x=-2
y==2x
y==2(-2)
.1'-._ 4

vertex at (=2 ,4)
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Find the value of the objective function for each of the vertices.

Flx, vy=2p-35x
S10.0)=2(0) - 5(0)
J10.0)=0

S5, =2(1)-35(5)

f(5,)=2-25=-23
F(=2.4)=2(4)-5(-2)
f(=2,4)=8+10=18

The maximum value off is 18 at (=2 ,4). The minimum value off is—-23at (5, 1).

59. HAMBURGERS The table shows the number of hamburgers, cheeseburgers, and veggie burgers sold at a diner

over a 3-hour lunch period. Find the price for each type of burger.

Hours | Plain | Cheese | Veggie | |02

Sales ($)
am=12em | 2 8 2 53
12410 7 2 8 19
1-2pM | 5 ? 64
SOLUTION:

Set up a system of equations. Letp = plain, ¢ = cheese, and v = veggie.
2p+ 8¢+ 2v=353

Tp+12¢+8r=119
lp+3c+ Tv=04
Write the augmented matrix.
2 8 2! 353

2 1
[l 5 7, 64
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Apply elementary row operations to obtain reduced row-echelon form.

1
_— s P e =]

o oo o

1

=B == RN (S S = I = o

Sﬂ*dri:?t;‘-l-..r

1]

p;lain hamburge-rs = $3.00, cheeseburgers = $4.50, veggie burgers = $5.50

8 21 53
12 81119
5 71 64
§ 2! 53]
-23 —411-329 [0
507 64
g8 21 53
-23 —411-329
7 12 75 |Re
8§ 21 53
46 2761 1725 |20
46 82| —658 |« —
g8 2! 53
2 12] 75|t
0 194 | 1067 | =t
8§ 2153
2 12175
0 15522~
8 21 53]
2 01 9 tactzh
0 1,55]
g 2153
I 0145 |8
0 1]55]
8 0! 42]e20
1 0145
0 155
0D 0! 6t
| 0145
0 1155
0 0 3]t
I 0145
0 1]55
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60. GRADING Ms. Hebert decides to base grades on tests, homework, projects, and class participation. She assigns a

61.

different percentage weight for each category, as shown. Find the final grade for each student to the nearest
percent.

Category S HW | progscts | partiipation
Weight [RUECEECN B 10%

Category | Serena |Andmu ] Corey | Shannon

tests &8 12 18 9

HW £ 20 68 N

projects Bl Fi 75 85

participation 100 o5 100 )
SOLUTION:

Set up the percentages as a 1 x 4 matrix and the individual scores as a 4 X 4 matrix. Remember that when you
multiply matrices, the columns of the first matrix must equal the rows of the second matrix. Multiply the matrices.

(88 72 78 9l
95 90 68 71

[4 3 2 .1] .
80 73 75 83
100 95 100 80
=[.4(88) +.3(95) + .2(80) + . 1(100) A(72)+ 3090y + . 2(73) + . 1(95) Round the scores to the nearest
A(T8)Y+ 368+ . 2(75)+ . 1(100) A9+ 3T+ 2(85) +. (8]
=[35.2+285+16+10 28.8+27+14.6+9.5

31.2+204 +15+10  364+213+17+8]
=[89.7 799 76.6 82.7]

percent.
Serena = 90%, Andrew = 80%, Corey = 77%, Shannon = 83%

SHAVED ICE A shaved ice stand sells 3 flavors: strawberry, pineapple, and cherry. Each flavor sells for $1.25. O
day, the stand had $60 in total sales. The stand made $13.75 more in cherry sales than pineapple sales and $16.25 m
than strawberry sales. Use Cramer’s Rule to determine how many of each flavor was sold.

SOLUTION:

Set up a system of equations. Let s = strawberry,p = pineapple, and ¢ = cherry. If the stand had $60 in total sales a

each unit cost $1.25, then 60 + 1.25 or 48 units were sold. Therefore, s +p + ¢ = 48. The stand made $13.75 more f

cherry sales than from pineapple sales. 13.75 + 1.25= 11, so ¢ = 11 +p. The stand made $16.25 more from cherry s
than from strawberry sales. 16.25 +1.25=13,soc =13 +s.

