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Graph quadratic functions. Example 1 & (1-4) 4 89

Example 1 Graph a Quadratic Function by Using a Table

Graph f(x) = x2 + 2x — 3. State the domain and range. -
th o el - 2
1', J‘:I X 6x 8 lft"kj =—x"—2y+2
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Graph quadratic functions.

Example 1 & (1-4)
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Graph quadratic functions. Example 1 & (1-4) 4 89

SOI ution methOd Graph each function. Then state the domain and range.

1fx)=x2=6r+8
Learn Graphing Quadratic Functions SOLUTION:

A quadratic function has an equation of the form y = ax? + bx + ¢,
where a # 0. A quadratic function has a graph that is a parabola.
‘4 bx+c,whereag#0

) = o
Find the axis of symmetry.
b
quadratic term @ xoo=may Equation of the axis of symmetry,

a=1,b=0f

Forflx)=x2+6x +8 a=1.b=6 and c = 8 ¢ is the y-intercept, so the y-intercept is 8.

Key Concept « Graph of a Quadratic Function

y:OXl“TDX‘P'C.WtheU#O IaL’SOYS)"ﬂmeUYl=-2%I =-=1 _H'i-_|||1'_[!'.\._

The y-interceptis c.

The axis of symmetry iSV the line The equation of the axis of symmetry is x =—3. so the x-coordinate of the vertex is —3. Because a = 0. the vertex
about which a parabola is is 2 mininmaEn
symmetric. Its equation is x = 35
The axis of symmetry intersects Graph the finction.
the parabola at its vertex. Its 2
x-coordinate is —5. 2 xP+Ge+8 (x, fx)
-5 5P+ 6(=5)+ 8 3

o ) -4 42+ 6(-4) +8 0
Key Concept « Maximum or Minimum Values of Quadratic Graphs 3 c 3)3 +6(-3)+8 1
The vertex of a quadratic function is either a maximum or minimum. The .
graph of y = ax? + bx + ¢, where a # 0, opens up and has a minimum =2 =2 +6(-2)+8 0
when a > 0, and opens down and has a maximum when g < 0. 1 12+ 6(—1)+ 8 3

a is positive. ais negative ~ 1"+ 61)
¥ ¥
.
A off
=]
[=] x [«) x
o \
The y-coordinate is The y-coordinate is -5 O > 4 6 x
the minimum value. the maximum vakie '(—3 —ﬂ i i
| 1 |
Analyze the graph.

Example 1 Graph a Quadratic Function by Using a Table The parabola extends to positive and negative infinity. so the domain is all real mumbers. The range is {y |y = -1}



2flx)=—=l-2x+2
SOLUTION:

Fmﬂx)=—x2—2r+1 a=-1,b=-2 andc=2. cisthe y-infercept. so the y-intercept is 2.

Find the axis of symmetry.
X = —% Equation of the axis of symmetry.
— -2 a=—-1.b==2
A=1)
=-1 Simplify.

The equation of the axis of symmetry is x =—1. so the x-coordinate of the vertex is —1. Because a < 0. the vertex
15 3 AR

Graph the function.
-3 (3P -3+ 2 -1
-2 2222+ 2 2
-1 12 -2(-1)+2 3
0 —{0P-2(0)+2 2
1 (1221 +2 -1
gifxl
6
(—1.3)a
—8—6-4J20|\2 4 6 BX
AR
| sl \
| g\
v h ]

The parabola extends to positive and negative infinity. so the domain is all real mumbers. The range is {v |y = 3}.

3. x) =22 —4x+3

SOLUTION:

Forﬂx)=2rl—4x+3__ a=2,b=-4 and c=3. ¢ is the y-infercept, so the y-intercept is 3.

Find the axis of symumetry.
x= "o Equation of the axis of symmetry.
-4
= a=2,h=-4
2
=1 Simplify.

The equation of the axis of symmetry is x = 1. so the x-coordinate of the vertex is 1. Because a = (, the vertex is a
NMEMEm

Graph the fimction.
-1 A-1P—4-1)+3 0
0 20002 -4(0)+ 3 3
1 212 -4(1)+3 1
2 22P-4(2)+3 3
3 23 -4(3)+3 o
4ﬂﬂf
2
|
|
|
i/
i
—8—56—4-20| 2 4 6 Bx

Analyze the graph.
The parabola extends to positive and negative infinity, so the domain is all real munbers. The range is {y |y = 1}

4 fory=—2x2 Solution

SOLUTION:

Forflx) =—2x%, a=—-2, b=0, and ¢ = 0. ¢ is the J-intercept, so the y-intercept is 0.

Find the axis of symmetry.
= —:—} Equation of the axis of symmetry.
== 0 ] 2, h=10
2-2)
=0 Simplify.

The equation of the axis of symmetry is x = 0, so the x-coordinate of the vertex is 0. Because a < 0, the vertex is
NI

Graph the function.
-2 =2y -8
-1 =2(-1)? -2
0 -2(0) 0
22012 -2
2 2022 -8

Analyze the graph
The parabola extends to positive and negative infinity. so the domain is all real munbers. The range is {y | y = 0}.
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Solve quadratic equations by graphing.

e

=0

9. x2—6x+5

=0

8 —x2—6x—9

=0

7. x2 + 2x — 3
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(a-12)

Solve quadratic equations by graphing.

=0

12. —x2—8x—16

M"1. x2—-3x—10=0

10. x2+2x+3=0
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Solve quadratic equations by graphing.

Solution

solution method

Learn Solving Quadratic Equations by Graphing

A quadratic equation is an equation that includes a quadratic expression.

Key Concept - Standard Form of a Quadratic Equation
The standard form of a quadratic equation is ax? + bx + ¢ = 0,
where a # 0 and a, b, and c are integers.

One method for finding the roots of a quadratic equation is to find the
zeros of a related quadratic function. You can identify the solutions or
roots of an equation by finding the x-intercepts of the graph of a
related function. Often, exact roots cannot be found by graphing. You
can estimate the solutions by finding the integers between which the
zeros are located on the graph of the related function.

Example 1 One Real Solution

Solve each equation by graphing.
4x7-10x+21=0

SOLUTION:
Find the axis of symmetry.
q'——i Equation of the axis ol imetr
y=-a quation of the axis of symmetry
=10
= = — =1 h= 110
TR0
x=35 Simplify.
Make a table of values.
3 0
4 -3
5 —4
6 -3
7 0

Plot the pownts and connect them with a curve.

1 _h 1
\ |
\ /

o)
=Y

The zeros of the function are 3 and 7.

Therefore, the solutions of the equationare x =3 orx = 7.

