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Chapter 4: Lesson 9

Analyzing The Marginal Cost of Producing a Commercial Product

Suppose that 𝑪 𝒙 = 𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎 is the total cost (in AED) for a company to produce 𝒙 units of a 
certain product. Copmute the marginal cost at 𝒙 = 𝟏𝟎𝟎 and compare this to the actual cost of producing 
the 100th unit.
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the 100th unit.

9.1 Page: 307Example

Cost per 
item is 
not 
constant

Total Cost: 𝑪 𝒙 = 𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎

Marginal Cost Function: 

(Derivative of Total Cost)

𝑪′ 𝒙 = 𝟎. 𝟎𝟒𝒙 + 𝟐

Marginal Cost at 𝒙 = 𝟏𝟎𝟎: 𝑪′(𝟏𝟎𝟎) = 𝟎. 𝟎𝟒 𝟏𝟎𝟎 + 𝟐 = 𝟔 𝑨𝑬𝑫 𝒑𝒆𝒓 𝒖𝒏𝒊𝒕

Actual Cost of Producing item number 100 = 𝑪 𝟏𝟎𝟎 − 𝑪(𝟗𝟗)

Total Cost for Producing 100 items 

Total Cost for Producing 99 items 
= 𝟎. 𝟎𝟐(𝟏𝟎𝟎)𝟐+𝟐 𝟏𝟎𝟎 + 𝟒𝟎𝟎𝟎 − (𝟎. 𝟎𝟐(𝟗𝟗)𝟐+𝟐 𝟗𝟗 + 𝟒𝟎𝟎𝟎)

= 𝟐𝟎𝟎 + 𝟐𝟎𝟎 + 𝟒𝟎𝟎𝟎 − 𝟏𝟗𝟔. 𝟎𝟐 − 𝟏𝟗𝟖 − 𝟒𝟎𝟎𝟎

= 𝟓. 𝟗𝟖 𝑨𝑬𝑫 Which is very close to marginal cost of 6 𝐴𝐸𝐷 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡
Marginal Cost is easier to compute.
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Minimizing The Average Cost of Producing a Commercial Product

Suppose that 𝑪 𝒙 = 𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎 is the total cost (in dollars) for a company to produce 𝒙 units 
of a certain product. Find the production level 𝒙 that minimize the average cost.
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Minimizing The Average Cost of Producing a Commercial Product

Solution

Suppose that 𝑪 𝒙 = 𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎 is the total cost (in dollars) for a company to produce 𝒙 units of 
a certain product. Find the production level 𝒙 that minimize the average cost.
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Total Cost: 𝑪 𝒙 = 𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎

Average Cost: 

To minimize the average cost, we will diffrentiate avreage cost 
function then we will find critical values

𝑪 𝒙 =
𝑪(𝒙)

𝒙

Derivative of Average Cost: 𝑪′ 𝒙 = 𝟎. 𝟎𝟐 − 𝟒𝟎𝟎𝟎 𝒙−𝟐

Critical Numbers:

𝒙 ≈ −𝟒𝟒𝟕

Number of items can’t be negative

𝑪 𝒙 =
𝟎. 𝟎𝟐𝒙𝟐 + 𝟐𝒙 + 𝟒𝟎𝟎𝟎

𝒙
= 𝟎. 𝟎𝟐𝒙 + 𝟐 + 𝟒𝟎𝟎𝟎 𝒙−𝟏

𝑪′ 𝒙 = 𝟎 𝟎. 𝟎𝟐 − 𝟒𝟎𝟎𝟎 𝒙−𝟐 = 𝟎 𝟎. 𝟎𝟐 = 𝟒𝟎𝟎𝟎 𝒙−𝟐

𝒙𝟐 = 𝟐𝟎𝟎, 𝟎𝟎𝟎

Or 𝒙 ≈ 𝟒𝟒𝟕

𝟒𝟒𝟕𝟎

− − + +𝟎

𝟒𝟒𝟕𝟎
Decreasing Increasing

𝑪
′

𝒙 < 𝟎 on (𝟎. 𝟒𝟒𝟕)

𝑪
′

𝒙 > 𝟎 on (𝟒𝟒𝟕, ∞)

𝑪 𝟒𝟒𝟕  𝒊𝒔 𝒂𝒃𝒔𝒐𝒍𝒖𝒕𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎Average Cost can be minimized when the level of production is 𝒙 ≈ 𝟒𝟒𝟕 items.

