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Lesson 3-1 Tangent Lines and Velocity dgaial) ds pud) g cilulaal)

Slop of secant of curve passing through two points (x; , y1), (x2,y2) is given by
A ABdally Jaay pilafilly jlal) Aadall adaldll Jra

Y2~

N X2—X1

Equation of secantis y = mg..(x —x1) + ;4

m

Slop of secant of curve passing through two points (x4, f(x1)), (x2, f(x2)) is given
by

A0 ABdally Jaay cpibafilly jlal) Asdall adaldl) Jra
_ f(x2)—f(x1)
o X2—X1
Equation of secantis y = mqoc(x — x1) + f(x1)

m

Slop of secant of curve passing through two points (a, f(a))), (a + h, f(a + h)) is
given by
4 ABSally Jaay cpilafilly jlal) Aadall adaldl) Jra

1 = [@th-f@) _ flath)—f(a)
at+h—-a h

Note: Slop of secant = change of rate = average speed t

Find slop of secant for curve Aaiall ahaldl) Jia 2ag)

f(x) =x%+1 ,atpoint (2,1)

f@)-f1) _ 5-2 _ 3 ;
2-1  2-1 4

m =
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Slope of tangent: the secant become a tangent when h — 0 then slop of tangent at

point x = a IS My, = %inaw = exist and equation of tangent is

y = Megn(x —a) + f(a)
Note: Slop of tangent = average change of rate= average speed
I jud) Jire= sl Jare= Guladd) Jie
Q: use definition to find: 1) slop of tangent linetoy = f(x) atx = a
2) equation of tangent line at same point
Lgdi AdaBll) Mie julaal) Adalaa 2 y=fx) Aall ulaal) a3 Jua (1 : ) iy jadl) aladinly
270 | f(x) =2x—-1 ,at a=3

2
g7l f(x)=m ,at a=1
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272

f(x)=vx+3 ,at a=1

List the points A,B,C and D in order increasing slope of tangent line

UAM\J.QASJM\MLAG?E

273

B

/e

274

Y
A

B C

D

Vil
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Lesson 3-2 The Derivative L&y
Note: The derivative is slope of tangent at point

d \ N
Symbol of derivative isd—z , (X)), vy

DEFINITION 21
The derivative of the function f at the point x = a is defined as

f'(a) = lim [kl =)

. Jt=0 I

(2.1)

provided the limit exists. If the limit exists, we say that f is differentiable at x = a.

N

+h)— . . ) o
f'(a) = im £ ; J(®) ) g g kgl cals 131 = ALkl i U AL Nl 055
h—0
N . . . X)—ja
An alternative form of derivative is f' (@) = lim [-f@
x—a xX—a

) xX)—jla DL T T TR P St
f’(a):]lmwyw\mwdﬁuuu
xX—a xX—a

DEFINITION 2.2
The derivative of the function f is the function f* given by
x4+ Iy = f(x
£ = lim L =S
I1—0 I

The domain of f/ is the set of all x’s for which this limit exists. The process of
computing a derivative is called differentiation. Further, f is differentiable on an
open interval [ if it is differentiable at every point in [

The derivative of f(x) is f'(x) = }1“1(} f(x"'h’z—f(x)

(2.3)

Note: the derivative at point =slope of tangent at point = change of rate =instant

velocity
Alaatl) de pudi= i) Jaee=ddadil) b5 aie ulaall Jia = ddadS aie d8TEAY jASaada

Find f (x) , using definition of derivative to derivative function or at point x = a

25 f(x)=3x+1 , a=1
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276 | f(x)=x*2—-2x+1 ,a=1
21T f(x) =+3x+1 ,a=1
278

f(x)=v2x+ 4
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D79 fo) == ,a=2

280 2
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Theorem 2.1
If £ is differentiable at x = a , then f is continuous at x = a

2.1 4k
X = a e Aaia f S x = g e G ALE £ culs )

Note: the converse the theorem is not always true, mean
Laild a5 g pally (sl 4 B3 G slia
If £ is continuous at x = a that does not mean f is differentiable x = a
X = @ e FEEN AL L) S VI x = g e ddaie f il 1)
- Fis differentiable at x = a — f is continuous
daie 4 1) x = g die GEEIALE £ -
differentiable , f = exist

not differentiable , f does not exist

GELEM ALE e of GELEI ALE 5 &5 o) (S (B x = g s Adala f&l\S\S\ -

- fiscontinuousatx =a - fis {

Nots: the following graph illustrate a different type of functions not differentiable at
x = a and reasons

Yy y
3

/ \\/ ] il . ) / j" .
p | \\ J a /

FIGURE 3.19a
A jump discontinuity FIGURE 3.19b FIGURE 3.19¢ FIGURE 3.19d
A TTce ayRpiow A cusp A vertical l.n;gvnt line
Nots: f differentiable at x = a if: (S 1Y) x = q kbl vie GELEIALB AN f
1) f continuousat x = a X = a s ddaia (1
2) The derivative exists from both Jotl) 9 Gad) (8 phall NS (10 B3 g2 ga ARIL) (2
sides left and right side ff(x)”=f ()t

) =f "
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Compute the right -hand derivative and left-hand derivative does f'(0) exists

Tra—= — 13w JEHRD-F(X) TV — Jim JEHR—F(X)
Feo = i PRI ) = i [

281 _2x+1 x<0
f(x)_{3x+1 x>0

2x x<0

282
f(x)_{x2+2x x>0
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Use the graph of f to sketch a graph of f

ARidal) an )l an ) aadial
283 ’ Ay
A
< >
= >
A\
084 A
y
Y
ik
|'l|lI X
- ' >
/,-f . ,v/ »
A\’
285
Y A,
F Y
II
HH |
II X
I|I Il < >
A\
\/\
- *
A\’
286
y Ay
ik
/- . < >
\ 4
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287 Ay
i
v
P88 ¥ A,
&
—= k_ s X
W < >
A\’
P89 A,
U
A
//” '\\,I, < >
v
Use the given graph of f to sketch the plausible continuous function f
290 Ny
]
A
\ < >
\
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291