54+ 4x+1=0

SOLUTION:
Find the axis of symmetry.
xr= —E Equation of the axis of symmetry
4
=——— =4 h=.
X ) | |
X==-— Simplify.
Make a table of values.
IEE
1
—]? 4
-1 1
1
- 0
0 1
1
> 4

Plot the pomnts and connect them with a curve.

ol A

——
---..__-

1
The zero of the fimetion is ——-.

1
Therefore, the solution of the equation is x = -3

6.x2+x-6=0
SOLUTION:
Find the axis of symmetry.
= _E Equation of the axis of symmetry
1
= a=1,h=
e R 1 1
J,-=—? Simplify.
Make a table of values.
-3 0
2 —
-1 -6
1 _
—? —6.25
0 -6
1 —4
2 0

Plot the points and connect them with a curve.

T

The zeros of the fimction are —3 and 2.

Therefore, the solutions of the equationare x =-3 orx = 2.
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Solve quadratic equations by graphing. SOIutlon
2 -
T+ -3=0 8 2 Gr_0=0 0 xl—6r+5=0 10.x*+2x+3=0
Find the axis of symmetry. Find the axis of symmetry. Find the axis of symmetry. Find the axtis of symumetry.
i . . b i i
.!‘=-2_:: Equation of the axis of SYIMIMetry _r:—% Equation of the axis of symmetr .r=—¥ Equation of the axis of symmetry l‘=—% |':|||:|I|n|' of the axis of symmetr
F= - 2 | J ¥ ‘-—__—ﬁ 4= | |,',— i ¥y == _(1 .r_|_,'ll_ 4] :I_
2“) { yh= ) 3(=1) [0 ! 2(1) ) .i'=-2“] a=1,b=;
x=-1 Simplify x=-3 Simplify. =3 Simphity. x==1 Simplify.
Make a table of values. Make a table of values.
Make a table of values. Make a table of values.
I IER IERE :
2 3 —4 -1 2 -3 =3 L]
-1 4 =3 0 3 —4 -2 3
0 3 -2 -1 4 -3 -1 2
] 5 -1 —4 5 0 0 3
) . 1 6
Plot the pomts and connect them with a curve. Plot the points and connect them with a curve.
e — . Plot the points and connect them with a curve.
[ig=—x—6x—9|}™ ﬂxlt f
"
X \ 1 L} i
5 % \ /
Ui =2+ 2x— 3| \/ N
| ¥ [f) = x2— 6x+ 5| - -
I I [ | B 3) X
The zero of the fimction is —3.
The zeros of the fimction are —3 and 1. The zeros of the function are 1 and 5. L
Therefore, the solution of the equationis x =—3.
Therefore, the sohtions of the equation are v =—3 orx = 1. Therefore, the solutions of the equation are x = 1 or x = 5. There are no zeros of the fimection.

Therefore, there is no real solution of the equation.
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Solve quadratic equations by graphing.

el bt plasaials

12228 —16=0

SOLUTION:

ety

Find the axis of 5y

V.

Simpli

Make a table of values.

Plot the points and connect them with a curve.

The zeto of the finction is —4.

-4

o1 15 X

Therefore, the solution of the

=0

23y -10

11.x

SOLUTION:

ety

Find the axis of 5y

axis of symmetry

of the

'i|II:I|I\'|I'

Make a table of values.

-10
—12.25

—10

15

Plot the points and comnnect them with a curve.

5.

and

-2

mcfion are

The zeros of the fi

5.

-lorx=

Therefore, the solutions of the equation are x
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Example 1 & Example 2 &Example 4 27 & 28 & 29

Example 1 Factor by Using the Distributive Property

Solve 12x2 — 2x = x by factoring. Check your solution.

Example 2 Factor a Trinomial

Solve x2 — 6x — 9 = 18 by factoring. Check your solution.

Example 4 Factor a Trinomial Where a is Not 1

Solve 3x2 + 5x + 15 = 17 by factoring. Check your solution.
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solution method

Learn Solving Quadratic Equations by Factoring

The factored form of a quadratic equation is 0 = a(x — p)(x — q),
where a # 0. In this equation, p and g represent the x-intercepts of the
graph of the related function. For example, 0 = x? — 2x — 3 can be
written in the factored form O = (x — 3)(x + 1) and its related graph has
x-intercepts of —1and 3.

Key Concepts - Factoring

Using the Distributive Property ax + bx = x(a + b)

X2+ bx+c=(x+mx+p)

Factoring Trinomials
whenm+p=bandmp=c

Key Concept « Zero Product Property
Words: For any real numbers a and b, if ab = 0, then either a = 0,
b =0, or bothaand b = 0.

Example: If (x — 2)(x + 4) =
x—2=0andx+4=0.

0,thenx—2=0,x+4 =0, or both

To solve a quadratic equation by factoring, first make sure that one
side of the equation is 0, and factor the trinomial. Use the Zero Product
Property to write separate equations. Then use the properties of
equality to isolate the variable.

Example 1 Factor by Using the Distributive Property

Example 2 Factor a Trinomial

Example 4 Factor a Trinomial Where a is Not 1

Example 1 Factor by Using the Distributive Property

Solve 12x2 — 2x = x by factoring. Check your solution.

12x2 — 2x = x

12x2 —3x=0
3x(4x) — 3x(1) =0
3x(4x —1)=0
3x=0o0r4x—1=0
x=0 x=%

Original equation
Subtract x from each side.
Factor the GCF.
Distributive Property

Zero Product Property

Solve.

Example 2 Factor a Trinomial

Solve x2 —
—6x—9=
x2—6x—27=
x+3)x—9 =

xX+3=0o0orx—9=

18
0
0
0

x=-=3 x=9

6x — 9 = 18 by factoring. Check your solution.

Original equation

Subtract 18 from each side.
Factor the trinomial.

Zero Product Property

Solve

Example 4 Factor a Trinomial Where a is Not 1

Solve 3x2 + 5x + 15 = 17 by factoring. Check your solution.

3x2 4+ 5x +15 =17

3x24+5x—2=0
Bx—=1Nx+2) =
Ix—1=0orx+2=0

Original equation

Subtract 17 from each side.
Factor the trinomial.

Zero Product Property

Solve.

