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Derivative Rules SEisY) ac ) 2
Basic Derivatives Rules Exponential Functions
d
. d _— i = X
Constant Rule: E(C)=U dx € ) €
d a a’ ) =a’lna
Constani Multiple Rule: E[cf{x:}] =cf '(x) dx
d
2 (egtx)y= Eg{x}g ":I:]
Power Rule: %(x”)=nx”'l dx ( )
i(gg{x})z In(a)a gix) g '(x)
g dx
Sum Rule: E[f(x)_ g(x)] = fx)+ g'(x)
Difference Rule: di[f(x)_g(x)] - 200 Logarithmic Functions
.
{;i(lnx)=— x > 0
Product Rule: %[}‘(ﬂg(}dh flx)g'(x)+ g(x) f'(x) ; : (x)
X
e =222
Quotient Rule: i{f(x)} £(0) £1(0) = F (g ') : &L
dx | g(x) [z i(log r)= 1 ‘> 0
dx ? xIn a
Chain Rule: £ 7(g(0) = £ (e(:De) 4 (log, g(x)) = &)
dx ? g(x)lna
Trigonometric Functions Inverse Trigonometric Functions
d ;. _ 1
E(gin_}:):c@g_{ E(Siﬂ 1_‘»{.')= l_xl x= Tl
d . d -1 -1
—(cosx)=—sin x —|\cos™ x )= x =+l
d.’f ( ) ,Qr_‘.c( ) l_xl
i d . 1
_ = = — 10t =
T (tan x) = sec” x dx( an x) .
d _ -1
%(cscx}=—cscx cot x E(“’t lx)=1+x;
d 1
d —(sectx)= ———u x= 1.0
E(sccx}=sccxtanx a’x( ) xm
d 1 -1
5 —lcsec x| —m——.x % ilD
E(cut_¥)=—csc X C_.rx( ) oafe? -1
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4-3 Maximum and Minimum Values

Definition 3.1

g ally aliad) a8l 4.3

3.1

For a function f defined onasetS of real

numbers and a number c € S,

(i) f(c) Is the absolute maximum of f on S,
if f(c) = f(x) forallx€eSs.

(ii) f(c) Is the absolute minimumof f on §,
if f(c)<f(x) forallx€ESs.

An absolute maximum or an absolute minimum

is referred to an absolute extremum.

(the plural form of extremum is extrema.)

JeY) (e § Ao sana 848 ) £ A ) Al
CE S, sl A adal)

S f A Al palinl) Lol (A £(c) (D)
XES.Hf(c) = f(x) wls

S [Nk il Ll A f(c) (id)
Xx€ES.Hf(c) < f(x) wis )y

el by Aallaal) o juall of ABlaal) calind) 4ol

, Adlkal) (5 guall) dajilly

(sl al) A (5 guall) Aol paal) disa g)

y
A
Absolute

maximum

(b ol

J() +

v

Has no
absolute

minimum

Atha 5 hua 2 p Y

Theorem 3.1

A continuous function f defined on a closed,
bounded interval [a, b] attains both an absolute
maximum and an absolute minimum on that interval

Adlha Bs 2an¥ v
S

Has no

absolute
maximum

J ()
Al o jiua Absolute

minimum

3.1 4k

dad 533 [@, b]Add) 3yl e f alatal) A
5 8 Aallan 5 jhan Dy Aillaa oalie
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a) Locate any absolute extrema of Alall dallae (5 gund a5 (JSa 201 (@)
f(x) = x% — 9 on interval (—oo, o) (—00,00) 5yl b f(x) = x2—9

y
s

—
3 -

¥ = x> —9 on (—oo, o)
b) Locate any absolute extrema of Alall dallas (g gund w @) g 231 (b)
f(x) = x* -9 oninterval (—3,3) (—3,3) 54l & f(x) =x*—9
Y
'Y
-3 3
b bt —p2

y=x*-9on(-3,3)

c) Locate any absolute extrema of lall dallas (5 gual A 51 (1S 208 (€)
f(x) = x?> — 9 on interval [—3,3] [—3,3] sl & f(x) =x2—9
Yy
L
-3 3
I+ >

y=x*=9o0n[-3, 3]
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Use the graph to locate the absolute extrema of A1l dallae 5 gend e (gl S 20a

2
I ==ty
a)on interval (—o0,1) U (1, ) v
A
10
H e
b) on interval (—1,1) o1
4 4+
2—.-
c)on interval (0, 1) —+— 4 e
d) on interval [—-2, —1]
1.
a. Locate any absolute extrema of f(x) = —~on interval [—3,0) U (0, 3]
1.
b. Locate any absolute extrema of f(x) = ~ oninterval [1,3]
a . v [-3,0) U (0,3]
: on interval [1,3] t
1+ I
—:Ii -
I e
1] T :ri "0 i
y=1/xon[l,3] y=1/x
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Definition 3.2 3.2 @
(i) f(c)isalocal maximum of f if f(c) = f(x) CulS 1Y) F Al dalaa alie dad A f(0) (D)
for all x in some open interval containing c . L€ Slesinidaguas i Ay Jd f(e) = f(x)

il 13) F Al Llaa 5 s dadd A f(0) (i)

(i) f(c)isalocal minimumof f if f(c) < f(x) -
LCoSle einiAagiaas i oy JS f(c) < f(x)

for all x in some open interval containing c.

4 Local maximum " " -
[f'(d) is undefined] -
ilas e dad  Local maximum

[f'(b) = 0]

dglaa 5 fua 4ad  [ocal minimum

[f'(a) = 0]
Local minimum . e .
[ /'(¢) is undefined] Al s e da
Local Extremum are: dalaal) (5 puall) ol

Local Minimum ( 4dss s <) f(a) Horizontal Tangent (A4 es) atx =a, f'(a) =0
Local Minimum (4das s 4<) f(C) f'(c) is undefined 545334 £
Local Maximum ( 4dss <kic) f (b) Horizontal Tangent (.-/ cwas)at x = b, f'(b) = 0
Local Maximum( 4daa <bic) f(d) f'(d) is undefined 543359 £
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Locate any local extrema of and describe the Cn s AlIall dillas (5 gund dadh (5] (IS0 2aa
behavior of the derivative at the local extremum. sl (5 gramil) il tie Aaiial) & gl

f(x) =9 — x?

-10 +

y = 9 — x* and the tangent line
atx=20

Locate any local extrema of and describe the bm y Al Aillas 5 gomd daid (ol (S0 20a

behavior of the derivative at the local extremum. Adaall (5 sl dagdll die dsiial) o ol
f(x) = |x|

Ili!i

A

3+
A ————— 1

2
y=|x
(® Contact us at: +971 55 857 0980 Page | 6
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659590 e [ ()Ml &dsiino VeSH il WYL

quw 5;, ’}‘ﬁ"' f(a) ) s-- a

) y 5y (1
4 —_—
) Lyl Bz oa o) Bgr o0 S
i (onglein g (peladll
“ flx)=|x| :Ju
1
X
> ) ¢ f0) cx=0 ws Syun
3 2 1 1 2 3 RS sOER
-1
r 3 -
y W (@)
N B ladl b b g G S0 ST S8y
3 )
Gl o — 00 ¢ il ol 0 00 o o i
R Pad )
™~ “ ~ (A0
1 flx)=x" : Ju
X
3 2 1 1 2 3
1 By g f10) cX=0 ws Uiy
F 3 P .
¥ Syl (3)
2 ’—__,_F —Q0 jfm ol o a5 ekl bt | ee o
-~
1 (o= oo 8 o
N flx)=3x :gu
654321 5 45
" e B3 g0 & f’(o) (X =0 e oy o2 ey
r 3
3 sl s (4
. R By B e N 05T
1@ - (82 5
X f*l L, x <0 »
s543p1 2345 ¢ f(XJfLI eso
B &
-2 g e f1(0) X =0 20 Joopie iy
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Definition 3.3

3.2

A number ¢ in the domain of a function f is called a
critical number of f if f'(c) = 0 or f'(c) is undefined

il 1Y) F Il e ff'""““‘"‘*‘*’éc‘ 2axll e
LA 8 fi(0) S f(0)=0

Theorem 3.2 (Femat’s Theorem)

(o 4y l0) 3.2 ks

Suppose f(c) is alocal extremum (local maximum or
local minimum). Then ¢ must a critical number of f.

Find the critical numbers and local extrema
(—5,f(—5))

L

s ebie ) Al (5 gl Al Jiay f() O pad Sle
FAbanhe e 0ol e 1Y) (Adsa 5 _pa —

Llaal) (5 puail) addll g 4 all alacY) aa

4-.._
3-.._

1-..-

< t t t t t t
=8 =T =6 =5 —4 —8S—2

(_3’ f(_3)) B

il f(z)
— -
5
—6+
- N
(4, 1(4))

8-
~
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Find the critical numbers and local extrema for the function f(x) Al Adsal) 5 guadl) asdll g daall daey aa

I Ty

- f) )

i

Find the critical numbers and local extrema for the function f(x) Al Adaall 5 guallf asdll g da all alasy) aa

SRR
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Find the absolute extrema of the function A)all dallaal) 5 guall) addll 23 f
f(x) = x3 —12x + 10 on the interval [0, 3] [0,3] 55l & f(x) = a3 —12x+ 10

a) f(0)=0,f3)=1

b) f(0) =10 ,f(2)=-6

¢ f(2)=-6,f3)=1

d) f(0)=10,f3)=1,f(2)=-6

Find the absolute extrema of the function A)all dallaal) 5 guall) addll 23 f
f)=x>-3x+1 ,[0,2] f)=x3-3x+1 ,[0,2]

a) f(l) =-1 min,f(Z) = 3 max
b) f(l) =-1 max,f(Z) = 3min
€) f(-1) = 1min, f (-2) = 3max

d) f(0) = 1min, f (2) = 3max

(® Contact us at: +971 Page | 10
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Find the absolute extrema of the function A)all dallaal) 5 guall) addll 23 f
f(x)=x*-8x*+2 ,[-3,3] f(x)=x*—8x2+2 ,[-3,3]

a) f(-3)=11,f(3) =11
b) f(=3)=11,f(2) = -6
¢) f(=2)=-14 ,f(3) =11
d) f(0)=2,f3)=11

Q12

Find the absolute extrema of the function A)all dalaal) o guall) addll 23 f
f(x) =x?e™** |[0,4] f(x) =x%e™** [0,4]

a) f(0)=-1,f(2) =4e™®

—1\ e?
b fO=-1, f(5)=7
¢) f(0)=0,f(4) =16e 10
1 -2
) f@=0, f(3)=7
(® Contact us at: +971 Page | 11
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Find the absolute extrema of the function A)all dallaal) 5 guall) addll 23 f
2 3x2
f(x)=x_3 [—2,2] f(x)—x_3 ,[—2,2]

@) f(2)=-12 ,£(0) =0
b) f(-2)=-2.4,f(0) =0
0 f(1)=-3,f(2) =12
d) £(0)=0,f(2) =12

Q14

Find the absolute extrema of the function A)all dalaal) o guall) addl) 23 f
f(x) =tan"1(x?*) ,[-3,4] f(x) =tan1(x?) ,[-3,4]

a) f(-3)=1.46 ,f(4) =1.51

b) f(0)=0,f(-3)=1.46

T

&) f(0)=0,f(1) =7

d) f(0)=0,f(4)=1.51

(® Contact us at: +971 Page | 12
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Q15 Find all critical numbers: f(x)=x*—3x3+2 s daall AaeY) an gl
a) x=0, X =—
b) x=0
9
c) x= 1

d) x=0,x=1—\/§,x=1+\/§

m Find all critical numbers: f(x) = x4 + 6x2 — 2 s daal) Aael) aa gl
a) x=0, x=-12

b) x=0

c) x=12,-12

d) x=0,x=\/§,x=—\/§

Q17 Find all critical numbers: 3 1 - daall ey aa gl
f(x) = x4 —4x4 PAasal e a s
0 16
a) x=0, X =—
) 9
b) x=0
0 4
) x=0, X ==
) 3
d 0 4
X = , X =—
) 3
(® Contact us at: +971 55 857 0980 Page | 13
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m Find all critical numbers: Flx) = x% B st% s da al) el sl
a) x=-2

b) x=0

c) x=2

d x=-2x=2,x=0

- mgw . 4_ 1 _2 . - £ .
m Find all critical numbers: F(x) = 23 + 423 + 4x5 s da el sl aa gl
a) x=-2
b) x=1

c)x=-2,x=1

d x=-2x=1,x=0

(® Contact us at: +971 55 857 0980 Page | 14
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Q20 Find all critical numbers: f(x) = 2xVx + 1 s da all Ay aa gl
a) x=0, X = 3

b) x=-1

o)x=-1x=——

d =1 —2
) x= ,Jnc—3

. o 2 " . .
Q21 Find all critical numbers: X" —x+4 s da el sl aa gl

. o x . .

Q22 Find all critical numbers: f(x) = —— s daall sl sl
vxz +1

a) x=0, x=1

b) x=0

ox=-1,x=1

d) no critical numbers 4 )~ Ll a5 Y

(® Contact us at: +971 55 857 0980 Page | 15
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Q23 Find all critical numbers:
a) x=0,x=2,x=3

by x=0,x=3

c)x=2,x=3

d x=0x=-2,x=-3

Q24 Find all critical numbers:
T 3T
a) x=—,x=—
4 4
b) x =—
T 3T 5w 7t
) x=—,x=—,x=—,Xx=—
4 4 4 4
T
d x=0x=—
4

f(x) = V23 — 3x2 s da al) dael aa gl

f(x) =sinx cosx

, [0,21] ¢ ds o) slaed) aa gl

(B Contact us at: +971 55 857 0980
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WWW Learn more at: https://www.manasra.academy
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Find all critical numbers: f(x) = V3sinx+cosx ,[0,2m] : dasal s 2

T 4
a) x=—,x=—
3 3
b) x =—
T 2 4n 5w
C)x=_1x=_1x=_;x=_
3 3 3 3
d) 4
X =—
3
2 _ - . "
Find all critical numbers: f(x)=x 2 s daall dasy) aa gl
x+ 2
a) x=2++2
b) x=2-+2
) x=2-2,x=2++2
d) x=-2,x=2
(® Contact us at: +971 55 857 0980 Page | 17
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Find all critical numbers: f(x) =|x*—1] t A el daeY) aa gl
a) x=-1,x=0
by x=-1,x=1
c)x=0,x=1
d x=-1,x=0,x=1
Find all critical numbers: f(x)=x e %* s da all ey aa
1
a) x= >
b) x=0 g
) x=0,x= >
c) x=
d _ 1 1
) x= 5 X=3
. oy . eX+e* y . .
Q29 Find all critical numbers: f(x) = s dajall dasy) aa gl
2
1
a) x= >
b) x=0 &2
) x = ,x—2
c) x=3
d) x=0
Page | 18
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Find all critical numbers: f(x):{x2+2x_1 , X <0 zdn Al el gl
x2—4x+3 ,x>0

a) x=-1,x=2

b) x=-1,x=0

c)x=0,x=2

d x=-1,x=0,x=2

Find all critical numbers: f(x) = x* —3x + 1 on interval [—1,3] : 43 _all dae¥) aa

sinx ,—n< x<m

+ daal) dlae ¥ aa g
tanx , |x|=>® Paaal a2

Find all critical numbers: f(x) = {
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Q33
Sketch a graph of a function f(x) such that the Laiill ()5S3 Cumy () AN Ll SLiad s )
absolute maximum of f(x)on the interval 3 sl [-2, 2] 5l (& F(x) J dallaal) elaal)
[-2, 2] equals 3 and the absolute minimum does 335 0 e Adlhaall (g jaaall dadll oSS
not exist.
- y
4__
3__
2__
1__
55 I S T S
D3
24
31
_4__
Q34
Sketch a graph of a continuous function f(x) such OS5 Gy fi(x)  Aduaiia 1A Ly DL )
that the absolute maximum of f(x)on the interval & (-2,2) 358l (3 f(x) J 4allaall alaal) 4ol
(-2,2 ) does not exist and the absolute minimum 2 (sl dalhaall (5 puall Aadll S5y B3 ga 5a
equals 2
- y
4__
3__
2__
1__
/R I S S S
=11
24
31
_4__
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Q35
Sketch a graph of a continuous function f(x) such OS5 Cuny f(x)  Aduaia A Liby Sl a )
that the absolute maximum of f(x)on the interval (-2,2) sl 3 f(x) 4 ddladd) alaal) 4l

(-2 ,2 ) equals 4 and the absolute minimum equals 2 .2 @sted dalkaall (5 jrall Aadll 555 4 (5 s

A 4

Q36

Sketch a graph of a function f such that the absolute 4 255 ¥ Sy f((x) Al Ll S o)
maximum of f(x) on the interval (-2,2) does not Vol (-2,2) sl B f(x) 4 ddllae adae

exist and the absolute minimum does not exist. . Adla 5 s dad 2a g

ty
nl
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Q37

In this exercise, we will explore the family of Jlgal) Alile CAdSia i gan, Cpall) 120 A
functions f(x) = x> + cx + 1, where cis 2 L, Wl 0 058 e f () = XBt+ex+1
constant. How many and what types of local ¢ Lgel sl Layg 339 gall ddaall (5 guall) ail

extrema are there? (Your answer will depend on
the value of c.) Assuming that this family is
indicative of all cubic functions, list all types of
cubic functions
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Q38

Suppose a painting hangs on a wall as in the figure. The
frame extends from 6 ft to 8 ft above the floor. A person
whose eyes are 5 ft above the ground stands x feet from
the wall and views the painting with a viewing angle A
formed by the ray from the person’s eye to the top of
the frame and the ray from the person’s eye to the
bottom of the bottom of the frame. Find the value of x
that maximizes the viewing angle A. What changes if the
person’s eyes are 6 feet above the ground?