—~—
\\l
—_?-OL. <
3
A
\

292

e
A
VX

293

x

>
A

294 | Sketch the graph of function with
the following properties:

4 Jailadd) cuua Al dade s )
f0)=1,f1)=0, f(3)=6

\
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295 | Sketch the graph of function with

the following properties:
N Gailadd) cuua AN Hale an

A
\ A

f(=2)=4,f0)0=-2, f2)=1
f(=2)==-2,f0)=2,f(2)=1

The following graph represent f(x)find:(Q301-Q304)

.A ¥
N TV
296 | The average rate of change in 297 |Rate of change at x = 2
interval [0, 3] dadil) aie ,adl) Jaea
olaral) 3 il & 8l Jau gia
298 | 1y LPSCD _ 299 | 1im [® =
x——2 x+2 x—2 X
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300 2 _ . .
If f(x) = {3x 6 X <0 £ndall real number a and b such that f' exist
ax—2b x=0 o i
SN AL AN Jead ) Aial) Akl gaen 23
2 _ 2
"L |1f fis differentiable at x = a , @ # 0 evaluate lim /2Ll
xX—a -
e 3 5) BELEU ALLE A il 1)
302 f(a+ch)-

Prove that if f is differentiable at x = a, then lim

f(a) )
=cf (a
o L (a5 ol Akl e (gLESES ALG AN cils 13 ¢ )
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303

The following graph represent of f(x), g(x) find:3ag A Gl Jiay 4NN s

, g(x 7 P 3
FANSANCIERRAN,
I SSEEER
1) g(2) = f(2) = J'(2) =

2) Find one value of x to be f(x) undifferentiable and g(x)jumbe

discontinuous
5348 5 (e Jladll Lng(x) 9 aaidad PR pr(x) AN aie eS8 x J Aad aa gl

3) Value of x where f(x) discontinuous and type of discontinuity
Jualil £ 51 g daiia fx) A die eSS x Aasd

4) Value of x where g’'(x) = 0 and f'(x) not exist

5) g'(x) = does not exist at x =

sasase & f'(x) 3 g (x) = 0 edie GeSix J4ad

2352 54
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L esson 3-3 Computation of Derivatives: The 5 gal) Bacld sculitial) lua
Power Rule
Power rule:
dy d
1) Constant rule: y = ¢ where c constant, then dx = dx c=0

: culdl) i@ (1
“derivative for any constant function equal zero”
"M Laily jhual) (g gbad ol asal) ABidian

d —
2) General power rule: f(x) = x™ d—z =nx™1 forn=0

Theorem :

If f(x) and g(x) are differentiable at x and c is any constant , then
@l aaec g x e laidsd PARK f(x) «is )

DEF®+9@®) =0 +g'®
2) 2(f) - g®) =f®) —g'®
3) 2 (cf@) = cf ()

Find the derivative of each of the following function Al J) gall Aiicia 2. o)
B04 | f(x) =x3—2x+1 305 | f(x) = x° — 3x° + 4x? — 4x
306 | f(x) =383 — 24/t 307 | f(x) =5vVs —4s*>+3
38 | f(w) =3 — 8w +1 O f) =5y 2
310 10 311 5 3
= — — x)=12x — x* — —=
h(x) = 2x+ 1 f(x) Tz

https://t.me/HafezHasan 12Adv calculus2020 T.Hafez Hasan WhatsApp: 0507710721 Page | 15



https://t.me/HafezHasan_12Adv_calculus2020

312 f(s) = ZS% B 3S—?1 313 fx) = 3x2;ix+1
314 flx) = 4x2\7_x+3 351 f(x) = x(3x% —x)
316 | f(x) = (x + 1)(3x% — 4) S f(x) = x73(2x + 1)

Higher order derivative: — Lial) cliidal)
dy
- First derivative Y' = f'(X)= & oY) Adial)
Y
- Second derivative Y” = T"(X) = d—2 A AL
X
rr e d 3y
- Third derivative Y= f""(X)= —3 A dasda
dx
(n)
(n) _ ¢(n) d 'y
- Then' derivative Y ~ =T (X)= ™ Ao 5l Aiial)
X
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Compute the Indicated derivative 4l ciliidal) cual

318 | ) =t*+3t2 -2 () W fm -4 -12+5 ()
320 2 ¢ 321 d2y
3 - _ 3 -7
f) =2x -7 dx” V=X B dx’

s'(t)

The distance function is s() 4wal) 412
The velocity function is V(1) =S"(1) 4e ) 4l

The accelerate function is a(t)=V'(t)=5s"(t) g &
v'(t)

Relation between distance and velocity and accelerate:g il g de pul) g Adluall ¢y A8Dlal)

5(t) >—>—Vv(t) >—>—a(t)

Acceleration function and deceleration function depend the sign of v(t) , a(t)
G sall Jgaad) o £ bl g de ) 3 L) o adiag Al phald g AN £l

v(t) + — + —
a(t) + — — +
Discerption | Acceleration g Ju Deceleration (ks
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Use the given position function to find the velocity and acceleration functions

£ bl g ds ) 13 Sy a8 gal) ANy aadin)

322

s(t) = —16t% + 40t + 10

323

s(t) = —4.9t> + 12t - 3

The function represents the height of an object. Compute the velocity and
acceleration at time t = ¢, is the object going up or down

i ol el 09S) ciagl) Ja | i £l ) Jia Al

324

h(t) = —16t>* +40t+5 att,=1

325

h(t) =10t*? — 24t att=2
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326

If the position function after ¢t second s(t) = t3 — 9t? + 9t Find the
acceleration every time the velocity equal zero.
g bl 22 9) :5(8) = €3 — 9t2 + 9t A ABNally amy (e 2ay @B gl Al cuilS 1Y
Jﬁ.«a ngl.uﬂ :\.GJMJ‘ QJSJ' Ladic