Solution
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Complete the square in quadratic expressions to solve quadratic equations.
T T T T T T T T T T T T T T T T T S S S A W

Example 4 Complete the Square

Find the value of ¢ that makes x?> — 7x + ¢ a perfect square. Then
write the expression as a perfect square trinomial.
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Complete the square in quadratic expressions to solve quadratic equations.
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Example 4 Complete the Square

solution method

Learn Solving Quadratic Equations by
Completing the Square Find the value of ¢ that makes x2 — 7x + ¢ a perfect square. Then

All quadratic equations can be solved by using the properties of write the expression as a perfe':t square trinomial.

equality to manipulate the equation until one side is a perfect square. Step 1 Find one half of =7 =7 = o
This process is called completing the square. T2 '

Key Concept - Completing the Square Step 2 Square the result from Step 1. (—3.5)2 = 12.25

Words: To complete the square for any quadratic expression of the form Step 3 Add the result from Step 210 X2 — Tx XZ — Ix + 12.25
x2 + bx, follow the steps below. : '
Step 1 Find one half of b, the coefficient of x. The expression x2 — 7x + 12.25 can be written as (x — 3.5)2.

Step 2 Square the result in Step 1.
Step 3 Add the result of Step 2 to x2 + bx.

Symbols: x2 + bx + (%)2 L (x 4 g)z

To solve an equation of the form x2 + bx + ¢ = 0 by completing the
square, first subtract ¢ from each side of the equation. Then add (%)
to each side of the equation and solve for x.

Example 4 Complete the Square




AR R A e A A A A A A A A R AR AR L AR A A A R AR AR AR A AL A R AR AL LA A AR AR RAR AL AR AL A AL AL Ll A b bbb A bbb b bbb b i b b bl

a et JLaSly A A1 et l Example 5 35

5
Complete the square in quadratic expressions to solve quadratic equations
b o e T T T T T o T o o T o B T e o o o o o o o o o o o o o T

Example 5 Solve by Completing the Square

Solve x2 + 18x — 4 = 0 by completing the square.
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Complete the square in quadratic expressions to solve quadratic equations
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solution method
Example 5 Solve by Completing the Square

Solve x2 + 18x — 4 = 0 by completing the square.

_ : _ x24+18x—-4=0 Original equation
Learn Solving Quadratic Equations by , _
i x+18x =4 Add 4 to each side.
Completing the Square e
X2 +18x + 81=4 + 81 Add ()" to each side.
All quadratic equations can be solved by using the properties of 5
equality to manipulate the equation until one side is a perfect square. x+9)°=85 A
This process is called completing the square. X+ 9= ++85 Square Root Property
Key Concept - Completing the Square x=-9++/85 Subtract 9 from each side.
Words: To complete the square for any quadratic expression of the form x=—9 + /85 or Write as two equations.
x2 + bx, follow the steps below.
x=-9—+85
Step 1 Find one half of b, the coefficient of x.
Step 2 Square the result in Step 1. x =~ 0.22, or —18.22 Simplify.
2
Step 3 Add the result of Step 2 to x2 + bx. The solution set is {x ‘ x=—9— 85, -9 + @}

Symbols: x2 + bx + (%)2 = (x + g)z

To solve an equation of the form x2 + bx + ¢ = 0 by completing the 5
square, first subtract ¢ from each side of the equation. Then add 3
to each side of the equation and solve for x.

Example 5 Solve by Completing the Square




: S R A e

- = " B . =l = . - 1 i S T o o T T o T T o T ot o
P I-".-."-L‘I.I s e J-I-I:l.l-l | el \"\ \'\ Iy e e o e e e e o e e
e 3 £33 s i) jpeedl : T

Determine the number and type of roots of a quadratic equation. Key Concept * Discriminant

Examples 4 and 5
Find the value of the discriminant for each quadratic equation. Then describe the number

and type of roots for the equation.

24.x2 —8x+16 =0 25. x2 —11x—26=0 26.3x2 —2x=0

Il
o

2 _ 3= 28.5x° -6 =0 2 _
27. 20x*+7x—3=0 29. x* — 6 30.x2 +8x+13=0
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Determine the number and type of roots of a gquadratic equation.

Key Concept * Discriminant SOIUtion

solution method

Learn Using the Discriminant

In the Quadratic Formula, the discriminant is the expression under the
radical sign, b2 — 4gc. The value of the discriminant can be used to
determine the number and type of roots of a quadratic equation.

Key Concept - Discriminant

Consider ax? + bx + ¢ = 0, where a, b, and ¢ are rational numbers

and a # 0.

Value of Type and Number Example of Graph of
Discriminant of Roots Related Function

b2 — 4ac > 0; 2 real, rational roots y

b2 —4dacisa

perfect square.

b? — 4ac > 0; 2 real, irrational A
b? — 4acis not a roots

perfect square.

[s)
]

b? —4ac=0 1real rational root y

b? —4ac <0 2 complex roots "

Example 4 The Discriminant, Real Roots

Example 5 The Discriminant, Complex Roots

[ 3]
N

53—

Find the value of the discriminant for each quadratic equation. Then describe the number and type of
roots for the equation.

x2—8x+16=0

SOLUTION:

b*—4ac=(-8)>-4(1)(16) a=1,h=~-8,¢=16
= 64 — 64
=0

The discriminant 1s zero. so there 1s 1 real rational root.

x2-11x-26=0

SOLUTION:

br-4ac=(-112-4(1)(-26) a=1,b=-11,c=-26
=121+104
=225

The discriminant is nonzero. so there are 2 roots. The discriminant is positive and a perfect square. so the roots
are rational.

”

2x=0
SOLUTION:
b -4ac=(-2-43)(0) a=3,b=-2,c¢=0

=4-0
=4

The discriminant is nonzero, so there are 2 roots. The discriminant is positive and a perfect square. so the roots
are rational.
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Determine the number and type of roots of a guadratic equation. Key Concept ® Discriminant so‘utlon

27,2062+ Tx—3=0
SOLUTION:
Bl—dac=(TP-4200(-3) a4=20h=7.c= -3

=49+240
=289

The discrimunant is nonzero, so there are 2 roots. The discriminant is positive and a perfect square, so the roots
are rational.

28 5x7—6=0
SOLUTION:
b =dac=(0F-4(5)(-6) a=5b=0.c=-6

=0+120
=120

The discriminant i3 nonzero, so there are 2 roots. The discriminant is positive and not a perfect square, so the roots
are irational.

20.x2-6=0
SOLUTION:
f)z—4(r4'=|:l”2-4|:1}['—6] a=1l.h=0c=-6

=0+24
=24

The discrimunant is nonzero, so there are 2 roots. The disciminant 1s positive and not a perfect square, so the roots
are irrational.

30 %2+ 8+ 13=0
SOLUTION:
b —dac=(8P-4(1)(13) a=1,b=8c=13

=H4 - 52
=12

The discriminant is nonzero, so there are 2 roots. The discriminant is positive and not a perfect square, so the roots
are irrational
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Graph quadratic inequalities in two variables. (4-9) &(37-39) 55 & 56

Examples 1and 2

Graph each inequality.