(𝟒𝟒𝟕, 𝟏𝟗. 𝟖𝟗)

𝑪 𝒙

𝑪′ 𝒙

𝒙𝟐 =
𝟒𝟎𝟎𝟎

 𝟎. 𝟎𝟐
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Solution

Sand is poured into a conical pile with the height of the pile equaling the diameter of the pile. If the sand is poured at a 
constant rate of 𝟓𝒎𝟑/𝒔, at what rate is the height of the pile increasing when the height is 𝟐𝒎 ?

Q22 Page: 304Exercise

Given: Height : 𝒉

Required: 

Rate of Change of Volume:

𝒓

Equation Relating Variables: 
𝑽𝒐𝒍𝒖𝒎𝒆 𝒐𝒇 𝑪𝒐𝒏𝒊𝒄𝒂𝒍 𝑷𝒊𝒍𝒆 =

𝟏

𝟑
𝝅𝒓𝟐𝒉

𝑽 =
𝟏

𝟑
𝝅𝒓𝟐𝒉

𝑽(𝒕) =
𝟏

𝟏𝟐
𝝅𝒉𝟑(𝒕)

Differentiate implicitly with respect to time: 

𝟓 =
𝝅

𝟒
(𝟐)𝟐× 𝒉′(𝒕)

Substitute:

𝟓 = 𝝅 × 𝒉′(𝒕)

Solve for 𝒉′(𝒕) :

𝒉′ 𝒕 =
𝟓

𝝅
≈ 𝟏. 𝟓𝟗𝒎/𝒔

𝒅𝑽

𝒅𝒕
=

𝝅

𝟏𝟐
× 𝟑𝒉𝟐(𝒕)

𝒅𝒉

𝒅𝒕

The height is increasing by rate of 1.59𝑚/𝑠 
at the instant at which height is 2 𝑚

𝒅𝑽

𝒅𝒕
= 𝟓𝒎𝟑/𝒔 , 𝒉 = 𝟐 𝒎

Volume and height are 
functions of time 

radius : =
𝒉

𝟐 𝒅𝑽

𝒅𝒕
= 𝟓𝒎𝟑/𝒔

Rate of Change of Height: ቤ
𝒅𝒉

𝒅𝒕
𝒉=𝟐𝒎

=?

Substitute 𝒓 =
𝒉

𝟐

𝑽 =
𝟏

𝟑
𝝅

𝒉

𝟐

𝟐

× 𝒉

𝑽′(𝒕) =
𝝅

𝟒
𝒉𝟐 𝒕 × 𝒉′(𝒕)

Height = Diameter

𝒉 = 𝑫 = 𝟐𝒓 𝒓 =
𝒉

𝟐

𝑽 =
𝟏

𝟑
𝝅 ×

𝒉𝟐

𝟒
× 𝒉
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Example

Assume that 𝟏׬

𝟑
𝒇 𝒙 𝒅𝒙 = 𝟑 and 𝟏׬

𝟑
𝒈 𝒙 𝒅𝒙 = −𝟐 

Solution

න
1

3

𝑓 𝑥 + 𝑔(𝑥) 𝑑𝑥

= න
1

3

𝑓 𝑥 𝑑𝑥 + න
1

3

𝑔 𝑥 𝑑𝑥

a න
1

3

2𝑓 𝑥 − 𝑔(𝑥) 𝑑𝑥

= 2 න
1

3

𝑓 𝑥 𝑑𝑥 − න
1

3

𝑔 𝑥 𝑑𝑥 = 2 3 − (−2)

