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1 Estimate an arc length of a given function. Blase AId aowia e yugdll Jebo yads (7-12) 68 \
Qosliiuo 208 8 ¢ W.W4P\MQSW\5,EJ\9§y = f(x) Wl iaie) o~ Job 08
Estimate the length of the curve y = f(x) on the given interval using
(@n = 4 line s@gmanta‘ and (b) n = 8 line segments.
7. f(x)=cosx,0<x <m/2 10 fixy=1/x,1=x =2
8. f(x)=sinx,0<x <m/2 11, f(x)=x%24+1,-2<x<2
9. fX)=+/x+1,0<x <3 2. Fh=x"+2, -1 <x <1
Solutions:
7. f(x)=cosx , 0<x< g , 2 lines segments
Left Point | Right Point Length
i
(0, ) ( % " ) dy =
T V2 T e
(5-2) L3/ )
Total
8. f(x)=sinx , 0<x< g , 3 lines segments
Left Point | Right Point Length
( ) ) ( ) ) dy = |
( ) ) ( ) ) d2 = 9
( ’ ) ( ) ) d3 =
Total
Opy AQ ©: % ©
i
\ [ ®
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9. Estimate the length of the curve y = v/x + 1 ontheinterval [0, 3] o
by using 3 lines segments d=.(x;, —x)%+ (y, — y1)?

Boliivsn 28 2 pladiul slagoll 5 55l L3 f (o) S isked ygill Job b

Left Point Right Point Length
C . ) C . N
C . O C . |
C . ) C . ]
Total

Bofiiuse 028 2 pladiiuwl slagell 5 58l 8 f () AN isied gl Job ;a8
10. Estimate the length of the curve f(x) = % on the interval [1, 2]

by using 2 line segments d=,(x;—x)%+ (y; — y1)?

Left Point Right Point Length
———OUN
( » PO
Total
1. f(x)=x*+1 , —-1<x<1 , 2 lines segments
Boutiiue A5 2
12, R =x"4+2 , —2E€x<2 , 2 lines segments

i
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2

Find a limit algebraically or graphically, if it exists.

75\

Curs 0 Wlws bpz o Do Dl ded o] | (7-8)

Use the graph to find each limit if exists.

289 Gl 8ulp I 208 el o podiia

7. (@) lim f@) (b) lim f(x) A
(c) lim f(x) (d) lm f(x) 1
x—0 x—s—2 24 \
(€) lim f(x) (f) lim f(x) | /\ \ ———> X
x—=2 A=< 4 -2 \ \. 4
(g) lim f(x) (h) lim f(x) / ]

dee@eeeeloee@e oMol

A8 [od AR Lod A Eod A RG4 A Eod BA |

8. (a) lim f(x) (e) lim f(x) .
x—>1- Xig>—2 T
b) lim f@) (O lim f(x) jil “~
. 2{
(© lim f(x) (@ lim f(x) A \ =
(d) 1ir£1 f(x) (h) Tim_f(x) / 2 \p N
x=>2" x—>—3 =2

<]

R

ORHO
e
O
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Find limits of polynomial, rational, and trigonometric functions using theorems. \
3 (21-28) | 85

Sblgdl Obylas plasiul Adlialy dudlly dgdodl 5455 Jlgad! dalgs ol

evaluate the indicated limit, if it exists. Assume that lina m:x =T,
2% ifx <2 (Das 0l Bl JS |

21. lim f(x), where f(x) = 5.

.\'—>2f( ) fx) {x“ ifx >2
A) 2
B) 3
C) 4
D) DNE

2 .
: . x*+1 ifx <=1

22. lim f(x), where f(x) = .

x—>—1f() 7% {3x+1 ifx > —1
A) =2
B) 2
C) 3
D) DNE

2x+1 ifx < —1

23. _liml f(x),where F(x)=4¢ 3 if—1 <x <1

T 2x +1 ifx > 1
A) -1
B) 1
O) 3
D) DNE

2x+1 ifx < —1

24, lm} Ty, where f(x)y=¢3 if—1 <x <1

o 2x+1 ifx>1
A 2
B) 3
C) 4
D) DNE

\IEI

Al zalill - podite pihie I3 (9 +201003261312
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Q2+ h)?—4 A
25. lim
h—0 h
A) 2 Remember that: (a + b)? = a? + 2ab + b?
B) 3 a? - b2 = (a—b)(a+b)
O) 4
D) DNE
14+5)° —1
26. lim( 1)
h—=0 h
: 2
sin(x- — 4
27, 1im S 9 28. lim 20X
-2 x2—4 x=0  Dx
A 1 A 1
B) -1 | -
) 4 ¢ 1/5
D) DNE D) DNE
ohyqo

\_EI&

S Lt ik o it 3 [ 4201003261312 - puadll atl e e /1 ]
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Use the squeeze theorem to find limits 85 \
4 (29-32)
Oblgdl sy 8 alaldl dylas audsiuw! 87
: 2ol
29. Use the Squeeze Theorem to evaluate: 11r1(1) x? sin (;)
x—
. o [T B Nee
Im% x? sin (;) 2200} 8 ;i &1 padiiel
X—

30. Why can’t you use the Squeeze Theorem as in exercise 29 to prove that

chi_r% x? sec G) = 0? Explore this limit graphically.
?ll_i_glblxz sec (1/x) =0 &1 <3¥ 29 JLod) o LS & dadd) & oy plasiwl pdatus ¥ 150
Lol alpd) ois catSal

You cannot use the Squeeze Theorem as in exercise 29 because the secant function is not bounded
between —1 and 1 like the sine function is. This is difficult to investigate graphically because of

the infinitely many vertical asymptotes as x approaches 0.

0.04

U vl R \J

R
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I \
31. Use the Squeeze Theorem to evaluate: lir51+ Vx cos? (%)
X—
lim vx cos? (1) dlouY & pbndill Gy 15 padliuwl
x—-07 X :

32. Suppose that f(x) is bounded: that is, there exists a constant M such
that |f(x)| < M for all x.
Use the Squeeze Theorem to prove that lirr(l) ¢ ) =0
xX—

X d gaesd [fO)] S MigsS Coso bl M Wlia ol rae a3gasa f(X) 51 o 28]
Imx?f(x) = 0 &) old¥ sudaid) &, day aasl

x—0

If |g(x) + 4| < 2(3 — x)* for all values of x, evaluate lim g(x)

x—3

lim g(x) asol X pbgg [g(x) + 4| < 23 —x)* (WL
xX—

2
R
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Use the continuity properties to study the continuity of a function or a composition of functions at a given point 95 \

S Bynn Al wie JIgl A gazes of DI JUail dulyld JUaiIll jaSlas psdul (28] 97
Determine the intervals on which f is continuous.  &laie wis ;o5 LUl Sl sus
21, f(x) =vx+3 22. f(x) = Vx> -4

A)  [3,:) A) [3,)

B) (=3,) B) (=%,-2) U (2,x)

C) (—,3] C) (2,)

D) [-3,) DY [-29]

23. f(x) = V/x+2 24. f(x) = (x—1)*/2

A) [2,0) A) [1,00)

B) (-2,00) B) (—1,0)

C) (—o,2] C) (—o0,1]

D) (—co,00) D) [-1, )

25. f(x) =sin"'(x +2) 26. f(x) = In(sinx)

A) (3,1) A) (2nm, 2nm + m)

B) (-3,3) B) (2nm, nm+m)

C) [-3,-1] C) (2nm, 2nm —m)

D) (—o0,0) D) (nm, 2nm + )

vVx+1+¢€ 2019/2020
27 =
f@ 2—2

A) (—V2,-1)u(1,V2)

B) (-1.V2)u (V2 =)