2
4. y<x-+4 5. y < 2x2— 4x — 2 6. x2+12x— 36>y
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Graph quadratic inequalities in two variables. (4-9) 8 (37-39) 258586

1

7. y>x2+6x+7 8. y>x2—8x+17 9. y=>x2+2x+2
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Graph quadratic inequalities in two variables. (4-9) &(37-39) 55 & 56

Write a quadratic inequality for each graph.

37 [T K ¥y
4 q\> ! b 2o
i ! (0, 6) %2, 6) (=12, M)
864 20| 2 416 Bx / /
L 5540 Z § 6 t% I
(0, —6)3——-(4. —6) C2-af e -2 ;
-8 ‘\ l’ l_e ¥
10 | | —4(-16,2) (0,2) A
I (2. —10) 8 o1 ||
vivlly o o A
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Graph quadratic inequalities in two variables.

{4-9) & (37-39) solution

solution method

Learn Graphing Quadratic Inequalities

You can graph quadratic inequalities in two variables by using the
same techniques used to graph linear inequalities in two

variables. A quadratic inequality is an inequality of the form y > ax?
+bx+cy=ax?+bx+cy<ax?+bx+cory<ax?+bx+c.

Key Concept « Graphing Quadratic Inequalities

Step 1 Graph the related function.
Step 2 Test a point not on the parabola.
Step 3 Shade accordingly.

Example 1 Graph a Quadratic Inequality (< or <)

Example 2 Graph a Quadratic Inequality (> or =)

4y=x’+4
SOLUTION:

Step 1 Graph the related function Becanse the inequality is less than or equal fo, the parabola should be solid.

Step 2 Test a point not on the parabola.

,1'5.5?14‘4 [:lli:__' nal '|'|‘_-.;__|'_.-_|i-}
3

0<(0P+4  (x,v)=(0,0)

0<4 [rue

Shade the region that contains the point.

Step 3 Shade accordingly.

by ’,
/
\ /
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(4-9) & (37-39)

Graph gquadratic inequalities in two variables.

S.y=2xt—4x-2
SOLUTION:
Step 1 Graph the related finction Because the inequality 15 less than the parabola should be dashed.

Step 2 Test a poinf not on the parabola.

_1'*'224':—4{—2 Original inequality
7

0<2(0F=4{0)=2  (r.0)=(0,0)

<=2 False

So. (0. 0 1s not a solution of the mequality.

Step 3 Shade accordingly.
Because (0, 0) 15 not a solution of the inecquality. shade the region that does not contain the pomt.

| Yy

=t

|
1 i
L1 i
L1 f
1 i
- ! —
o [71 [%
L I
f
i i
L
LA
-

6.x2+12x—36=y
SOLUTION:
Step 1 Graph the related fimction Because the inequality is greater than the parabola should be dashed.

Step 2 Test a point not on the parabola.
—ri+ 125 =36 >y Original inequality
7
=(0F+12(0)=36>0 (v, v)=1(0,0)
=36>0 False

So, (0, 0) is not a solution of the mequality.

Step 3 Shade accordmgly.
Because (0, 0) 15 not a solution of the inecuality, shade the region that does not contam the point.

by
[&]

-
-

="

Solution
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Graph quadratic inequalities in two variables.
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{4-9) & (37-39) 55 & 56 Solution

Ty=xl+6c+7
SOLUTION:
Step 1 Graph the related fimction Because the inequality is greater than, the parabola should be dashed.
Step 2 Test a point not on the parabola.
yoal b+ T Original inequality
o

0>(0R+6(0)+7 (v, v)=(0,0)
0=7 False

So. (0. 0) 1s not a solution of the mequality.

Step 3 Shade accordmgly.

Because (0, 0) is not a solution of the inequality. shade the region that does not contain the point.

A 'Y
1 !
| !
1 [}
% 1
i i
\ i
L ¥
- - L -
Y r | O X
7

8 y=xl-8r+17
SOLUTION:

Step 1 Graph the related finction Because the inequality is greater than the parabola should be dashed.

Step 2 Test a point not on the parabola.

r1'3='x!—fir+]? Original inequaliry
0

0> (0P =8(0)+17  (r.v)=(0.0)

0=17 False

So. (0. 0) is not a solution of the inequality.

Step 3 Shade accordmgly.

Because (0, 0) is not a solution of the inecuality, shade the region that does not contain the point.

Ly A
' F
1 [
1 "'
i !
L
1 !
LY ;
\‘. #

rp—
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Graph quadratic inequalities in two variables.

0 yzx2+2x+2

SOLUTION:

Step 1 Graph the related fiunction. Because the ineguality is greater than or equal to, the parabola should be solid.

Step 2 Test a pomnt not on the parabola.

,1'2-T!+2~\'+2 []li_;_llll:l n-,_'-:_._l..'.li'._\
9

0z(0F+200)+2 (v, )=(0,0)

022 False

So. (0. 0) is not a solution of the inequality.
Step 3 Shade accordingly.

Because (0, 0) is not a solution of the inecuality. shade the region that does not contain the point.

A Y 4
\ /

37.

] INE SN
291, #16 J
t !
14 ¥
1 1
—8-64-20| 2 416 B8x
I—l'i c'
(0, —6)% 44, —6)
_8‘ Fi
LN
—10
Ly |[2,—10)
SOLUTION:

Find the value of @ m the vertex form of a parabola.

y=alx= h]z +k Vertex form of a parabola

—6=al0—-2)*—10 (h.&)=(2, —10) and [x. ¥)=(0, —6)
—f=4a—10 Simplify.

4=4q dd 10 to each side.

l=a Divide each side by 4.
Wiite the related equation.
y= alx - JJ]: + k Vertex form of a parabola
y=1x=2P=10 (hk)=(2, =10)anda=1
.1'=.1'2—4_|'—f: Simplify.

The graph shows a dashed line. so the inequalify symbol is = or < Test the symbol = with a pomt in the solution
region, such as (0, 0).

2 ] ,
r1'=.r‘—4_r—6 Related equation

9
0>(0P-40)-6 [(v.)=(0.0)
== ITue

The symbol > makes the statement true, so the graph of the inequality is y = x> — 4x — 6.