b

Find 𝒂) 1׬

3
𝑓 𝑥 + 𝑔(𝑥) 𝑑𝑥 Find 𝒃) න

1

3

2𝑓 𝑥 − 𝑔(𝑥) 𝑑𝑥

= 8

Exercise

Solution

න
1

3

𝑓 𝑥 − 𝑔(𝑥) 𝑑𝑥

= න
1

3

𝑓 𝑥 𝑑𝑥 − න
1

3

𝑔 𝑥 𝑑𝑥

a න
1

3

4𝑓 𝑥 − 3𝑔(𝑥) 𝑑𝑥b

Find 𝒂) න
1

3

𝑓 𝑥 − 𝑔(𝑥) 𝑑𝑥 Find 𝒃) න
1

3

4𝑓 𝑥 − 3𝑔(𝑥) 𝑑𝑥

= 4 න
1

3

𝑓 𝑥 𝑑𝑥 − 3 න
1

3

𝑔 𝑥 𝑑𝑥

Q37 Q38 Page: 356

= 3 + (−2) = 1

= 3 − (−2) = 5 = 4 3 − 3(−2)

Using Theorem 4.2 Using Theorem 4.2

Using Theorem 4.2 Using Theorem 4.2
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Solution

𝒚 = න
𝟎

𝟎

𝒔𝒊𝒏 𝒕𝟐 + 𝝅𝟐𝒅𝒕

Slope = 𝒎 = ቚ
𝒅𝒚

𝒅𝒙 𝒙=𝟎
= 𝒔𝒊𝒏 (𝟎)𝟐+𝝅𝟐

Slope of the tangent at 𝒙 = 𝟎

Point

𝒅𝒚

𝒅𝒙
= 𝒔𝒊𝒏 𝒙𝟐 + 𝝅𝟐

Using Fundamental Theorem Part II 

Slope = 𝒎 = ቚ
𝒅𝒚

𝒅𝒙 𝒙=𝟎
= 𝒔𝒊𝒏 𝝅 = 𝟎

The tangent at 𝒙 = 𝟎 passes through

Find the derivative

𝒙 = 𝟎
𝒚 = න

𝟎

𝒙

𝒔𝒊𝒏 𝒕𝟐 + 𝝅𝟐𝒅𝒕

𝒚 = 𝟎 Since the upper limit equals the lower limit

Equation of the tangent line

𝒚 − 𝒚𝟎 = 𝒎(𝒙 − 𝒙𝟎)

𝒚 − 𝟎 = (𝟎)(𝒙 − 𝟎)

𝒚 =0

Point: (𝟎, 𝟎)
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Solution

𝒚 = න
𝟎

𝟎

𝒆−𝒕𝟐+𝟏𝒅𝒕

Slope = 𝒎 = ቚ
𝒅𝒚

𝒅𝒙 𝒙=𝟎
= 𝒆−(𝟎)𝟐+𝟏

Slope of the tangent at 𝒙 = 𝟎

Point

𝒅𝒚

𝒅𝒙
= 𝒆−𝒙𝟐+𝟏

Using Fundamental Theorem Part II 

Slope = 𝒎 = ቚ
𝒅𝒚

𝒅𝒙 𝒙=𝟎
= 𝒆 ≈ 𝟐. 𝟕𝟏𝟖

The tangent at 𝒙 = 𝟎 passes through

Find the derivative

𝒙 = 𝟎
𝒚 = න

𝟎

𝒙

𝒆−𝒕𝟐+𝟏𝒅𝒕

𝒚 = 𝟎 Since the upper limit equals the lower limit

Equation of the tangent line

𝒚 − 𝒚𝟎 = 𝒎(𝒙 − 𝒙𝟎)

𝒚 − 𝟎 = (𝒆)(𝒙 − 𝟎)

𝒚 = 𝒆𝒙

Point: (𝟎, 𝟎)
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Solution

Let 𝒅𝒖 =
𝟏

𝟐 𝒙
𝒅𝒙𝒖 = 𝒙

න
𝒆 𝒙

𝒙
𝒅𝒙

𝒅𝒙 = 𝟐 𝒙 𝒅𝒖

= න
𝒆𝒖

𝒙
𝟐 𝒙 𝒅𝒖

= 𝟐𝒆𝒖 + 𝒄

= 𝟐 න 𝒆𝒖 ∙ 𝒅𝒖

න
𝒆 𝒙

𝒙
𝒅𝒙 = 𝟐𝒆 𝒙 + 𝒄

Make 𝒅𝒙 
subject 

Replace each occurrence of 𝒖 with 
the corresponding expression in 𝒙.