IRl e g LS i e a gl Gila of b e
add G )Y (35 a8 8 L aladl 6 sk LY iay
On all x e ol 5 laiay i V) e olie adi 8

O il Al A4 Ay, 455 Aaslll )l Lailal)
gladlly Uyl Sl Il adall 13a cpe e bl gladll
Aad aa gl L LY e ddass Jaud ) geddll cpe e iball
Cre g OIS i 1le, 4 4500 Aol ) e 25 AV x

8in 3

6in 2
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4-4 Increasing and Decreasing Functions

duabdlital) g 34 Jiall J) gal) 4-4

DEFINITION 4.1

4.1

A function f is increasing on interval I if for every
xl‘xZ € I with xl, < X2 , f(xl,) < f(xZ).

A function f is decreasing on interval I if for every
xl'xz € I with x1, < X2 , f(xl,) > f(xz).

dyxp €1 IS S 1) T s il b dailiia Al £ (S

2y xp €1 S lS 1Y) I syl sy e ddla f Oy S

() < fa) xg, <xp. Ledie

duadliia

Decreasing
24

THEOREM 4.1

Suppose that fis differentiable on interval I
(i) If f'(x) > 0 forall x € I then f is increasingon I

(i) If f'(x) < 0 forall x € Ithen f is decreasing on/

Increasing

4.1 4k

[ increasing

-

(tangent lines have A
positive slope) \
°A§‘J“ Y < \

/\ f(x)
/ » X
\ /
N\ 7 \
— g

[~ fdecreasing —~

. e, (tangent lines have
negative slope)

S G GEISIALG £ ol a b e

Bu e oS f bxel a8 S () >0 S (i)

N
OsSEf O xer a8 AN <o S ) i)
I & it
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Use the graph of f(x) to find the interval(s) a1 < 8 slagy F ) 3 A ama ) prii
were the function is increasing,

a) (—1,1)
b) (—o0,—1) U (1,%)

N b OO ®

C) (0,1) e e ] i . ' X
d) (—o,—-1)

Use the graph of f(x) to find the interval(s) OaBLEl &) 38 Ay f(x) 3 A amoll aadiad
were the function is decreasing,

| | | 1
K O AN

y

a) (—1,1)

N B O

b) (=,-1)U(1,0)
c) (0,1)
d) (—o,-1)

Use the graph of f(x) to find the interval(s)
were the function is increasing,

a) (1,3)
b) (1,)

-X

| | | |
X O A~ N

LA ) 38 Ay f(x) S Al amll aadid

p
A

= N W bd

c) (4,)

- 0 4 4 . 4 e §
-1 \1/2 3 4 5 6
-1

d) (1,3)U (4,x)
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Use the graph of f(x) to find critical numbers da jal) e Ay F(x) 3 (Shad) amll asiia)
a)x=05,x=2

b) x=1,x=3,x=4
oOox=-1,x=1,x=0.8
d)x=-1,x=3

Use the graph of f(x) to find critical numbers da_jadl e Y Ay F(x) 2 (S pul) paiiad

a)x=1,x=2.9,x=4
b) x=0,x=1,x=4
Ox=0,x=1,x=3

dx=1,x=4

Find the absolute extrema of the graph f(x) F(x) 3 Al i) g Alhaal) (5 gudiil) wil) 23
y

a) 0 is absolute minimum (3ilks s _a 448),16 is absolute maximum 3ilhas obac 3a3) 20

16

b) — 10 is absolute minimum (3&lax s ya 308),16 is absolute maximum 3ilhas e 3x =z

¢) — 10 is absolute minimum (3&las s yoa 4ad), 12 is absolute maximum 3ilhas abac 3s .
4

X

-4 -3 210 1 2 4
-4
-

~12

d)0 is absolute minimum (3ilkas s jia 408),2 js absolute maximum iillas obac 3a3)

“161
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THEOREM 4.2 (First Derivative Test)

(A dicial) JLsdl) 4.2 4, k1)

Suppose that f is continuous on interval [a,b] and c €
(a, b) is a critical number

(i) If f'(x) > 0 forall x € (a,c)and f'(x) < Oforall x €
(c,b), then f(c) is a local maximum.

(i) If f'(x) < 0 forall x € (a,c)and f'(x) > O0forall x €
(c,b), then f(c) is a local minimum.

(iii)If £'(x) has the samesign a,c) and (¢, b), then f(c) is
not a local extremum.

ce(a,b)s. [a,b] 35l b Al f o) g e

Toa e A

xEXF(x)<0 s5x€(a,c) N f(x) >0 <uls (i)
- ol dad 2 f(€) A (¢, b)

x€Xf(x)>0 sxe(a,c) I fF(x) <0l i)
. e dad (a f(c) B (c,b)

 (a,0) O (A Ll 3 LAY el (o) S (i)
Addaa (5 peal Aad Sl () G (c, D)

0= Akl 4ddse e Local max
f'=0

0=Anldl. spaaf Y No extreme

Mlha‘;)m
Absolute min

First Derivative Test for Local Extrema

Aadaal) (5 gaadl) adall 3o ddidial) LA

0= Axial Alas (5 yua

Absolute max

52 Arinall. dsllag dad
£ undefined o >

No extreme

f'=0 0= Anlall. 5 gucd af 22 g Y

‘ | .
I Local min | ! Local min

b L0 Adas 5 yua

- . » X

a

€3 Cy Cs

local maximum = 16
occurs atx = —2

f(x)

20}
(-2, 16)
16+

12+

Decreasing

Increasing

Increasing

(2, -16)

local minimum = —16
occursatx = 2
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Find (by hand)
(Lov)

A) the critical numbers . .
A al) Al YA

B) the intervals where the function is increasing and . . .
. Adlall a0linl) g ) 331 &) fi8(B

 Aglaal) (5 gualll 2l asen(C

decreasing

C)use the First Derivative Teat to classify each as the
location of a local maximum, local minimum or neither. oY) ARl Ll Laadiioi

f(x) =2x3+9x%* — 24x - 10
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Find (by hand)

#)
A) the critical numbers (Bs) =
Cda Al dlae
B) the intervals where the function is increasing and o (A
decreasing LAl aBlil) g bl 35N ) 8(B
C)use the First Derivative Teat to classify each as the L Adaal) o puall) adill aran(C

location of a local maximum, local minimum or neither. e
oY) ABidial) JLA) Laddiecs

fx)=x3—-3x+2
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Find (by hand)

#)
A) the critical numbers (Bs) =
Cda Al dlae
B) the intervals where the function is increasing and o (A
decreasing LAl aBlil) g bl 35N ) 8(B
C)use the First Derivative Teat to classify each as the L Adaal) o puall) adill aran(C

location of a local maximum, local minimum or neither. e
oY) ABidial) JLA) Laddiecs

fX)=x3-3x*-9x+1
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Find (by hand)

(Lov) 2
A) the critical numbers . )
LAl el (A
B) the intervals where the function is increasing and L AdNal (aBlil) g &) 33N <l s (B
decreasing L Adaall 5 guall) addl) anan (C
C)use the First Derivative Teat to classify each as the A9 ALl L) Ladiicea

location of a local maximum, local minimum or neither.

fx)=x*-—8x*+1
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Find (by hand)

(bov) 2o
A) the critical numbers YEGEESMITY
B) the intervals where the function is increasing and Al Bl 5 ) 55 ) (B

decreasing
. a,)-‘M-“ 8 gasll ﬁﬁ’ &=a(C

AV ARl LA Laddiieus

C)use the First Derivative Teat to classify each as the
location of a local maximum, local minimum or neither.

f@) = (x+ 1)
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Q12
Find (by hand) (Lo ) 2
A) the critical numbers . A sl aeYi(A
B) the intervals where the function is increasing and Al Bl ) 33 3B

decreasing
. Adaall g gualll ﬁiﬂ &=a(C

AV ATl LA Ladiiius

C)use the First Derivative Teat to classify each as the
location of a local maximum, local minimum or neither.

f(x) = tan~1x?
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Q13

Find (by hand)

Loy ) 3
A) the critical numbers ( )

. Aaal dasYI(A
B) the intervals where the function is increasing and
decreasing L AdNall el o 35N <l 53(B
C)use the First Derivative Teat to classify each as the . Audaall 5 guall) adil) araa(C

location of a local maximum, local minimum or neither. ol e s . .
’ UJJ\J\ Aldall oA Laddliecs

f(x) = xe™*
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Q14

Find (by hand)

Loy ) 3
A) the critical numbers ( )

. Aaal dasYI(A
B) the intervals where the function is increasing and
decreasing L AdNall el o 35N <l 53(B
C)use the First Derivative Teat to classify each as the . Audaall 5 guall) adil) araa(C

location of a local maximum, local minimum or neither. ol e s . .
’ UJJ\J\ Aldall oA Laddliecs

f(x) = x?e™*
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Q15

Find (by hand)

A) the critical numbers (Lo )
B) the intervals where the function is increasing and LA el slaei(A
decreasing

L Adlall alint) 33N <l 8(B

L Adaal) (5 gall) addll aran(C

A oY) ARl LA Laddiiu

C)use the First Derivative Teat to classify each as the
location of a local maximum, local minimum or neither.
X

f0 =17
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Find (by hand) (Lo ) 2
A) the critical numbers A el slaeii(A
B) the intervals where the function is increasing and LAl eBlil) ¢l 3 < (B
decreasing

. Alaall (5 gall) Al aran(C

C)use the First Derivative Teat to classify each as the .
sV ASiial) LA Laddieee

location of a local maximum, local minimum or neither.

f(x) =+/x3 4+ 3x2
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Q17
Find (by hand) (bod) 2
A) the critical numbers LA all sl (A
B) the intervals where the function is increasing and LAl eBlil) gl 35N ) 58(B
decreasing

Aglaal) (5 gualll addl) asan(C

C)use the First Derivative Teat to classify each as the e
UJJ\J\ ALl Lt Leddiiea

location of a local maximum, local minimum or neither.

f(x)=In(x*-1)
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Find (by hand) (Lo ) 2
A) the critical numbers LA el slaeii(A
B) the intervals where the function is increasing and LAl el 5 &) 1Y ol 58(8
decreasing

sl (5 guall) 2l gaan(C

C)use the First Derivative Teat to classify each as the .
sV ARl LA Laddieee

location of a local maximum, local minimum or neither.

f(x) = sinx + cosx
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Find (by hand) (L)
A) the critical numbers . Aaal) slaeii(A
B) the intervals where the function is increasing and L Adjall el g & 33N ol (B
decreasing

sl (s gl adil) aan(C

C)use the First Derivative Teat to classify each as the o
UJJY\ ARl HLOA) Ladddiea

location of a local maximum, local minimum or neither.

f(x) = sin®x
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Q20
Sketch a graph of a function with the given properties: P adbadlly A0l Lol SLfial an
f(0O)=1,f2)=5f'(x)<0forx<0andx>2, f'(x) >0for0<x<2
y
RA
< > X
8 3 4 -2 4 4 &
6‘7
Q21
Sketch a graph of a function with the given properties: Pl Gailaddly A Loy SLAQS an
fOH=0limf(x)=2,f'(x) <0 forx<1,f'(x)>0forx>1f'(1)=0
X—00
y
RA
> X
8 3 -# P 4 @
6‘7
e Contact us at: +971 Page | 41
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Q22
Sketch a graph of a function with the given properties: P adbaddly Al Lol SLfial an
f3)=0, ff[(x) <0 forx<0andx>3, f'(x)>0for0<x<3
f'(3) =0, f(0)and f'(0) Dose not exists.
y
RA
< > X
8 3 4 -2 4 4 &
6‘7
Q23
Sketch a graph of a function with the given properties: Pl ailaddly AN Ly Sfiad au
f( =0, ff(x) <O0forx<land, f'(x)>0forx>1,limf(x)=2
X—00
y
RA
< > X
8 3 4 -2 4 4 &
6‘7
Q Contact us at: +971 Page | 42
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Q24
Sketch a graph of a function with the given properties: P adbaddly Al Lol SLfial an
1) =f2)=0, ff(x) <0forx<-1land0<x<2andx > 2,
ff(x)>0for —1<x<0,f'(—1)dosenotexist,f'(2) =0
y
DA
< > X
8 3 4 -2 4 4 &
6‘7
Q25
Sketch a graph of a function with the given properties: Pl ailaddly AN Ly Sfiad au

f(0)=0,f3)=-1, f(x)<O0forx>3and f'(x)>0forx<0 and0<x
<land1<x<3,f'(1) dosenot exist,f'(0)=0,f'(3)=0

f3)=0, f((0) =0

)]

i

N

N

i

»
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Q26
Find (by hand) all asymptotes and extrema s 3all) addll g e 83 Jo ghad 43S (L gy) 3
) = o
X) =———
xz -1
e Contact us at: +971 55 857 0980 Page | 44
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Q27
Find (by hand) all asymptotes and extrema s 3all) addll g e 83 Jo ghad 43S (L gy) 3
fO) = e
X) =
x2—4x+3
(B Contact us at: +971 55 857 0980 Page | 45
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4-5 Concavity and the second test derivative 4 ABidal) LGl g el 4-5

DEFINITION 5.1 5.1 il
For a function f that is differentiable on an interval I, ol Jiall 58y T35 8 slaasl a4 F Jd
the graph of f is: f adial

(i) concave upon I if f'isincreasing on an interval I T su e fenS Y [l b Ao ) ) akag)

(i) concave downon I if f'isdecreasing on an interval ) RO TR TN SR Jaud Al ) ia(i)

THEOREM 5.1 5 1 ik

exists on an interval I

Tl g smse 7 O g ol

T 8 e N ) aka f AN Sl il i £ > 0 1))

Suppose that f"
(i IF f"" > 0on I, thenthegraph of f isconcave up on I

(i) If f'" < 0on I, thenthe graph of f is concave down on T 8 Jia) ) ) e f A ) Jiall s f17 < QeilS 13 (i)

DEFINITION 5.2 5 2 i

Jiaill 5 (@, b) 358 & bl f o 28 e
 f 4 i) AL (¢, f(0))

Suppose that f is continuous on the interval (a, b) and
that the graph changes concavity at a point ¢ € (a, b)
then the point (c, f(c)) is called an inflection point of f.

Local Maximum Inflection Point

o | / /)
/I_ \ ‘ / /
I.‘" :1' ;,F / /
Nl Local Minimum / ,

T .
4 4 > & t
- L ] L L
flx)Increases a Flx) r b f(x)Increases X a b ¢ b
Decrgases
Concave up, increasing. Concave down, decreasing.
) Fa o o ke Al (Jaudd pda
Flx) flx)
Concave Concave up

down
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Use the graph of f(x) to find Ay f(x) 3 ) am ) prdi

1-Estimate the intervals of increase and decrease

OB g 3 ) b 08

2- the location of local extrema  4daall s suall) ail) 23) ga

3- intervals of concavity — _siill i s

4-the inflection points il L&

5-the values x where f' > 0and ' > 0 e & Al a6l
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Use the graph of £(x) to estimate the interval(s) oY S5 Gl 5 £ (o) 4 (ilal) paa ) pasicd

where the function is concave up, y
8
6
a) (-1,1) s
b) (—,0) 2 )
-2 3 1 3
-2
C) (0 ’ Oo) =4
-6
d) (—o,—1) o '
Determine where the graph of 4514l g.'.lz.,d! Jial O ol a3a
f(x) =x*—6x*+2x+3 flx)=x*—6x*+2x+3
is concave up. S Vi
|
a) (-1,1) ’I
b) (o0, —1) N /

¢) (=0, ~1) U (1,0) 7 '
\ i \J
d) (—oo, 0) U (0 ’ Oo) \
/
Local Maximum Inflection Point
// \\ IIII.' f (x) : i
/ a b
i / I f'(x) i =y ¥
{ | |
.o Local Minimum a b
T f(x) /\\ : N
fi{x)Increases a f[x'}t: b f(x)Increases X &
Decrgoses
e | A
T 1
o & ‘
Concave Concave up
down
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Determine where the graph of f(x) is concave up o ) aka f () 2 (Alad) Jlaill @9 gl 2aa
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag

f(x) =2x3 +9x% —24x— 10
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Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag

fx)=x*—6x%+1
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Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag

f(x) = (x+1)3
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Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag
1
fx) =x+—
X
(D Contact us at: +971 55 857 0980 Page | 52
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Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag

f(x)=x+3(1 - x)%
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Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag

f(x) = xe™**
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Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag

f(x) = sinx —cosx ,[0,2m]
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Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag

f(x) = tan™! (x?)
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Q12
Determine where the graph of f(x) is concave up o ke F((x) 2 Alad) Sl 098 cf 2as
and concave down, find any inflection points. (©229 Of) citlaady) L& a2 ) g Jaudl ) jalag
5
fx)=x+—
X
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THEOREM 5.2 (Second Derivative Test) (Al Asidal) g 5.2 4k
Suppose that f'' is continuous on the interval (a, b) s (a,b) sl & Alaia 7 Ol e
and f'(c) = 0, for some number ¢ € (a, b) c€ (a,b)Kf(c)=0,
(i) Ff"" < 0on, then f(c) isalocal maximum. Agdae ablic dad 0 f(C) B F < OlS 13)()
(ii) Ff" > 0on , then f(c) isalocal minimum. Alse g raiad o f(0) b f7 > 0=ilS 13(ii)