C) (—1,00)

D) (V2,2)

O AD)

—

\_[
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In(x* =1 2018/2019
28. f(x) = o =)

VX2 —2x

A) (=%0,—=1) U (2,00)
B) (-o,-1)U(1,x)
C) (—%,—1] U [2, )
D) (—00,0) U (2,0)

N

v

In(1 - x2
f(x) = %
A (1,1

B) (0,)

C) (1,00)

D) (0,1)

f(x) = In(3x — 6)

A) (2,0)
B) [2,)
C) (2,:)
D) (—,2)

2
R
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6 Find horizontal, vertical, and slant asymptotes using limits. (23-32) 106 \
Oblgl! alasiuwb dblallg duwiyly 4uasV1 Lyl bghas slow) 108
In exercises 23-28, determine all horizontal and vertical asymptotes. For
each side of each vertical asymptote, Bl g 848801 ¢ N bghd J5 sus
determine whether f(x) - o or f(x) = —co. 99 338 ol ¢ JEINDS. 0 848G YUy

f(x) = =00 gl f(x) > oo

2.) f) = 7=

f(x) > 0casx — —2~
f(x) > —c0 as x — —27
f(x) > occasx— 2~
f(z) > —cc as z — 27
2
b X =
0 1) =
Eiéﬁgl’ flx) > 0casx— 2" and x — —2+._ '@-ﬁ; ®
: f(x) > —occasz— 2% and z — —2. :
\ [ : ©

ALy | palidl - padie pdie JU [-Q +201003261312 - &l bl e e /1
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~

X
24.(a) f(x)= —
V4 + x?
X
b) f(¥) = —=
V4 — x?
(b) The function is only defined in (—2,2).
Two one-sided vertical asymptotes at
x==2. f(r) >0 asxz—>2", and
f(x) - —oc0 as x — —27.
No horizontal asymptotes.
3x2+1
2. i) =
) x?2—2x -3
flz) > —ccas z — 37,
f(x) = 00 as x — 37, s
Ohm A0 f(x) = o0 asx——1",and ® ! O
: f(z) > —c asz — —17. AE
\_[E O]

ALY | alill - padie ydie GU (9 +201008261312 - gl atl e ke /i |
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26. f(1)= 5= |
. X) =

x24+x—2

Vertical asymptote at x = —2. \
A) Vertical asymptotes at x = -2,

f(x) > casz— —27. No horizontal asymptote

f(;l,) S —oo0oast— -2t and r —» —2—. B) Verticall asymptotesat x =-2x=1
. No horizontal asymptote
Agam, wel hmf.e c Vertical asymptotesat x =-2x=1,
lim 1 —=x —0 ) Horizontal asymptote at y = 0
r—+oo x2 4+ 1 — 2 D) Vertical asymptotes at x = -2,

So there is a horizontal asymptote at y = 0. Horizontal asymptote at y = 0

Ae@eodeotdeodeotdeotdeoldeodododeodeoeodotdeoeodeo oo
27. f(x)=4tan"'x—1
The function is continuous for all x, so no vertical asymptotes. We have

Sunl) )85 behs B e oI WL g x @B 1S Sluass SIS

lim 4tan™ 'z — 1 =4(lim tan"'2z) —1
r— 00 T—00
=4(m/2) =1
E=¥r—1

and lim 4tan ‘'z —1

T——00
=4( lim tan~'z)—1
r=—0o0
=4(—7m/2) -1 = 2w — 1,
so there are horizontal asymptotes at y = 27 — 1 and y = —27 — 1.
y==2m—1 9 y=2m—1 £ uddl )& pghs 189
A)  No vertical asymptote, horizontal asymptote at’y = —2T — land y = 2w — 1

0 B) _ No vertical asymptote, horizontal asymptote at’y = 21 — 1 only

C)  No vertical asymptote, horizontal asymptote at’y = —21 — 1 only

) No vertical asymptote, no horizontal asymptote at

G
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28. f(x) =In(1 —cosx)

The function Inx has a one-sided vertical
asymptote at x = 0, so f(z) = In(1 — cosx)
will have a vertical asymptote whenever

1 —cosxz =0, i.e., whenever cosx = 1.

This happens when z = 2k7 for any integer k.
Since 1 —cosx > 0 for all z, f(x) is defined at
all points except for these vertical asymptotes.
Thus as f(xz) approaches any of these asymp-
totes (from either side), it behaves like In x ap-
proaching 0 from the right, so f(z) - —oc as
x approaches any of these asymptotes from ei-
ther side.

oMo Memelemels e mole e lorlomelemele oo

A)

B)

0O

D)

Vertical asymptotes at x = 2nm,
No horizontal asymptote

Vertical asymptotes at X = N,
No horizontal asymptote

Vertical asymptotes at x = 2nm + 1

, Horizontal asymptote aty = 1
No Vertical asymptotes , No

Horizontal asymptote

In exercises 29-32, determine all vertical and slant asymptotes.

X3 8Uslallg Sl 1 ¢ 01 gl sus
29. y=—"——
4 —x
A) Verticalasymptotesat x = 2 slantasymptoteaty = x
B) Verticalasymptotesat x = +2,slantasymptoteaty = —x
E_ =] C) Verticalasymptotesat x = 2, horizontal asymptoteaty = 0
O . D) Noverticalasymptote, no horizontal asymptote at

~

dhley | malill - pudie pdie JU
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I
30, y= 2!
. V=
X —2
A) Verticalasymptotesat x = 2, horizontal asymptoteaty = x + 1

B) Verticalasymptotesat x = 2,slantasymptoteaty = x
C) Verticalasymptotesat x = 2,slantasymptoteaty = x
D) Noverticalasymptote, no horizontal asymptote at

X3

x?4+x—4

31, vy=

7 1417
Vertical asymptotesat x = _'%_

7

A)
slantasymptoteaty = x — 1

B) Vertical asymptotesat x = L%ﬁ,
slantasymptoteaty = x + 1

0) Vertical asymptotesat x = > izm,
slantasymptoteaty = x —1

D) Vertical asymptotesat x = =1 i-zm,

slantasymptoteaty = x + 1

32 -
L] y —_— e
X° 2
A) Vertical asymptotes at x = —V/2,
slant asymptote at y = x
B) Vertical asymptotes at x = —3Z.

slant asymptote at y = —x

Vertical asymptotes at x = V/2,
o slant asymptote at y = x

i’tﬁ;ap No vertical asymptotes,
e
\_[

slant asymptote at y = x

Qededeedeedeole@edeedede e e e eSS

Qeedieeodleodeoloedleoleoeoeoeoeoeedleee

~

+H2

dhley | malill - pudie pdie JU

(9 +201008261312 - gl atl e ke /i |




15 [ EoT1:2025-2026 | P20 - piic G - SLudL) JSao

]
b) Find limits at infinity and limits that are infinite. 106 \
7 (9-22)
LI wie blgdly LI J) Jogs I bledl slw) 108
Determine each limit (answer as appropriate, with a number, co, —oco or
does not exist). 539090 & ol —00 gl 00 gl 309 sLABU caunsd catl) ulgs IS 200
2 _ 2
g, fim L toX—2 0 iy ==+ 2
x—oo 3x2 +4x—1 x—oo 4x2 —3x —1
O 3 O 8
il
O = SN
3 2
O 0 O 0
O Does not exist O Does not exist

11. lim
X——00 \/m X—00 4x3 — 5x -1

oes not exist

2
13. limIn (x +31)