We are asked to solve using Cramer’s Rule, so rewrite the equations, aligning the variables, and then set up the
coefficient matrix A.
s+ p+e=48
Os—p+e=11

—s+0p+e=13
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-1 0 1

Calculate the determinant of A.

g b ¢

detA) = A= ld ¢ fl=a x’

e i

= —1(1) = 0(1) ~[0(1) = (= 1]+ [0(0) ~ (~1)(~1)]

=
==3

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated w

the variable with the column of constant terms.

A
-l
A
i.m 11
i =5 3
130 |
- =3
1 T T O O
48 ~1| +1
e of s o s

-2

_ A8[-1(1) 0] = [11() ~ 13(1)] + [11(0) ~ 13(=1)]

-3
_—48+2+13
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62.

pltl o=l
|4 El
1 48 1 R
0 11 1 (i
-j| 13 4 1 0 13
R ~ =3
1 |‘ 0 |‘ 101 ‘—I I ‘n 1 0 -|‘
| 48 + 1 = +48
13 - -1 13 0 13 |-1 13 -1 0
3 ) 3
PR =1300)] = 48[0(1) = (= (D] + [0(13) = (=1)1 1] W[=1013) = 0L D] = 10013) = (= 1)1 )]+ 48[0(0) - (— 1K1
=k 1= 7l T 5 =
2-48+11 —13-11-48
= -
-39 =2
= - -3
=13 =24

strawberry, 13 pineapple, 24 cherry

BIKING On a biking trip, a couple traveled 240 miles on Day 1 and 270 miles on Day 2. The average rate traveled
during Day 1 is 5 miles per hour faster than the average rate traveled during Day 2. The total number of hours spent
510, <1200

rir=5)
a. Find the partial fraction decomposition of T.
b. Each fraction represents the time spent biking each day. If the couple biked 6 hours longer on Day 2, how many
total hours did they bike?

SOLUTION:
a.
Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.
5108 = 1200 1 :{ N B

rir—=735) ror-=5
Multiply each side by the LCD, r(r — 5).
3101 -1200 A &

bikingis T =

rle—3) T ror=5
S10r-1200 _A(r-5) _ Br
rir—>3) rir=3  rir-3)
S10r—1200= Ar —54+ Br
5100 —1200= Ar+ Br—54
S10r—=1200=({Ad+ Byw—-54
Equate the coefficients on the left and right side of the equation to form a system of equations. In other words, the
coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on the right

side.
A+B=510

=54 =-1200
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Solve the system.
~54=-1200
A=240
A+B=510
240+ B=510
=270
Replace A and B with 2 and —1 in the partial fraction decomposition.
5100—1200 A4 B

rr—35) roor=3
240 270

IS r—3
b. The second fraction is greater than the first fraction by 6. Set them equal to each other and solve for r.
240 270
i 6=
" r=>5
240(r —5)  6r(r—5) __270r
Hr=5)  rr=35) -3
240(r —5)+ Or(r —3)=270r
2407 1200+ 6r° = 30r =270r
6" = 60r =1200=0
r—10r-200=0
(r=200r+10)=0

r=200r-10
The rate must be positive, so r = 20. Substitute 20 for r into the partial fraction to find the total time traveled.
;i 3
s “m_ =12+18=30
20 20-5
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63. RECYCLING A recycling company will collect from private sites if the site produces at least 60 pounds of
recycling a week. The company can collect at most 50 pounds of paper and 30 pounds of glass from each site. The
company earns $20 for each pound of glass and $25 for each pound of paper.

a. Write an objective function, and list the constraints that model the given situation.
b. Determine the number of pounds of glass and paper needed to produce the maximum profit.
¢. What is the maximum profit?

SOLUTION:

a. Letp = paper and let g = glass. At least 60 pounds of recycling is produced, sop + g > 60. At most, 50 pounds of
paper can be collected, sop < 50. At most, 30 pounds of glass can be collected, so g < 30.The company earns $25
per pound for paper and $20 per pound for glass, sof (p, g) = 25 + 20g. The amounts cannot be negative, sop >0
and g > 0.

b. Graph the constraints.