Let 𝒅𝒖 = −
𝟏

𝒙𝟐 𝒅𝒙𝒖 =
𝟏

𝒙

න
𝒄𝒐𝒔( Τ𝟏 𝒙)

𝒙𝟐
𝒅𝒙

𝒅𝒙 = −𝒙𝟐𝒅𝒖

= න
𝒄𝒐𝒔(𝒖)

𝒙𝟐 ∙ −𝒙𝟐𝒅𝒖

= −𝒔𝒊𝒏𝒖 + 𝒄

= − න 𝒄𝒐𝒔𝒖 𝒅𝒖

Make 𝒅𝒙 
subject 

න
𝒄𝒐𝒔( Τ𝟏 𝒙)

𝒙𝟐 𝒅𝒙 = −𝒔𝒊𝒏( Τ𝟏 𝒙) + 𝒄

Q14)
Q13)
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Let 𝒅𝒖 =
𝟏

𝒙
𝒅𝒙𝒖 = 𝒍𝒏𝒙

𝒅𝒙 = 𝒙 𝒅𝒖

න
𝒍𝒏𝒙

𝒙
𝒅𝒙 = න

𝒖

𝒙
∙ 𝒙𝒅𝒖

=
𝒖

𝟑
𝟐

𝟑
𝟐

+ 𝒄

= න 𝒖 𝒅𝒖

Make 𝒅𝒙 subject 

= න 𝒖
𝟏
𝟐 ∙ 𝒅𝒖

=
𝟐 𝒖𝟑

𝟑
+ 𝒄

න
𝒍𝒏𝒙

𝒙
𝒅𝒙 =

𝟐 (𝒍𝒏𝒙)𝟑

𝟑
+ 𝒄
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Solution

Let
𝒅𝒖 = 𝟐𝒙 ∙ 𝒅𝒙𝒖 = 𝒙𝟐

=
𝟏

𝟐
𝒔𝒊𝒏−𝟏 𝒖 + 𝒄

= න
𝒙

𝟏 − (𝒖)𝟐
∙

𝒅𝒖

𝟐𝒙

න
𝒙

𝟏 − 𝒙𝟒
𝒅𝒙

=
𝟏

𝟐
න

𝒅𝒖

𝟏 − (𝒖)𝟐

න
𝒙

𝟏 − 𝒙𝟒
𝒅𝒙 =

𝟏

𝟐
𝒔𝒊𝒏−𝟏 𝒙𝟐 + 𝒄

a)

Rewrite the integral

න
𝒙

𝟏 − (𝒙𝟐)𝟐
𝒅𝒙

Solution

Let
𝒅𝒖 = −𝟒𝒙𝟑 ∙ 𝒅𝒙𝒖 = 𝟏 − 𝒙𝟒

= −
𝟏

𝟒

𝒖
𝟏
𝟐

𝟏
𝟐

+ 𝒄

= න
𝒙𝟑

𝒖
∙

𝒅𝒖

−𝟒𝒙𝟑

න
𝒙𝟑

𝟏 − 𝒙𝟒
𝒅𝒙

= −
𝟏

𝟒
න

𝒅𝒖

𝒖

= −
𝟏

𝟐
𝒖 + 𝒄

b)