X—00 X —

—CO
co

0
Does not exist

OO0O0O0

2
R
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14. lirél In(x sin x) 15. lim ¢~/ J ; N
x—0% x—0% ' 8
] /_._‘,
O —w O —
O o O oo
O 0 O 0
O DO@S not eXiSt O Does hot exist
16. lim o~ (41)/(+2) 17. lim cot Ly y
o -1 0O
—TT
a1 O =
O e " M
O Does not exist 2 .
O Does not exist
PN
18. lim sec”! e
X—00 X+ 1
T
© =3
T
2 5
O o
[¢] [¢] ) (OFAT{0]
%ﬁap O Does not exist ' e
\Em ®

dhley | malill - pudie pdie JU
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19. lin(} sin(e™1/%%) 3 20. lim sin(tan™" x) \
xX— X—00
T~
-2 - ]y\ y = arctan(x)
€ > X
-3 =2 = 1 2 3
2"
O 0 Ot -2
4 | o = ’
O e 2
O Does not exist O 0 _
O Does not exist
2., BoLe T g 22. lim tan ' (Inx) a4 Inx
x—r/2 x—0+ 9
1' /

o

€ > X

2
R
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Link and interpret the slope of a secant line and tangent line 136 \
8 Example 3
waleall Jaselly abblill Jasl oo sl Jas) 138
Graphically and numerically approximate the slope of the tangent line to
P = i;i at x =1,

First pointis:

L ) = (-0.5, ) =

(0.1, ) = (-0.1, ) =

(0.01, ) = (—0.01, ) -

YRV RD e s DR N D0 s e D oD e v D D I DD Do P Do R oo e Do

Graphically and numerically approximate the slope of the tangent line to
y =e* at x=1.

First pointis:

Second Point M, Second Point m,,

Bl

G
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I \

List the points A4, B, C and D in order of increasing slope of the tangent line.

esloilesl] g Iyl gt o el sl i D o€ 5 By A dolzall dedd el
y
A

B C

L1\,
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. Find the derivative of a function at a given point

Y

145
147

Example 3

diuno dads wie Alul daidned! sl

Find derivative of f(x) = % atan

unspecified value of x using

bl uie f(x) = % QUL i ool
Pldiwl X J 80wl
et h) - f®)

f'(x) = lim >
: - 2
Find derivative of f(x) = —— atan e bl e f(x) = ﬁ AW Ao sogl
unspecified value of x using PLdwl X J o000l
» AT ) =i
f'(x) = lim -

i

dhley | malill - pudie pdie JU
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Understand the relationship between continuity and differentiability 151 \

10 (13-18)

By Juasyl o A8dall egd e

Use the graph of f to sketch a graph of [’ .
[ d8ial) Sl gt puoy) I Sl pus Il padiiuwl

13. (a) % f (b) f g
/..
- /
y g

Y  J

Qededeo@edeoMeJoeeleoeleoldeoedeedee@el

14. (a) f f (b) ZA/ f
>
>

[
Y
=
A
 J
=

Y \ @. L= @

R e

ALy | palidl - padie pdie JU [-Q +201003261312 - &l bl e e /1
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15. (a) v (b) 5 h

%
R \

P
>

'y
\ 4
®
)
Y
8

Y

Y

deeeoeodeelodeo@eoleleeoeo oSS IS SIS

16. (a) 31 f (b) g i
L //o‘\ -7
> 1\

|

=
>
=
>

L)
4
=
[
\ 4
=

Bl
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Use the given graph of f’ to sketch a plausible graph of a continuous function f.\
[ alasioll 3 Jgiie Sl JLb puwy) [ Gikbol) ool Sl puwl padiil
17. (a) y (b) y

ff /i—of’
\ / A
\/"\ > ‘ o—
pi 4
ﬁ A
E > x € > X
Y

Y

Qe@e@e@edeeleode@edee@deoeeodeleoedeel

8.0 Y L
I\,
\/ >

A
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Use the graphof y = f'(x) to

sketch a graph of y = f(x)

A

y= fx)

.
L

y=f’(x)-lgsl¢+n4¢iwl,mw\\
Y = f(x) I Sl Jsoih pun )

O
- ’ -‘.
0 4 ()

)

A y
O / O

f = 1
>» X
0
Use the graph of y = f(x) to Y y= f(x) - Sl kol padiiul
A

sketch a graph of y = f'(x)

Y = f(x) I S Judoidl pun )

O O O O
z % ; %
AN,
> v
: \/ > > X

dhley | malill - pudie pdie JU
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Use the graph of y = f'(x) to

sketch a graph of y = f(x)

-

£

Y = () I Sl Yot padiiad
Y = f(x) I Sl Jdoih puny)

Tk

>
e

» X

sketch a graph of y = f'(x)

Use the graph of y = f(x) to

Y = F(0) I Gl Juiodl ittt

f(x)

y = f1(x) 3 G Yo pao )

|
—_—]

N =D QO OO ~

|
‘C»Dl
=y

> X

o

dhley | malill - pudie pdie JU
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<
Use the given graph of f'(x) to f'(x) Jobol o9l Sl Juloil padiieot
determine a plausible graph of f(x) alaio QMW JsiRe by Juies puwy)
continuous function f(x)

B
>

—»>

™

8
™
/$QQ

2
R
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2
Use differentiation rules and higher derivatives in solving real-life problems. 161
11 (21-24)
Aol CYEaL)! Jo § Ldall Oliiiuelly Juolaill uelgd plusiwl 163
In exercises 21-24, use the given position function to find the velocity and acceleration
functions. (unsl) & Ll BUlog B sull AU o JS 510,8 slall AL padiiuwl
21. s(f) = =16t + 40t + 10 22, s(y = =492 +12t—=3
; 10
23. s(f) = \/t + 2t 24. 5(f) =10~ —

2
R
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I <
Use differentiation rules and higher derivatives in solving real-life problems. 161
12 (37-42)
Aol S Jo (§ Wl Cliiieally Juoliill dslgd plisciwl 163
37. Determine the value(s) of x for which the o-loall ais JLi g X pud ues ol
tangentlinetoy = x> —3x + 1 isatan duol; ¥ = x3 — 3x + 1 &l isuel
angle of 45° with the x-axis. assuming that 8wl ol ,B,8 Lle x seaell &0 45° Lpuld
the angles are measured counterclockwise. Belwll ¢ 9) s R0 olash olwlis
O x=—=2,x=-1
O x=1,x=V2
Q x=-—1 x=1
O X = —\/E i X = \/z

AR L0 (S0 AR (S0P D010 AR (D0 A L0 (D0 P LD0 oD (D0 o (D0 oD (D0 oD (D0 o LD0 oD (D0 o (D0 oD 4Dw
38. Find all values of x for which the tangent linesto y = x> + 2x + 1 and

y = x* + x3 + 3 are parallel
Wuilsie Y =x* + 1% +3 9 ¥y =27 4+ 2x + 1 e gltonll 9% i Sl X o8 gue asgl

i
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38. Find all values of x for which the tangent linesto y = %x3 + %xz + 2x and
§ = —%x‘* — x + 3 are perpendicular

y = —%x‘L —x+39 y= %x3 +gx2 + 2% o glolooll g% Baie X 5 gaed ol

Hloolo
39. Find a second-degree polynomial BB 88 all ¢po dga0Jl 5 4438 aagl
(of the form ax? + bx + c¢) such that 095 s (ax? + bx + ¢ aguall)

(a) f(0) = =2, f/(0) =2 and f"(0)= 3.