-
=g = 60— pi

 ;

F;
=
Cal
=
=
Cad
—4

b

Pounds of Glass
=

=

{0, 0} (50, O)y
O 12 ¢4 36 45 p
Pounds of Paper
Substitute the vertices into the objective function.
flp.g)=25p+20g
J000% = 25(0) + 2000}
=1

J0.30) = 25(0) + 20(30)

=600

F(30.30) = 25(30) + 20(30)
=350

SO0 10) = 25507+ 20(10)
= 1450

FU50.0) = 25(50) + 2000}

=1250

50 pounds of paper and 10 pounds of glass.

C. $1450.
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1

Write each system of equations in triangular form using Gaussian elimination. Then solve the system.

Jxey=4
CSx=Ty=20
SOLUTION:
Align the variables on the left side of the equal sign.
x4+ p=4
x=Ty=20

Eliminate the x-term from the 2™ equation. Multiply the 1% equation by 5 and the i equation by 3.

(SH-3x+r=4) = —I5x+5p=20
(35x-Ty=20) = 15x-2ly=060
Add the equations together.
-153x+5y=20
15x=21y =60
~16y =80
p==3
Replace the 2" equation withy = 5.
vt y=4
y=-3
The system is now in triangular form. Substitute fory and solve for x.
—Jx+y=4
—3x+(-5)=4
—3x—-5=4
3x=9
r=-3

The solution is {—3.-3).

dy—3z=-8

Sx=Tv+3z=-

Ix—2yv+4:z=24

SOLUTION:
x+dyv-3==-3
Align the variables on the left side of the equal sign. 3x =7y + 3z =-4
Jx-2y+4:-=24
Eliminate the x-term from the 2" equation. Multiply the 1st equation by —5.
(-3Nx+4y—3z=-8) = —5x-20y+152=40
ax=Ty+3z=-4 = 3x=1y+3z=-4
Add the equations together.
~Sx-20py+15-=40
(+)5x-Ty+32=-4
-2Tv+18z=30
The new set of equations is:
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x+4dyp-3z= 8
27y +182=36

Ix—-2v+4=-=24

Eliminate the x-term from the 3" equation. Multiply the 1st equation by —3.
(=3x+d4v=3z=-8)= —-3x—-12v+9:=24

Ix-2y+42=24 = Ix-2y+4:z=24

Add the equations together.

3x-12p+9:=24

(F)3x-2y+4z=24

—14y+132=48

The new set of equations is:

x+4y—-3z=-8

27y +182=36

14y +132 =48

We can simplify the " equation by dividing by 9.
x+dy—-3z=-8

=3y+2z=4
—l4y+13z-=48

Eliminate the y-term from the 3rd equation. Multiply the 2nd equation by —14 and the third equation by 3.

(-14)(-3y+2z=4) = 42y

(3N-14y+132=48) = —42y+39-=144

Add the equations together.
42y—-28z=-56
|:. f ]' "]’2_1' + 30 =144
11:=88

Replace the 3" equation withz = 8.
x+4y=3z=-8
Jy+2z=4

The system is now in triangular form. Substitute for z and solve fory, then substitute fory and z and solve for x.

-3y +2z=4

Jv+2(8)=4

3yr+lo=4
=3y==12

y=4

Y4+ 4y-3z=-8
x+4(4)-3(8)=-8
x+16-24=-8
x—8=-8

x=10
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The solution is( (). 4.8).

Solve the system of equations.
Sx—b6y=28

bx+5y=-3

SOLUTION:

Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
5 628
|16 5)-3]
5 -6, 28]

61 —183 |50

1 F
L] L
o
L
oo

=
'I_I..l
1

I

|

2
0 1}-3

The solution is (2, —3).

Qx—dy+z=8
4, 3x+3v+4dy=20
Sx+y—=3z=-13
SOLUTION:
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
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8

20

13
-

11
4-
-3 -
11

-4
3
|
—4

Lo I _._J_.T_
L

The solution is [

Page 4
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5. LIBRARY Kiristen checked out books, CDs, and DVDs from the library. She checked out a total of 16 items. The
number of CDs and DVDs equaled the number of books. She checked out two more CDs than DVDs.

a. Let b = number of books, ¢ = number of CDs, and d = number of DVDs. Write a system of three linear equations
to represent the problem.

b. Solve the system of equations. Interpret your solution.