Solution
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’ Graph gquadratic inequalities in two variables. (8-9) & (37-39) 55 & 56
38 30.
(8, 18)
(0, 6] T T }y
LA
(12, 14) T AN B
(4, 1)a—f—
56 ; N2l
—| - A |
—{=2,-2 g o
| ; el
!
! SR &
-16, 2 0,2
. _f*( L JI ( | I:]
SOLUTION: Yo M-85 42
Find the value of @ in the vertex form of a parabola. SOLUTION:

_r=u[,r-.ir]:+.# Vertex form of a parabola
t=all- I]:+? I, k) =01, 7)and [x, v]=(0, 6)
b=a+7 Simplify.
-l=g Subtract 7 from each side
Wiite the related equation.
y=aly= -"t]z +k Vertex form of a parabola
yE=1x=1P+7 (h4)=(1, 7 anda=
_1'=—r:+1\'+{1 Simplify,

The graph shows a solid line. so the mequality symbol 15 = or =. Test the symbol = with a point i the sohition
region. such as (0, 0).
—_\'2+2x +6 Related -_:-;|L..\'_1i|:r|

?
0z -(0F+2(0)+6  (v.p]=10,0)
026 False

Test the symbol =with a point in the solution region, such as (0, 0).

y= 2T +2x46 Related equation
9

0<—(0F+2(0)+6 (v, v]=(0,0)

0<h True

The symbol = makes the statement true. so the graph of the inequality is ¥ < —x? + 2x + 6.

Find the value of @ m the vertex form of a parabola.

hL =¢'r(,|‘ —h_]: + 5k Vertex form of a parabola
2=a(0-(-8)P+18 (h. k)=(-8,18) and (x, »)=(0,2)
2=0da+ 18 Sumplity,
-la=0da Subtract 18 from each side.
-0.25=a Divide each side ':'.\_\ O,
Write the related equation.
y=aly = W)+ h Vertex form of a parabola
y==025(x-(-R)F+18 (b k)=(-8 18)and a= -0.25
_1'=—ﬂ,25\':—4,s:+2 "ii||||1||I_\.

The graph shows a dashed line, so the inequalify symbel is = or < Test the svimbol = with a point in the solution

region. such as (0, 4).

y=-0.25c"-4x+2 Related equation
?

4> =0.25(0F =4(0)+2  (v.y)=(0,4)

42 Irue

The symbol > makes the statement true, so the graph of the inegquality is y = —0.25x% —4x + 2.

Solution
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Graph and analyze polynomial functions.

Example 3

75

Example 3 Degrees and Leading Coefficients

State the degree and leading coefficient of each polynomial in one
variable. If it is not a polynomial in one variable, explain why.

a. 2x* —3x3 — 4x2 — 5x + 6a b, 7x3 — 2

d. x> +12x4 —3x3+ 2x2 4+ 8x + 4

c. 4x2 — 2xy + 8y2
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Graph and analyze polynomial functions.

Example 3 75

solution method

Learn Graphing Polynomial Functions

A polynomial in one variable is an expression of the form a_x" +
a,_x"" '+ .. ax?+ax+a,wherea, #0,a,_,a,anda,are
real numbers, and n is a nonnegative integer. Because the terms
are written in order from greatest to least degree, this polynomial is
written in standard form. The degree of a polynomial is n and the

leading coefficientis a .

A polynomial function is a continuous function that can be described
by a polynomial equation in one variable. You have learned about
constant, linear, quadratic, and cubic functions. A quartic function is a
fourth-degree function. A quintic function is a fifth-degree function.
The degree tells you the maximum number of times that the graph of a
polynomial function intersects the x-axis.

Example 3 Degrees and Leading Coefficients

Example 3 Degrees and Leading Coefficients

State the degree and leading coefficient of each polynomial in one
variable. If it is not a polynomial in one variable, explain why.

a. 2x* — 3x® — 4x? — 5x + 6a degree: 4 leading coefficient: 2
b. 7x3 — 2 degree: 3 leading coefficient: 7

c. 4x2 — 2xy + 8y? This is not a polynomial in one

variable. There are two variables,
x and y.

d. x>+ 12x* —3x3 + 2x2 + 8x + 4 degree: 5 leading coefficient: 1

Solution
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Graph and analyze polynomial functions.
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(15-20)

B e e e

Example 5
Use the graph to state the number of real zeros of the function.

15.
¥y
O/ X
18.
¥

/\0 /\x
\/

17.

20.
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Solution

Graph and analyze polynomial functions. (15-20)

solution method

Use the graph to state the number of real zeros of the function.

15.

Learn Graphing Polynomial Functions oY

A polynomial in one variable is an expression of the form a x" +
a,_ X"+ .. ax?+ax+a,wherea, #0,a,_,a,anda,are
real numbers, and n is a nonnegative integer. Because the terms
are written in order from greatest to least degree, this polynomial is - o/ x
written in standard form. The degree of a polynomial is n and the
leading coefficient is a_.

A polynomial function is a continuous function that can be described |
by a polynomial equation in one variable. You have learned about
constant, linear, quadratic, and cubic functions. A quartic function is a
fourth-degree function. A quintic function is a fifth-degree function.
The degree tells you the maximum number of times that the graph of a
polynomial function intersects the x-axis. 16.

SOLUTION:

The graph crosses the x-asis one time, so there 1s 1 real zero.

Example 5 Zeros of a Polynomial Function

SOLUTION:

The graph crosses the x-asis four times, so there are 4 real zeroes.




17

18

2l Bk gl Ailodl Sl daladt JELLE asd

Graph and analyze polynomial functions.

e e e e R
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(15-20)

SOLUTION:

The graph crosses the x-axis three times, so there are 3 real zeroes.

LY

SOLUTION:

The graph crosses the x-astis two times, so there are 2 real zeroes.

19.

SOLUTION:

The graph crosses the x-aus three fimes, so there are 3 real zeroes.

20.

A

SOLUTION:

The graph crosses the x-axis three times, so there are 3 real zeroes.

21. Examine fTx) = x3 — 2x? — 4x + 1 and g(x) shown in the graph

Solution
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Examplel

Approximate zeros by graphing polynomial functions

10

Example 1 Locate Zeros of a Function

Determine the consecutive integer values of x between which each

x4 — 2x3 — x2 + 1is located. Then draw the graph.

real zero of f(x)
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10 Solution
Approximate zeros by graphing polynomial functions Examplel 23
|
solution method
Example 1 Locate Zeros of a Function
Learn The Location Principle Determine the consecutive integer values of x between which each

real zero of f(x) = x* — 2x3 — x2 + 1 is located. Then draw the graph.
If the value of a polynomial function f(x) changes signs from one value

of x to the next, then there is a zero between those two x-values. This Step 1 Make a table.
is called the Location Principle. Because fx) is a fourth-degree polynomial, it will have as many as 4
Key Concept - Location Principle real zeros or none at all.
Suppose y = f(x) represents a polynomial fix) X —5 —1 0 1 5 3 4
function, and a and b are two real
numbers such that fla) < 0 and f(b) > 0. fix) 29 3 1 —1 —3 19 13
Then the function has at least one real
zero between a and b. X Using the Location Principle, there are zeros ri |4
between x = 0 and x = 1and between x = 2
and x = 3.
Step 2 Sketch the graph. o X
Example 1 Lo r f a Function
o o cate Zeros of a Funclio Use the table to sketch the graph and find the \
locations of the zeros.