Note: equation of tangent need to know: 48_ma M zliad (ulaall dlalaa Say

Equation of Tangent

1) pointx =a tofindy = f(a) A A agps Ay g dhiil
2) Slop of tangent at x = a can find by: J3& (rasdlag) (Sas 9 (ubaall Jia
a) the derivative of functionatx =a M= f'(a)

b) m = tan® and @ is the angle between tangent and positive x-axis J&
4530
3) Slop of horizontal line = 0 &8 kil s
equation of horizontal line y = b (¥ bil) dlaxa
4) Slop of vertical line = undefine s jf= ol N i) J1a
, equation of vertical line x = @ & (ol Jaddl 3allas
5) Equation of line in point -slop form is (y — y;) = m(x — x;) where the point
is (xg,y1) and slop=m = f’'( X, )
A pslra Jaa g Ay jlal) asiiiceal) Ailaa
6) The slop of any parallel two lines areequal L, // L, & mqy = m,
(5 Saia Laglia 058 433 sial) laiinaal) 3
7) The slop of any perpendicular two lines Ly L L, & myXmy = -1
A dlalaial) ciladiall Jaa
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Find an equation of the tangent lineto y = f(x) at x = a4l (ulea) dalea 23 4)

327

fX)=x*-2x+1 at x=2

328

f(x) = 4/x — 2x at x=4

1) Determine the value (s) of x for which the tangent line to y = f(x) is horizontal
88 ad AJall Jaall Ladie (6 AN x 2 )
2) Determine the value(s) of x for which the tangent line to y = f(x) intersects
the x — axis at 45° angle
i) ) saa 204.5° W ke 4y 9) ) pdeay (ubaal) WS (598 Al x p sl

329

fx)=x3-3x+1
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330

fx) =x*—4x+2

1) Determine the value (s) of x for which the slope of the tangent linetoy = f(x)

is does not exist

e e Gulaall Jra LAdie (58 AN x4 )

331

f(x)=x"3

332

f&x) = |x+ 2

333

2x—2, x<1
f(x)_{sx ,x>1

334

fx) =|x*-3x—-4
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335

Find all the points at which the slope of the tangent line to
f(x) =x3+3x+3 equalb

336

Find all values of x for which the tangent lineto y = x3 — 3x + 1
uaall Jaa L AiS (068 Al x af pran 224
a) Atangle of 45° with the X-axis sl )saa aa 43l aduas

b) At an angle 30° with x-axis
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337

Find all values of x for which the tangent line to ¢luleall Lais (98 AN a8 aran 234
y=x3+2x+1 andy=x*+x3+3are
a) parallel gk sie

c) perpendicular ¢)salzia

338

Find the value of the constant a, if the tangent of the curve of the
function f(x) = ax* — 4x atx =1 makes an angle measured 45°

with the positive x-axis.
Ciliad) ) 9o aa 45 W jlala 4y g) ) aiay (ulaall g A1A) GlS 1) g Culil) dagd aa )
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If f(x) = x* + 3x + 1 find

f2)-f(2+h)

339 lim f(X)—ll 340 lim
x-2 x-2 h—0 3h
341 _ 2_
If f(2)=5 , f'(2) =4 find 1in21("—x4)2ﬂ’9
x— -

342 | If the curve of function f(x) = 4x3 — kx? + 3 has horizontal tangent at x = 1
find k Cll) dagd a9 Aalll) ie 88) (ulas 43 ANA Hada (S 1)
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343

If the line y = 3x — a is a tangent to the curve of the function
f(x) = 2x* — x + 1, find the value of the constant a

a Culil) dagd aa o) AN Hadal (ulea 2 y = 3x — @ asiiial) OIS 1Y)

344

If f(x) = x3 —4x+2 find
a) The average rate of change in interval [—1, 3] 3 Al 4 4llall sl Ja gia

b) The rate of change at x = 2 4a&ill yie Afall sl Jana
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345

346

If g(x) = 3x + 3xf(x) + 2 and the average rate of change of f in the interval
[1,3] is 5, find the average rate of change of f(x) in the interval [1,3]
L 3yl AF (o) Al ) Jaws g dm gl | 5 (5 sy 50 (3 yua Jas g Led g () Il calS 1)

If the average rate of change of f(x_) = x2 — 4 in the interval [2,a]
equal 5, find a.
adad 229 5 (5 gbuw 5l B ANAY sl Jawa Ja gia (S 1)
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Lesson 3-4 The Product and Quotient Rules dandll g o pal) ac1d

Theorem 4.1: (Product Rule) &l 5@
Suppose that and are differentiable. then — EWLEL ALE J) gall o i 58)

d
&[f(x)g(x)]z F'(x)g(x)+ 1(x)g'(x)
Theorem 4.2: (Quotient Rule) dawdll 32018

d[f(x)} F'(x)9(x) = F(x)g'(x)

dx| g(x) (g(x))*
Note: Y = a —> ay - —ag(x)
T 9(x) dx  (g(x))’

Find the derivative of each function 4l J)gal) d&idia aa g

B4T | f(x) = (x* +3)(x3 —3x+ 1)

348 | f(x) = (x3 —2x* +5)(x* — 3x% + 2)

M f() = (Va+ 32)(5x% -3

0 fw) = (- an et -3+ 2)
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351 _ 3t-2
fx) = 5t+1

352 (x) = x%+2x+5
g © x2-5x+1

353 _ 3x-6Vx
f(x) ~ 5x2-2
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354