SOLUTION:

a. Use the total number of items for the first equation: b + ¢ + d = 16. The total number of books equaled the sum of
the number of CDs and DVDs: b = ¢ + d. She checked out 2 more CDs than DVDs: ¢ =d + 2.
Rewrite the equations, aligning the variables.

b+res+d=106
b+e+d=0
= =2

b. Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
I 1 1116]
11 110
101 -1 2]
11 1116
0 2 2116
0 |

1 1 1116
01 1 B|em=
101 -1} 2]

(1 1 1116

01 1: 8
00 2] 6 |¢—=—
11 1116

0 1 118
00 1) 3™
1116

0 1 01 5t
00 1,3
11 0113]«
01 015

00 1} 3]

1 0 08—
0 1 01:3

00 13

kristen checkéd out 8 books, 5 CDs, and 3 DVDs.
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Find AB and BA, if possible.

I 0 0 0 | I
o 1 3 3 2. 3
6.A = ,B=
0O 0 1 2 . S |
0006 -1 6]
SOLUTION:
' o 0 o [
o ] ¥ 3 2 3
A= ;B=
¢ 0 1 2 5 =]
0006 -1 6

A is a 4 x 4 matrix and B is a 4 x 2 matrix. Because the number of columns of A is equal to the number of rows of
B, AB exists.

To find the first entry of AB, find the sum of the products of the entries in row 1 of A and column 1 of B. Follow the
same procedure for row 2 column 1 of AB and the remaining entries.

(1) +0(2)+0(5)+0(=1) 1{1)+0(3)+0{=1)+0(6)
O(1)+1(2)+3(5)+3(=1) 0(1)+1(3)+3(-1)+3(6)
0(1)+0(2) £ 1(5)+ 2(-1) 0(1)+0(3)+1(-1)+2(6)
L0(1)+0(2)+0(5)+6(~1) 0(1)+0(3)+0(~1)+6(6)
T

AB =

1418
13 11
6 36

Because the number of columns of B is not equal to the number of rows of A, BA is undefined.
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1 -5 4
T.A=|-2 3 s5[,B=[2 -1 -8]
i I
SOLUTION:
[1 -5 4]
A=|-2 3 5;B=[2 -1 -8]
6 -3 1

Ais a3 x 3 matrix and B is a 1 x 3 matrix. Because the number of columns of A is not equal to the number of rows

of B, AB is undefined.

Bisal x 3 matrix and A is a 3 x 3 matrix. Because the number of columns of B is equal to the number of rows of

A, BA exists.

To find the first entry of BA, find the sum of the products of the entries in row 1 of B and column 1 of A. Follow the

same procedure for row 2 column 1 of BA and the remaining entries.
BA=[2(1)-1(-2)-8(6) 2(-5)-1(3)-8(-3) 2(4)-1(5)-8(1)]
=[2+2-48 -10-3+24 8-5-8]
=[-44 11 -3]

8. GEOMETRY The coordinates of a point (x,y) can be written as a 2 x 1 matrix

I [0 -1
]. LetA = |
rll -\.l []

a. Let P be the point (=3, 4). Discuss what effect multiplying A by P has on P.

b. A triangle contains vertices (0, 0), (2, 6), and (8, 3). Create B, a 2 x 3 matrix to represent the triangle. Find AB.

~3]
11 0 4]

=
[0=3)- uﬂ

What is the effect on the triangle? Does it agree with your answer to part a?
—_ 4 —-
I(—3)+0(4)
— . -.4-
123

SOLUTION:
0 -l

P = (-3, 4) and AP = (-4, —3). Plot these points on a graph.
P

AP
o

It appears that AP is P rotated 90 degrees counterclockwise. This angle can be confirmed in a variety of ways.
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The distance from P to the origin is 5. The distance from AP to the origin is also 5. Find the distance from P to AP.

d = \J(-3-(-4) + (3 —(3)

The sides 5, 5, and 5+/2 form a right triangle because 3° +5° = (5/2)" . Therefore, multiplying P by A rotates the

point 90° counterclockwise.

b. Let each point be a column. B =

Find AB.

|
0 6 3]

Draw both triangles.

"
AB B
-8B -4 O] 4 Bx
-8

0 <1 [o 2 8] [o00)+=10)
] l 0+ ()

T . )

1020+ (i)

018 +1-113

I8+ (4 3)

It appears that AB is B rotated 90 degrees counterclockwise. This angle can be confirmed by checking the rotation

of one side of the triangle. In this case, we will check the rotation of side h (side g in the rotation).
Sides g and h form a right triangle. Find the length of each side.