(b)f(0)=0, f(0)=5 and f(0)= 1

2
R
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I
40. b) Find a general formula for £ () 855 01 o0 Aiitiinedl slosY ole G0 a0l
the nt" derivative f ™ (x) for ARV
2
fx)=—
O (nl)l p—nt2)
O (-1)"(n+ 1)! x"?2
O (-1)" (n+ 1)! x™mt2
O (-1)" (n+1)! x~(n+2)

40. a) Find a general formula for

£ () 8 ) ¢y Biiadl slouY Sole 8o a8l

the nt" derivative f ™ (x) for Lol
OB
Solution:
fOy=vx=xX9>, x>0
fie) = Sx71/?
" L x(=1)x/2
Fix) = 2 ( z)x
" 2 sef=2 = 3 Y82
Fre =5 x(=3)x(-3)x
£ (x) 2% (—%) ( ) ( ) B2 —where 2 X 2 X 2 X 23 .. T times = 2%
Foily =~ ( ik (Zn 3)) ~@n=1/2 multiplyby (2 -4 +6 - ....... )
(n) — (_1)n 1-2-3:4-5..(2n-2) —(2n-1)/2
G =1=1) ( 2".24-6..(2n-2) )x
The pattern is:
(n) _ 5 (Zn 2) 2n—1
FO () = (-1 22

i
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I
~

41. Find the area of the triangle Y =09 x =0 0300 g clial 8o luso sogl
bounded by x = 0, y = 0 and the il gy
.y 3; x—lwy—?.:“’ww@
tangentlinetoy = = atx =1
y

N
‘ N

Repeatatx = 2

Show that you get the same area using the o-oll pladilwl Lpuwss daluall e Juass ol %09
. 1

tangentlmetoyz; atanyx =a > 0. x:a>0w§1my=i&

In general, at x = a > 0 the equation of the tangentlineisy = — (ﬁ) - 2 - The

tangent line intersects the axes at (0, 2) and (2a, 0).

; N 2
Thus, the area of the triangle is 5 (2a) (E) =
2 (90 o2 (D000 D0 02 (D000 (D002 {90 0 (D00l (D0 o2 (D0 a2 D00l (D00l (D00l D0 o (D0 oI (D0 oI L0

42. Show that the result of exercise 41 does not k= - ;
| ‘ - y=\,lol9._sh.u241w,)wlq%»gig‘o9
hold for y = = Thatis, the area of the triangle X = 0 ¢ oguanlt AL \&S-Lu.woi lSi iz
bounded by x = 0, y = 0 and the tangent line g 1 — - Ox

Ne Yy = — =
toy=i2 atx = a > 0 does depend on the Y=g oty »
= 0 G IS s

value of a.
Fory= xiz =x"%,we have f'(x) = —-2x3 = —% . Thus, the slope of the tangent line at x = a is —% .Whena =1,

the slope of the tangent line at (1, 1) is —2, and the equation of the tangent line is y = —2x + 3. The tangent line
intersects the axes at (0, 3) and (3, 0). Thus the area of the triangle is%(B) (%) = g.

When a = 2, the slope of the tangent line at (2,%) is —% , and the equation of the tangent line is

y=- ix = 2. The tangent line intersects the axes at (O, g) and (3, 0). Thus the area of the triangle

.1 c W —— .
E%@ is 5(3) (Z) =it Since - 7+ g+ Wesee that the result for exercise 41 does not hold here.
e
[¢]

L=

-
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=3

Apply the chain rule for differentiation 177
13 (31-38)
QUL (§ A BB (Gadal 179

31.if h(x) = f(g(x)) . Find h'(1) where
f)=3,gV)=2, ff(V)=4, f'(2)=3, g(1)= -1 andg'(3) =5
dun h'(1) wsgl h(x) = f(g(x))10 13
g(3)=59 g(M=-19 f'(2)=3 9 f(D=49g(1)=29 f(1)=3

32.1f h(x) = f(g(x)) . Find h'(2)

x| f(x) | g | f'(x)]g'(x)
1 4

]

33. A function f is an even function if f(—x) = f(x) for all x (5855 x JSJ f(—2) = f(¥) L5 13) duwg) adls (oS5 f ;le_ul

and is an odd function if f(—x) = — f(x) forall x. Prove that = &&iiwe ol sl x g f=x) = —f(x) oS 13 33,8 &>
the derivative of an even function is odd and the derivative of oo 2o,al) Alls daidie olg 0,0 Als e ‘-"-‘_"-"53'{' 3:’
an odd function is even. hargy Al

As atemporary device given any f, set g(x) = f(—x). Then by the chain rule,
g (x) =f(=0(=1)=—Ff'(x).
Inthe even case g(x) = f(x)thisreads f'(—x) = —f'(x) and shows f'(x) is odd.
In the odd case g(x) = —f(x) and therefore g’'(x) = —f(x), thisreads —f'(x) = —f'(—x),
or f'(x) = f'(—x)and shows f'(x) is even.

opwAD OHHO
%‘é% 126
\_El O
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34. If the graph of a differentiable function f is symmetric about j,» Mliie f alazs 23 ablz)) alal) o) Jied)) LS h
the line x = a, what can you say about the symmetry of the _sLJl Jied! Sl e Joad) cliSe 13kd X =0 puaiwgdl
graph of f'? Sf ]

To say that f(z) is symmetric about the line z = a is the same as saying that A i

fla+z)= fla—z).

Taking derivatives (using the chain rule), we have

1
(—f(u +2) = f'(a+2z) " "
dx * >
(n’ ’ -t
—fla—2z)= fla—z)(=1)=—f'(a —x).
dx v
A 4
Thus, f'(a+x) = —f'(a—z) and the graph of f'(z) is symmetric through the point (a, 0).

Qe@ee@edeeode@edeeelde@edeedee@e
Find the derivative where fis an unspecified differentiable function.
S AL 0000 e QUL [ AU s [ AU Biiéiuoll angl

35. (a) f(x?) (b) [f (X)) (c) f(f(x))

O 2f(x? O 2f(x) O f'(fn)

O 2xf(x?) O 2f'(x) f(x) O f(f)fx

O 2xf'(x?) O 2f'(x O f'(fx)f

O 2f'(x*) & —F () O f(f't0)
D D0 D (D0 D 190 Y (D0 (D0 o0 LD0 oY (D0 o (D0 o D0 Y LD AV (D0 oD (D0 oD D0 D (Do LV Do Y Do D Do

36. (a) f(y/x) (b) v/ f(x) () f(xf(x))

O 2f(Vx) o 5@

O 2\/— \/— fx)

e f'(g( K o L[ O (1+£() - flxf ()
8 i,(i;) O (f&) +xf'(®) - f'(xf ()

O =5 = O (fW+f @) f(xf)

o 'R O~ ()
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Find the derivative where fis an unspecified differentiable function.
SELE ALB ou00 e AL [ AU s [ UL Bidnoll angl

37. (@) f(1/x) (b) 1/f(x)

Fla-t=a)
il b

(%)
-#{3)

38. (a) 1+ f(x?)

0 ©o |0|0

o
R

(b) [1 + f(x)]?

()f(f())

@ K@= (7
® h@®=f (=
© h@=f (%
® K@= (7

(©) f A+ fx))

f(x) +xf’(x))
[F(x)]?
f(x) —Xf'(XJ)
[f(x)]?

g W e U P o SO P o S
o]
2]
—
~
—
=
—
T

f&)- Xf’(x))
fx)

Y
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Y

Find the derivative of an inverse function using the Chain Rule. 176
14 (17-22)
Aldead! 5as B plaseiwl 1> wgSae diiie Sl 178

r—¥HEOREI'~“1 9.2

If f is differentiable everywhere on its domain and has an inverse function g = f~!,then

gixl=

f'(g(x))’
for all x in the domain of g, provided f'(g(x)) # 0.