9x) = 5=

355 (D) (x-2)
flx) = x2-5x+1

356 2
F(0) = 2 (x+3)
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357

f(x) =

x2+3x-2

Vx

358

f(x) =t({t+3)

359

fo =543
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g0 = w5

x2+x

Find the equation of the tangent line to the graphof y = f(x) atx=a
Aall  Aadal (uleal) Aslas 22 g

B6L | f(x) = (2 +2x)(x*+x%2+ 1) a=0
362 _ x+3 A
flx) = x2+1 ¢=1
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Assume that f and g are differentiable with F&LE dLB e JS o) G )

Find an equation of the tangent line to the graphof y = h(x) at x=a
Alal)  Sadal ulaal) Aslaa 23 g

x f(x) f'(x) | g 9'(x)
0 -1 -1 3 1
1 -2 3 1 2

363 | h(x) = f(x)g(x) a=0
364 h(x) _ % a=1
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365 | h(x) = x*f(x) a=0
366
h(x) = ﬁ a=1
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367

Suppose the price of an object is 20 AED and 20,000 units are sold, If
the price increases at a rate of 1.25 AED per year, and the quantity
sold increases at rate of 2000per year, at what rate will the revenue
increase?
2 3 ) IS 13 dadad 20000 an 28 g dadadll an 3 20 adodl (s a5 (ya i)
L;Lxs 2 gl aladl 8 4xdad 2000 Jras apsall Sl 2l 35 g as) gl el 8 s 50 125 Jora
a1 ¥ 212 e Jaza

368

Suppose the price of an object is 14 AED and 12,000 units are sold.
The company wants to increase the quantity sold by 1200 units per
year, while increasing the revenue by 20,000 AED. At what rate would
the price have to be increased to reach these goals?
dagaall 4paSl) B0y 5 AS Al g 55 Aada 12000 Caxy 8 4l g can 50 14 dadadll jr o)) (2 sl
A Jarall Lad alad) 8 a8 5320000 hdas 3 1) 83L ) aw alad) 3 d2kad 12000 Llaaa
Coaed) (s aiadl 4y el 30l ) (e
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Lesson 3-5 The Chain Rule Al 3astd

Theorem 5.1: (Chain Rule)
If g is differentiable at x and f is differentiable at g(x), then:
fFCa(x)) = 1'(g(x))a(x)
Note: it is often think of the chain rule in Leibniz notation if y = f(u) and u = g(x) then
dy dy  du

y = f(g(x)) and the chain rule says that e X o
e Aipa aladiialy Al sacld B i) el oY) e ) A adal) (ha
Note:
1) 1ty = (FG0)" then <L =n(f(x)" A (x)
X

_ dy  f'(x)
2) 1f Y =4/ T(X) then ax 27100

Use the chain rule to find the derivative of each of the following:
Al ) gal) Alidia alagy Aludid) 3acld andia

6 | f(x) = (x3 — 1)?

301 f(x) = (x* +2x+1)°

1 f(0) = (2% = x)°

321 f(x) =Vx% + 4
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373

fx) =3 +x-1)3

374

375

f) = [4x-1/,

f(x) = x°Vx3 + 2

376

t3

(t2+4)°

ft) =
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377 —
f(x) - m
378 ¢
f® = 211
379 6
380 8
fO = 2
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) = (VaF r 24 2x)
382 | f(x) = Va3 + 2 + 2x2

93 F(0) = 482 + (8 — x2)?
84 2

f@® = (Vat? + 8 — x?)
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%3

Theorem 5.2: The Derivative of an Inverse Function 4swsal) J)sall 4iicea

If f is differentiable everywhere on its domain and has an inverse function
O o sSaa Lgd g Jlaall Ao ol e (9lanadl A8 cil< |

g(x) = f~'(x) ,then

oy 1
9'0) = a0y

For all x in the domain of g(x), provided f-(g(x)) =0

f Hasand inverse g, find g’(a)

B8S | f(x)=x3+4x—-1 ,a=1

386 | f(x) =Va3+2x+4 a=2

387 | Find the value of the constant a, if  f(x) = x3 —ax and
h—-0 h
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388

if xf(x)=2x3+2 ,find f'(3)

389

Find an equation of tangent line to the graphof y = f(x) =Vvx2+ 16 ata =3
Alal) Hadal (uleal) Aslaa 22 g

390

Use the relevant information to compute the derivative for h(x) = f(g(x))

Where f(1) =3 ,g(1) =2 ,f(1) =4 ,f(2)=3 ,g(1)=-2 ,g(3)=5
diidial) Aoy AUl Cila glaal) aadiic
Find h'(1)
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Use the graphs to fine the derivative of the composite function at the point, if it exist
L bdial) Adaiil) ais 43S pall ) gl Afiia Sy (MUl aua ) addiid

9L 1 f(g () -
392 | f(g(x)) at x=1

393 | f(g(x)) at x=3

394 | g(f(x)) at x=0

3% 1 g(f(®) atx=1 3% | g(f(x)) atx=3
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Find the derivative where f is differentiable everywhere in its domain.