Jio—(=6)y +(0-2y

I
=+/36+4

- J40

JIO=2)) +(0—6)

,u.":: —(—6)) +(6-2)

=64 +16
- 50
(Va0) +(Va0) =(80)
40+ 40 =80

These sides form a right triangle, so triangle A is rotated 90° counterclockwise. This agrees with answer a.

FindA_l, if it exists. IFA "L does not exist, write singular.
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0. | :|
3 -4

SOLUTION:
Create the doubly augmented matrix [4 | /].

= 30

Apply elementary row operations to write the matrix in reduced row-echelon form.
L

=
=
[ R ]

1

[ B8

=
L SoRERNN D

LV
| I

-
|

The first two columns are the identity matrix. Therefore, A is invertible and Al=

baed | Bad
RV N |

Confirm that AA T =A 1A =1.
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Practice Test - Chapter 6

A =

12

(A=
: 2.1 [—3 —4]
7 2 -

il
e

L2 2 2
[-2+3 —4+4
=3 3
73 ¥
[1 0]
o |_|

[=3 =5

10. | J

L_'& g

SOLUTION:

Create the doubly augmented matrix [x: : !].

i T ho

Apply elementary row operations to write the matrix in reduced row-echelon form.
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Practice Test - Chapter 6

5 -5 ] 1
I
|0 1812 1 [¢ta=R
=3 =51 | w
0 1= o et
L 9 18]
l 4 5
3 ﬂi 'Ei ]3 Medk
I
I
0 i:——I L
| I 9 18
r I =
R P |
I 2T Sy [ ———
I
il b
L P9 18
[_4 _5
The first two columns are the identity matrix. Therefore, A is invertible and A_1 = "]? TJ'
918

Confirm that AA T =A™'A = I.
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Practice Test - Chapter 6

i =3 ~5]

_3
27

(12 30
— e m—
27 54
306

L9 18

[ro
oo

3

4 18

30 8
54 18

5

9 18

5 4 5
(D556 -~ - )

-6 8

27 54 [—3 -5

1 |
5D+ (6

20 40

27 54
5 B

-2
9 18
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Practice Test - Chapter 6

Use an inverse matrix to solve each system of equations, if possible.

1. ?.1.' Jy==17
Sx+2y=11
SOLUTION:
Write the system in matrix form AX = B.
2 -3 _.1']_{—?
15 2| |»] |11
Use the formula for the inverse of a 2 x 2 matrix to find A_l.
- | I d bl
det( )| —¢ J

B l d =h
" ad - be| ¢ i

l 2 3]
A -(-3)5) -5 2

-

l
L
Id e

>
|0 B w

19 194
MultipIyA_1 by B to solve the system.

o

-
o

2

19 19 [7]
5 2 u]
19 19

A'B=

2 3
el B, ey
I‘J{ : |u{ ]

5 2
- =T =[] 1}
19 }w‘
[-4|3:5'
1919
135 2@
.._+__.
L1919 |
197
_|19
57
19 ]

]

The solution is (L, 3)
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Practice Test - Chapter 6

2x+2y+5z=—6
12. 2x-3y+T=z=-7
y—5r+9z=4
SOLUTION:
Write the system in matrix form AX = B.
[2 2 5][x]| [-6
2 =3 Ti|y|=|-T7
11 -5 9||z] |4

Use a graphing calculator to find AL, Enter the values for the matrix A. Enter [A]fl. Select — Frac to get the
values in reduced fraction form.

[A]-1vFrac

[[-28-41 43741
[11-41 -13-/41
[F741 -12-41

8 43 29
FT TRY
R L S . &
41 41 4
7 12 10
4 4 4

MultipIyAf1 by B to solve the system.
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Practice Test - Chapter 6

A7 B=

8 43 29

41 41 41|12
11 13 4 |
= —— — |_T
41 41 41 |__I
LA A T
41 41 41 |

8 43 29
Y e [Ty
41{ ) 4|{ ) 41“
11 13 4
(6} ——(=T)+ — (4
41‘ ) 41{ } 41”
7 12 10
(B ——(=T)+—{4
41{ ) -n{ ) 41{},
48 301 _116]