Q13
Use the Second Derivative Test to find the local Aaadl) (g gual) o) sy 4 Akl L) pii
aan
extrema of f(x) =x*—8x*+10 .
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Q14
Use the Second Derivative Test to find the local Alaall (5 guall) pidl) sl AU ALY JLIA) addid
adan
extrema of f(x) = xe ™.
Q15
Use the Second Derivative Test to find the local dlaal) (g guall) i) Ay A0 ALl JLsi) padie)
ad)ay
extrema of o 2 -1
X) =
X
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Determine all significant features by hand and Ll DS eyl 9 Ligy Aageall &) Jpaall gpan das
sketch a graph FX) = x3 + 3x% — 9x
1- the intervals of increase and decrease L8l 5 o) il <) i

2- the local extrema  4dsall (5 puail) all
3- intervals of concavity =&l <l i
4- the inflection points ~ —slaai¥) Ll

»

IS

N

N

Fi

»
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Q17
Determine all significant features by hand and Ll DS eyl 9 Ligy Aageall &) Jpaall gpan das
sketch a graph f(x) = Xt —4x3 +2
5- the intervals of increase and decrease Lol g ) il ol

6- the local extrema  4lsall (5 padll 2l
7- intervals of concavity =&l <l i
8- the inflection points  illaxs¥) Ll

[e2]

IS

N

N

Fi

»
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Sketch a graph of a function with the given properties: P adbaddly Al Lol SLfial an

f(O)=0,f'(x)>0forx<—-1and —1<x<1, f'(x) <0 forx>1,

ff(x)>0forx<—-1,0<x<1 andx>1, f'(x)<0for —1<x<0

Y
A
2
5 1
< » X 'y
8 6 4 D 3 4 g : -2 Ea 1 2
, -1
4 ‘2
v
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Sketch a graph of a function with the given properties: Pl Gailaddly A Lol SLAQ am

f(0O)=2,f'(x)>0forallx, f'(0)=1,
f'(x)>0forx<0,, f'(x) <0 for0<x

[e2]

IS

N

N

Fi

»
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Q20
Sketch a graph of a function with the given properties: P4 Gaibaddly Al Lily el a

fO=0f(-1D)=-1,fD)=1,f(x)>0forx<—-1and 0<x<1,

X)) <O0for —1<x<0and x>1,f'"(x)<0forx<0andx>0

2]

I

N

N

S

»
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Q21
Sketch a graph of a function with the given properties: Pl ailaddly AN Ll Sfiad au

f0O)=1,f(x)<0forx<1,

ff(x)>0forx>1,f'"(x)<0forx<landx>1

2]

I

N

N

S

»
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Q22
Estimate the intervals of increase and decrease, the asil) aB) ga g AaBlitall g ) Jiall ) yidl) a8
locations of local extrema, intervals of concavity and Llai a8) ga g ¢ i) <) 8 g cAdaal) (5 guaill
locations of inflection points. Jilan Y
Yy
A
20+
10+

Q23

Estimate the intervals of increase and decrease, the asil) aB) ga g AaBlitall g ) Jiall ) yidl) yad
locations of local extrema, intervals of concavity and Lolii ad) gag ¢ alil) <l b g dalaal) (5 guall)
locations of inflection points. LUy

Yy

A

10+

5 .
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Q24
2l &8) a3 Aucblitall g 3y Fiall cul il a8

Estimate the intervals of increase and decrease, the
Lol 28) gag ¢ jalil) <l yib g Alaall (5 guadl)

locations of local extrema, intervals of concavity and

locations of inflection points. Jilan Y
o3
3~I—.
SONT
ol =1,
= H—A——+>
—4-3-2410/ 112 3 4
_2-_
_3__
—4 4
Q25
Jh Baka g (158 A lilly oY i f1(X) QA Sl JAGN Wb o0 N gl LS
s el i Ay de JoY jaia
44
a)|  _i<x<l ol b) x>0
dc Jiuy jada . sl ae JAuY aia
x<—1Lx>1 N x<O
X
AJGUIC—Y}L 1 2 3 4 B Loy i
c)| 0<x<I d)[-0.5<x<0.5
x<0sx>1 x<-055x>0.5
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D AN @ el JaSTan ) o ¢ A"(X) , (%) L fF(x) e S Ol Sl e
hix) g ) i
x ; \ IDARNE
" " ; - b o B 2 L I
5 /5 b i WP I
2y L T
& h(x) VL Sayi e e S glr) Ullds ali bl @ @ f(x) Wdds nl HEl e
QLY A e el @ Al e o< il ol il o s e A} Ladie (53 3 1 o
...................................... dailiie
ll'(.\') Al JA!L'\E.]I .;;l)ﬂ 6 | |  orrememecsmeresreensncerinceasenns wul.\ﬂ Bl e ,f“'“ x Lf! .
..................................... LW e s g )y dod @ cererenenns. Allae (5 pua
......... Adas calie
Sl S e g(2) ol (1) S Ll it
¢ cimse J(X) 5 () Laie 0585 lly o8 gas) ;WG
Q27

How many inflection points does the function have?

a) 4
b) 3
c)2
d) 1

dagl ) Aa Al cpa A1) Cildans) JaldS aae La
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Q28

Let f(x), g(x) be continuous functions on the interval [-4,5] 5l e slaia J)sa f(x), g(x) OSi

[-4,5], Below are the graphs for f(x), g'(x) .
sl ¢ F(2), (%) n 38 O b e
From the drawing, complete the following expressions Al @ jlal) Jasi

critical numbers 4 sl Liail

increasing intervals i i i | f(x)

o

locate local maximum  x s 4daa alic 4o Al

2 TS
' g'(x)
3 ‘ locate local minimum  x & ddas o jua dad DAl
9
- - - l - | T . Y g
concave down intervals Jiuy aiill )y
J
inflection points  ilaxy) Ll
Q Contact us at: +971 Page | 69
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Q29

Let f(x), G(x) be continuous functions on the interval [-4,4] 55l o slaia J)sa f(x), G(x) S

[-4,4] , Below are the graphs for f(x), G'(x) .
pidl e f(x), G'(x) G S Gl (o Last

From the drawing, complete the following expressions Al @ jlal) Jasi
T .
Gix) s+

3 / flx) .

i e -

poihellV { s

I X :

6 5 4 3 A | ' ‘ 4

1 d 3

JARN \["

/ 5 -

/ 1

‘I -5 5 4 3 12 A . L R | I ¥
G(x) f(x)
...................................................................................................................................... o lall G 31 blid) de gt (1)
...................................................................................................................................... dablzs Bl g de 055 G al (2)
...................................................................................................................................... t;'-JL""'il’ “wdﬁwulm {3)
...................................................................................................................................... \;”“ul-'“-*:ﬁr FITRL]! (P _,r‘"?"‘ u\;j {4)
...................................................................................................................................... \5'3 Al ey ba At {5)
................................................................................................. = (_:(_2) = (_:(—3) ‘:.Uﬂl R [ﬁ)
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Rely on the adjacent figure representing the graph of () A oy i 531 ol JS0 e s
the function f(x) )

Al Abuy) e a3l
To answer the following questions

Identify the points where the following conditions are met Al oy il Led jd g0 Al daladl) aas

A J

complete the following table: : Sl Jgasll JaS

> Ll
f'xf">0
f"=0
f'=0,/"<0
f'xf"<0
f'xf"=0
f'=0,f">0
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Q31
__ax+b “ - ax+b . .. -
If f(x) = = and f(x) has a local extremum equal 1 Aad f(x) DA sy f(x) = = il 1)
atx =3 x =3 de 1 gobud dalaa g guad
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P 6palio agoao :aliwll alaclg pyads
WWY Learn more at: https://www.manasra.academy



12 Advanced - Term 2

= | Manasra Academy &saplsl gigo e Jolallg auidl
OlAb Yl 6alo / 2024-2025 ull Jodll Joo @|Bi https://www.manasra.academy
Q32
Determine a and b so that the curve Al 685 AN @ 5 b ad s

f(x) = ax® + bx? will have a point of inflection at (1,2)  (1,2) & Gilkad) 43 f(x) = ax® + bx?
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4-6 Overview of Curve Sketching

Cldaiall auy 4-6

Steps to Draw y = f(x):

Domain Determine the domain of f (x) first

For points isolated from the domain of f (x),

auj\cﬂ\jhi

Jaal)

Vertical Asymptote Check the limit at that point to see if thereis a | A ) <y i)

vertical asymptote, hole, or jump discontinuity

First Derivative = * Determine increasing/ decreasing intervals of f(x)

Information * Determine Local Extrema

Vertical Tangent

i Check i[l’l;t %)

Second Derivative
Information

sy ARl

Forx = ¢ such that:c € domain f,c € domain f'

Aol ) cludaal)

* Determine where f(x) is concave up/down

« Determine Inflection Points

AU ARLEa e glaa

Horizontal

Asymptotes

Determine the end behavior of f(x)
Check: lim f(x) and lim f(x)
X —F O X—F—T0

Intercepts
x — intercept: for f(x) =0 find x
y—intercept: forx =0 find f(x)

Solve directly, if you can’t approximate
using Newton's Method

o aes

18Y) clubad)

x'yo..ga.hu\
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Draw a graph of f(x) , showing all significant features. dagall il Jaaal) B sy () A Ll Dol
f(x) =x*+6x3+12x* +8x+1,

D

E S

N

N

IS

&

ezt + 122 +8z+ 1 £8

(0, 1)
1

{-0.16, 0)

0.8

(0.5, -0.68)
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Draw a graph of f(x) , showing all significant features.  Zqgal) < jraall ran sy f(x) - Ll Sl a
f(x) = x*+4x3 -1,

»

&

N

N

IS

&

zl+42*—1

(-3, -28) —-30

Q Contact us at: +971 55 857 0980 Pa
ge | 76 PYRT il .
polio agoao :alwdl alaclg pyads

A
WWY Learn more at: https://www.manasra.academy



Manasra Academy ] 2 Advanced - Term 2 axosalKhl &igo e Jglallg a,ﬁdl

i https://www.manasra.academy
Glalyl 8alo / 2024-2025 (il Jadll Joc §lg

Draw a graph of f(x) , showing all significant features. Jagal) & jaaall ax s f(x) S bl Sl an )

fx)=+x?2+1
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Draw a graph of f(x) , showing all significant features. Jagal) & jaaall & s f(x) 4 Ll Sl an )

f(x) = Yx—1
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Draw a graph of f(x) , showing all significant features. Jagal) & jaaall & s f(x) 4 Ll Sl an )
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Determine the graph of the function Al o Juiadll a3a
2x 2x
(x) = ——. flx) =——
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Determine the graph of the function. Alall Al Sl s

f(x) =x3—3x% +3x
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m Determine the graph of the function.

f(x) = x* —3x% +2x
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ﬂ Determine the graph of the function. Alall Al Sl s

fx)=x>—-2x3+1
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m Determine the graph of the function.

Alall Al Sl s

fx)=x*+4x3-1
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m Determine the graph of the function. Alall Al Sl s

_ 4
f(x)—x+;

=
16—
12—
B— »_'_/___,,_ﬂ""’
a—1
RS S o R I ) rTr17 171 17711
s 6 o2 ) z 4 & 8 10 |'|'|"’|2,VI"' : T
. { MRS VARE RN
y—a. _F'_,-"'/ —d—
v -
=1 ——
—a—
—1p—

o— 100—

B =] |

2—_ £0— |I

7] — |

il 4-:_ \

] 20— \

- 2 .
I|IIII|'I_;_I_I|III"'I rTTrTrrr1T7TTTTrirT1 I1IIIII_I_'_P_|-+‘\I\IPI_IIIIIIIIILIIIII
-75 —-E0 -35 T 5 =0 75 = = E: \—20—] 1 = 2

—i] Voo

- 1
-|I4.._
] -5o—
-1z o]
H ‘T“_
—16 =
- -100—!
o]
B Contact us at: +971 Page | 85

P 6palio agoao :aliwll alaclg pyads
WWY Learn more at: https://www.manasra.academy



Manasra Academy

12 Advanced - Term 2

oAbl 8alo / 2024-2025 (ulill Jaall Jae Glgl

a105a501 2dgo (ke Jolallg apidl

https://www.manasra.academy

Determine the graph of the function.

Alall Al Sl s
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Determine the graph of the function. Alall Al Sl s
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Determine the graph of the function.
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4-7 Optimization el Al 4-7
Steps in Solving Optimization Problems (el adll Jile Ja &l glad

1-Understand the problem: What is known? Unknown? What do you want to find?

253 O 53 13l € sema S g yrall a Lo iAISE agd
2-Draw a Diagram: to visualize and see if things make sense.

Alaia ) 5a¥) ClS 13 Lo jray  gaail ;Ui o,
3-Introduce Notation: label and define variables. e O PR e

4-Write equations in terms of one variable: re-write everything into one variable.
aaly e ool S AU 2ol raal s jaie AV YAl i)
5-Find relationships between the variables to simplify into one

aaly e 8 Ledaradil ol ppaiall (G Bl e Can

6-Use methods of sections 4.3 and 4.5 to find absolute maximum or minimum value of the function.

Al Al Wl S (5 gl Aail) e iall 4.3 58,5 (ppanil b dam pall 5l A28

& el y colaal) o) s (3 | o
Strategy for Solving Max—Min Problems
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You have 40 linear feet of fencing with which to enclose <) Adioie 48a 4y Jaail Laad 40 Al gh ar Ll
ddpaal) Magl g bl 13 Lgihala) (Say daluca S 3a
g 5kl

arectangular space for a garden. Find the largest area

that can be enclosed with this much fencing and the
Rectangular Plot

dimensions of the corresponding garden. T
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A three-sided fence is to be built next to a straight section e pisall & 3all ) sa il ga 338 (e Zliw el g
daliadl Aldatiiee dshial agl Hll cuiladl <0 A1 jedl)

Lonall 40 Ao jraal 22, 1800 12 (5 skos Adaladll
region. The enclosed area is to equal 1800 ftz. Find daluall o3gd llial)

of river, which forms the fourth side of a rectangular

the minimum perimeter and the dimensions of the i
Rectangular region

corresponding enclosure.
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A three-sided fence is to be built next to a straight section of e paisall & 3adl ) sa il ga 338 (e Zliw el g
st Abkie Al ol bl S 3 el
Alalaall daluall adiall daiill aa 2Ll (10 96 ft

river, which forms the fourth side of a rectangular region.

Thereis 96 ft of fencing available. Find the maximum Aaliad) s3g) Bl Zldl slad 5 londl
enclosed area and the dimensions of the corresponding I
Rectangular region
enclosure. [ Q\ﬁ%
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A two-open corral is to be built. The outline of corral forms two Ll JS 5y o ..i. e O sSa U | el i
identical rectangles. If there is 120 ft of fencing available, what Sl Gy sladie Gpiildaia cpblaice Julat)
dimensions of the corral will maximize the enclosed area? lgduians ‘;’J\ REEN < Lad A Cl:‘“j‘ = 120 ft

€2l dalaall dabal) ) Jubaus)
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A showroom for a department store is to be rectangular with walls on

three sides, 6 ft. door openings on the two facing sides and a 10 ft

door opening on the remaining wall. The showroom is to have

800 ft2 of floor space. what dimensions will minimize the length of

wall used?