Check

Use technology to check the location of the zeros.

Input the function into a graphing calculator to confirm that the
function crosses the x-axis between x = 0 and x = 1 and between
x=2andx=3.

You can find more accurate values of the zeros by using the zero
feature in the CALC menu to find x = 0.7213 and x = 2.3486, which
confirms the estimates.
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Example2

Find extrema of polynomial functions.

i1

Example 2 |dentify Extrema

Use a table to graph f(x) = x3 + x2 — 5x — 2. Estimate the

ve

d relat

Ive maxima an

x-coordinates at which the relat

minima occur.
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Find extrema of polynomial functions.

Example2 B4

solution method

Learn Extrema of Polynomials

Extrema occur at relative maxima or minima of
the function.

Point A is a relative minimum, and point B is a
relative maximum. Both points A and B are
extrema. The graph of a polynomial of degree n
has at most n — 1 extrema.

Example 2 Identify Extrema

fix)

>

Example 2 |dentify Extrema

Use a table to graph f(x) = x3 + x2 — 5x — 2. Estimate the
x-coordinates at which the relative maxima and relative
minima occur.

Step 1 Make a table of values and graph the function.

an
—4 -30
-3 -5 f' \
_ I [\
2 4 3 -
-1 3
0 -2 \ l!
1 -5
2 0
3 19
Step 2 Estimate the locations of the extrema.
The value of fix) at x = —2 is greater than the surrounding points

indicating a maximum near x = —2.

The value of fix) at x = 1is less than the surrounding points indicating
a minimum near x = 1.

You can use a graphing calculator to find the extrema of a function and
confirm your estimates.

Solution
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Add and subtract polynomials.

Example 2 & Example 3

Example 2 Add Polynomials

Find (6x3 + 7x2

—2x + 5) + (x3 —

4x2 —

8x + 1).

Example 3 Subtract Polynomials

Find (2x5 + 11x* + 7x — 8) — (5x% + 9x3 —

3x + 4).
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12
Add and subtract polynomials.

Example 2 & Example 3

solution method

Learn Adding and Subtracting Polynomials

A polynomial is a monomial or the sum of two or more monomials. A
binomial is the sum of two monomials, and a trinomial is the sum of

three monomials. The degree of a polynomial is the greatest degree of

any term in the polynomial.

Polynomials can be added or subtracted by performing the operations
indicated and combining like terms. You can subtract a polynomial by

adding its additive inverse.

The sum or difference of polynomials will have the same variables and

exponents as the original polynomials, but possibly different coefficients.

Thus, the sum or difference of two polynomials is also a polynomial.

A set is closed if and only if an operation on any two elements of the set
produces another element of the same set. Because adding or
subtracting polynomials results in a polynomial, the set of polynomials is
closed under the operations of addition and subtraction.

Example 2 Add Polynomials

Example 3 Subtract Polynomials

Example 2 Add Polynomials
Find (6x3 + 7x2 — 2x + 5) + (x3 — 4x2 — 8x + 1).
Method 1 Add horizontally.

Group and combine like terms.

(6x3 4+ 7x2 — 2x + 5) + (3 — 4x2 — 8x + 1)
=6x3+x3) + (7x2 — 4xA) + (—2x — 8x) + (5 + 1) Group like terms.

=73 +3x2 —10x+ 6 Combine like terms.
Method 2 Add vertically.
Align like terms vertically and add.
6x3+7x2 —2x+5
(4+)x3 — 4x? — 8x + 1 Align like terms.
7x3 + 3x2 —10x+ 6 Combine like terms.

Check
Find (2x3 4+ 9x2 + 6x — 3) + (4x® — 7x2 + 5x).

Example 3 Subtract Polynomials
Find (2x5 + 11x* + 7x — 8) — (5x* + 9x3 — 3x + 4).

Method 1 Subtract horizontally.

Group and combine like terms.

(2x° + Mx* + 7x — 8) — (5x* + 9x3 — 3x + 4) Original equation
=2+ 1M +7x—8-5x* -9 +3x— 4 Distribute —1.

= 2x°% + (1x* — 5x4) + (—9%3) + (7x + 3x) + (—8 — 4) Group like terms.
=2x5 + 6x% — 9x3 + 10x — 12 Combine like terms.

Method 2 Subtract vertically.
Align like terms vertically and subtract.
25 +1x*+ 0x3+7x — 8
(5)0x®+5x* +9x3 —3x+ 4
2x° + 6x% — 9x3 + 10x — 12

Solution
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Multiply polynomials.

{ (16-26) a7

Examples 4, 5 and 6
Multiply.

16. x2(2x + 9)

18. (2x — 3)(3x — 5)

17. (o — 5)2
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Multiply polynomials.

{ (16-26) a7

Examples 4,5 and 6
Multiply.

19. (x — Y)(x2 + 2xy + y2)

20. (o + b)(@® — 3ab — b?)

21. (x — y)x + y)(2x + y)
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Multiply polynomials.

{ (16-26) a7

Examples 4, 5 and 6
Multiply.

22. (a + b)(2a + 3b)(2x — y)

23. (r — 28)(r + 21)

24. (3y + 4)(2y — 3)
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Multiply polynomials.

{ (16-26) a7

Examples 4, 5 and 6
Multiply.

25. (x3 — 3x2 + 1)(2x%2 — x + 2)

26. (4x° + x3 — 7x% + 2)(3x — 1)



A AL A LA AL A A AR A A AR A AR AR L R A R R L R A T A R A A R B A

R Y

- 13 -‘EJ—‘“ QL!::S\—I‘F *tt*t*'\.'\.\'\\.'\.\\'\.\'\.'\.*t*tt*t§t'\.*t*'\.\.\.'\.\'\'\.\.\.\.\.\.\'\.\\\\\\\\.\\\\\\\.\\\.\\ AR T T e T B
solution method Multiply polynomials, 1 (16-26) 97 Solution
1
Learn Multiplying Polynomials 16.x°(2x +9)
SOLUTION:

Polynomials can be multiplied by using the Distributive Property to
multiply each term in one polynomial by each term in the other. When

. . . o a + - 2 + 9 Dis k L'i'!'ll ¢
polynomials are multiplied, the product is also a polynomial. Therefore, ¥(2x +9)=x(2x) +x(9) — persy