_— e —————— T ——,

obe g =1 acuSe alls Ll olSe o 2 plexadl alls f calS 13

’ ) 2 : L )= L
FG0)#0 0% o ol g e 37 US) g0 =

17. If the function f(x) = x3 + 4x — 1 has an inverse function g(x) find g’(x)
g'(x) 209l g(x) Suufe L f(x) = x3 +4x — 1 sl 15

Y Af L 1 7 D N
A) g'(x) = 3[g(x)]2+4 B) g'(x) = 3[g(x)]2+4[g(x)] €)gx)= 3[g(x)]?

If the function f(x) = x* + 4x — 1 has an inverse function g(x) find g’(—1)
g'(—1) ogl g(x) Qe oy f(x) = x3 +4x — 1 &l sl 15

E%@ A) ; B) 4 C) 7 D)%
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18. If the function f(x) == x> + 4x — 2 has an inverse function g(x) find g’(—Z)\
g'(—2) :ogl g(x) Qe oY f(x) = x5 + 4x — 2 &L sl 15

A) - B) 4 C) 7 D)2

19. If the function f(x) = x° + 3x3 + x has an inverse function g(x) find g’'(5)
g'(5) gl g(x) Suale ALl f(x) = x5 + 3x3 + x Wl sl 13
1

A) = B) 12 C) % D)—%

20. If the function f(x) == x> + 2x + 1 has an inverse function g(x) find g’(—2)
g'(—2) gl g(x) Suwle Al f(x) =x3 + 2x + 1 &l s (3
A) 3 B) -5 C) —< D)

2
R
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21. If the function f(x) = Vx3 + 2x + 4 has an inverse function g(x) find g’(2) o
g’ (2) wngl g(x) Suwfe &Y f(x) = Va3 + 2x + 4 Wl sl 15
A) 1
B) 2
C) 3
D) 4

22. If the function f(x) = Vx® + 4x3 4+ 3x + 1 has an inverse function g(x)
find g’ (3)
g’'(3) o9l g(x) dufe AL F(x) = Va5 +4x3 + 3x + 1 aUll csls 13

3 10 3 3
A) g B) T O -5 B

2
R
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Find the derivatives of trigonometric functions using differentiation rules 184 \
15 ’ ; (9-18)
il Aelg aluseiuls ddliall Jlgull Ciliidee Sl 186
Find the derivative of each function. &> S Bdidao gl
9. f(t) = sin3tsec 3t 10. £(t) = +/cos 5t sec 5¢

O ) =s%ec’ 3¢

O f'(t) =3sec?3t

O f'(t) = cos3tsec3ttan3t
O f'(t) = sec?3ttan3t

12. f(w) = w?sec? 3w

11. f =
Fw) sin 4w

13. f(x) = 2sin2x cos2x 14. f(x) = 4sin” 3x + 4 cos? 3x

15. f(x)=tanv/x2+ 1

2
R
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Find the derivative of each function. AL J 8o angl A

16. f(x) = 4x”sinx sec 3x

17. f(x) = sin’ (cos Vx3+ 2x2)

18. f(x) = tan*(sin*(x> + 2x))

[e]5,[o] OF*"1O]

%‘é% 4250
\_E 0
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I \

- Find the derivatives of natural logarithmic functions (39-44) 194
duaudall daatayle gl J1gul Cilindns el 196

Use logarithmic differentiation to find the derivative.

L((F@)®) = (F) @ (LD 4 gy infn))  Widsoaeh psBoll Sl pabiad

f(x)
39. Use logarithmic differentiation to find Qi oloul pi ool Joll padliuwl
the derivative of f(x) = x5in* fla) = oo
O f'(x) = xS™*(sinx — x cos x)
O f'(x) £"*(sinx +cosx)
O f'(Ah= xW"*(sinx + x cos x)
O SfAm) = x*"*(cosx T xsinx)
40. Use logarithmic differentiation to find Aitidae dloud ol )legll JblE padiiuwl
the derivative of f(x) = x**" ,x >0 x>09 f(x) =x+*
Q' f'(x) = 2™™*(sinx —x eos.x)
Q F(x) = x*™*(sinx +cosx)
O Flx) = 2" *(sinx 4+ x eosx)
O Filx) = """ {cosx + xsinx)
41. Use logarithmic differentiation to find Qitidae oY ol legUl JolE padliuwl
the derivative of f(x) = (sinx)* Flx) =1(sinx)*

alLey ! alill - pudie e JU3 [_Q +201003261312 - &l bl e e /1
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I
\
42. Use logarithmic differentiation to find Qitidao o ol legUl JolE padiiuwl
the derivative of f(x) = (x)**, x > 0 X =0y =D
43. Use logarithmic differentiation to find Qiiidao 2o ol legUl JolE padliuwl
the derivative of f(x) = xI"*, x > 0 %> % f(x) = x™*
44. Use logarithmic differentiation to find Qiidao oY i egUl JOUE pudiiuwl
the derivative of f(x) = xV* x>0 x=0g filx)= xV*

i
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—
Find the derivatives of exponential functions 193 \
17 (1-14)
Al JIgudl Ooliidee dloe) 195

Differentiate each function. alo 5 Giidol

1. f{x) =x¢* 2. f(x) = e* cos4dx

A) (x? + 3)e” A) (x% +3)e*

B) (x3 + 3x%)e* B) (x3 + 3x%)e*

C) e?*(cos4x — 4sin4x) C) e?*(cos4x —4sindx)

D) e?*(2cos4x — 4sin4x) D) e?*(2cos4x — 4sin4x)
Ae@e@edeoeoedeodedeeodededeodeodeoeodededeey
3—F )=t 4 F(t)=N4Y

A) 1+2¢In2 A) 1+2¢In2

B) 2+ 2fInt B) 2+ 2fInt

C) 43 (1+tln4) C) 431 +tln4)

D) 43(1 + 3tIn4) D) 43(1 + 3tIn4)
LSS Le e e ool el el e deodeded
8. f(x)= 2+ 6. f(x)=(1/e)"

2
R
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Differentiate each function. alo 5 ol )
2 il
Te—=htx) =13} 8. h(x)=4""
A) 2x-47% .In4 A) 2x-47*" -In4
B) —2x-4%" -In4 B) —2x -4 .In4
C) —2x-37% -In3 C) —2x-3"-1n3
D) 2x-37*-In3 D) 2x-37* -In3

QeeeMememeieoeoieoeedede ool e e el

f(l/t) — euz—l—ém

A) (u+ 4)e¥’+1u

B) (2u — 4)e"*+4u
C) (2u+ 4)e¥+4u
D) (u? + 4)e¥’+4u

Aeedeodeodeoelleoeoeodelleoeoe@ede oo
4w
€
A) (4w;)e‘*w C) u;va) A) (4w:;)e“w ) (1;fvw)
p) LoD ) p) Qv p) G
MJ@&LJ@MJ@UJ@LLJ@LLJ@M]@LJ@L]@LJ@LJ\@[ﬂ@Lﬂ\@ﬂJ@‘Lﬂ@i@ D¢ ede

13. f(x) =1In2x

O A0 BN
t B

10. f(u) = 3e™

A) 3e** % sectu
B) 3 eseczu

C) e Reat?u
D) 3 e *In(tanu)

14. f(x) =In+/8x

1 1 5
C)g A);C C)g
)4— B) - )=

dhley | malill - pudie pdie JU
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i# Use implicit differentiation to find derivatives of inverse trigonometric functions (29-32) 204 \
AuuSall dliadl JIg) Oliides Sow) (Savall GELYI plisiu 206

———

1 - W T T
5 = for-1<x<1 e—cos K= , for-1<x<1
1—x2 dx V1 —=2x2 Vj
d -1 1 [lr 1 -1
—tan ' x = — cot =
dx 1+ x2 odxco * 142 )
l5%8&:‘1x= ] —, for|x|>1 @icsc1x: L oo S
l ‘ 2] Vx2 = 1 - Va2 =1