Alud¥) daaie jaiay e Ala (4585 ) g
Dlall (8 10 ft Qb daddy cplisial ualall A6 ft
) Als fm 5 s (55 (f il
Jsb sl o sSin A o Lé . 800 ft?
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A box with no top is to be built by taking a 6in-by- G, s\ (e z s danl 53 AoV (0 7 siie (3 s0im oLy Cany
10in sheet of cardboard, cutting x-in squares out ol oy e ity Sl 5 G — 10iM o3l (o sl

of each corner and folding up the sides. Find the X dad o il agdnsl ) IS e x — in exla
value of x that maximize the volume of the box. GBoviall paal calaall Lal) Gia5 Al
10 > | \,,-
| -1
| 10-2x \
" —t—t V6N
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A box with no top is to be built by taking a 16in- Gl e z ) Aol 5 eV (0 7 siie (3 0t oLy Cany
by-12in sheet of cardboard, cutting x-in squares ot Sila e pals i 5 1600 — 12in o3lad (5 524l

out of each corner and folding up the sides. Find X dad o il agdns) ) IS e x — in exla
the value of x that maximize the volume of the Goviall paal oalaal) dail) Gia5 Al
box.
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A square sheet of cardboard 18 in is made 4 pua 18 in 4xlia Jsb 5 8all G4l (e o e 7
into open box (there is no top), by cutting Glay yo ooy (sl G 5) V) (e 7 sida (3 5200a
squares of equal size out of each corner and GBstiall dlagl aa el sl s Ay ) ) JS (e 4 sl
folding up the sides. Find the dimensions of cpaall adae dad al 53

the box with the maximum volume.
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A box with no top is built by taking a G (e dadad 33l eV (e 7 siie (3 s0im oLy o
6 in by 6 in piece of cardboard, cutting x — in Jshs Clay o0 a5 6 iN A 6 iN sl 5 5l
squares out of each corner and folding up the Gral i a3 il gl iy S wx — in
sides. The four x — in squares are taped oY) (e g sie) Ll U gt (K81 Aay Y Cilay sl
together to form a second box (with no top or paal alaall el 38n3 il x — n dad ax (LY

bottom). Find the value of x — in that 08 saiall

maximizes the sum of the volumes of the boxes.
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Find the point on the parabola y = 9 — x? closest y =9 — x? (A& ahadll e ddadil) 2a

to the point (3,9) (3,9) ki e
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Find the point on the parabola y = x? closest to y = x? (A& adadll e ddagil) aa

the point (0, 1) (0, 1) akaiill o &Y
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Q12

Find the point on the parabola y = cosx closest y = cosx A8l adadll e adadill an

to the point (0, 0) (0, 0) kil s 31
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Q13

A soda can is to hold 12 f1 oz. Find the dimension S Al sl aa 12 fl 0z, 2 sall ddde ais
that will minimize the amount of material used in ~ .lexia (8 4easiudll 3 sall 48] (5 pall dagll 8 gi
construction, assuming that the thickness of the s 3)s asial¥) dlaus (51) 2l 5 8ol dlows O (2 e
material is uniform (the thickness of aluminum is (3sdls Sa Lﬁi

the same everywhere) using 12 floz ~ 1.80469 in3 il
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Q14

The state wants to build a new stretch of highway to link an
existing bridge with a turnpike interchange, located 8 mi to
the east and 8 mi to the south of the bridge. Thereisa s
mi wide stretch of marshland adjacent to the bridge that
must be crossed. Given that the highway cost AED 10
million per mile to build over the march and only AED 7
million per mile to build over dry land, how far to the east

of the bridge should the highway be when it crosses out
the march.

bty Jadl puadl day 5 a e Goodal s alial el A3 3y 3
el GBS Csia Jea e 8 mi e e oty gL
L oe Gy el ) dlas iladtined 5 mi (e e laial Sl g
Jeall kel a3 (e 10 IS @ yudl Gaukal) O (= b e
oY) 38 daall el aa s (pdle 75 Cilabiiuall (358 oLl
o Latie aall (3,85 qpudl Gkl o Adlaal) o L Adlal)

SClaaitiall
Bridge
5 Marsh
@ S=&
3
Interchange
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Q15

Suppose that light reflects off a mirror to get from point A B ) ikl A e s sl 61 e g yuSiy ¢ gaall of (a8 e
to point B as indicated in the figure. Assuming a constant alag) WiSay ¢ guall Ao o LS (g yy (JSEI S ad) lie s LS

velocity of light, we can minimize time by minimizing D Adlaall (5 jrall dall A} JBA (e e 30 (5 raall dagll
distance travelled. Find the point on the mirror that Alsall (5 jpall daill aas Al 31 el Ao ddalill aa o gl Lelay
minimizes the distance travelled. Show that the anglesin ~ *53¥) 4351)) 4asbuia JSAI A LI5S0 O G o pual) Loty A
the figure are equal. (lSaiY ) 5 (g st
A
B
2

MO
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A hall of width a = 5 ft meets a hallway of width b = 4 ft 45130 2ic h = 4 ft paym Jdx Ahag =5 ft gasm Jax
at a right angle. Find the length of the longest ladder that sl die alea Sas alis Johl sk 2 20l
could be carried around the corner.

) Ib

r
v
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Q17
A Norman window has the outline of a semicircle on top Al G d e Jidatie (3585 30 Chuay JSG e dpaia 5 3380
of a rectangle. Suppose there is 8 + 1 ft of wood trim S dadatoall agf aa daidll oyl 3l (e 8 + 1T fE 85
available. Find the dimensions of the rectangle and the 33U dalial calaell dadl) 5825

semicircle that will maximize the area of the window.

Contact us at: +971 55 857 0980
g Page | 110 6palio agoao :aliwll alaclg pyads
WWY Learn more at: https://www.manasra.academy



(<] - duoualKill 24 R
[&] ManastaAcadeiny 12 Advanced - Term 2 20031801 géigo (e Jolallg apil

https://www.manasra.academy
byl 8alo / 2024-2025 (uldl Jadll Jac §lgl

Suppose a wire 2ft long is to be cut into pieces, each of JSii cpriadal ) dad aagy 2 J sk e lia o)) g jd e

which will be formed into a square. Find the size of each el (5 yua dad G dakdd JS Jsha aan Lay je Legie S
piece to minimize the total area of the two squares. Al Sl
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An advertisement consists of a rectangular printed region 1in Uil g A 48LaYh de glae dldatiee dshie (e o S Sle ]

plus 1 in margins on the sides and 2 in margins at top 0S5 ol 2 Y S 138 Jaul s eV 42 0n 5 ouiladl e
and bottom. If the area of the printed region is to be e ghaall dikaiall syl 2a | 92 jn? de gulaall dikial) dalie
92 in?, find the dimensions of printed region and overall Aaluall (5 jyall dadll Gaas A (SleY) Maa)

advertisement that minimize the total area.
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Q20
An advertisement consists of a rectangular printed region 1in Uil g A 48LaYh de glae dldatiee dshie (e o S Sle ]
plus 1 in margins on the sides and 1.5 in margins at top 058 ol 4 Y O I3E Jaulls e 815 in s omilall e
and bottom. If the total area of the advertisementistobe 058 O (i G 2 8 L, 120 in? odleY) dabue Jlea)
120 in?, what the dimensions should the advertisement Ac suladll Adhaiall Aabial edaall daill @83l SleY) Lele

be to maximize the area of the printed region ?
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Q21
Suppose that group tickets to a concert are priced at 40 AED e 23aa Jia ) SIN (e de gaaa o o (a2 i e
40 AED per tickets are ordered but cost 1 AED per 88X S (e ab y3 auad oy g JAI ) 5 SN 20 alla die 3 SNl
tickets less for each extra ticket ordered, up to a Me 2 oaall 2285 KX 50 s ST 5l 583 20 alb 2
maximum of 50 tickets. Find the number of tickets that Sl AdlSa alhe Aad (58a5 A SIX)

maximizes the total cost of the tickets.
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4-8 Related Rates ddayi jal) Nl 4-8
Steps in Solving Related Rates ddayi yall Y axal) Jilie Ja <l glad

Related Rates Problems

Equation relating two or more quantities that are all changing with time.

Use chain rule (with implicit differentiation with respect to time) to determine how different rates
(derivatives with respect to time) are related.

E .
IE ﬂ 01 - SKETCH Make a simple sketch, if appropriate.
D=\
o 02 - EQUATION Set up an equation relating all relevant quantities.
o]
i
= O |
6' o d/dt 03 - DIFFERENTIATE Differentiate implicitly both sides of the equation
v s l with respect to time £.
Ll
o | ol 04 - SUBSTITUTE Substitute in values for all known quantities and
-
v é 7’ derivatives.
o.
E . 05 - SOLVE Solve for the remaining rate.
(] >

An oil tanker has an accident and oil pours out at the rate of 150 e 150g]/min Jame; adill (a5 Gaslad Jads AL G o
Jaza 22a 1—10in Slasy 1 b el o iy dadil) of i
.500ft ) hdll Caal Jpa g die oyl ol Canl al 35

gallons per minute. Suppose that the oil spreads onto the water

1 144
in a circle at a thickness ofﬁ . Determine the rate at which the

. 3 _ _ = .o
radius of the spill when the radius reaches 500 ft. using 1ft°=7.5gl ,1ft=12in b
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Oil spills out of a tanker at the rate of g gallons per minute. A3 (8 daa g Jaray Ll o jput s Catlal Jads AL Caiia o

b i of e i e 5o b il
Jsasdie gidad s 0.6 ft/min dae ) 5 ol
the radius of the spill is increasing at a rate of 0.6 ft/min, .100ft ) hadll Caas

1 144
The oil spreads in a circle with a thickness ofz . Given that

when the radius equals 100 ft, determine the value of g. using 1ft3=7.5gl ,1ft=12in il

r

[ ]

1
Depth =— in
4 4

Assume that the infected area of an injury is circular. If the Caal LS 136 iy il Lo Abals badl) dalaid) o (2 8 e
Az Lad a2 Ll dalaall ylad
radius of infected area is 31MM and growing at a rate of J Imm/hr Jses 33355 3mm & o
ladl) dakaial) 4 3

lmm/hr ,at what rate is the infected area increasing?
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Suppose a forest fire spread in a circle with radius changing ey Lk Cauaiy 3 il 8 iy clle Gua of b e
Jara Ld 200ft ) kil caad Joay Ladie 5ft/min e
48 yinall dalaidl) dalise ) 33

“r

A

at rate of 5ft/min. When the radius reaches 200ft at

what rate is the area of the burning region is increasing?

A10ftladderleans against the side of a building. If the top of st ¢ 32l YIS 1) Judll (ila e 10 £ s ales 555 5

Lé . 2 ft/s e Jlaad) dind ) BY 3391 8 Taw aludl o
OsS Lavie Lilall e hanien oLl (pe il ¢ all (3Y 30 e
2ft/sec, how fastis the botrom of the ladder sliding away L8 ft = oY) e adi je aludl (e g slall ¢ 3all

the ladder begins to slide down the wall at the rate of

from the wall when the top of the ladder is 8 ft off the ground?
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A 10ft ladder leans against the side of a building. If the bottom of the eoadl a5 138 )l s e 10 ft J sk ala S5 5

ladder is pulled away from the wall at the rate of 3ft/sec, and the ladder ¢ )l Luadla E'L‘J‘ gss-’} 3 ft/S Jaea Hlaall e lam L;E-“J‘
el 5S Ladie ALl (e (g slall ¢ jall ap dat (A Jare 2a
Dl ge 6 ft e ey i)

remains in contact with the wall. Find the rate at which the top of the

ladder is dropping when the bottom is 6 ft from the wall.

A 10ft ladder leans against the side of a building. If the bottom of the e all s 3 38| i) s e 10 ft J gl falu By

ladder is pulled away from the wall at the rate of 3 ft/Sec, and the ladder Jaall luadla ol ‘-"'KU 3 ft/s daa Jhaall el i)
Jaadl e 6 ft Al

remains in contact with the wall. Find the rate at which the angle between
the ladder and the horizontal is changing when the bottom of the ladder is

6 ft from the wall.
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Sand is poured into a conical pile with the height of the pile dJLu el Hl g I ;\A.L:})M 3.4}5 ‘53 d.nj\ S
equaling the diameter of the pile. If the sand is poured at a constant J—‘,.‘jj Jama Lad .5 m3/s JM d‘)j\ “.—‘S*“:" \55‘ LA)LB
Q.. - I . . % I
rate of 5mM3 /S, atwhat rate is the height of the pile increasing O S &\A'Uy‘ U}S’" Loie M)SM tu.u\

when the height is 2m?

Height = Diameter

Suppose a 6 f t-tall person is 12 f t away from 18 ft-tall (e 12ft Az 6ft Jgh & L Ladds u\ v e
lamppost if the person is moving away from lamppost at a rate of e iy UM\ ol ‘h;‘- 18ft 4clsl )l 3 1) 3 e
2ft/sec atwhat rate is the length of the shadow changing? B Lﬁj‘ aaall 5 Lad, th/sec Jaasy BOUY) 3 g

¢ 2 ganl) e amiie (addl b J s 4

18 ft.

6 ﬂi
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1 . R . - “ . «
Acaris travelling at 50mph due to south at a point% mile norh 5 mile 225 4had (o @ giall ola3) 50mph Ae jes 3l s
of an intersection. A police car is travelling 40mph due to west ata 225 AkE (e 40Mph Ao e 4 )38 b ey pBlE Jlad

R LM . . .. A @ T | 8
BJ@EJ\A\)&\%M\ oM (8 Msackb.ﬂ\ ™ Z mile
Ao 530 L 55l (s sl 4y i 530 Jaedl) A,

SRR

. 1 . . . .
point mile east of the same intersection. At that instant, the
radar in the police car measures the rate at which the distance

between the two cars is changing. What does the radar gun register?

A spectator at an air show is trying to follow the flight of a jet. The jet follows il A8 3 Ukl Al ) Al (g9 ia e il e Jla

e 5 540 mph. e s Bl ol afiie lad 3
600 ft 2 o 8 sl oLl il 5 yilall i gl At o il
approach, the jet pass 600 ft in front of the person. Find the maximum le (60 sandl Taddl g () pall ki ek A U S Jaee aa
rate of change of the angle between the spectator’s line of sightand a Ao Al 3 lall g e die ol pdall jlaa

a straight path in front of the observer at 540 mph Atits closest

line perpendicular to the flight path, as the jet flies by.

Jet Path
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Q12

A baseball player stands 2 ft from home plate and watches a pitch fly o 3 )SI el g Ayl Baclall (e 2 ft g,J\P Aol ey a2y

a4 5 Ayl saclall )5 I e ddliudll Lay

by. X is the distance from the ball to home plate and O is the angle 1 o 0 5 A o3 o X
L I SR JCCEN |

indicating the direction of player’s gaze: Find:
a5 _SI daa ) bl dgie 40 & a3l @' Jaxall 2 (1

a) The rate 0’ at which his eye must move to watch a fast ball with cx =0 e Al sacll) ) el Sus x'(E) = —130 ft/s
x'(t) = —130 ft/s asit crosses home plate at 0' < 3rad/s Lxc hit o 3S 5 e ) Lilay o K2

L@j\s;;&l\éjgdaé@uumdﬁgs_}@)&yh;
b) human can maintain focus only when @' < 3 rad/s. Find the

fastest pitch that you could watch cross home plate.
(0,0)
f .
x — Home Plate

0 2ft
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Q13

Suppose that the average yearly cost per item for producing X items of X alinll gl aic JS G il AaSEl) Jas s Of i 8 sl
T T 94 “ -
dae) mats | C(x) = 12 +7)A4.3JL_=J\ Cilatiall (e

= 94
a business productis C(x) = 12 + — The three most recent yearly
4 C AUl Jsandl 85 58l ol g SO 8 4 gl Lgilatia

production figures are given in the table below. Estimate the value of

. A (G - .. ! - - -
x’(2) and the current (year 2) rate of change of the average cost. (Cule) all plall o8 28N Jaws gl i Janas X(2) A 8

Year 0 1 2
Prod. (x) [ 8.2 | 88 | 94

Q14
Two buildings of height 20 ft and 40 ft, respectively, are 60 ft Adluall .@‘)ﬂ‘ e 40 ft 520 ft Legelsi ) Jline
apart, Suppose that the intensity of light at a point between the O e adass 45 s saall 30 () o d <.A° 60 ftLAG'&“

A a3 13 IS 5 @ A5l 30 e La ke canli pginal
55 Jana L 4 /s e sl ) el o Lo i

buildings is proprtional to the angle 0 inthe figure .If a person is

moving from right to leftat 4 ft/S, atwhatrateis @ changing when Sarinal) G Al Caalia b il oS Ladie @
the person is exactly halfway between the two buildings? Find the Sefa e ST @ sl 3 uld () oo (g adsall 2a sl

location at which the angle 0 is maximum ?
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Q15

Adockis 6ft above water. Suppose you stand on the edge of the
dock and pull arope attached to a boat at the constant rate of

th/sec. Assume that the boat remains at water level. At

o2 e bl Cisuie (2 6T (Sl Ua s adi

G sin Sle JI 3 Y S el oy i 2t /sec Jaxa

umUA}aj\wt_\S‘)A\t_\\)ﬁ\:&c)»GAuﬂow\

what speed is the boat approaching the dock wheniit is ZOft

from the dock?

wanll e 20ft 2y

Dock
7
rd
7
//
rd
7
rit) 7 6 feet
//
e
”
7
//
x(t)
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4-9 Rates of Change in Economics and Sciences astally LaiBY) A& padll c¥a 4-9

Introduction

Total Cost Function of producing x items: C(x) sCaa gl e x o LIS  Man)
Marginal Cost : C'(x) sat) 44t
Marginal Costat x = n : C'(n) :x = n Lie Luap il

actualCostat x = n Ch—Cn—-1) : X = N e Ldedly ddtsilf
Va C(x . Jatcr [
Average Cost : C(n) = % s Al by gia
® Contact us at: +971 55 857 0980 Page | 124 ot 2o St aact s
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Suppose that C(x) = 0. 02x% + 2x + 4000 isthe C(x) =0. 02x? + 2x + 4000 of o= e

total cost (in AED) for a company to produce X units of a certain I\A:@ gl «las g x Ct‘,_,y (rﬂ)ﬂ\_,) Jalsly A_J"‘;\ A

product. Copmute the marginal costat X = 100 and compare :\:‘L‘ﬂ‘ dalal, L@J&J x =100 xe :\-‘..JAJ\ el
3325100 gy

this to the actual cost of producing the 100" unit.

If the cost of manufacturing X items is < C:UA X @u.-aS Aals el 13)

Aaal) 4Kl Ao aa C(x) = x3 + 20x% + 90x + 15

C(x) = x3 +20x% +90x + 15 (in AED), find the marginal cost
Aaiie 50 I ledl) Al 5 x = 50 Jaway Dpaal) 23S s 0 M

function and compare the marginal costat X = 50 with the actual cost

of manufacturing the 50t jtem.
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If the cost of manufacturing X items is < C:\M X @.\.43 AalKs il )

Laal) ddl s 2 C(x) = x* + 1422 + 60x + 35

Clx) = x* + 14x* + 60x + 35 (in AED), find the marginal cost
Aadie 50 J Ayladl) A3l x = 50 Jarey Apasl) Al (o)

function and compare the marginal costat X = 50 with the actual cost

of manufacturing the 50t jtem.