= −
𝟏

𝟒
න 𝒖−

𝟏
𝟐𝒅𝒖

= −
𝟏

𝟒
∙ 𝟐𝒖

𝟏
𝟐 +𝒄

න
𝒙𝟑

𝟏 − 𝒙𝟒
𝒅𝒙 = −

𝟏

𝟐
𝟏 − 𝒙𝟒 + 𝒄

𝒅𝒙 =
𝒅𝒖

𝟐𝒙

𝒅𝒙 =
𝒅𝒖

−𝟒𝒙𝟑
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Solution

Let 𝒅𝒖 = 𝟑𝒙𝟐 ∙ 𝒅𝒙𝒖 = 𝒙𝟑

=
𝟏

𝟑
𝒕𝒂𝒏−𝟏 𝒖 + 𝒄

= න
𝒙𝟐

𝟏 + (𝒖)𝟐 ∙
𝒅𝒖

𝟑𝒙𝟐

න
𝒙𝟐

𝟏 + 𝒙𝟔
𝒅𝒙

=
𝟏

𝟑
න

𝒅𝒖

𝟏 + (𝒖)𝟐

න
𝒙𝟐

𝟏 + 𝒙𝟔 𝒅𝒙 =
𝟏

𝟑
𝒕𝒂𝒏−𝟏 𝒙𝟑 + 𝒄

a)

Rewrite the integral

න
𝒙𝟐

𝟏 + (𝒙𝟐)𝟑 𝒅𝒙

Solution

Let
𝒅𝒖 = 𝟔𝒙𝟓 ∙ 𝒅𝒙𝒖 = 𝟏 + 𝒙𝟔

=
𝟏

𝟔
𝒍𝒏|𝒖| + 𝒄

𝒖

𝒅𝒖

=
𝟏

𝟔
න

𝟔𝒙𝟓𝒅𝒙

𝟏 + 𝒙𝟔

න
𝒙𝟓

𝟏 + 𝒙𝟔
𝒅𝒙

=
𝟏

𝟔
න

𝒅𝒖

𝒖

b)

න
𝒙𝟓

𝟏 + 𝒙𝟔 𝒅𝒙 =
𝟏

𝟔
𝒍𝒏(𝟏 + 𝒙𝟔) + 𝒄

𝒅𝒙 =
𝒅𝒖

𝟑𝒙𝟐

=
𝟏

𝟔
න

𝟔𝒙𝟓𝒅𝒙

𝟏 + 𝒙𝟔

The numerator is the derivative of 
denominator

Rewrite the integral
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Solution

Directly

𝒅𝒖 = −𝒅𝒙𝒖 = 𝟏 − 𝒙

= 𝒕𝒂𝒏−𝟏𝒙 +
𝟏

𝟐
𝒍𝒏|𝒖| + 𝒄

𝒖

𝒅𝒖

න
𝟏 + 𝒙

𝟏 + 𝒙𝟐
𝒅𝒙

= 𝒕𝒂𝒏−𝟏𝒙 +
𝟏

𝟐
න

𝒅𝒖

𝒖

න
𝟏 + 𝒙

𝟏 + 𝒙𝟐 𝒅𝒙 = 𝒕𝒂𝒏−𝟏𝒙 +
𝟏

𝟐
𝒍𝒏(𝟏 + 𝒙𝟐) + 𝒄

a)
Rewrite the integral

= න
𝟏

𝟏 + 𝒙𝟐 𝒅𝒙 + න
𝒙

𝟏 + 𝒙𝟐 𝒅𝒙

Solution න
𝟏 + 𝒙

𝟏 − 𝒙𝟐
𝒅𝒙b)

The numerator is 
the derivative of 
denominator

= න
𝟏

𝟏 + 𝒙𝟐 𝒅𝒙 +
𝟏

𝟐
න

𝟐𝒙𝒅𝒙

𝟏 + 𝒙𝟐

Rewrite the integral

න
𝟏 + 𝒙

(𝟏 + 𝒙)(𝟏 − 𝒙)
𝒅𝒙 = න

𝟏

𝟏 − 𝒙
𝒅𝒙

𝒅𝒖 = 𝟐𝒙 ∙ 𝒅𝒙𝒖 = 𝟏 + 𝒙𝟐 = − න
−𝒅𝒙

𝟏 − 𝒙

𝒖

𝒅𝒖

= − න
𝒅𝒖

𝒖
= −𝒍𝒏|𝒖| + 𝒄

න
𝟏 + 𝒙

𝟏 − 𝒙𝟐 𝒅𝒙 = −𝒍𝒏(𝟏 − 𝒙) + 𝒄

The numerator is the derivative of 
denominator

= − න
−𝟏

𝟏 − 𝒙
𝒅𝒙
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A Substitution That Lets You Expand the Integrand