Find the derivative of the given function.
29. (a)f(x) = sin~'(x* + 1)

(b) f(x) = sin™" (/)

)

30. (a)f(x) = cos™'(x* +x)

(b) f(x) = cos™(2/x)

31. (a)f(x) = tan™" (/%)

1

E?%GE‘EI’ A) fx) = 2\/;(11+x2) B) ') =
& ’ _ 1 ] e 1
\E O F= 2Vx(1 +x) D)Flx) = (1+x)

(b) f(x) = tan™'(1/x)

1
1+ 2

=1
1+x2

A £ = B 0=
Of@=mm DW= Y
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=3

Find the derivative of the given function. Al angl

32. (@)f(x) =V2+tan'x (b) f(x) = etan'*

-1

; — 2 7 — etan™ - x
N F®=rEee A r@w=

r — 2x , etan_lx
B) ') = e B =i

£ - 1 et:m_l.v:
O Flx) = 2(1+22)y2+tan-1x O flx)=- Tz
D) f'(x)=(13—xz) L) f’(x):ﬁ

2
R
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I 2
Learn Rolle's Theorem and use it in applications 214
19 Examplel
CJW!@L@.:J:&L»@ Jay a:th.\P.@.S 216
Find a value of ¢ satisfying the conclusion of 1800 Jg 5 B 15 Giins Ul Eosd angl
Rolle’s Theoremfor f(x) =x3—3x24+2x+2 | f(x) =x3—3x2+2x +2
on the interval [0, 1]. [0,1] 8 a0
O ¢c=1+ ?
O c=1-2
3
O c=1+2
3
O =g

EITT I TC I TC I TC ST I T S IRCat O T S TE SO TC SR It S ITC I TC M TC S TC I TC STt H

Find a value of c satisfying the conclusion of :8ULA Jo 5 By 1 Giins Ul dosd angl
Rolle’s Theorem for f(x) =x%+1 f(x)=x%+1
on the interval [—2, 2]. [—2,2] 5zt 3
0 #p=—1
L =0
Q0 =1
LB =2
AR 190 o (D0 o 190 o L% 190 o 190 o2 190 o (0 o 190 o (0 o 190 o L0 o 190 o (D0 o L0 o (Do AP LD
Find a value of ¢ satisfying the conclusion of 18U Jg 5 B 15 Giins Ul Eosd angl
Rolle’s Theorem for f(x) = sinx Ttx) = sin%
on the interval [—m, 0]. [—m, 0] 8,5 8
O c¢= T
QO ==
O
O

i
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Learn the Mean Value Theorem and use it in applications 219
20 Example5

Oldda 3 \gadseiwlg dlaw gioll dasd)l &,k elad 221

EXAMPLE 10.5 Proving an Inequality for sin x

Prove that |sin a| < |a| for all a.

Solution First, note that f(x) = sinx is continuous and differentiable on any interval
and that for any q,

|sin a| = |sin a — sin 0],
since sin 0 = 0. From the Mean Value Theorem, we have that (for a # 0)
sina — sin ()
a—0

for some number ¢ between a and 0. Notice that if we multiply both sides of (10.6)
by a and take absolute values, we get

= f{g) Lcbs ) (10.6)

|sin a| = |sina —sin 0| = |cos c| |a = 0] = |cos ¢| |a]. (10.7)
But, |cos ¢| < 1, for all real numbers ¢ and so, from (10.6), we have

|sin a| = |cos c| |a| < (1) |a| = |a],

as desired.
sin X J auloe wbd) 10.5 Jle
|sin a| < |a| for all a ) el
A JS)g 3,58 ) le plasdU ablyy alaze f(X) = sinx ol das¥ Yyl Joud!
|sin a| = |sin a — sin 0]
(@ # 0 o5 13) @l aso dlawgae)) deall &l alasawl SN0 = 0 o Lo
(10.6) Sng=sind _ #65 = oose
a—0
35t dallall pall bisly @ b (10:6) 5 e, ol oy Led 131 a 255903 0 5 € 3aall
e Juaso
(10.7) [sin a| = |sin a — sin 0| = |cos c| |a = 0] = |cos | |a|
ol aso (10.6) alasaul 13) € aaasd) slac¥l JS) [cos o] <1 .55,
|sin a| = |cos | |a] < (1) |a| = |a|
wmgllasl) g4
g
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Find a value of c satisfying the conclusion of &, ¥ Bois Giins Ul dogd gl

Mean value Theorem for gV [RV) my&lwl
fxX)=x3—x*—x+1 fX)=x3—x*—x+1

on the interval [0, 2]. [0, 2] & 00 $ |

© O 0O |0
o
I
[
-
S|

Find a value of ¢ satisfying the conclusion of &y 4 Bous §ins Il Boud ol

the Mean Value Theorem for ;8 WWlwl
f(x) = x3 + x? flx)=x° 4+ x*

on the interval [0, 1]. [0,1] 8,280 9

S

w
+ w
N

o
+ |
3

o |0 |0 O

=
H w
3

i
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I
oo oo oo &
FRQ s aliw M)
a) Determine the continuity of a function at a given point. (39-41) 96

- Sllane Al dis A1 Juasl § Eaxd! i 98
b) Find limits at infinity and limits that are infinite. 106
AulgidUl e cibigil Blgll J) Jos @ obtgi sty | B337) | 08

a) Determine the continuity of a function at a given point. (39-41) 96

Sllane dhaits wis A5 Juad § ! : 98

39. Determine values of a and b that make
the given function continuous.

Ao slpgell QWL Joos U D g @ pud us

2sinx

ifx <0
N X
f) =14 if x =0

bcosx ifx >0

40. Determine values of a and b that make
the given function continuous.

Alasie slagell 8 J2os ;L b g @ o8 208

ae’ + 1 iT x¥< ()
Fx)= gw*% if0<x <2
e e—pbh {fxsd

i

Y
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41. Determine values of a and b that make
the given function continuous.

alaiin slanall L Joo5 LD g @ p48 dus

a(tan ' x +2) ifx <0
fx)y=12e"*+1 fo<x<3
In(x —2)+x? ifx >3

Determine values of a and b that make the
given function continuous.

Ao 3lagall 3L oo LD g @ psd 2us

2x*+3
f(x)=4 ax+b
—-6+vVx+1

i

, X< =2
, —2< X% 3

T X =3

Y

dhley | malill - pudie pdie JU

(9 +201008261312 - gl atl e ke /i |




51 [ EoT1:2025-2026 |

padio - pdic I - Sludlypl YSa

b) Find limits at infinity and limits that are infinite.

LI e Cblgly LI I J95 I Cblgdl sl 108

Y

106
(33-37)

33. Suppose that the size of the pupil of a
certain animalis given by f(x) (mm),
where x is the intensity of the light on

80x~ 03X + 60

the pupil. If f(x) = ——,

2x~03 +5

BBURIL 0D 2000 Gloxd o §i& a8 ol B 8K
o 5580 88U 90 X g5 ek« f£(x) (mm)

80x~93% + 60 . ..
S = — mm o o b

X

a) Find the size of the pupil with no light

596 389 Y Louis (a2l % pas u8gl (@

b) Find the size of the pupil with an infinite
amount of light.

5940 0 B3l uaf 3389 2o Qa8 sl (b

34. Suppose that the size of the pupil of a
certain animal is given by f(x) (mm),
where x is the intensity of the light on

—0.3x
the pupil. If f(x) = 22X+

8x—03 4+ 15

BBURIL 2D 2000 Gloxd o §i& a8 ol B 8K
s 9.8 B85 90 X g% W« £(x) (M)

80x~0-3X + 60 . .
fx) = —oa o o 8

c) Find the size of the pupil with no light

590 109 ¥ lowie o2l &2 pos asgl (€

d) Findthe size of the pupil with an infinite
amount of light.