=247 - fultiply.
the set of polynomials is closed under the multiplication. This is similar 26497 o
to the system of integers, which is also closed under multiplication. To o2
. . . 17.(a-5)
multiply two binomials, you can use a shortcut called the FOIL method.
SOLUTION:

Key Concept « FOIL Method

Words: Find the sum of the products of F the First terms, O the Outer (a=5F=(a=5)a~3) Rewrite as two binomials.
terms, I the Inner terms, and L the Last terms. =ala)+a(-5)+(-5)a)+(-5)(-53) FOIL Method

Symbols: =a’-5a~-5a+25 Multiply.
=a’=10a+25 Combine like terms.
Product of Product of Product of Product of
F ki First Terms Outer Terms Inner Terms Last Terms
v XK O\ v | | v
(@x -+ 40 = 3) = W) + (2X(=3) + (4109 + (43 18, (20 - 3)Gx —5)
\f J =2x2—6x+ 4x—12
v T F Concaemn SOLUTION:
(2 = 3)(3x — 5) = 2x(3x) + 2x(—=5) + (=3)(3x) +(=3)(=5) FOIL Method
=y = 10x=9x + 15 Multiply.
=6x = 19x+ 15 Combine like terms.

Example 4 Simplify by Using the Distributive Property
19, (x — )l + 20y +39)

Example 5 Multiply Binomials SOLUTION:
(x _.}’J{-Tl +2xy +.]-:1:| =xlx?)+ x(2xy) +.r{y1] + {_J-:“.TE] +(—yl2xy) + {_J’][_vz} Distributive Property
=T3+1t2_]i+ r_yz—.rl_];—b'_}'!—v} Multiply.
—1-{"'[..?:2}«—1' v+ [y * -;.ni]_v Group like terms.

=y +_5;'2_1,' -_:;_yg -j.-- Combine like terms.
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Multiply polynomials. ! (16-286) a7 SO|UtIOI‘I
20. (a + b)a® — 3ab— %) 23.(r=20)r+20)
SOLUTTON- SOLUTION:
(a+b)a® = 3ab—b?) = ala’)+a(-3ab) +al-b7) + bla®) + b(=3ab) + b(=b7)  Disiributive Property [*"3"1'[*'+2F}=r£r".l+i'flil+{-2f]ll’r]l+l[-2r][2;] FOIL Method
=a'-3a’b—ab®+a’b-3ab’* - b’ Multiply. =":+2’:_2”_4r Multiply.
=at+a’b-3a’b+(-ab® - 3ab*) - b’ Group like terms. =ri=4 Combine like terms.
=a*+a’b=3a’b-4ab’ - p* Combine like terms. 24 3y+4)2y-3)
21 (x —3)x + 2 +3) SOLUTION:
SOLUTION: (3p+4)(2r=3)=3p(20) + 3p(=3)+4(2y) +4(-3)  FOIL Method
=ﬁ_1':—9_];+8}‘— 12 Multiply.
vl +y)=xlx) +xlv)+(- +(=p Distributive Propert , o
(x _m:lf.l. _w:l xlx) .1.f_1:l { :v}fx] { }][v} Distributive Property =6yt-y-12 Combine like terms.
=Iz+.1i_j-'-.1'_]’-_}"' Multiply.
=_J.':—_j'3 Combine hke terms.
(2 =3 N 2r +v) = 2]+ 27 () + (=N 2x) +(=)7)y)  Distributive Property ; s s
=2 4+ 5y = 2% -y Multiply. 25 "=+ D2 -x+12)

SOLUTION:

[ = 3%+ 120" =0+ 2) =620+ 23— ) #0002 (- 3t 2?) + =30 =)+ (=3 )(2)+ 1263 + 1 =2 )+ 1(2)  Distributive Property

=2 -2 -t 3 -t - 2 Multiply.
22 (a + b)2a + 36} 2x —y) =20+ (- )+ (20 + 30+ (-Gt 4 2] - 42 Group like terms.
SOLUTION: =27 -t -4 - 42 Combine like terms
(a+8)2a+3b)=al2a)+al38)+6(2a)+ b(3h) Distnbutive Property
=2a" + 3ab + 2ab + 3b* Multiply. 26, (4 +x = Tel+ )3 - 1)
=2a"+ Sab+ 3b* Combine like terms. SOLUTION:
[E.:.r2 + Sab + 3!:'1}[?_1' —_'r] = 24?2[11] + 2{:![ —_1-'] + 5ab(2x)+ Sfrf:l[—_v} + Ebl[lr] + 3.‘12{—_1‘] Distnbutive Property
=d4g% — 2.-]3_1..* + | Dabx = Saby + 6y = 31.’:':_1' Multiply. [FISEpLE +2)3x-1)= 4.1.'5[3.1.'] + 4.1'5{— ] +.1"=l:3.1':|+.1.'1[— 1+ [-]‘.r!][lr] -1~ J+2(3x)+2(-1) Distributive Property
=12 -4t s - -2 e T -2 Multiply
=12 - dt + 3t (=0 = 200+ T 4 -2 Group like terms.

5. d 1, a3 L
=120 -4+ - 22 + T -2 Combine like terms.
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Divide polynomials by using long division. i Example 1 & Example 2 & Example 3 102
1
Example 1 Divide a Polynomial by a Monomial Example 2 Divide a Polynomial by a Binomial Example 3 Find a Quotient with a Remainder
Find (24a%b3 + 18a2b2 — 30ab3)(6ab)~". . . Fing 322 —-1422-72+3

Find (x2 — 5x — 36) + (x + 4). z—5
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solution method

Divide polynomials by using long division.

T I

X
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Example 1 & Example 2 & Example 3 102

Learn Dividing Polynomials by Using Long Division

To divide a polynomial by a monomial, find the quotient of each term
of the polynomial and the monomial.

62 —15x _ 62 _15x _ o _
3x T 3x 3x_2x

You can divide a polynomial by a polynomial with more than one term
by using a process similar to long division of real numbers. This
process is known as the Division Algorithm. The resulting quotient may
be a polynomial or a polynomial with a remainder.

Key Concept - Division Algorithm

Words: If fix) and g(x) are two polynomials in which g(x) # 0 and the
degree of g(x) is less than the degree of f(x), then there
exists a unique quotient g(x) and a unique remainder r(x)
such that fix) = q(x)g(x) + r(x), where the remainder is zero
or the degree of r(x) is less than the degree of g(x).

fix)
Symbols: 775 = qld) — fix) = glx)g(x)
fi
a5 = b9 + 2 — 11X) = gl + )
. 2x®2—5x—3 _
Example: =3 = 2x +1

2x2 —5x —3=(x—3)2x + 1)
=2x2—-5x—3

x2 —4x—1
x+1

—4x—1=Kx+1Nx—5)+4

—x—5+x+1

—4x—5+4
— S A

Example 1 Divide a Polynomial by a Monomial

Example 2 Divide a Polynomial by a Binomial

Example 3 Find a Quotient with a Remainder

Example 1 Divide a Polynomial by a Monomial
Find (24a%b3 + 18a2h2 — 30ab3)(6ab)~1.
(24ab3 + 18a2b2 — 30ab3)(6ab)!