If the cost of manufacturing X items is ) c—‘-\ﬂ X @-\--43 Aals il \.J)

Laall dad<ill Al as C(x) = &3 + 11x2% + 40x + 10
100 J Adedl) A8l 5 3 = 100 Jomey paall 28N (e o

function and compare the marginal costat X = 100 with the actual s

C(x) = x3 +11x% + 40x + 10 (in AED), find the marginal cost

cost of manufacturing the 100 item.
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Suppose that C(x) = 0. 02x? + 2x + 4000 isthe C(x) = 0.02x% + 2x + 4000 o o2 e
total cost (in dollars) for a company to produce X units of a Cra Baag x i Alma A8yl (a2 all) AdlSHl lea) g2
certain product. Find the production level X that minimize i Fual) Aall) Ghay o) x U 55 -\eﬁ: e claid
AA1SH) Jau gial
Suppose that C(x) = 0. 1x% 4+ 3x + 2000 isthe C(x) =0. 1x2 + 3x + 2000 ¢ wad e
total cost (in dollars) for a company to produce X units of a Cra Biag x gl Adgma 48,40 (p20) Al Maa) s
certain product. Find the production level X that minimize Al Al (Fay M) x L) (5 gina 338 A Cilaila
LARIEY Jauy gial
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Suppose that C(x) = Vx3 + 800 is the total cost (in C(x) = Va3 + 800 o pas to

dollars) for a company to produce X units of a certain O Bang x gl Alma A5 (p Jally) AdSEl) Man) ga

product. Find the production level X that minimize the s sall dagdl) Gy tfm X U 6 sia b diaa claiie
LARICTY) Ja gial

. . O O e g e
Find the production level that will minimize the average cost.

C(x) = 10e%92%*

C(x) = 10e%9%* Cn Bin g x AT A A8 580 (ma k) AISE) Mas) s

sl Ladll ghay 3 x ZUY) 6 e 238 Alma Clyila
(AR o gial
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Let R(x) be the revenue and C(X) be the cost from manufacturing X x @_\,‘43 sl D C(x) 5 <alal Y & R(x) o<
items. PROFET is defined as P(x) = R(x) — C(x) Zg_xii CL-US// e

P =R(x) —C(x <
(x) = R(x) — C(x) S 13 LS aliall Aall 2a

Find the maximum profit if R(x) = 10x — 0.001 x> saLoR(x) = 10x — 0.001 x2

and C(x) = 2x + 500 /0 C(x) = 2x + 500
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Elasticity of Demand E = Lf'(p) llal) 45 g ya
f(p)

Suppose that f(p) = 400(20 — p)is the demand for

an item at price P (in dirhams) withp < 20
a) Find the elasticity of demand.

b) Find the range of prices for which E < —1.
Compare this to the range of prices for which

revenue is a decreasing function of P.

o ziio culb g f(P) = 400(20 — p) o o,8 e
P <20 (el ll) P rrw

ol A9 50w (1

i sl gue (8 E < — 1L Jazes &1 5Ll g ux(2

P adlion Uls ool ¥ 448 0555 ‘=;.Ul
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Suppose that f(p) = 200(30 — p)is the demand. Vpmad b 50 f(p) < 200(30 - p) of o2yd e

< 30 L (el dL) P rrwws 2o
is the demand for an item at price P (in dirhams) withp < 30 P HpabdWP T

a)Find the elasticity of demand.

a) Find the range of prices for which E < —1. E < -1 Jas Lf‘-” )L"—“S" L] (2
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Rate of Chemical Reactions ~ * (O =¥ =x(®) 4 <t jetinl) de
wherer > 0 is a constant. -
Q12
Wolaoll Lidg ilasSII yid) 58,5 08 13)

If the concentration of a chemical changes according to the equation
x'(t) =2x(t)[4 — x(t)],

1)Find the Limiting concentration. J\Sj\'-" Sed> »(1

2)Find the concentration X' (t) for which the reaction rate is maximum.

Bl J) Jeolan) A ps 4 Juas g1 X (€) 38701 (2
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. : ) = fx)] L ey e
Linear Density: p(x1) =lim . = f'(x1) dadail) 48Ul
X—Xxq A1
_ £
p(x)=f"(x)
Q13

Suppose that the mass of the first X meter of a thin rod is given by Alully Jaad 38yl curndll e X gl aslis o oyt e
f(x) = V2x .Compute the linear densityat X = 2and X = 8 X =8 5x =2 e bt BUSI cawsld f(x) = V2x
and combare the densities at the two points. nidaddl e Qﬁélﬁﬁ' [))‘53
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Electrical Current in a Wire I(t) = Q'(t) Alad) B AL gSh Ll
Q14
Suppose that the charge in an electrical circuit is ZL_QL').QSH syl ‘3 sl o 028 e
Q(t) = e‘”(cosSt — 25in3t) coulombs. Find the current. b {‘3—135 Q) = e‘“(cosSt — 2sin3t)
Q15
Suppose that the charge in an electrical circuit is 4l S 8,510 (§ A i) Ol uoyd e
Q(t) = e'(3cos2t + sin2t) coulombs. Find the current. bl o {’5‘[95 Q(t) = et(3cos2t + sin2t)
(B Contact us at: +971 55 857 0980 Page | 134

P 6palio agoao :aliwll alaclg pyads
WWY Learn more at: https://www.manasra.academy



= 12A -T 2 dr052D1 g3 v
L= Manasra Academy dvanced - Term 840531801 2ag0 (ke Jglallg apuul

byl 8alo / 2024-2025 (i Al Jae glol https://www.manasra.academy

Rate of Pooulation Growth p'(t) =rp(®)[1-p(t)] ASad) gall) Jaza

m alally Jany SICud! gaill o (258 e

Suppose that a population grows according to the equation.
el dstall) p'(8) = 2p(D)[1 — p(D)]
ad 09Ss gl Gl slaaddl ua (1= 2 plueiuly
cslaadl Zagall ga goaidl Joiae

p'(t) = 2p(t)[1 — p(t)] (Logistic growth withT = 2). Find

the population for which the growth rate is a maximum.

Q17
Suppose that a population grows according to the equation. Uolall Joxy Q‘S.«.«Jb.d.ﬂ Ol uosd e
p'(t) = 2p(t)[7 — 2p(t)]. Find the population for which the g;m| sluaddl ua. P’ (t) = 2p(8)[7 — 2p(B)]
growth rate is a maximum. alaadl -’”343.0.3." J.\.a.a 4.53 C)jse, é..U‘
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Derivative Rules

Constant Rule: %(c) =0

Power Rule: i(x”) = nx™?
dx

Basic Derivatives Rules

Constant Multiple Rule: %[cf{x}] =cf'(x)

Sum Rule: 2 [£(x)+ 2(x)] = £ (9)+ £’
Difference Rule: di[f(x)—g(x)] =fix)—g'(x)
x

Product Rule: %[f(x}g(x)] = flx)g'(x)+ g(x) f(x)

g(x) f'(x) - fx)g'(x)

Ay ac 4

d
dx
d
dx

d
dx

Exponential Functions
o Ex)= Ex
—(a” ) =a‘lna
d (x)y _
——(e5)

—({Ig{x})z ln{a}ag{x} g '(x)

Eg{x}g '(_‘{':I

Quotient Rule: i[f(x):|=
dx | g(x)

Chain Rule: % Fle() = f(e)g)

[g(0T

Logarithmic Functions

;T(ln x)= _1?,_17 = 0
“n(g(x)) -
;T(logﬂ x)=

d
——(log, g(x)) =

g '(x)
g(x)
1

.x =0
xlna

g'(x)

Trigonometric Functions
d . .
—(sinx) = cos x

dx

d .
E(cosx} =—sin x

—(tan x) =sec” x
ﬂ,x( )

d
—(escx)=—cscxcotx
dx

d
—(secx)=secxtanx
dx

—(cotx)=—csc’ x
ﬂ,x( )

Inverse Trigonometric Functions
i(gin_lx)z 1 = _X.';til
dx 1- x~
i(cog_l_‘{)z —1 = x= Tl
dx 1-x~

d 1

—(tan_lx)=

dx 1+x
i(cot'lx)z ~ ! -

dx 1+ x°

i(gec_l _‘,c): _‘.C;tilD
dx xnfxt =1
i(cgc_l _x;): __:Il x # ilD
dx xsfx =1
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5.1 Antiderivatives ALy Al g Adiial) uss 5.1

If F(x) isany antiderivative of f(X) and C c IS5 f(x) APRAPAR L,,Si F(x) cusuy
is any constant, then. . . .
ol Gl e (4l

d
—[F@ +c=F@)+0=f(x) L F@) 4l = F()+0 = f)

dx
Thus, F(X) + € isalso antiderivative of f(X) f(x) EPRAPL RN A F(X) + ¢ Sl

n Find an antiderivative of f(X) = 2x f(x) =2x  Jaloialsas

Find an antiderivative of f(x) = 3x2 f(x) Q 3x2 Jaloi dls us

Find an antiderivative of f(x) = x3 f(X) — x3 Jalai alls s
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THEROM 1.1

Suppose that F and G areboth

antiderivative of f(X) on aninterval I .Then

G(x) = F(x) + c , For some constant C

1.1 4y il

flx) doilal gillala F 46 g oas e
Gx)=F(x)+c I sl L

. &baxe (K

DEFINITION 1.1

Let F be any antiderivative of f(X) onan

interval I .The indefinite integral of f ()

[f(x)dx =F(x) +c,

where C the constant of integration.

1.1 iy sl

THEROM 1.2

I 55l L f(x) Jilal Al F o«

flx) dagaall & Jalil)

ff(x) dx =F(x) +c

(el i) cli de ¢ dus

(Power Rule)

For any rational power T = —1

xr+1
jxrdxz +c
r+1

1.2 4y i)

(s 5&13)

r#—1 dauidd oY

xr+1
fxrdxz +c
r+1
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JaSil) pua
Integration Formulas
xr+1
J x"dx o +c J secxtanx dx — secx + ¢
r+1
Forr # —1 (Power Rule)
Jsinxdx = _cosxy +c f-::sr:x-::otx dx — —cscx+c
Icosxdx —sinx 4+ ¢ jexdx = gkilp
Iseczxdx =tanx + ¢ J e “dx =—e " +tc
f csc’xdx = —cotx+c f ;dx =sin x +¢
T =
jldx_t_lJf e
1-|—x2 =tian " x c Jm X = Ssec X c
THEROM 1.3 1.3 4gatl)

Suppose that f(x)and g(x) have

antiderivative. Then, for any constant

ddal Y g Lgd F(x) 5 g(x) O 028 e
a,b ol cpase Y

j[af(x) + bg(x) |dx =ajf(x)dx+ bjg(x) dx
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Find the general antiderivative.

3 3
a) Exs — Exz

b)3x®> —3x% +c¢

3 3
2.5 _2 2
c)sx 2x +c

d)12x* -3 +¢

f(Sx4 — 3x)dx

Find the general antiderivative.

a)%x5—2x+c

b142+
)4x x+c

o)xt—2x+c

d)3x*—2x+c

j(x3 — 2)dx

m Find the general antiderivative.

9 3 x3

— %2 R
a) 5% + 3 +c

3 x73
b)2x2+T+c

3 x7°
c)2x2+T+c

2 x3
d)2x3+T+c

ALy A aa

Lal) Al as gl

LY Al aa
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Find the general antiderivative.

1
1 -2 _
a) —2x1+2x2+c f (Zx + \/?_C) dx
1
b) —2x1-2x2+c
1
) —3x3+2x2+¢c

2 3
d) —2x‘1+§x2+c

m Find the general antiderivative.

3 2 1 3 —
a)—§x§—9x§+c jx?’ 3 dx

3 2 1
b) Ex3—9x3+c

3 2 1
<) Ex3+9x3+c

2 2 1
d) §x3—9x3+c

“ Find the general antiderivative.

X + 2x4
] T2 ) dx

4 3 x4
a) §x4+2x+c

3 3
b) Zx4+2x+c

4 4 1
c) §x3+4x2+c

4 3 1
d) §x4+4x2+c

ALy A aa

Ll Al an g

LY Al aa
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m Find the general antiderivative.

a) 2cosx — sinx + ¢
b) -2cosx — sinx + ¢
¢) —2cosx + sinx + ¢

d) 2cosx + sinx + ¢
m Evaluate

a) 3sinx + cosx + ¢

c) 3sinx —cosx +c

Evaluate

a)dsin lx + ¢

¢) sin"l4x+ ¢

Evaluate

a) 2cscx + ¢

c) 2tanx +c

j (2sinx + cosx)dx Al Adlal) aa g

f (3cosx — sinx)dx Aad 2a

b) —3sinx+ cosx+c

d) — 3sinx —cosx +c¢

4 P
——|dx dag 2>
j(\/l—xz)

b) 4sin™12x+c
d) 2sin"x + ¢
f (2secx tanx)dx ZOVCIEN

b) 2secx +c
d) —2secx+c
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Evaluate

f(Ssech )dx
a) Stanx + ¢ b) 5secx +c
3
) 5se;x+c d) — S5tanx +c
Evaluate 4cosx
J ( — )dx
sin“x
a) 4cscx + ¢ b) 4secx +c

c) 4tanx +c d) —4cscx+c

m Evaluate

j(Sex—Z)dx
a)3e*—2x+c b) 3e¥*—2+c
c) e¥—2x+c d) 3e* —2x

Evaluate

J(4x—2ex)dx
a)2x%2 —2e* +¢ b) 3e¥X—2+c

c) e*—2x+c d) 3e* —2x
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THEROM 1.3

d 1
Forx #0, —In|x| =-
dx X

COROLLARY 1.1

In any interval not containing 0,

1
f—dx =In|x|+c
X

1.4 4y kil
d —
—lnjx|=- ,x*0 Jsd
1.1 Asadl

1
j—dx =lIn|x|+c
X

COROLLARY 1.2

In any interval in which f(x) # 0,

f'x
f(x)

dx =In|f(x)|+c

m Evaluate

a) 4ln|x| + ¢

c)
m Evaluate

4
—+cC
xz

a) 2ln|x* + 1|+ ¢

c) In|2x+1|+c

1.2 daadl
f(x) # 0 Wb sV s gl b
;((:)) dx =In|f(x)|+c
[ s
X
b) 4xIn|x|+c
d) 4ln |§| +c
2x o
da 2
j (xz + 1) dx

b) In|x®2+1|+c

d) %ln|x2 +1|+c¢
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Evaluate

a) 3sinx —Ilnx + ¢

. 2
c) sinx——+c
X

Evaluate

a) 2lnx + cosx + ¢

) —4x%2—cosx+c

Evaluate

a) 4ln|x* + 4| + ¢

¢) 4xin|x* + 4|+ ¢

Evaluate

3
a) tanlx + c

c) 4%tan‘12x +c

1
j <3cosx — —) dx
X

b) —3sinx—Inx+c
d) 3sinx + 32 +c
X
f(Zx‘1 + sinx)dx

b) 2Inx — cosx + ¢

d) —2Inx — cosx + ¢

[ )

b) 2In|x* +4|+c

d) In|x* + 4| + ¢

[ e

b) %tan‘14x +c

d) 3tan"14x + ¢
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Evaluate

a)ln|sinx| + ¢

c) cotx+c

Evaluate

a)2sinx — e** + ¢

c) —2sinx—e*+c

Evaluate

a)e* Inle* + 3|+ ¢

c)Inle*| +c

Evaluate

a)x —3e*+c

c)3x—e*+c

[ (G2 as

b) In|secx|+ c

d) tanx + ¢

j (Zcosx - \/ez) dx

b) 2sinx —e* +c

d) 2sinx —Ve?** + ¢

b) e*+3x+c
d) 2lnle* + 3| + ¢

J e*+3

( )dx
ex

b) x—3e™*+c

d)x+3e*+c
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Evaluate

2 3 16 3
a)ExZ—?x4+c

2 5 16 5
c) Xt xitc

Evaluate

1 9 3
a)3x3 —zxtc

1 9 5
c)3x3+gx3+c

Evaluate

a)3e* — 2tanlx + ¢

c)e* —2tan"lx + ¢

1,5
fﬂ(xi—é})dx

2 5 5 S
- Y2 — — Y4
b) cx2——xi+c

5 5 16 3
d)§x2—3x4+c

2/ —4
fx3<x3—3)dx
2 g9 3
b) 3x3—Ex3+c

1 6 5
d)3x3—§x3+c

2
f(3e" 1 +x2) dx

b) 3e* —tan"lx + ¢

d) 3e* + 2tan"1x + ¢
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Evaluate

j sec’x i dad a
tanx
a)ln|secx| + ¢ b) In|tanx| + c
c) sec’x+c d) — cotx + ¢
Q32 3 -
- Evaluate f x’+1 dx YUNCIREN
X
a)§x3 —In|x| + ¢ b) %x3 + In|x| + ¢
c)x? +In|x| +c d)ix‘*—lnlxl +c
Q33 -
- Evaluate f : 1 dx dad sa
‘\[xz
) Vx+c b)33¥x+c
)3Vx2 +c d)3Vx+c
(B Contact us at: +971 55 857 0980 Page | 13
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Evaluate

j tanx dx Aadd A
a)ln|cosx| + ¢ b) In|sinx| + c
c) cotx+c d) In|secx| + ¢
Q35 -
D Evaluate J cotx dx dagd 2a
a) — In|sinx| + ¢ b) In|sinx| + c
c) cotx +c¢ d) — cotx + ¢
Q36 Evaluate d Cau n
— In|secx + tanx]| AZidial) 2
dx
a) secx b) secx tanx + sec*x
c) cscx d) cotx
Q37 Find the derivative. d Suu s
— In|sinx — 2| Afidiall 2
dx
a) el b) cosx — 2
sinx—2
c) cotx — % d) cotx
(B Contact us at: +971 55 857 0980 Page | 14
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ekl:i ] Find the function f(x) satisfying the given conditions: Blaral) Jo g pddl (38a3 AN F(x) A 2

ff(x)=3e*+x, f(0)=4

ekl 2 Find the function f(x) satisfying the given conditions: BUarall o g pdll (88a3 Al f(x) Aal 2

f'(x) = 4cosx, f(0)=3

eVl Find the function f(x) satisfying the given conditions: BUanall o g pdll (g8a3 Al f(x) Al 2

f'(x) =12x%* + 2¢€*, f'(0) =2, f(0) =3
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Q41 Find the function f(x) satisfying the given conditions: BUanall o g pdll (88a% Al f(x) Al 2

f'(x) =20x3 +2e%*, f'(0)=-3, f(0) =2

Q42 Find the function f(x) satisfying the given conditions: BUanal) b g pdll (g8a% Al f(x) Al 2

ff)=2x+2,f0)=2, f3) =2
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S50 Find a function f(x) such that the point (1, 2) ot (1, 2)) Ak Lgd 0585 f(x) A2 2
is on the graph of y = f(x), the slope of the Lo gl Juag Ly = f(x) Al Jia
tangent lineat (1,2)is3 and f"(x) =x—1 ) =x-153(1,2)