Afall il aa )

397 f(xz) 398 (f(x))z
899 | f(y/x) A00 | f(xf(x))
401

Determine all values of x such that f(x) = ¥x3 — 3x2 + 2x is not
differentiable B 3 2r st o) ¥ 3 S
u_.J] UJLLJJ NS asl) Crs glazsdl abls
i Sl | Sg5 Aot
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Lesson 3-6 |Derivative of Trigonometric Functions At ) gal) ddidia

Theorem: _
limsin®=0 , limcos®=1 , im®2=1  1Im—2%_9
60 00 6-0 6 6-0 6
Derivative of trigonometric functions
Function | Derivative Function Derivative use Chain Rule
Y= 1Ay gy y =f(g(x) Yy =f(g(x) x g'(x)
ax
y =sinx % = cos X y = sin (f(x)) y' = cos(f(x)) X f'(x)
Yy = COS X % = —sinx y = cos (f(x)) y' = —sin(f(x)) x f'(x)
y = tanx % = sec? x y=tan (f(x)) | ¥y =sec?(f(x)) X f'(x)
y = cotx % = —csctx y=cot(f(x)) | y =—-csc*(f(x)) X f'(x)
=cscx | L= —cscx - cotx = csc (f(x))
y dx y Y = —esc(f(x)) X cot(f(x)) x f'(x)
y =secx % =secx - tanx | y=sec (f(x)) | ¥y =sec(f(x)) X tav(f(x)) x f'(x)

Derivative trigonometric function use chain rule
Al 3ol aladiuly 4lal) J) gal) Alidia

A02 | y =4sin3x —x

A03 | y = 4x% — 3tan2x
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A04

y = 2 sin2x cos 2x

A0S | y = x%sec 4x
A06 | y = x cos 5x*
A07 | y = sin3x sec 3x
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A08 _ sinx?
=—
400 | 1
y sindx
410 . x2
y csct 2x
ALl |y = tanVa? + 1
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412

f(t) =+cos 5t sec 5t

A3 | y = 4sin?3x + 4cos?3x
A4 1 f(x) = sin®(cosVx3 + 2x2)
A15 | f(x) = 4x*sin x sec 3x
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416 | f(x) = tan*(sin?(x® + 2x))
M7 1 f(x) = Veosx

18 | f(x) = cos 5x

A19 | f(x) = sinx?* tan x

A20 | f(x) = sin®(tan x)

https://t.me/HafezHasan 12Adv calculus2020 T.Hafez Hasan WhatsApp: 0507710721

Page | 47


https://t.me/HafezHasan_12Adv_calculus2020

A21 | f(x) = sin(tan®x)

Find the equation of the tangent linetoy = f(x) at x=a
Lo Jlial) ddadil) aie AYall ulaal) Adalea 2a )

A22 | f(x) =sind4x ,a =§

A23 | f(x) = x*cosx ,a=

N[ ]

Use the position function to find the velocity at time t = t, , assume unite of feet and
second
AU g adilly gl cilan gl o)) (538 | a3l die Ao puad) Ala ad gal) Alla aadiic)

A24 | s(t) =4 + 3 sint to=m

https://t.me/HafezHasan 12Adv calculus2020 T.Hafez Hasan WhatsApp: 0507710721 Page | 48



https://t.me/HafezHasan_12Adv_calculus2020

A25 | s(t) =tcos(t>? +m) ty=0
. . . i . -1 . . W \]
Use the basic limits lim —~=1 and lim ——— = 0 to find the following limits
X— X—

126 lim sin 3x 427 lim cos x—1

x-0 X x—0 5x
428 lim sin 6x 429 li cos x% -1

x—0 sin 5x xl_l)l(} x2
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430

For f(x) = sin2x ,find f7°(x)

and f15°(x)

431

For f(x) =cos 3x ,find f77(x)

and f1?%(x)
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432 | Example: Analysis of a Spring -Mass System
Suppose that u(t) measures the displacement
(measured in inches) fa mass suspended
from a spring t second after it is released

and that u(t) = 4 cos 2t

Find the velocity at any time t and

determine the maximum velocity.

Ty

Displacement
= u(t)
""" Equilibrium
position

A33 [If fQx+1) =3x—5x*+1 find f'(3)

https://t.me/HafezHasan 12Adv calculus2020 T.Hafez Hasan WhatsApp: 0507710721 Page | 51



https://t.me/HafezHasan_12Adv_calculus2020

Lesson 3-7

Derivative of Exponential and
Logarithmic Functions

Aaty & ol J)gal) g Al J) gl BLALE

Derivative of exponential function:

L) A A8t

Functiony = Derivative | Function Derivative use Chain
f(x) ﬂ:fr(x) y=f(g(x)) Rule
dx y = £'(g(x))g'(x)
dy dy .
_ ¥ &Y _ o« — of @ ay _  of ()
Y dx € v dx f(x)-e
y =a* Q =a*lnx | y=a® & f (0)a®Ina
dx dx
Derivative of logarithmic function: 4wl l& sll) Al ke
dy 1 d (x
y=Inx “9_- y = In(f(x)) yzf()
dx x dx f(x)
Differentiate each function % pAllal) ) gal) ARidia 2 f
434 f(x) = x3e*
A35 | f(x) = e**cos4x
A36 | f(t) =t +2¢
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A7 | f(t) =t 43t

438 | f(x) = 2e**1 439 | ) = G)x
440 f(x) _ (;)x2 441 f(u) - eu2+4u
A42 | f(x) = 3 et*™* A43

foo) ==
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444 | f(x) = In2x A4S | f(x) = In+/8x
446 | f(x) = In(x3 + 3x) AdT | f(x) = x3Inx
A48 | g(x) = In (cos x) A49 | f(x) = cos x In(x?* + 3)
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450 | f(x) = sin(In x?) 451 | f(x) = In(sin x*)
Y = ©fey =28
A54 f(x) —e*lnx 455 f(x) — elnx
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456

flx) =2¢

457

ex
X

f(x)=2—

Find equation of tangent linetoy = f(x) atx =1

L ldial) ddasil) die Adjal) dadial Culeal) Adalea 22 )

A58

flx) = 3e*’

459

f(x) = x* Inx
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Find all value of x for which the tangent line to y = f(x) is horizontal

88 (ulaall Ldie 98y Allx add 2a )