594l o Bt Baas 3989 2o Aons sl (d

o
%EJE'.
\_E!
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35. Modify the function in exercise 33 to find a

function f such that lirg‘,q+ f(x) =8and
xX—

lim f(x) = 2.

X—00

Hm-—f(x) =29 lim f(x) =80
X—00 x—0t

—03x 4 60
f(x) 2x—0 3+5
36. Find a function of the form 03X 460 .o .
0x—%4 1+ 16 fx) = m Jﬁudlgsmla\.\ggl

2
fO) =—07
such that lim f(x) = 5and lim f(x) = 4
x-0% X—0

lim f(x) =4y
X—00

lim f(x) =5 g9 dun
x—0t

36. Suppose that the velocity of a skydiver ¢
seconds after jumping is given by
2 1_e-2tV32k
v(t) = _\/: 1+e-2tV32k
Find the limiting velocity with kK = 0.00064
and k = 0.00128. By what factor does a

skydiver have to change the value of k to cut
the limiting velocity in half?

3900 a2 B3 t a2y joll ;080 oW B yun ol D 10
32 1—e—2tV32k

wol (L) = J: 1+:_2tﬁ BSUL s

4 =0.00128 gk = 0.00064 8¢ yu0 o8

k Bosd s o 98N ol o cogh Jole gl
el | B pu 08l 200

Y
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Apply the Product Rule on derivatives 169 \
22 (25-30)
Olindell e O pall 5asB e Adle olighs 171
25. Suppose that for some toy, the quantity sold xie eull glgil sl o Q (1) Gl duasi gl 48 e
e oy, | #2849 it 2l s, o
= —VUu. . I I =, . 8 ) 5 o
Suppose also that the price increases at a rate of 0258 Q'(8) 0.04Q(t) d8Ua | po 5% N3 ui

3%; write out a similar equation for P'(t) in terms P'(t) ) 8o 80520 51 3% Jagioy ol jo y2ul ol Ll
of P(t). The revenue for the toy is R(t) = Q()P(t). | lorR(t) = Q()P(t) 69w Saall ol pl P (T) &Udw

Show that the revenue decreases at a rate of 1%. "&45\9" Lo oi &2 cawll 2)‘;-,\9 1% Jaes padiss o 9t
Explain why this is “obvious.” N

26. As in exercise 25, suppose that the 02885 el Buas ol 6,38l 25 el L8 Lo
quantity sold decreases at a rate of 4%. Blaol 0y ;2 3065 e G Jaall Lod 4% Jagos
By what rate must the price be increased WG ol Lo
to keep the revenue constant?

R=PQ
R'=PQ " +P'Q
Revenue will be constant when the derivative is 0.
Substituting, Q' = —0.04Q and, P’ = aP into the expression for R’ gives,
R' = —0.04QP + aQP
R" = (—-0.04 + a)QP
When R is constant, then R’ = 0 therefore
—0044+a=0
a = 0.04
so price mustincrease by 0.04 or 4%.

E%EI‘_
\_[E
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27. Suppose the price of an object is $20 and
20,000 units are sold. If the price increases at
a rate of $1.25 per year and the quantity sold
increases at a rate of 2000 per year, at what
rate will revenue increase?

8y 989 d2il) AED 20 gludl gus 2w Gl Ub,xb\\
AED 1.25 Jages oo js y2ull o' 1318 .a2ks 20,000
2000 Juge; Aol duasl olojig aslgh lall 9

9oL 00 jawn Jao Lo wslgll ol 9 dehd

28. Suppose the price of an object is $14 and
12,000 units are sold. The company wants to
increase the quantity sold by 1200 units per
year, while increasing the revenue by $20,000
per year. At what rate would the price have to
be increased to reach these goals?

&9 98 ailg AED 14 dehill jouw ol yo,56
Al BuesIl 8oL &Y il 2y 55 La=hd 12,000
i ol 824 g0 plall 6 als 1200 jlaiies
on Gl Jasoll Lod . sl SAED 20,000

Soda g2 S 0y sl 830

i
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29. A baseball with mass 0.15 kg and speed 45 m/s
is struck by a baseball bat of mass m kg and
speed 40 m/s (in the opposite direction of the
ball’s motion). After the collision, the ball has

M/S 45 (5 yusg 0.15 Kg Walis Jomus 8,5 ¢y

0E2) 40 M/ 8 yung T KG QLS Joamss ¢ s
88 pull 8l ool a2 (3,01 &5 8 olail

82.5m — 6.75
m/s.

m + 0.15
a) Show that u’'(m) > 0 and interpret this in

baseball terms.

initial speed u(m) =

82.5m — 6.75 e
——m/s 5,50 asluudl
m+0.15 wlaid

u(m) =
cloloe §9 s yudy u'(m) >0 ¢l ooy

«Jouudl B0,

Where the numerator and denominator are
positive then u’'(m) > 0. It seems to be saying that
initial ball speed is an increasing function of the
mass of the bat.

g (M) > 0 6 cgo pliially co90 busdl ol s
B Bagl jio AU 2 8,1 Bugll B uadl o I pacy il
¢yl

b) Compare u'(1) and u'(1.2).

u(1.2)9 w'(1) o)

which suggests that the rate at which this speed is
increasing is decreasing.

P 9 JBTBe yuull 0 83L; Jao ob N saids loo

AL D0 L0 A D0 AP (D040 52 (D0 A LD0 oD (D0 oI D0 oD (D0 o) L D0 o 10 0P (D0 o D0 oD (D0 o (Do oD Do

and speed 40 m/s, the ball’s initial speed is

u(M) — 86.625 — 45M
M + 1.05
interpret its sign (positive or negative) in

baseball terms.

30. In exercise 29, if the baseball has mass M kg
at speed 45 m/s and the bat has mass 1.05 kg

m/s. Compute u'(M) and

M Kg Josmadl 8,5 AL cus’ (3] 29 g0l S
1.05 Kg ¢ pioll AL cols’ 3lg 45 M/S (gie juwg

8,50 aslanll el colfy 40 M/s aie ywy
86.625 — 45M

J.wgg u'(M) c..ms.l u(M) = W m/s
asl, cladhao §9 (e of dusge) osli
Joauwadl

This guantity is negative. In baseball terms,
as the mass of the baseball increases, the
initial velocity decreases.

i

Wls” (Josal Clathuas 9 Bl Guefl oin
8ol Be puall Ciddiil cJguundl 3,8 ALY ol
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Suppose that the current price is AED 2.40 and  gu ig AED 2.40 ¢» Jll jo.ll o uosS Sle
12,000 items are sold at that price. Ifthe price  ju0q, alo 3 y2ull ;I 131 . ;20 lig 82k 12,000
is increasing at the rate of 10 dirhams per year 920 el Buafl Jitig salg sl L6 Sluld 10

and the quantity sold decreases at the rate of . T
w20 ¢l walgh olat o deks 1500
1500 items per year, at what rate is the 8 Jaso S SA T

i Selat Ml
revenue changing? clal

o
R
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23

Solve real-life problems using derivatives of exponential and logarithmic functions 194

~

il Uy des¥l Jlgll oliidue plaeiul Adlod! YA Jo 196

(25-30)

25. Find an equation of the tangent line to
7 X)= 3¢ at x =1

F(x) = 3e*” @t siasell ool &oles asgl
x=1wue

26. Find an equation of the tangent line to
Fl)= 3 at x =1

F(x) = 3% &l Jisiol) ,loolt &ol2e sl
x=1xe

27. Find an equation of the tangent line to
Fla)=x"Nly at x =1

AL isuel) - looll Jalee sagl
& =1 e POl —g%lny

28. Find an equation of the tangent line to
flix)=2hx st x=1

A sl -loall 8Jalee w9l
g =1 gie fle)=2Inx®

dhley | malill - pudie pdie JU
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29.