<200 Find a function f(x) such that the point (-1,1) < (-1, 1) ALl 1gh 0585 f(x) A 2>

is on the graph of y = f(x), the slope of the s ubaall Jrag .y = f((x)  Aad) Jiall
tangentlineat (—1,1)is 2 and f""(x) = 6x + 4 frx)=6x+49 25 (1,1)
Q Contact us at: +971 Page | 17
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-) Position, Velocity and Acceleration

We have studied :
Position Velocity d

To reverse that:

Aceceleration Velocity

J
e

Acceleration

dt d _ dt e T
Given s(t) d% E|s[t}|=u(r.} é dr|1’ff_)|—ﬂ(_t)

Position

If we start with  a(t) q “aftjdt = v(t) q f v(t)de = s(t)

e

Initial conditions must be
given to find integration
constants

Q45

If an object ‘s downward acceleration is given by
y"(t) = —9.8m/s?, find the position function y(t).
Assume that the initial velocity is y'(0) = —30m/s
and the initial position is y(0) = 30,000 m.

y' () = $2 hggd aie ana £l

o il de yudl o yad Je . —9.8 m/s?
y(0) = 8 A ddsallsy'(0) = —30m/s
L y(t) &S A as 30,000 m

(B Contact us at: +971 55 857 0980 Page | 18
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Q46
Determine the position function if the velocity o Agaiall A ) Adfa cuilS 13) AulSal) ATl daa
function is v(t) = 3 — 12t m/s and the initial A sy v(E) =3 — 12t m/s
position is s(0) = 3 m. .s(0)=3
Q47

Determine the position function if the velocity b Agaial de o) Al il 1) Al Alfl) Saa
function is v(t) = 3e~t — 2 and the initial .5(0) = 0 s Y sy v(E) = 3e™" — 2

position is s(0) = 0.
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Q48
o E el A pual) Adfa cuilS 13) AGISal) ATl daa
v(0) = 0 4gaial) 4 pudly a(t) = 3sint+ 1
.S(0) = 0 s& Y ghgally

Determine the position function if the acceleration
function is a(t) = 3sin t + 1, the initial velocity is
v(0) = 0 and the initial position is s(0) = 4.

Q49
A Bl de puad) A1 S 1) AgilSal) Al aas

sl v(0) = 4 4l de g a(t) =2 +1
.5(0) = 0 & ()

Determine the position function if the acceleration
function is a(t) = t? + 1, the initial velocity is v(0) = 4
and the initial position is s(0) = 0.
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5.2 Sums and Sigma Notation Laasws Jadl g £ gaaall 5.2

Sigma Notation
Upper limit

(Last value of i ) n
General term of the sequence

Greek letter “Sigma” E a, — aq =+ a, + g Fmmmte a,
Summation

Jr==-1]
Lower limit
Index of Summation [ First value of i )

n Write in summation notation
) V1+vV2+3+--+10

g saxall Jay B ga A s

b) 33 +43 +53+ ...+ 453

©) 2(1)%+ 2(2)%+ 2(3)%2+--+ 2(14)*

d)V2-1+3-1+V4—1+--+/15-1

Write in summation notation: . e .
1E el Jay b e (A S

The sum of the first 200 odd positive integers. . .
@GR 2 98 Taa 3 200 Js) g e

e Contact us at: +971 55 857 0980 Pa 21
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Write out all terms and compute the sums £ saxall caal g 2 gaal) JS )
8
Z(Zi +1)
i=1
6
Z sin(2mi)
i=2

3i2

-
||Mm
.—\
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THEOREM 2.1

Gl Ll e i gl g basaa e S 13

If m is any positive integer and ¢ is any constant, then
n

(i) Z c =cn Sum of constants Cul S § gana

- o n(n + 1) Sum of the first n positive integers
(i) Z i - 2 2 5a a2 1 Jl £ sana

(iii) Z iZ _n(m+1)(2n+ 1) Sum of the squares of the firstn
= 6 ositive integers
2 94 (@ 335 1 J9) Slad e £ gara

THEOREM 2.2

For any constants ¢ and d, Cyd O s Y

n n n
Z(ca,- + dbl) = Cz a; + dz bi
i=1 1 i=1

i=
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Compute the sum £ saxal) Gual
8
1) Z(Zi +1)
i=1

800

2) Z(Zi +1)
i=1

70
3) Z(Si _1
i=1
50
DIYCED
i=1
20
5) Z i2
i=1
20
7 Ly
DAC
i=1
(B Contact us at: +971 55 857 0980 Page | 24 5yslio 3900 3Ll alacly pyads
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100

8) Z(n2 —3n+2)
n=1

20
9) Z 5
i=7

20
10) Z(i —3)(i+3)
i=4

11) > (k2 —3)

12) ) (k*+5)
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Compute the sum and the limit of the sumasn — co XS £ saxa JS Llgd s £ sarall quua

>l +2)

m Compute the sum and the limit of the sumasn — co LS £ saa JS 4lgds £ sanall )

o T ]

i=1
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Q7 Sum the values of f(x) = x* + 3 evaluated at i .
- fx) il f(x) =22 +3 ad £ sana 2a

x=01x=02,x=03,...,x=1.0 x=01x=02x=0.3,..,x=10

m f(x) = 3x* — 4x + 2, evaluated at . X
aill f(x) =3x% —4x+2 adgsanatn
x=1.05 x=1.15 x=1.25,....,x = 2.95 x=1.05 x=1.15 x=1.25,....,.x = 2.95
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dasally £ saxal) ual

“ Compute the sum the form n
> Faoix
i=1

1) f(xX) =x*+4x, x=0.2,0.4,0.6,0.8,1.0 Ax=0.2;n=5

2) f(x) =4x*—-2, x=2.1,2.2,2.3,2.4,....3.0Ax = 0.1;,n = 10
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5.3 Area dalwal) 5.3

Area D 00

To compute the area beneath the graph of ¥y = f(x) and above x — axis on the interval [a, b]

For f(x) = 0 and f is continuous on interval [a, b]

To approximate the area:

Partition: Divide the interval [a, b] into n subintervals 920
b—a "
Length of each subinterval: Ax = L5t
F — n L0
The points are: Xp=a % = a+ilx -
xy = xg + Ax iy
t =122 8pnn + + + ¢ b r

x; =x; +Ax Andsoon a b
22 Area under y = f(x)

Construct a rectangle on each subinterval [x;_q, x;]
Width: Ax
Y

Length: f(x;) The value of the function at the right endpoeint of the subinterval
2.0

Then the area beneath the graph of y = f(x) is roughly the sum of the areas of rectangles. 154 /
Area: A ® Sum of the areas of rectangles = 10
AR Ap = Zf(xf)ﬂx 0.5
Area: A R f(xg)Ax + Flxz)Ax + flaxz)dx + - +f(x, ) Ax = Ax | Ax | Ax | Ax e
| a x, x; xg b
letn =4 il &
Aresd de = f(x)
Area = A N Ay = f(x)Ax + flxz)Ax + flxz)Ax + flxg)Ax =
n Approximate the area under the curve. el cial Al daboal 4oy &5 dad 23 )
— — 22 . . wz
y = f(x) = x* + 1 on the interval [0, 2], [0,2] 388 ey = f(x) =x2 + 1
Using 4 rectangles.
g g EDltiua 4 aladiuly
=
L.
af
3k
ik
—
Y 0 1 ¥] e
Contact us at: +971 55 857 0980
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1
Approximate the area under the curve y = f(x) = -

on the interval [1, 4], Using 3 rectangles.

Approximate the area under the curve.

N\MM&AMMJEM&J\

[1,3] 55 (o y = f(x) = -

X

ki 3 aladiul

Y]

-

riaiall ciat ABhia daloa 4y 85 dad 2a )

s 3 B 5
y = f(x) = 2x — 2x? on the interval [0, 1], [0, 1] 3.88) te y = f(x) = 2x — 2x
Using 10 rectangles. ke 10 aladdialy
X
(D Contact us at: +971 55 857 0980 Page | 30
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[ 3.1 wyyeil ]
Asic f i€ 13 ¢ [@, b] 558 e 48 yee f Alla S

[ DIFINITION 3.1 ]

For a function f defined on interval [a, b], if f is continuous 4 il i bl i >0 bl e
on [a,b] and f(x) = 0 on [a, b], the area A under the curve e N Ea, ] f(x) = J[a,' .] o

y = f(x)on [a, b] is given by n
A= lim 4, = lim »" f(x)0x
n-oo n-oo
i=1

Find the area under the curve.( Use Definition 3.1) (3.1 il Lasiious) (Aadall il dilata dabeal) 3

y = f(x) = 2x — 2x? on the interval [0, 1]. . [0,1] 858 Aoy = f(x) = 2x — 2a2
C 1 +971
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Find the area under the curve.( Use Definition 3.1) (3.1 i) Lariins) (Aadal) cad dilate daluall 2>

y = f(x) = 2x% + 1 ontheinterval [—1, 1]. J-1,1] 58 ey = f(x) =222 + 1

Estimate the area under the curve.( Use Definition 3.1)

y = f(x) = vVx + 1ontheinterval 1, 3]. J[1,3] 58 ey = f(x) =Vx+ 1

(3.1 iy ail) Lardians) (Aadal) cual dilaia dalicall a8
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Vs

|\

DIFINITION 3.2 ]

Let {xg, X1, X2, ... ... , Xn} be a regular partition of

the interval [a, b],
. b-a .
withx; —x;_1 = Ax = — For all i.

Pick points ¢4, €9, ....., €, Where ¢; is any point
in the subinterval [x;_q, x;], Fori = 1,2, ..., n.

(These called evaluation points).

The Riemann Sum for this partition and set of

evaluation points is: n
> Flenhx
i=1

[ 3.2 wu=ill
5l daliile 45383 {xg, X1, Xg, -oe ... A
[a, b]

. b—-a
LAy X = A=, Ga

4bii gfc; 8 S €q,Cp ..., €y B J4
i=1,2,..,n JY[x;_q,x;] ciiadsdd 4

A A3l odgd ey £ 9a2a O

i f(c)Ax
i=1

For a continuous, nonnegative function f, the area under the curve y = f(x) is the limit of

Riemann sum

A= lim ¥, f(c;)Ax
n—-0co

W here c¢; = x; (rightend point),Fori =1,2,..,n

Ceas) gl dlgs Ay = () (Aaial) et dabudd) 685 f Al p8 Juaia &l J8I

Choice of Evaluation points

ﬁﬁ\ JDL;Q Jalds J\,,\B\

€= (1) e Ml s

;= (x;_1) ol Al sty ddass

1 TR
c; = E(xl. +x;_1) Ciaiial) ddads

Choices for evaluation points

The Right Endpoint

C; = X; Ci

The Right Endpoint

The Left Endpoint
= Xi-1

The Left Endpoint

c;€ [xj_q, x;],Fori=1,2,...,n

The Midpoint
1
Ci = E(xi—l + x;)
The Midpoint

1
€ = 5(11—1 +x;)

e

7 h
O
" /T /
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y = f(x) on|a,b] &x:n—a x; = a+ilx
n
CiE [x,-_l,x,-], Fori = 1,2, | | > Y
= - F i o d I
The Right Endpoint i i Riemann Sum: 4 = Z f(cAx T I
Evaluation points:  ¢; = a + iAx i=1 = 2w e My B =
=129 rigii-erc point
The Left Endpoint ~ €i = Xij—1 L : '
Riemann Sum: An =Zf(fi)ﬂx
Evaluation points: ¢;=a+ (i — 1)Ax i=1 —
i=123....n 5 S "
err-wnd paoin
The Midpoint - 1 v rex
Ei~—'5 (x3-1 + x;) n
1 i . = L
Evaluation points: .-::-=a+(i—£)ﬂx RIEMSHESHUTE A Zf(cf}ﬂx =
i=1
F=41.2:3, ... * xy Ng Ny B -
Ciad dalocal) ypaiil sUaral) A1) ad aniin

Use the given values to estimate the area under
the curve using left-endpoint evaluation.

x 00|01 02|03 04|05 |06 )|07] 038
flx) |20 |24 (26 |27 |26 |24 (20| 14 | 0.6

s ) Lgil) Adali ad aladinly Sadal)

a)1.67
b)1.81
c)18.1

d) 16.7
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Use the given values to estimate the area under uat dabual) a8l SUanal) 41121) pd paddal
the curve using right-endpoint evaluation el Algdl) Adal a8 aladiily dsdal)

x 00 D2 (04 |06 | 08| 1.0 (12 (14 | 1.6
flx) |20 (22|16 |14 |16 |20 | 22| 24| 20

a) 3.08
b)2.8
c)2.25

d) 4.15

Use the given values to estimate the area under Cat Aabusall il SUanal) A2\ pf pidld
the curve using right-endpoint evaluation cranl) Algdl) Adal a8 aladiily dsdal)

x g 44 (1.2 |18 (44 | 45 (1E | 17 | LB
f(x) | 1.8 |14 |11 |07 | 1.2 | 14| 18 | 24 | 26

a)1.182
b)1.262
c)2.125
o0 01525
Use the given values to estimate the area under g dalocall il sUaral) A1l ﬁg adiiol
the curve using right-endpoint evaluation el 3\-,11.4-'4\ e e:é RIFCHD JERR!
X 00(01(02]03)]04 a) 0.97
fx) | 20| 24 | 26 | 2.7 | 2.6 b)1.03
c)9.7
d)10.3
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Approximate the area under the curve y = f(x) = x* + 1 on y = f(x) = 2% + 1 el caldalaal) o B

the interval |0, 1], n = 4 using right-endpoint evaluation. ey e SN ae o ew v s
[0,1] grie P el Algil) Ak Laddins 1y = 4 [0, 1] 3580 e

Q12

Approximate the area under the curve y = f(x) = x4+ 1 on y = f(x) = 2% + 1 el caldalaal) o B

the interval [0, 1], n = 4 using left -endpoint evaluation. 6 ) gl Ak asiisa 1y = 4 [0,1] . e

Q13

Approximate the area under the curve y = f(x) = x2 + 1 on y=f(x) =x% + 1 dadal) cad dalaall o b

the interval [0, 1], n = 4 using midpoint evaluation. fiiiall Ak Waikies 1 = 4 [0, 1] 5.4 e
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Q14

Approximate the area under the curve y = f(x) = sinx on

the interval [0, ], n = 4 using right-endpoint evaluation.

Q15

Approximate the area under the curve y = f(x) = sinx on

the interval [0, ], n = 4 using left -endpoint evaluation.