460

f(x) = xe™?*

461

f(x) — xze—Zx

Use logarithmic differentiation to find the derivative

40 ciliidial) Aoy aly & oll) Afidia aadia

462

f(x) = xSinx
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A63

f(x) = (sinx)*

464

f(x) = xlnx
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A65

flx) = xV*

A66

The concentration of certain chemical after second of an autocatalytic reaction is

given by ¢(t) = > . show that ¢ (t) > 0 and use this information to

—8t
e +1
determine that the concentration of the chemical never exceeds
aladiuly Jadadl) 513 Jeldil) e 400 £ ey Adme AilaanS Bala S 5 aaa P
g nd .. . 6
Sl 385 O o aslall cilagleal) 038 ariiud s ¢ (£) > 0 oV omc(t) = Tl
14 6 (A Y (il
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Lesson 3-8

Implicit Differentiation and Inverse
Trigonometric Functions

Lpsal) LALY J)gall g Aadall GELEY)

d

=90 =9 .y ®
Note: can simplify the expression before derivative

Find the derivative Y'( X) implicitly

Lada Y/(X) dandal) 2 )

467 | x2y?2 + 3y =4x  find y'(x)

468 | 3xy3 —

4x = 10y*  find y'(x)
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19 Ixy—4y?2 =12  find y'(x)
A0 | sinxy =x*-3  find y'(x)
Al % =4x+y* find y'(x)
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AT72

3x +y% — —L = 10x

find y'(x)

A73

e’y —e¥ = x find y'(x)

A74

xe¥ —3ysinx=1

find y'(x)
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5 | y2 [xty—4xt =y find y'(x)
a7 | e%Y —In(y? +3) =2x find y'(x)
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AT78

e’y—3/y2+2=x2+1

find y'(x)

Compute the slop of the tangent line at the given point implicitly

Lilads | Aanal) Adil) aie Gulaall o sl

A79

x*+4y*=8 at (2,1)

480

y—3x*y=cosx at(0,1)
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Find an equation of the tangent line at the given point

horall ALl vie | daiall uleall Lslae 22 )

A8l | x2 —4y3 =0 at (2,1)
A82 | x2y2 =3y+1 at(2,1)
A83

x*=8x%—-y?) at(2,—V2)
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Find the second derivative Y'"( X )

dSU) A& A gl

A84

y*x* +3x—4y =75 find y'(x)

A85

e +2y—-3x=siny find y'"(x)

Find the locations of all horizontal and vertical tangents

Al ) 9 4388Y) Cilulaal) gran 6% (il 3> )

A86

x> +y2-3y=0
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A7 | x2 +y%2 -2y =3
438 2 .

If x2 + y2 = 25 Show that ( Y')” +yy”+1=0
439

3 r
Ifx2 +y%=1Showthat Y Y'+1=0
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490

If 6x% + 5 = 4xy Show that Xy" + 2y’ =3
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Derivative of the inverse trigonometric functions
d . _q 1 , :
—sin Ty = ———, for-1<x<1
dx V1 = 22
d 1 -1 : .
—cos T x= ——, for=-1<x<1
dx V1 — 22
4 tan~" x = —2
dx 1+ x2
Loty = =1
dx 1+ x2
d ~1 1
—sec X = , for x| >1
dx Ix] Va2 =1
d | -1
—CseT X = , for|x] > 1
dx |1| \ EIE -1
y=9(x)) y'=9g'(f(x))f'(x)
r ___ 1 14
y = sin™'(f(x)) - _\/1+(f(x))25f (x)
r ___ _1 4
y = cos‘l(f(x)) y' = \/1_( f(X))2 //F (X))
1
y = tan” ' (f(x)) y':1+(f(x))25f’(x)
y = cot™(f(x)) Y =T ;( o7 0
1
yese @ T o
~1
y=ese @) |V T oy 1 (X[ >1
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Find the derivative of the given function
s Al ) gal) didia 2 )

891 | f(x) =sint(x3+1) find f'(x)

492 | f(x) =sin"'(Vx)  find f'(x)

A9 | f(x) =cos t(x?+x) find f'(x)

494 | £(x) = cos™1(2/y) find f'(x)
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495 | f(x) = tan"1(Vx) find f'(x)
A% | f(x) = V2 + tan~1x find f'(x)
A97 flx) = etan™'x find f’(x)
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A98

f(x) = 4sec™(x%) find f'(x)

Show that the families of curves are orthogonal

ddaladia lgasaa cilulaall ) (o

499

x*+y* =cx and x*+y*=ky

500

y=cx3 and x> +3y* =k
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X

Nred

501

Find and simplify the derivative of sin™1(
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Lesson 3-10

The Mean Value Theorem

A glall daddll 4 a3

Y
A

/

FIGURE 3.48a

Graph initially rising

I
L}
(&

t—ra

1
T

a

b

Theorem 10.1 (Rolle’s Theorem)

FIGURE 3.48b
Graph initially falling

Note: since f’( X ) =0 at a horizontal tangent, this says that there is at
least point c in (a, b) , for which f’(c) =0 see figures above

O Ea C S8 o Ban) g Adai Al ) day 4dld (88 (wlaa s T/(X) =0 i te :Bay
(=Y b alagud i) T/(Cc)=0

Suppose that f is continuous on the interval [a, b] , differentiable on the interval
(a,b) and f(a) = f(b) , Then there is a number ¢ € (a, b) such that f (c) = 0

2e 2pald fla)=f(b)s (a,b)s sl 4 3EdALE [g, b ] sl & dlais f ol g2 Sl

(’-_3 /
+ t + t >
a ley \/ b

FIGURE 3.48¢c
Graph with two horizontal
tangents

(s &) 10 .1 4kl

f'(c)=0 g cwace(a,b)