41 41 41

66 91 16
__+_+_

41 41 41

42 84 40
41 41 41
‘_ﬂ-

41

41

41

82

41 |

-9

I

N

The solution is (-9, 1, 2).

eSolutions Manual - Powered by Cognero

Page 15



Practice Test - Chapter 6

Use Cramer’s Rule to find the solution of each system of linear equations, if a unique solution exists.

ix—-2y==2
13, 0

dx-2y=12

SOLUTION:

-

The coefficient matrix isA =

I b
det(A) = |A| = " f‘=ad—bc
i {
-2
5 =3(-2)-4{-2)
= ﬁ 4 H

-

. Calculate the determinant of A.

| £ R OS]

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

A

_3(2)—-4-2)
+ 8
2
=7
The solution is (4, 7).

=}

3x-2v-3z=-24
14, 3x+5y+2z=7

—x+5v+3z=25

SOLUTION:

eSolutions Manual - Powered by Cognero
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Practice Test - Chapter 6
[ 3
The coefficient matrix isA = | 3
-1
determinant of A.
la b ¢
) &
detA) =|A|=d ¢ _.?':HIII .
g i S
3 -2 -3
5 2| 3 2
3 5 21=3 |+ 2 |
B 5 3 |-l 3
-1 5 3

]

=15+4+22-60

=-23

3[5:3)- 5]+ 2[33) - (=2 =3[ 3(3) - (- 1)) ]

=3I5=10)+2(9+2)=3(15+35)

Because the determinant of A is not 0, you can apply Cramer’s Rule. Remember to replace the column associated

with the variable with the column of constant terms.

A
-]

A

24 -2 -3

7 5 2

25 5 3

—23

15 2 7 2 T 3§
240 2. -3

5 3 25 3] |25 3§
T ETR |

_ —120-58+270
-23
92
-3
=—4

eSolutions Manual - Powered by Cognero
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Practice Test - Chapter 6

|4,
T b |

El

3 24 -3

3 7 2
25 3

—23
3]? z+24‘3 2‘_3'3 ?‘
{25 3 -1 3 "1 25
-23
3[7(3)-25(2)] + 24[3(3) = (- 1) )] - 3[3(25) — (- 1(T)]
- -23
3(21-50)+24(9+2)-3(75+ 7)
23
- =87+264-246
23
=

-23

=3
21l

|

3 -2 -24

3 5 7

-1 § 25
)

5 ?+23 ?_143 5‘
5 25 |1 25 -1 5
- -23
~3[5(25) - 5(7)] + 2[3(25) —(—1XT)] - 24[3(5) - (- 1X3)]

-23
270+ 164 - 480
=23
~ —46
T 23

=2
The solution is (-4, 3, 2).
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Practice Test - Chapter 6

Find the partial fraction decomposition of each rational expression.

15, 3=
x2-9

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear
factors of the original denominator.

4x A B

X*=9 x=3 x+3

Multiply each side by the LCD, X2 -9,
dx=Ax+3N+B(x-3)

Group the like terms.

dx=dAlx+3)+ Bx-3)

Adx=Ax+34+ Bx-38
dy=dx+Bx+34-38
dy=(A+ B)x+34=38

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on
the right side.

A+B=4

34-3B=0
Use any method to solve the new system.
A+ B=4

A=4-8
3A-38=10
H4-B)-38B=10
12-38-38=10
12-68=0
60 =12
B=2
A=4-(2)
A=2
Replace A and B with 2 and 2 in the partial fraction decomposition.
dv A4 B
¥-9 x-3 x+3
dx 2 )

¥ -0 x-3 x+43
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Practice Test - Chapter 6

N .
16. 2x410

x2—-4x+3

SOLUTION:

Rewrite the expression as partial fractions with constant numerators, A and B, and denominators that are the linear

factors of the original denominator.

2y +10 A i

r=4xr+3 x=3 x-1

Multiply each side by the LCD, X2 —4x + 3.

dx=Ax+3)+B(x-3)
Group the like terms.
2x+10=A{x-1)+ Blx-3)
2x+10=dx- A+ Bx-38
2x+10=Ax+ Byx=A4=38
2x+10=(A+ Byx-4-38

Equate the coefficients on the left and right side of the equation to form two equations with 2 variables. In other
words, the coefficients of the x-terms on the left side of the equation must equal the coefficients of the x-terms on

the right side.
A+B=12

-A-38=10

Use any method to solve the new system.