Approximate the area under the curve y = f(x) = sinx on

the interval [0, ], n = 4 using midpoint evaluation.

y = f(x) = sinx Al ciad dalual) o B

el gl Akl Laddiius 1 = 4, [0, ] BN Lo

y = f(x) = sinx aiall ciad dalual) o B

) gl Al Lasdies = 4, [0, 7] 3580 o

y = f(x) = sinx aiall iad daluwal) o B

chgiial) Al Latdius 1 = 4, [0, 7] 5540 e
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Q17
Approximate the area under the curve y = f(x) = 4x on the Y = f(x) = 4x Aadal) cad daluall o b

interval [0, 4], n = 40 using right-endpoint evaluation. Lol Al A Ladiins 10 = 40, [0,4] 5 e

Approximate the area under the curve y = f(x) = 4x on the Y = f(x) = 4x sl cad dalaall o b

interval [0, 4], n = 32 using left -endpoint evaluation. s gl A Lasiins 1 = 32, [0, 4] 50 1o

Approximate the area under the curve y = f(x) = 4x on the Y = f(x) = 4x adal) cad dalaall o b

interval [0, 4], n = 24 using midpoint evaluation. iiiall AL Ladkins 1 = 24, [0,4] 544 o
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Q20
n
' . 2
In the figure, which area equals Iim Z 24/1+i/n=?
n—00 P \/_ / n
Yy
4 y=\x
2 =+
l--
A, A,
} 1 t 1
1 2 3 4
Q21
n-1 1 )
In the figure, which area equals li :
im - V1+2i=?
n—oo 4 n n
1=
Yy
4 y=\x
2 +
1__
A Ay
t t t 1 >
1 2 3 4
C 1 +971 55 857 0980
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5.4 The Definite Integral 3 gaaal) Jalsili 5.4
Area Under a Curve (adall cal dalewal)
f(x) =0 on [a,b]
y a4 f(x)
n b /
A=1lim ) f(c)Ax = j f(x)dx /\_/
n—->00
i=1 a
Foranyc; € [x;_q,x;], Fori =1,2,..,n /
/1= L X
Area of
region
Definition 4.1 4.1 iyl
For any function f(x) defined on [a, b], 058 ¢ [a, b] Gle 4 yma fx) dla Y
the definite integral of f (x) from atobis wh J oao f(x) 1 3 gasal) Jalsil)
b n b n
| reoax = tim " reoax [ e = tm Y reeon
a i=1 a n =1
Theorem 4.1 4.1 4 B3
If f(x) is continuous on [a, b], then f (x) ol [a,b] 3588 e dlaia f(x) S
is integrable on [a, b] [a,b] oo Josill ALd ) <5 £ (x)

b
<+ A =[f(x)dx

a

Area under
the curve

_ The definite integral of
T f(x) between x=a & x=b
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n Express the integral as the limit of the Riemann sum. Olasy £ sana Al 3 puas Julsl) (o e

3
f (2x +5) dx
0

Express the integral as the limit of the Riemann sum. Olasy £ sana A3l 3 uas JulSl) (8 e

A
f sin2x dx
0
Express the limit as an integral. Jalsli 5 gua B Algdll e e

1 ™ 2m . nm
lim —[sin—+ sin— + --- + sin—]
n-on n n n

(B Contact us at: +971 55 857 0980 Page | 41
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Express the limit as an integral. JalKS 3 u3 AL e e
I n+1 N n+ 2 N 2n
lm 08—
n—>oo( n2 n? n? )
Express the limit as an integral. Jal<S 3 u3 AL e e
1 2 n
)+ (5 ) + o+ YR
lim
n—->o0o n
(B Contact us at: +971 55 857 0980 Page | 42
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m Evaluate the integral by computing the limit Ol £ sana Al Giluay Jalsil) dagd 23 )
of Riemann sums 1
2x dx
0
Evaluate the integral by computing the limit Olasy £ sana Al Giluay Jalsil) 4agd 23 )
of Riemann sums 2 )
x“ dx
0
e Contact us at: +971 55 857 0980 Page | 43
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Theorem 4.2 4.2 4y ki)

If f(x),g(x) isintegrable on [a,b], then sl e Jalsill illB £(x), g(x) <uls 1y
For any constant ¢, d c,d ol gmaae Y < [a, b]

D [Plef) +d gl dx =c [’ fdx+d [7 g(x)dx

2) f;f(x)dx = facf(x)dx +fcbf(x)dx , ¢ inla,b]
3) [ f(dx = — [ f(x)dx
) [} fdx =0

5 [Pfdx= [0 gdx , f(x) = gx)

Theorem 5.2 5.2 4 kil
The Fundamental Theorem of Calculus. Part1 (Jolt eja) Jolkilg Jdladl wlmal dunlnill 8,401
If f(x) is continuous on [a, b]and F(x)is F(x) s[a,b] e daiadly f(x) ulsy

any antiderivative of f(x) , then QB fF(x) 2 Adal s T a

b
[ feoax = Feo ? = F(b) - F(@)

e |
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2
“ Compute fo dx e
0

2
BEN compute IREGEEDLE —
0

B e 2 e
(4x ——) dx g
]1 x?
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m Evaluate

4 3
j (xVx + ) dx
1 X

62
a) — + 3ln4
5
b)16.7
62
C) ? — 3Iln4

d) 17

1
Q12 Evaluate j (6e73* + 4) dx
0
-2
a) ? + 6

2
b)g—6
c)6

d)5

2 ,2x _ ,3x
Q13 Compute f (e e
0

a) ?—1

b)lz—l
e

c) l+1

el

-1
d) ?4-1

Ao 239

dagd aa

)
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/)
i\ | Compute jn (2sinx — cosx) dx ]
2
a) 31
b)- 31
)3
d)-3
1
ell5 | Compute ji( 3 )d )
—) ax
- 0 vl—x2
a) Z
o T
)" %
n
<) >
o T
)72
m Compute jl( 4 )d |
_ X ‘
14 x2
n
a) )
N
)2
oOTt
d) 2T
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write the expression as a single integral. 3 jdia JalSi 5 ) gua (A jpadl) S|
2 3
f f(x)dx +f f(x)dx
0 2
m write the expression as a single integral. 3 sdia JalSi 5 ) gua (A jpadl) S|

fo fdx - f Fdx

m write the expression as a single integral. A dia JalSi By gua (A puail) IS

fozf(x)dx + lef(x)dx

m write the expression as a single integral. 3 hla JalSi 3 g ua edil) (as)

j_jf(x)dx+ j:f(x)dx
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m Assume that

f13 f(x)dx =5 and ffg(x)dx —_2p

Find [ f(x) + g(x) ]dx
a)—3
b)3
)7
d) 10
Q22

Assume that

J; fx)dx =5 and [ g(x)dx = -2

Find [[ 2f(x) — g(x) ldx
a)7
b)8
)12

d) 14

Q23

Assume that

f13 f(x)dx =5 and flsg(x)dx = -2

Find [[[ f(x) — g(x) ldx

a)7
b)8
)12

d) 14

of Lad

f13 f(x)dx =5 and flsg(x)dx — o

3
fl £ + g(0) 1dx 2=

o L

[, fx)dx =5 and [ g(x)dx = -2

3
jl [2£ () — g(x) dx

ol La

[, fx)dx =5 and [; g(x)dx = -2

3
jl [0 — g(x) Jdx s
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Q24
Assume that oilad
3 3 3 3
Jy f(x)dx =5 and [ g(x)dx = -2 J; fx)dx =5 and [ g(x)dx = -2

Find [ [49(x) — f(x) Jdx f 4900 — FOldx s
1

a) —13
b) 3
c) 13
d) 22
Q25
5 2x, ifx<2
Evaluate: [, f(x)dx, where flx) = { 1, if x> 2 S f03 f(x)dx )
Q26
4 (2, ifx<2
Evaluate: [ f(x)dx, where f(x) = {Sx, if x>2 S f:f(x)dx )
(B Contact us at: +971 55 857 0980 Page | 50
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dalual) § 53 gaaall COLALSEY (yae A8Nal)
4.2 iy pil)

Relating Definite Integrals to Sighed Area

DEFINITION 4.2

Bagaaall daluwall (A A7 3 [a,b] = f(x) =0 of gasd ,
a<x<bhb J x_sagy=f(x) Al g .

Suppose that f(x) = 0 on [a, b] and A, is the area
bounded between the curve y = f(x) and x — axis

-

fora<x<b } }
a b C

b
Aq =J f(x)dx

sagaaall daluall (A A, 9 [b,c] & f(x) <0 o pakh e
b<x<c J& xusasy=f(x) i

Suppose that f(x) < 0 on [b, c] and A, is the area
bounded between the curve y = f(x) and X — axis
forb<x<c

b

Ay = - jb Fodx = j f@)dx

a<x<c & xusay y=f(x) o=l dalud

The total area betweeny = f(x) andx — axisforb<x <c

b c
A + A, =J f(x)dx—jbf(x)dx
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Write the given (total) area as an integral or Bgma (b Blaral) dalicall (Janma) iS)

sum integrals. The area above the (398 Aalual) LSS fad il gl Jalss
x — axis and below y = 4 — x* y=4—x2cady x- 9l
2 2 y
(4 _ +2 b (4 —x2 A
a J12 (4 —x*)dx J; (4 —-x*)dx .

2z
c f2(4—x2)dx d L(“‘xz)dx )

-2

n

N

N

&

m Write the given (total) area as an integral or busa o slarall dalicall (Janma) S|

sum integrals. The area above the st daluall | edllss aax il gl Jalss
x — axis and below y = 4x — x? y = 4x — x% caly x- el

D

2 %
a J (4x — x*) dx b J —(4x — x?) dx
0 0

LY

2
j (4x — x?) dx
0

0
c f (4x — x%) dx d
4

N

&

(D Contact us at: +971 55 857 0980 Pa 52
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Write the given (total) area as an integral or
sum integrals. The area below the

x — axis and above y =x*>—4

a Ji—(4 —x%)dx

2
(4 _ 2
b J; (4 —x%) dx

c £22(4 —x%)dx

2
d J; (4 —x%) dx

Write the given (total) area as an integral or
sum integrals. The area below the

x — axis and above y = x* — 4x

3y ga gﬁ sUaral) dalocall (Jaa) is)
<t dablul) | cdalss fax il gl Jalss

y=x%—4 38y x- 54l

D

N

&

3y ga gﬁ Uaral) dalcall (Jaa) is)
Ciad dalual) | CBLISE gy il o) Jalsi

y =x% —4x 35y x- sl

%
a f (x? — 4x) dx
0

%
b f —(x* — 4x) dx
0

0
c f (x? — 4x) dx
4

2
d j (x? — 4x) dx
0

N

&

(% Contact us at: +971 55 857 0980
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Write the given (total) area as anintegral or 1< ) gn & sUanal) dalocall (Sas) )

sum integrals. The area between the O B geanall dabuall | ESalS raa il
T
x — axis and y=sinxfor—ESxSZ —§stg-‘y=sinx‘x-u~d\
0 % 0 n
a —j sinx dx+f sinx dx b J sinx dx+f sinx dx
_n 0 _n 0
2 Zn' ¥
% Z . nﬂ
c f —sinx dx d |2 sinx dx
_z 0 .
2

&

Q32
Write the given (total) area as an integral or ~ JASi 3 gua (2 Blarall dabusall (Jana) is)
sum integrals. The area between the O B gpanal) dalwall | OIS paa iU )
x—axisand y=sinx for0<x<m 0<x<m-d y=sinx « x- ,554al
w 0
a f sinx dx b f sinx dx
0 nn’
" Zf sinx dx
c f —sinx dx d 0
0
Q Contact us at: +971 Page | 54 bpolio 3 St alacly puads
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Q33 Compute the integral and interpret in terms of area . daluall AN Llay) jud g Jalsill caal)

2
j (x? — 2x) dx
0

»

N

N

'S

&

ek’88  Compute the integral and interpret in terms of area . daluall Ao Llay) jud g Jalsil) o)

3
f (x? — 2x) dx
0

@

N

N

&
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Q35 Use the graph to determine whether

foz f(x) dx is positive or negative.

} t t +—»
024 05 10 1.5\2.0
~041

»
»

t } 1 —» X
05 1015 20

S 1) La et Alal) Jfadl) asdi)

1.0
0.5

Al gl doa g fozf(x) dx

v
8

—-0.5 -
—-1.0 -

05 N0 15 20
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Q36 Use the graph to list Al Al Jafadl) Al Jifadl) aadiid
3 2 1 3 2 1
Jo FQO) dx, Jy f() dx, [, f(x) dx Jo FGO dx s [ f(0) dx s [ f(x) dx
In order , from smallest to largest. C oS N A e
Y
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Q37
. . 2 N - . . . .o
Use the geometric formula to compute integral fo 3x dx  Jalsill bl dgwaigl) il 811 addlin
-1 ol 3
Q38
: ; 4 . G ek e ey <
Use the geometric formula to compute integral f1 2x dx ekl cilaad daaighl o) gl asdiia
Q39
. . 2 - 4 03 . o ’ -
Use the geometric formula to compute integral fo Vi —x2dx  JalSil Gluad dpuaigl) o) 8l) axdia
3
1+
-2 MENTY| 1 2
-1
-2
e Contact us at: +971 55 857 0980 Page | 58
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Theorem 4.3 4.3 4y 2l
Suppose that g(x) < f(x) forall x € [a, b], x € [a,b] K gx) < f(x) o sakhsle
and that g, f are integrable on [a, b] Then, ¢ [q, b] 6l e Jlal (sl
b b
x) dx Sj x) dx b b
Lg() A Jg(x)dxsjf(x)dx
a a
If m< f(x)<Mforall x € [a,b]that g,f x€E€[a,b] X m< f(x) <M &1y
Then, o
b b
m(b—a)Sfaf(x)deM(b—a) m(b—a)sff(x)deM(b—a)
a
2
Use Theorem 4.3 to find bounds ] xze_\/y? dx 338 Ay 4.3 A kil aasiu
1
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Integral Mean Value Theorem

THEOREM 4.4

Jalsil) & ddau gial) daddl) 4, i
4.4 4 51

If f(x) is continuous on [a, b], then there is
a number ¢ € (a, b) for which

a

1 b
f© =5— | foax

B ald | [a,b] o dlaiaddly f(x) wils )
alai ga c € (a,b) 2=

1 b
fl)=7— j f()dx

Q41

Compute the average value of: f(x) = sinx
on the interval [0, 7]

Q42

Compute the average value

f(x) =4x+ 3 ,onthe interval [0,2]

a)7
b) 11
c)14
d) 22

[0, 7] 3880 e f(x) = sinx - dau sial) dadll Caial

S Ao giall Aagdl) Cual

[0,2] sl f(x) = 4x + 3

B Contact us at: +971 55 857 0980 Page | 60

A
WWY Learn more at: https://www.manasra.academy

6palio agoao :aliwll alaclg pyads




— 12 Advanced - Term 2 S oualSDI 25 .
L% | Manasra Academy &10,3801 2890 (ile Jolallg apinl

ldll alo / 2024-2025 ultll Jodll Joas gl https://www.manasra.academy

Q43

Compute the average value 2 Ao glal) dagdll Gual

f(x) =x* —2x ,ontheinterval [-1,1] [—1,1] ol s f(x) = 22 — 2%
a)—13
b 1
) 3
c)13
d) 22
Q44

Compute the average value 2 Ao glal) dadll Gual

f(x) =3x* ,ontheinterval [0,2] [0,2] e sl f(x) = 3x2

a)4
b) 8
c)12

d) 16

Q45

Compute the average value - Ao glal) dadll Gual

f(x) =2x+1 ,ontheinterval [0,4] [0,4] e syl f(x) = 2x + 1

)5
b) 10
€)20
d) 80
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Q46

Find a value of ¢ that satisfies the conclusion of the
Integral Mean Value Theorem

f(x) =x? —2x ,ontheinterval [-1,1]

Q47

Find a value of ¢ that satisfies the conclusion of the
Integral Mean Value Theorem

f(x) =3x% ,onthe interval [0,2]

43
)3~

2v3
2

c)8

8
d)§

Jalsill B Aa gial) Aol &y 183 33 ) ¢ L 22

[~1,1] e s f(x) = % - 2x

Jalsill B Aa gial) Aagdh) 4 183 33 ) ¢ Lo 22

[0,2] =3 f(x) = 3x?
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5.5 The Fundamental Theorem of Calculus Jalsill g Jaliil) A dpalady) 4 81 5.5
Theorem 5.2 5.2 4 k)

[ The Fundamental Theorem of Calculus. Part1 ] [ (Jobi cjalt) Jolkilg Jualadll Glma) Guuunil il ]

If f(x) is continuous on [a, b] and F(x)is F(x) s[a,b] e daia dly f(x) uls1y
any antiderivative of f(x) , then o6 () il s sl s

2 b
j fdx = F) | = F®) - F(@

2

m Evaluate j 2x dx dagd aa gl
1
a)?2
b)3
)6
d) 7

3
Evaluate ] (xz —2)dx dad a2 gl
0
a)3
b)7
)21
d) 25
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_12 . .
Evaluate f Z dx dad a gl
3 X
a)—21In2
b)—21In3
c)2In3
d) unfined
X
Evaluate j 12 ¢5 dit dad aa gl
1
a) 2x°
b)2x6 -1
c)2x%+1
d) 2x%—2
4 P
Evaluate f e 2% dx Aad 2a g
1 1
-8 -2 1
a)——e °+—-e
) 2 2
b)-2e8+1
c) —= e 8-1
1
d —-e*+1
) —3 +
m Evaluate j4( Jx+ 3)dt dad aa g
xVx +— ==
1 X

62
a) —+ 3ln4
5
b 62+l 4
)5 tin
64
c)?+31n4

62
d) ? + 3In3
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Theorem 5.2 5.2 4y il

[ The Fundamental Theorem of Calculus. Part 2 J [ (gul cjall) Jolsilg Jaladl lual duulw il &ypail }

If f(x) is continuous on [a,b] and sla,b] e daiadlly f(x) sl
Fx) = J, f(®)dt

F(x) =f f®dt
, then F'(x) = f(x) a

F'(x) = f(x) OB

X

Find the derivative F'(x) F(x) = j (t? — 2t + 3)dt F/(x) dtidal) 2o )
1

X
m Find the derivative f'(x) f(x) = f (t* —3t—4) dt f'(x) Aasdal sa )
2

2

m Find the derivative f'(x) f(x) = j sect dt f/(x) daia sy

X

2
m Find the derivative f'(x) f(x) = j (tz +3t) dx f/(x) dada sy
1
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The Fundamental Theorem of Calculus. Part 2

Chain Rule

(gu ejall) Jolilg JAladl Glnal duuluil &l

alwdal 6acld

If f(x) is continuous on [a, b] and

Fo) = [9% fodx

,then  F'(x) =f(g(x)) g'(x)

sla,b] e daic dly f(x) <ilS )y
9(x)

F(x) = fodx

a

F(x)=f(g(x) g'(x) &

2

m Find the derivative f'(x) Flx) = fx sint dt f/(x) daial sy
0
. . . / x? “
elFA Find the derivative f'(x) fx) = f (e_tz +1) dt £/ (x) A 1
0
, 3x+1
el Find the derivative f(x) f(x) = j (tz +1) dt f/(x) i) sy
2
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The Fundamental Theorem of Calculus. Part 2 (gul cjall) Jolsilg Jaladl lual duolw bl &ypai
General Form ) dolJl Al
If f(x) is continuous on [a, b] and sla,b] e Laiadlls f(x) <l
g(x) g(x)
F(x) = fodx F(x) = f)dx
h(x) h(x)
Then, F'(x) = f(g(x)) g'(x) — f(h(x)) h'(x) F'(x)=f(g®) g'x) — f(h(x)) h'(x) o
2—x

eI"8 Find the derivative f'(x) f(x) = j sint? dt f'(x) dada) sy
ex
! x3

el Find the derivative f(x) Flx) = j sin(3t) dt F/(x) daaal syl
x2
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m Find the derivative f'(x) f(x) = ]xz /‘tz T 1dt f'(x) daia) sy
2x

xe*

el Find the derivative f'(x) fx) = j e2tdt f'(x) daia) sy

2—x
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Computing the Distance Fallen by an Object hiy amad b gl Alca Gl

m Suppose the downward velocity of a sky diver is =Y aY (i) ) deaid) de jull o (b e
givenby v(t) =9(1 —e H)m/s  forthe first v(t) = 9(1 — et) m/s Wl Jawa jall il