502

Find a value of ¢ satisfying the conclusion of Rolle’s Theorem for
f(x) = x3—3x% + 2x + 2 on the interval [0,1] ;
[0, 175580 B fix)=x3-3x2+2x+2 Al gy, 4 ki giad A ¢ Lad gl
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Theorem 10.2:
Suppose that f is continuous on the interval [a, b], differentiable on the interval (a, b) and
f (x) = 0 has two solutions in [a, b], then f’(x) =0 has at least one solution on (a, b).
10 . 2 4 i)
AP f(x)=0 31y (a,b)sﬂ\@éMﬁﬂglﬁj [a,b] SJE\‘;M foeuils )
(a,b) b e wlsdaly f'(X)=00 [a,b]

Theorem 10.3:
For any integer n > 0, if f is continuous on the interval [a , b], differentiable on the
interval (a, b) and f (x) = 0 has n solutions in [a , b], then f'(x) = 0 has at least (n — 1)
solutions in (a, b).
10 . 3 & ki

KT (q,b)SJSﬂ\gé‘jmmuglﬁj [a,b] Sﬁﬂ\gém fc;\.'ﬂS\Sg,n>0 a2 ‘5\1
(a,b AJdsal ga(n-1) 0t fI(X)=0c [a,b]Adstal 0an f(x)=0 -
)

503 | Prove that f(x) = x3 + 5x + 1 = 0 has exactly one solution.
b aaf g Ja Lgd Alal o) e

504 | Prove that f(x) = x3 + 4x — 3 = 0 has exactly one solution.
188 aaf g Ja Lgd Al o)) el
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THEOREM 10.4 (Mean Value Theorem)

Suppose that f is continuous on the interval [, b] and differentiable on the
interval {a, &). Then there exists a number ¢ € (a, b) such that
Sfb) — fla)

o) = — (10.2)

(Ao gial) dal) 45,55 ) 10 . 4 4y bl
ce(a,b)s ngad (g, b)s 5l A EEIALE [, b] 54 2 Ak f ol paf te

F1(c)= f(bg - ;(a)

O S

- -

SBY — fTa) = f(c ~ ¥ =)
\ _F--""_"HF- __--""__'H._ i

>r : i
¥ (1] i 0 /]
FIGURE 3.51 FIGURE 3.52
Secant line Mean Value Theorem
(&1 asiieall day gial) daddl) 4y o

Check the hypotheses of Rolle’s Theorem and the Mean Value Theorem and find a
value of ¢ the make the appropriate conclusion true. Illustrate the conclusion with a
graph

OBl Galdd) Z UGN Jaay () ¢ dad 2o g Aa giall dagdll 4y 55 9 (g 4y pla0 i 8 (e (3ial

ol S s Z ) 7 Lasaa
505 | f(x) =x*+1 ,[-2,2] ;

5
4
El
2
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506

fx)=x3+x ,[0,1]

17

-1 -1 1 2 E
I .
507 | f(x) = sinx ,[—m, 0] o |
| I
.I.._......._T_......... i
|| | 3
o, -dmd ol a4 ad zl
| |
Ly L
| |
p08 f(x) =sinx , [Og] N
E/
=4 w4 m2 w4 L
-1
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Explain why it is not valid to use the Mean Value Theorem. Then find any value of
determined theorem

4 B0 a0 dad o) aa gl Ao glal) daddll 4 a0 aladiind oSay Y 13 7 il

91 Fx) =% , [-1,1]
101 Fo) = x_12 ,[=1,2]
11 | f(x) =tanx ,[0.m]
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Theorem5: Suppose that f’( X) = 0 for all x in some open interval I. Then f (X) is
constant on |.

10 . 5 4 ki)
A AR f(x) OB dagiiall 58 A x ad g FI(X) =00 oo e
Remarks:
e Suppose that f '(x) > ofor all x in some open interval I. Then f (X) is increasing on .
e Suppose that f'(x) < 0 for all x in some open interval I. Then f (X) is decreasing on |I.

Corollaryl: Suppose that g '(x ) = f'(x) for all x in some open interval I, then, for some
constant C, g (x)=f(x)+c
10 . 1 4
98y € i) Ayl 4dld 1 da giial) 3 58 B x a3 (X)) =F(X) O 2 e
xeld g(x)=f(x)+c

Blana ABidia Lgd AN J)gall asan M) 10 . 4 JUia

Determine whether the function is increasing, decreasing or neither.
A e af dgblifa af 5a) jie Adlal) cuils 13) Le daa

12 | f(x) =a3+5x+1

13 | f(x) = —x3—3x+1
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014

fx) =e*

515

f(x)=Inx

Find all functions g such that g '(x) =f (x)

g'(x) = () Wiida g disd s 329

516

f(x) = x?

o17

f(x) =9x*
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518

519

f(x) =sinx

fo) =3

1
x2
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Lesson 4-1 | Linear Approximation and newton's methods Crigad ARy pha g Audadll) ey A1)

Linear approximation (sl cu &l

DEFINITION 1.1

L{x) = flag) + [ (xp)(x = xp).

The linear (or tangent line) approximation of f(x) at x = x; is the function )

i = i)

o = flg) 4 £ e - 2y)

) s ¥ =Xy wie f(Y) AIal (Gulead o) asl cu i)

- Lx) = flxp) +f ’(-‘-'n)(-'f - Xo)

To find linear approximation: (il &4 alasy

1) xo  2)f(x0)

3) f'(xo)  lastd) L(x) = f(xo) + f (o) (x — xo)

Finding a Linear approximation

520

approximation cos (1)

Find linear approximationto f(x) = cosx at x = g and use it to find

P21 | Find linear approximationto f(x) = sinx at x =0
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22 | Find linear approximation to f(x) = vx at xo = 1 then find V1.2

23 | Find linear approximationto f(x) = vV2x +9 at xo = 0 then find /8.8
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524 | Find linear approximation to
f(x) =sin3x at xy =0 then find sin (0.3)

525 2

. . 2 ,
Find linear approximation to f(x) = ~ at xo =1 then find
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P26 | Use linear approximation to approximate 1/8.02,3/8.15 and 3/25.2

P27 | Use linear approximation to estimate the quintet V16. 04,‘{/16. 16
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528

. . . . . .4
Use linear approximation to estimate the quintet sin(0.1) , sin (5)

529

A company estimates that f(x) thousand software games
can be sold at the price of AEDx as given in the table.

x

20

30

40

&)

18

14

12

Estimate the number of games that can be sold at (a) AED24
and (b) AED36.
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530

Newton's Method
You can use the sequence of two approximation the zeroes of function
flxy)

S

Xyl = X, — forn=0,1,23,....