Exercise

Evaluate:

Solution

න
𝟐𝒕 + 𝟑

𝒕 + 𝟕
𝒅𝒕

Q27 Page: 376

Let
𝒅𝒖 = 𝒅𝒕𝒖 = 𝒕 + 𝟕 = න

𝟐𝒖 − 𝟏𝟏

𝒖
𝒅𝒖

𝒖
𝒅𝒖

= න
𝟐𝒕 + 𝟑

𝒕 + 𝟕
∙ 𝒅𝒕

= 𝟐𝒖 − 𝟏𝟏𝒍𝒏|𝒖| + 𝒄

න
𝟐𝒕 + 𝟑

𝒕 + 𝟕
𝒅𝒕

= න
𝟐𝒖 − 𝟏𝟒 + 𝟑

𝒖
𝒅𝒖

𝒕 = 𝒖 − 𝟕

= න 𝟐 −
𝟏𝟏

𝒖
𝒅𝒖

න
𝟐𝒕 + 𝟑

𝒕 + 𝟕
𝒅𝒕 = 𝟐(𝒕 + 𝟕) − 𝟏𝟏𝒍𝒏|𝒕 + 𝟕| + 𝒄

= න
𝟐(𝒖 − 𝟕) + 𝟑

𝒖
∙ 𝒅𝒖

Write t in terms of 𝒖

𝒕 = 𝒖 − 𝟕



A Substitution That Lets You Expand the Integrand

Exercise

Evaluate:

Solution

න
𝒕𝟐

𝟑
𝒕 + 𝟑

𝒅𝒕
Q28 Page: 376

Let
𝒅𝒖 = 𝒅𝒕𝒖 = 𝒕 + 𝟑 = න 𝒖

𝟓
𝟑 − 𝟔𝒖

𝟐
𝟑 + 𝟗𝒖−

𝟏
𝟑 𝒅𝒖

𝒖
𝒅𝒖

= න
𝒕𝟐

𝟑
𝒕 + 𝟑

∙ 𝒅𝒕

= 𝟑

𝟑
𝒖𝟖

𝟖
− 𝟏𝟖

𝟑
𝒖𝟓

𝟓
+ 𝟐𝟕

𝟑
𝒖𝟐

𝟐
+ 𝒄

න
𝒕𝟐

𝟑
𝒕 + 𝟑

𝒅𝒕

= න 𝒖𝟐 − 𝟔𝒖 + 𝟗 ∙ 𝒖−
𝟏
𝟑𝒅𝒖

𝒕 = 𝒖 − 𝟑

=
𝒖

𝟖
𝟑

𝟖
𝟑

− 𝟔
𝒖

𝟓
𝟑

𝟓
𝟑

+ 𝟗
𝒖

𝟐
𝟑

𝟐
𝟑

+ 𝒄

න
𝒕𝟐

𝟑
𝒕 + 𝟑

𝒅𝒕 = 𝟑

𝟑
(𝒕 + 𝟑)𝟖

𝟖
− 𝟏𝟖

𝟑
(𝒕 + 𝟑)𝟓

𝟓
+ 𝟐𝟕

𝟑
(𝒕 + 𝟑)𝟐

𝟐
+ 𝒄

= න
𝒖𝟐 − 𝟔𝒖 + 𝟗

𝟑 𝒖
∙ 𝒅𝒖

Write t in terms of 𝒖

𝒕 = 𝒖 − 𝟑

𝒕𝟐 = (𝒖 − 𝟑)𝟐

𝒕𝟐 = 𝒖𝟐 − 𝟔𝒖 + 𝟗
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Using Substitution in Definite Integral

Exercise

Evaluate:

Solution

න
−𝟏

𝟏 𝒕

(𝒕𝟐 + 𝟏)𝟐
𝒅𝒕

Q33 Page: 376

Let
𝒅𝒖 = 𝟐𝒕 𝒅𝒕𝒖 = 𝒕𝟐 + 𝟏 =

𝟏

𝟐
න

𝟐

𝟐

𝒖−𝟐𝒅𝒖

𝒖

𝒅𝒖

න
−𝟏

𝟏 𝒕

(𝒕𝟐 + 𝟏)𝟐 𝒅𝒕 =
𝟏

𝟐
න

−𝟏

𝟏 𝟐𝒕𝒅𝒕

(𝒕𝟐 + 𝟏)𝟐

= 𝟎

න
−𝟏

𝟏 𝒕

(𝒕𝟐 + 𝟏)𝟐 𝒅𝒕

=
𝟏

𝟐
න

𝟐

𝟐 𝒅𝒖

(𝒖)𝟐

𝒕 = −𝟏 𝒖 = (−𝟏)𝟐+𝟏 = 𝟐

𝒕 = 𝟏 𝒖 = (𝟏)𝟐+𝟏 = 𝟐 න
−𝟏

𝟏 𝒕

(𝒕𝟐 + 𝟏)𝟐 𝒅𝒕 = 𝟎

The upper limit equals the lower limit

Limits of Integration
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Substitution in a Definite Integral Involving an Exponential

Exercise

Evaluate:

Solution

න
𝟎

𝟐 𝒆𝒙

𝟏 + 𝒆𝟐𝒙
𝒅𝒙

Q35 Page: 376

Let
𝒅𝒖 = 𝒆𝒙𝒅𝒙𝒖 = 𝒆𝒙

𝒖

𝒅𝒖

න
𝟎

𝟐 𝒆𝒙𝒅𝒙

𝟏 + (𝒆𝒙)𝟐

ห= 𝒕𝒂𝒏−𝟏𝒖
𝒆𝟐

𝟏

න
𝟎

𝟐 𝒆𝒙

𝟏 + 𝒆𝟐𝒙 𝒅𝒙

= න
𝟏

𝒆𝟐
𝒅𝒖

𝟏 + (𝒖)𝟐

𝒙 = 𝟎

= 𝒕𝒂𝒏−𝟏(𝒆𝟐) − 𝒕𝒂𝒏−𝟏(𝟏)

= 𝒕𝒂𝒏−𝟏𝒆𝟐 −
𝝅

𝟒

𝒖 = 𝒆(𝟎) = 𝟏

𝒙 = 𝟐 𝒖 = 𝒆𝟐

≈ 𝟎. 𝟔𝟓

Rewrite the integral

න
𝟎

𝟐 𝒆𝒙

𝟏 + (𝒆𝒙)𝟐 𝒅𝒙

න
𝟎

𝟐 𝒆𝒙

𝟏 + 𝒆𝟐𝒙
𝒅𝒙 ≈ 𝟎. 𝟔𝟓 

Limits of Integration



Substitution in a Definite Integral Involving an Exponential
Exercise

Evaluate:

Solution

Q36 Page: 376

Let
𝒅𝒖 = 𝒆𝒙𝒅𝒙𝒖 = 𝟏 + 𝒆𝒙

𝒖

𝒅𝒖

න
𝟎

𝟐 𝒆𝒙𝒅𝒙

𝟏 + 𝒆𝒙

|= 𝒍𝒏|𝒖|
𝟏 + 𝒆𝟐

𝟐

න
𝟎

𝟐 𝒆𝒙

𝟏 + 𝒆𝒙 𝒅𝒙

= න
𝟐

𝟏+𝒆𝟐
𝒅𝒖

𝒖

𝒙 = 𝟎 = 𝒍𝒏|𝟏 + 𝒆𝟐| − 𝒍𝒏|𝟐|

= 𝒍𝒏(𝟏 + 𝒆𝟐) − 𝒍𝒏(𝟐)

𝒖 = 𝟏 + 𝒆(𝟎) = 𝟐

𝒙 = 𝟐 𝒖 = 𝟏 + 𝒆𝟐

= 𝒍𝒏
𝟏 + 𝒆𝟐

𝟐

න
𝟎

𝟐 𝒆𝒙

𝟏 + 𝒆𝒙
𝒅𝒙

≈ 𝟏. 𝟒𝟑

න
𝟎

𝟐 𝒆𝒙

𝟏 + 𝒆𝒙 𝒅𝒙 ≈ 𝟏. 𝟒𝟑 

Limits of Integration
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