5 seconds of a jump. Compute the distance L gel e 3 jlinall dilual | @l e 5 5 d;ﬁ
fallen. - ) ) '

. km
Iman drives the car at f(t) = 55 + 10cost —~and asiys5 f(t) = 55 + 10cost kTm Ao B )luall (lay) 2585

. km
Mahmoud drives the car at f(t) = 50 + 2t e f(t) =50+ 2t kTm iy b ylad) 3 gana

Assuming that Iman and Mahmoud stand in the same t =0 o) vic 4uds b sall 8 Gl 3 sena g el O (8 Sle
location at time t=0

O Gland) A2y QS 5y [ (F(0) — g(D))dE o)
Calculate f:(f(t) — g(t))dt and interpret the dsaaa s el
integration in terms of the race between Iman and
.Mahmoud
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Rate of Change and Total Change of Volume of a Tank OIOA aaa B ,adl) Jaalg il Jaxe

Q20

Suppose that water flows in and out of a storage Janall (IS da JA i g () A 8 (38355 el () (2 8 e

tank. The net rate of change ( that is the rate in Aadal) &l il f(t) — 20(t2 -1) 5 sy aill alial)

minus the rate out ) of water is f(t) = 20(t%> — 1) ) )

liter per minute. iy Fagelall e G 0 <t <30 (]
£ =0 el die sldl (50 200 L o 0330 S 1 (w0

a) For 0 <t < 3, determine when the water level is i ol g dal ) g )

increasing and when the water level is decreasing. LGOI = 3 G A OIAD A S and

b) If the tank has 200 liters of water attime t = 0,

determine how many liters are in the tank at time

t = 3 minutes
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Q21
Suppose that the rate of change of water in a f(t) = 10sint L/min o33 & slall i o) = e

storage tank is f(t) = 10sint L/min.
el Sagslall g dapn Seam 0 <t <2m N (a

t =0 Gal) die slall 50 100 L s 0 380 01 1 (&
GBIE =TT e B OIAD 1 S aaad

a) For 0 < t < 27, determine when the water level
is increasing and when the water level is decreasing.

b) If the tank has 100 liters of water attime t = 0,
determine how many liters are in the tank at time
t = TT minutes
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Finding a Tangent Line for a Function Defined as an Integral el Ll e 48 pall Adlall ulaal) sl
Q22

2 2
For the function F(x) = f: In (t3 +4)dt x =22y wadldibsan F(x) = f: In (t3 +4) dt Al

find the equation of the tangent lineat x = 2

Q23

For the function y = fzx cos(mt3) dt x =23 pladl dblasaa |y = fzx cos(mt3) dt 4l

find the equation of the tangent lineat x = 2
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Q24

For the function y = f: e P+ 1dt x =02 eeddl s aa |y = fox e~ tlge aal

find the equation of the tangent lineatx = 0

Q25
For the function y = [~ In(t? + 2t + 2)dt y=[1 @t + 2t + 2)dt D
find the equation of the tangent lineat x = —1 x = —1 dc leddl Aalas 2n
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m _ ) = [, t2 —3t+2)de

Identify all local extrema of ladll (5 puaill adll a8l ga 22a

Q27
Use the Fundamental Theorem of Calculus JalSill 5 Jualdill il dpulal) &y jlail) arsiud
To find antiderivative of e S Lol ) slagy

a) e

b) sinyx? +1
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=288 Use the graph, f is continuous on [0, 5] [0,5] o Adaiall £ alall gy Jiay SN Jid)

Assuming that ol iy

7+3 ;+3
HE = [* f@ae Hx) = [° fdt
0
0

Evaluate H'(2) H'(2) Lo 13/

N |
, |
)| |
‘ N
-0 4 ] 4 p <]
If fok(ka — x¥)dx = 18, find the value k ks ol fok(ka —x)dx =18 <N
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Q30
If the mean value of f(x) on the interval 458l A f (x) Al Ao siall dagdll o)) Caale 13)
[2,5] is4 4 sswi [2,5]
. 5 5 .
Find [ (3f(x) + 2)dx J, Bf(x) + 2)dx 229
Q31 ‘
If the mean value of f(x) = 6x on the f(x) = 6x Aall Ao giall Aaidll o) Cale 13
interval [n,2n| is 27 . .o
[ ] 27 ssii [n,2n] o440 Lo
Find n, suchthatn + 0 R P -
n+0 < n dad g
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Q32

3l e dlatdl poallall S Jul Sl e )l
The following graph represents the continuous function i -

. . - YN _ t -y
U on the interval [0, 8], and the relationship Ao gasall Al Jidi 5 = fo v(x)dx 4335 [0, 8]
s = fo v(x)dx represents the position function at b el die 5 sl ddlid) caa)

time € for a spider moving vertically upward on a wall. . . . . e v . .
_ , (in/min) = 4 v « (Min) EEAL dulsa ¢ Cus
.Calculate the distance traveled upon landing

where € is measured in minutes (min), ¥ is measured in <T"
(in/min) )
e . " v(x)
adal) Al e Ql@ﬁ g-.ﬂ*d\ e.uuj\ e.\ﬁu\

Find the velocity of spider t =5 igSiall 4 pu 324i(1

"

—p————————

Find the position of spider t = 7 igSiall adga 33 4i(2

Find the interval when the acceleration is zero  Jiall 43 sbusa Adaal) Ladic o< A 5 580 3a.40(3
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5.6 Integration by Substitution

o2 il Jalsil) 5.6

magration by Substitution

Integration by Substitution consists of the

following general steps:

e Choose a new variable u

d
e Compute d—z

e Replace all terms in the integral with
expressions involving u , du

e Evaluate the resulting u integral.

e Replace u in the antiderivative with

\\expression in x

~

!

m Evaluate

f(x3 + 5)100(3x2)dx

a

: g2l JolSil chal dolell Glghall

U 13233 asio HAl

du
—  caual
dx

smlel Jolsil (1 aganll gion Jauiwl
dugu QoA
u JolS5 doad a2

\ X pioly alall Al (né U Jayawl

o=l dolﬁh

Uo

'/

Ao 22 g)

(% Contact us at: +971 55 857 0980

Page

AT
WWY Learn more at: https://www.manasra.academy

| 78

6palio agoao :aliwll alaclg pyads



12 Advanced - Term 2 Ceonal$Dl 23 o audl
£ Manasra Academy 2023811 gdgo ke Jolallg i)

) https://www.manasra.academy
Glabl 83lo / 2024-2025 (ulill Jadll Jae @lpl

[x+ 2% "

B compute j (Btanx + 4)°sec’xdx NN

-1,,2
Compute (tan x) dx )

1 + x2
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-2
m Compute jx3( xt + 1)de "

m Compute j (\/)_C + 1)3 d n)
— x 0
Vx

Compute j 4 EVWEN)

x(Inx + 1)2 dx
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Evaluate the indicated integral. [oX L A - Al dagd aa
m valuate the indicated integra jex eX + 4 dx Agdaad) e Jalsil) dadd aa )

2 3
a) E(ex+4)2 +c
3 1
b)i(ex+4)2 +c
3
c2(e*+4)2+c

3
d)(e* +4)Z + ¢

m Evaluate the indicated integral. j /‘1 + 10x dx Agdaal) e Jalsil) Aol aa gl

1 3
— (1 +10x)2
a)15( +10x)2+ ¢

1 3
—(1+ 10x)2
b)lO( +10x)2 + ¢
1 3
c)g(l +10x)2 + ¢

1 2
— 3
d) 15(1+1Ox) +c

m Evaluate the indicated integral. f sinx dx JAgaaall i Jalsil) dad ay g
a) — 2\/cosx + C VCOoSX
b)2+\/cosx + c
3
c) —2cos2x +c¢
d) —cosx + ¢
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Evaluate the indicated integral. / - Al dagd aa
m valuate the indicated integra sz x3 42 dx Agdaad) e Jalsil) dadd aa )

2 3
Dy (x+2)2+¢
2 3
b)§ (x3+2)2+c
2 1
c)a (x3+2)2+c

1 3
d)i (x*+2)Z+c¢

m Evaluate the indicated integral. jxg /x4_|_3 dx JAgaaal) 8 Jalkil) dad aa

1 3
a)§ (x*+3)2+¢
1 3
b)g (x*+3)2+c
1 3
C)Z (x*+3)2+c

d 1 e 3§
—_ )
)12(x+)+c

m Evaluate the indicated integral. j SBCZX /‘tanx dx Agdaal) e Jalsil) Aol aa gl

1 3
@)3 (tanx +c
2 1
b)Z (tanxyz+c

3 3
3 tanx)z +c

2 3
d)3 tanx)z +c
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Ql4 Evaluate the indicated integral. j sin3x cosx dx Agdaall e Jalsil) Aad aa
1
a) 2 (sinx)* + ¢

b L Y+
—sinx* + ¢
)4-
o)4sin*x + ¢

1
d) 3 sin*x + ¢

Evaluate the indicated integral. - a1 dagd aa gl
m valuate the indicated integra sz COSX3 dx SAgdaall e Jalil) dad aa )
1.5
a)ssin°x+c¢
3
1
b)=sinx® +c
3
R
c)—§Slnx +c

1 .
d) —§sm3x +c

- . 3 . g
m Evaluate the indicated mtegral.j sinx (COSX + 3)1 dx LAgdaall e Jalil) dad aa

—4 7
a) 3 (cosx+3)*+c
—4 4
b)7(cosx +3)7+¢c
4 7
<) - (cosx +3)2+c

4 4
d) 7 (cosx+3)7+c¢
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Q17 Evaluate the indicated integral. j cos (%) JAgdaal) 8 Jalkil) dad aa
dx

1 x?
a)sin (;)+c
b e +

sm(x) c

1
c)cos(;) +c

1
d) — cos(;) +c

m Evaluate the indicated integral

a)2ln(Vx +1) +¢

x Agiaal) 48 Jalgil) dad as

| f\/E(\/al?+1)d

b)%ln@/aﬂ D+c

)2ln(Vx)+1+c

d)—2ln(x+ 1) +c

m Evaluate the indicated integral. L dx dgiaall e Jalsill dad aa gl
) . o = 42
X+
a)2ln(x*+4) +c

1
b)iln(xz +4)+c
1
©) —Eln(x2 +4)+c

1
d)ix In(x*+4)+c

(D Contact us at: +971 55 857 0980 Pa
ge | 84 suoli i -
polio agoao :alwdl alaclg pyads

AT
WWY Learn more at: https://www.manasra.academy



12 Advanced - Term 2

[£] Manasra Academy
ALyl dalo / 2024-2025 uldl Jaall Joe lgi

a105a501 2dgo (ke Jolallg apidl

https://www.manasra.academy

m Evaluate the indicated integral. f 4 dx
x(Inx + 1)?

m Evaluate the indicated integral. jtanzx dx

1
a)ilnICOSZxI +c
1
b)— Elnlcostl +c
1
c)Eln|c052x| +c
1
d) — Elnlcostl +c
(sin™1x)3

m Evaluate the indicated integral.
— dx
V1 — x2

(sin~1x)*
4

+c

(sin~1x)*

co)———+c¢

Agiaall pe Jalsil) dad 2

Agaaall e Jalsil) dad 2o f

Agdaall e Jalsil) Lad s f
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m Evaluate the indicated integral. sz sec? x3 dx JAgdaal) 8 Jalkil) dad aa
1 3
a)gtanx +c
1 3
b )gcotx +c
1
c)gseczx4 +c

1 3
d)gtan x+c

Q24 Evaluate the indicated integral. f L dx JAgaaal) 8 Jalkil) dad aa
V1 —x*
sin~1x? N
—+tc
a) >
b sin~1x? N
) > ¢
sin~1x* 5
—+c
c) m
(sin~1x?)*
d +
2 c
. . . x3 . - £
m Evaluate the indicated integral. f dx Agdaall e JalKill dad aa g
V1 —x*

1 1
a)i(l—x4)2+c
1 1
b)—i(l—x4)2+c
1
0-2(1-xY2+c

1 3
d)_f(l_x4)2+c
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2
. . . x » - - - £
m Evaluate the indicated integral. j - dx Agdaad) e Jalsil) dasd aa )
1+x
1
a) §tan‘1x3 +c
1
b )Etan‘lx4 +c

1
) 2 tan 1x? + ¢

1
d) 3 tan lx + ¢

5
Q27 Evaluate the indicated integral. f x dx Agdaall e Jalsil) dad aa
1+ x°
1
a)§ In(1+x% +c
5
b)g In(1+x%+c
1
c)g In(1+x)+c
1
@glmj+x%+c
m Evaluate the indicated integral I+x : 1) dad aa of
gral. — dx Agdaad) e Jalsil) dad aa )
1+ x?
1
a)tan™lx + > In(1+x*)+c
b)tan 'x+ In (1 +x3?) + ¢
1
C)E In(1+x*)+c¢
-1 1
d)tan™"x +E In(l1+x)+c
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L : 1+x X g
m Evaluate the indicated integral. f N : dx SAgdaad) e Jalsil) dadd aa gl
— X

1
a)—iln(l—x2)+c

b)ln(1l—x)+c

o—-n(l-x)+c

1
d)i In(1—-x*+c

m Evaluate the indicated integral. f 3vVx d dgaaal) & Jal<il) dad an g
— x " o -~ .
; 14 x3
a)2tan™?! (x§> +c

3
b)3tan™! (x?) +c
2 3
©) Etan‘1 (x2> +c

2 3
d) — Etan‘1 (xz) +c

m Evaluate the indicated integral. f 1x+ is dx Agaall g8 Jalil) dad aa

5

a)2tan™! (x5> +c
S

b)3tan™! (xZ) +c
2 5

0 Etan‘1 (x2> +c

2 S
d) — Etan‘1 (xZ) +c
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m Evaluate the indicated integral. j 3vx dx JAgdaal) 8 Jalkil) dad aa
. 14 x3
a)2tan™! (xf) +c

3
b)3tan™! (xf) +c
2 3
) Etan‘1 (x2> +c

2 3
d) — Etan‘1 (xz) +c

m Evaluate the indicated integral. jx /‘2 — x dx JAgaaal) 8 Jalkil) dad aa
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ety | Evaluate the indicated integral. f 2x +3 dx Sgaaall pd Jalsil) dad 2o g
x+7
2
m Evaluate the indicated integral. j X d Agdaal) e Jalsil) Aol aa gl
3 —— ax
Vx +3

(B Contact us at: +971 55 857 0980 Page | 90 5alio <Dl slacl .
opalio agoao all alaclg paas

A
WWY Learn more at: https://www.manasra.academy



12 Advanced - Term 2 Ss0s0SDl migo gl Jlalle apddl
£ Manasra Academy G404280 gago 92

) https://www.manasra.academy
Glabyl 8alo / 2024-2025 (Uil Jadll Joc §lgl

m Evaluate the indicated integral.

Agiaall pe Jalsil) dad 2

1
jmdx

Q37 Evaluate the indicated integral. j 1 dx Agdaal) e Jalsil) Aol aa gl
X

Vxt—1
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2
Evaluate the definite integral. vy 4
m g j ¥3x% +5 A gaaall Jalsil) dag aa
1

15
m Evaluate the definite integral. f > e—x2/2 dx gaaal) Jalsil) dad aa
0
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2
Evaluate the definite integral. 3 dasd
Q40 g j x /xz +1 A gdaal) Jalkil) daid aa
0
Evaluate the definite int | 3 4
valuate the definite integral. . 4 v
Q41 g j x Sln(T[XZ) dx Agdaall Jal<il) dad aa
1
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1
Q42 Evaluate the definite integral. j X dx LA gaaal) Jalsil) dad aa
;(x2+1)2

2
Q43 Evaluate the definite integral. 2 %3 Agdaall Jalsil) dad aa
x“e* dx =
0
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2 x
eyl Evaluate the definite integral. e dx Agaaal) Jalsill dagd aa
o 1+e?*
. . . 2 ex - -
Q45 Evaluate the definite integral. j dx Agaaal) Jal<il) daid aa
o 1+e*
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i3
Q46 Evaluate the definite integral. 2 Agaaall Jalsil) dad aa
j cotx dx
T
Q47 Evaluate the definite integral ® Inx daal) Jalsil) Aol
* —_— dx ."\J ’ ‘JA ‘ 4"‘.‘-‘3 ‘A%
1 X
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4
Q48 Evaluate the definite integral. x—1 dx Agaaall Jalsil) dad aa

1 Vx

1
Q49 Evaluate the definite integral. j X dx gaaall Jalsil) dad aa
0

vx2 +1
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/2 1
NN evaluate f cosx. f(sinx)dx if j f(x)dx =2 )
0

0

4 2
m Evaluate f f (\/-;) dx i f f f(x) dx = 3 )
1 \/-; 1

Make the indicated substitution for an unspecified function f(x). F(x) Baana e AN laaal) (2 gail) pua
2
u=x?for j xf(x*)dx
0
(B Contact us at: +971 55 857 0980 Page | 98

P 6palio agoao :aliwll alaclg pyads
WWY Learn more at: https://www.manasra.academy