Where x, first approximation for zero function f
And x; second approximation for zero function f ...... atc

Usi

ng Newton's method to approximate zero

531

Find an approximate zero to f(x) = x°> —x + 1

Use

newton's method with given x, = a to compute x; and x, by hand

532

fX)=x3+3x*-1-0 atxy=1
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Use Newton's method to find an approximate root, sketch the graph

3 [x3 +4x>-3x+1=0

P34 | cosx —x =0 Ay

N

x

]

[\
]

<d.>
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535 | @* = —x

B~ (.'I:
<

Ny W
\

H
x

A
N
\ 4

:L d oA

P36 | sinx = x% — 1

PN b o» c.'|:
<

x

\
<34-3-2-{_1 J\: 4r>
/T
ANER
\ 4
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Use Newton's method to estimate the given number

537 V11
538 \/ﬁ

539 | Find the linear approximation at x = 0 to each function
a) g(x) =tan"lx
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L_esson
4-2

Indeterminate forms and
L Hopital's Rule

Jlin gl Bac 8 g dd aall & diuall

THEOREM 2.1 (LU'Hopital's Rule)

Suppose that f and g are differentiable on the interval (a, b), except possibly at the
point ¢ € (1, b) and that g'(x) # 0 on (a, b), except possibly at ¢. Suppose further

that ]im@ has the indeterminate form {l or sl and that
x—c g(x) 0 00
!
X
lim& = L (or +00). Then,
XY= g (1)
A LI
lin @ = limf (l}.
X= g(x) X= g'(x)

1) Indeterminate form % find the limit

540 .
lim
x—0

1-cosx

sinx

541

lim x+2
xo>—2x2-4

542 | _. x2_4
Iim— =
x—>2 x2-3x+2
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543 . eZt—]_

544 | . sinx
lim—

x—0 sin~1x

545 | 4. sin2x
lim — =
x-=1m SInx

546 S tan 1x
lim — =
x—0 Ssinx
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547 . Sinx—x
lim——— =
x>0 X

. tanx—x
548 lim——— =
x—»0 x"3

49| . x-1
m
x—1 x—1

550 | 4- Inx
m =
x—1x—1
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551 . Xxcosxsinx
lim————— =

x—>0 xsin?x

. 1
532 lim(cotx —-) =
x—0 x

x-0" x sin 2x

. 1 2
>3 Jim (X )
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554 | y.___ sin(sinx)
lim———— =
x-0 sinx

555 | 4. sin(sinhx)
x—0 sinh(sin x) -

556 | . V5—x—-2
lim—— =
x—1VvV10—x-3
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557 | 4- sin x—sinh x
Iim——— =
x—0 cos x—cosh x

Indeterminate form E find the limit

558 | ;. e* 559 2
lim— = limX: =

560 2 561 . x+1
lim 3X*2 — lim ———— =
x—>00 x2-4 x——oo X*+4x+3
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562 | ,. e* 563| ,. Inx
lim

lim— = — =
X—>00 x4 X—00 xz

564 | ,. Inx 565/ 1j —X —
lim— = imxe™ =
X—00 \/; X—00

Other indeterminate Forms
There are five additional indeterminate forms to consider : ©o — o0 ,0 X o0 ,0°,1% , 0°

Can reduce it to forms% or 2 and apply I'hopetal’s Rule

The indeterminate form (co — oo)

566 | 4. 1 1,
gcg?(}(ln(x+1) x) -
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567 lim(\/x2—+1 —X) =

X— 00

68| lim(lnx —x) =

X— 00

The indeterminate form (0 X )

.1
569 lim-Ilnx =

X—>o00 X
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570

Inx

lim =
x—01 cotx

571

The indeterminate form (1%)

572

1

limxx-1 =
x-1
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°78 lim (1 + i)x

X—00

574 /
x+1 x4

lim |— =
x—o00 |x—2

575 | . 1
lim(cos x)x =
x—0
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576 | q- x—3
lim(—)* =
x—0o0 X+2

The indeterminate form (0°)

5771 lim(sin x)* =
x-0

The indeterminate form («?)

578 | .. 2
lim(x + 1)x =

X— 00
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579

2
lim(x + 1)x =

X—00

580

Ay _
lim ()

Wh

ich of limit can use Hopetal's Rule or not

581

lim csCcx
x—0+ Vx

582
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583 | ..  x%-3x+1 584| . In (x?)
lim ——— lim ——
x—oo tan™'x X—00 e /3

Find the error(s)

585| ;. cosx . —sinx . —COSX -1
lim——- = lim = lim = —

x-0 X x-0 2x x-0 2 2

586 | ,. e*-1 . ex . er 1
lim—— =lim—=1lim—- =
x—-0 X x—0 2x x—0 2 2
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5871 . x? . x? . 2x . 2 .
lim— = lim = lim 5~ = lim—— = lim(—x%) = 0
x—0 Inx x—=02Inx x—0 /x x—0 /x x—0

A8 ¢ g A any AiLY) gl

Bala b (3sdill g Zlail) 1 J gua sll allall BacLiva Aliay (& dajlall 0 (5S35 (g ) (e Aal]
Sl i

b)) Ad) Ena QUK oo e LBELY) ate qullal) g 5aie udi Vg

aliled cpa Uigaadi ¥ g
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