A+ B=2
A=2-8
—A=3B=10
—{(2-B)-3B=10
-2+B=-38=10

Replace A and B with 8 and — 6 in the partial fraction decomposition.

~2-2B=10
2B=-12
B=-6
A=2-(-6)
A=8
2y +10 A 3
¥ —dx+3 x-3 x-l
2x+10 8 ]

¥ —4x+3 =3 x-1

eSolutions Manual - Powered by Cognero
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Practice Test - Chapter 6

Find the maximum and minimum values of the objective functionf (x, y) and for what values of x andy
they occur, subject to the given constraints.
flx.vy=2x=y

x=0

y=0

ye-2y+§

17.

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the
boundaries. The vertices are (0, 0), (4, 0), and (0, 8).
Find the value of the objective function for each of the vertices.

J(x,y)=2x=y
JU0L0y=2( -0
=0
F(4.0)=2(4)-0
=8
F0.8y=2(0)-8
=—8
max at (4, 0) =8, minat (0, 8) =8
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Practice Test - Chapter 6

flx,yy==x+2y
x=3y=0
x=20

=9

18.

SOLUTION:

Begin by graphing the given system of inequalities. The solution of the system, which makes up the set of feasible
solutions for the objective function, is the shaded region, including its boundary segments.

.

-;Jl.r

X

o 6 |12 |16 | 24

The polygonal region of feasible solutions has three vertices. Each vertex is located at an intersection of two of the

boundaries. Two of the vertices are (0, 0) and (0, 9). Find the third vertex by solving the system of equations that
form the intersection.

y=9
I
y=zx
|
U=—x
3
27=x

The third vertex is (27, 9).

Find the value of the objective function for each of the vertices.
Jlx,y)=-x+2y

F(0.0)==(0)+ 2(0)
=0
F(0.9)=~(0)+2(9)
=18
J2L.9)==(27)+ 2(9)
= -0
max at (0, 9) = 18, min at (27,9) = -9
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Practice Test - Chapter 6

19. PRICING The Harvest Nut Company sells create-your-own trail mixes where customers can choose whatever
combinations they want. Colin’s favorite mix contains peanuts, dried cranberries, and carob-coated pretzels. The
prices for each are shown below. If Colin bought a 5-pound mixture for $16.80 that contained twice as many pounds
of carob-coated pretzels as cranberries, how many pounds of peanuts, cranberries, and carob-coated pretzels did he

$3.20Mb

SOLUTION:

Letp = peanuts, r = raisins, and z = pretzels. Set up a system of equations. He bought a five-pound mixture, sop +r
+2z = 5. He spent $16.80, so 3.2p + 2.4r + 4z = 16.8. There were twice as many pretzels as raisins, soz = 2r.
Write the system of equations, aligning the variables.

p+r+z=35
32p4+24r+4d4-=168
Op+2r—z=0
Write the augmented matrix. Apply elementary row operations to obtain reduced row-echelon form.
AN S
32 24 41168
10 2 -17 0
[t 1 115]

0 -0.8 081085225

0 2 -1,;0]
(3 F Lbse

0 | =1l fetten
10 2 1,0

E

0 1 —1i-]

00 12 |t
[1 1 115]

0 1 01|ttt
00 1}2]

1 03]t
01 011

10 0 1)2]

(1 0 0!2]e=

0 1 011
0012

peanuts, 2 Ib; _raisins, 1 Ib; carob-coated pretzels, 2 Ib
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Practice Test - Chapter 6

20. MULTIPLE CHOICE The graph displays the constraints for an objective function. Which of the following
CANNOT be one of the constraints?

Yl |

Ay >0
Bx>0
Cx-y<0
Dx-y=>0

SOLUTION:
Identify which inequalities are constraints.

Choice A,y >0, represents the bottom line of the shaded region. Choice B, X > 0, can be a constraint even though it
has no direct effect on the boundaries of the shaded region. Choice D, x —y > 0, represents the diagonal boundary
of the shaded region. Choice C, x —y <0, cannot be a constraint because none of the possible values from the
constraint fall in the region.

The correct choice is C.
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