(a) Find all values of x for which the
tangent lineto f(x) = xe ¥ is
horizontal.

0kol) y-loall e 9% LI X b ga00 sagl
Lasl f(x) = xe 2%

29,

(b) Find all values of x for which the
tangent line to f(x) = xe 3*is
horizontal.

ool -looll Baie 90 X b gaes asol
Wl () =xe

30.

(a) Find all values of x for which the
tangent lineto f(x) = x%e s
horizontal.

0ol y-looll Baie ;3% X pub gans asgl
Lasl f(x) = x%2e™2*

30.

(b) Find all values of x for which the
tangent lineto f(x) = x%2e™3%is
horizontal.

0ol y-loall e 90 X o guos sagl
Lasl f(x) = x2e™3x

dhley | malill - pudie pdie JU
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— )
Find derivatives implicitly. 199
24 Example 4
sl OBYal Oliiiwll sl 201
EXAMPLE 8.4 Finding a Second Derivative Implicitly
Find y”’ (x) implicitly for y? + 2¢™* = 6. Then find the value of y”’ at the point (0, 2).
Solution We begin by differentiating both sides of the equation with respect to x.
We have
d, o g d
— 2e7Y) = —(6).
dx(y +2¢7) dx( )
By the chain rule and the product rule, we have
2yy’ (x) + 2™ [—y — xy/ (x)] = 0. (8.3)
Notice that we don’t need to solve this for i’ (x). Dividing out the common factor of
2 and differentiating again, we get
Y @Y @) + vy () — eV [=y —xy' Wly + xy' ()]
—e Yy (x) + v (x) + x (x)] = 0.
Grouping all the terms involving i’/ (x) on one side of the equation gives us
yy" (@) = xe”y" () = ~[y @)1 = ey + 2y 0P + 27y (v).
Factoring out the y" (x) on the left, we get
(y —xe™)y" (x) = =[y' @ — e[y + xy' ®)]* + 2e7y (%),
W 2 _ o—xy ! 2 =X 1,/
sothat /() = Wy @I — ey +xy I +2e 5y () (8.4)
y—xe ¥
Notice that (8.4) gives us a (rather messy) formula for " (x) in terms of x, y and
' (x). If we need to have y” (x) in terms of x and y only, we can solve (8.3) for
' (x) and substitute into (8.4). However, we don’t need to do this to find i (0).
Instead, first substitute x = 0 and y = 2 into (8.3) to get
4/ (0) + 2(-2) = 0,
from which we conclude that ' (0) = 1. Then substitute x = 0,y = 2 and /(0) = 1
into (8.4) to get
T =2 +2 3
1
0) = =—=.
y(0) 5 5
[e132 [o] (OF»10]
\_[ O
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Find the second derivative y"'(x). y"(x) 8l adiial aogl A
23. X*y* +3x—4y =5

Find the second derivative y"'(x). Yy (x) St addhall asgl
24, X3+ 23 =4
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Find the second derivative y"'(x). y"(x) 8l adiial aogl A
25. y¥* =x> —6x+4cosy

2
R
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I
Use implicit differentiation to find derivatives of inverse trigonometric functions 204 \
25 (29-32)
daaSal) dilial Jlgudl Coliitin Soma (Gavial] BELEY plutseiu! 206

Find the derivative of the given function. 3lagoll B Bk sogl
29. (a)f(x) =sin"' (¥ +1) (b) f(x) = sin~" (1/x)
30. (a)f(x) = cos™'(x* + x) (b) f(x) = cos™}(2/x)
31. (a)f(x) = tan‘](\/,;) (b) f(x) = tan™"(1/x)

2
R
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I \

32. @f(x)=vV2+ tan“1; (b) f(x) = ptan~! x

2
R
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I \

Understand the Mean Value Theorem and use it in applications. 219
(30-40)

Soliadan)! § \goldsiuy A giall dosdll dyla o Oyl 221
30.1f f'(x) < Oforallx, provethat f(x)isa f(x) ledlox a0 f'(x) < 0 gurisl
decreasing function: thatis, ifa < b, owa < b Ol!tagasiciw:wwoaj\agm

then f(a) > f(b). f(a) > f(b)

26

Leta < b. f isdifferentiable on (a, b) and continuous on [a, b], since itis
differentiable foe all x. This means that

fb)-fla)
Yy /1 (©

Foe some ¢ € (a, b) . therefore f(b) — f(a) = (b — a)f'(c) is negative, and
f(a) > f(b).

002 (90 o2 (D000 (D0 o2 D0 D0 oGP (D000 (D0 o (00l (D0 02 40 0P (D002 (D0 o2 D000 (D0 o2 (D0al (Do (Do

Determine whether the function is increasing, decreasing or neither.
N3 e ol BpBlio pl Busl o BN €515 15 Lo oan

31 f(x) =x +5x+1 32. flx) =x +3x -1

i
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I
Determine whether the function is increasing, decreasing or neither. )
N3 e ol Buadlio ol Bl jio B sl 15 Lo o0

33. f(x) =—x>—3x+1 34. f(x) =x*+2x* +1
35. f(x) = ¢ 36. f(x) =e™
37. f(x) =Inx 38. f(x) = Inx?

oPwAD OHHO
%‘é% 126
\_El O
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39. Suppose that s(t) gives the position of L ool 8o pust @890 2005 S(T) oA odsd e
an object attime t. If s is differentiable i [a, b &N o §Eil aLi s sl (5l
on theinterval [a, b], prove that atsome ¢t = ¢ th&g;“j\ogﬁ( t = ¢ e ol
time t = c, the instantaneous velpmty ot = a0 Bawginll Egaioll 88 sl Bxglue
att = c equals the average velocity t=b
betweentimest = aandt = b.

The average velocity on [a, b] is % :
3 ! S(b) _S(a)
By the Mean Value Theorem, there exists a ¢ € (a, b) suchthats’(c) = =

Thus, the instantaneous velocity at t = c¢ is equal to the average velocity
betweentimest =aandt = b.

40. Two runners start arace attime 0. At G 08,538 1930 4259 « 0 oIl 48 Bluww ohslos Loy
some timet = a, one runner has pulled 85 N Giluioll g Gl s'l'm,.»as‘t ers
ahead, but the other runner has taken sig ol il st = b o 9500 Gl 8l Qi
the lead by time t = b. Prove that at 8 3l by i Gt = € > 0 ol
sometimet = ¢ > 0, the runners were DBl ponds
going exactly the same speed.

Let f(t) be the distance the first runner has gone after time t and let g(t) be the distance the
second runner has gone after time t. The functions f(t) and g(t) will be continuous and
differentiable. Let h(t) = f(t) — g(t).

Att =0, f(0) =0andg(0) =0soh(0) =0.

Att =a, f(a) > g(a) so h(a) > 0. Similarly, att = b, f(b) < g(b) so h(b) < 0.

Thus, by the Intermediate Value Theorem, thereistime t = t;, for t, € (a, b) where h(t;) = 0.
Rolle’s Theorem then says that there is time t = ¢ where ¢ € (0, t,) such that h'(c) = 0. But
h'(8) = f'(t) — g'(t), soh'(c) = f'(c) — g'(c) = Oimplies that f'(c) = g'(c),

attime t = ¢ the runners are going exactly the same speed.

2
R
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