_ 244%b® +18a2b? — 30ab3
- 6ab

Write a fraction.

_ 24a%3 | 18a?b?  30ab3 :
= o Sum of quotients

6ab 6ab 6ab
—2a-1pa-1 Brao1p2-1_Bgi-13-1 pge
= 4a%p? + 3ab — 5b? Simplify.
Check

Find (9x%° + 21x*%* — 12x37) + (3x32).

Example 2 Divide a Polynomial by a Binomial
Find (x2 — 5x — 36) = (x + 4).

x— 9
x+ 4)x?2 —Bx— 36
(—)x% + 4x
—9x — 36
(—)—9x — 36
0 The quotient is x — 9 and the remainder is 0.
Check
X2+ 6x—1N2
Find X2 T<

Example 3 Find a Quotient with a Remainder
3231422 -7z+3

Find =—%
3224+ z-2
z-5)322— 1422 — 7z + 3
(—)3z3 — 1522

22 -7z

(-)z2 — 5z
—2z+3
(—=)—2z+10

-7

Solution
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15

Solve polynomial equations by writing them in quadratic form and factoring. I Example 6, Example 7 & (16-27) 126 & 128

Example 6 Write Expressions in Quadratic Form

Write each expression in quadratic form, if possible.

a. 4x20 + 6x1° + 15 b. 18x* + 180x% — 28
c. 9x° —4x?2 — 12

Example 7 Solve Equations in Quadratic Form

Solve 8x* +10x2 —12 = 0.
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Solve polynomial equations by writing them in quadratic form and factoring. I Example 6, Example 7 & (16-27) 126 & 128

Example 6
Write each expression in quadratic form, if possible.

v
16. x* + 12x2 — 8 17. —15x% +18x2 — 4 18. 8x6 + 6x3 + 7 19. 5x° — 2x2 + 8

20. 9x8 — 214 + 12 21. 16X+ 2x5+ 6



Example 7

Solve each equation.

22. x4 +6x2+5=0

15
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Solve polynomial equations by writing them in quadratic form and factoring. I

A A

Example 6, Example 7 & (16-27)

e

s J
A
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23. x¥*—3x2—-10=0

24. 4x* —14x2 +12 =0



25. 9x4 — 27x2 4+ 20=0

15
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Solve polynomial equations by writing them in quadratic form and factoring. I

Example 6, Example 7 & (16-27)

26.4x* —5x2 —-6=0

27. 24x* +14x2 -3 =0
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Solve polynomial equations by writing them in quadratic form and factoring.

I Example 6, Example 7 & (16-27)

126 & 128
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solution method

Learn Solving Polynomial Equations in Quadratic Form

Some polynomials in x can be rewritten in quadratic form.

Key Concept - Quadratic Form

An expression in quadratic form can be written as au? + bu + ¢ for any
numbers a, b, and ¢, @ # 0, where u is some expression in x. The expression
au? + bu + cis called the quadratic form of the original expression.

Example 6 Write Expressions in Quadratic Form

Example 7 Solve Equations in Quadratic Form

Example 6 Write Expressions in Quadratic Form

Write each expression in quadratic form, if possible.

a. 4x2° 4+ 6x'° + 15

Examine the terms with variables to choose the expression equal to u.
4x20 + 6x™0 + 15 = (2x192 + 3(2x'%) + 15 (2x10)2 = 4x20
b. 18x* + 180x% — 28

If the polynomial is not already in standard form, rewrite it. Then
examine the terms with variables to choose the expression equal to u.

18x* + 180x% — 28 = 180x® + 18x* — 28 i
of a polynomial
= 5(6x%)2 + 3(6x%) — 28 (6x%)2 = 36x8

c. 9x° —4x2 — 12

Because x® # (x?)2

Check
What is the quadratic form of 10x* + 100x% — 9?

, the expression cannot be written in quadratic form.

Example 7 Solve Equations in Quadratic Form
Solve 8x* + 10x2 — 12 = 0.

84 4+10x2 —12 =0 Original equation
2(2x2)2 + 5(2x8) —12 =0 2(2x2)2 = 8x4
22 +5u—-12=0 Let u = 2x°.
RQu=3)u+4=0 Factor.
u= % oru=—4 Zero Product Property
2x2 = % 2x2=—4 Replace u with 2x2.
x2 :% x2= -2 Divide each side by 2.
+

3 .
X = ,g x = +i2 Take the square root
3
20

of each side.
The solutions are = V2, and —iv/2.

Solution
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Solve polynomial equations by writing them in quadratic form and factoring. I

Example 6, Example 7 & (16-27) 126 & 128
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Write each expression in quadratic form, if possible.
16.x*+12x* -8

SOLUTION:
Fxamine the terms with vaniables to choose the expression equal to u.

a1zl —g=02 12063 -8 () =47

17 -15x%+ 182 -4
SOLUTION:

Fxamine the terms with vaniables to choose the expression equal to u.
—15xt 4182 === 1562 + 180D -4 () ="

18. 88 +6°+7
SOLUTION:

Fxamine the terms with vaniables to choose the expression equal to u.
80460 + 722020 4327 +7 (20 =4
19. 538 -2x2+ 8

SOLUTION:

Because 18 # (x2)%. the expression cannot be written in quadratic form.
20.9x% - 21x%+ 12
SOLUTION:

Fxamine the terms with vaniables to choose the expression equal to u.

=21t +12=03Y - 703N + 12 (3 =0y

21.16x19+ 257+ 6
SOLUTION:

Examine the terms with variables to choose the expression equal to .

104+ 265 +6=426 P+ 102046 (20 =41

Solve each equation.

2 xt+6x2+5=0
SOLUTION:

Heacles=0 Original equation
(2460 +5=0 ()=
W bu+5=0 Letu=x".
(w+Shu+1)=0 Factor.
w=—5ora=-1 Zero Product Property
==50rx=-| Replace u with x 5

x= ia’ﬁ orx=%f Take the square root of each side.
The sohtions are 4/, —iy/5 . 7 and —i.

23yt -2 -10=0

SOLUTION:
d-3-10=0 Original equation
() -3(x?)-10=0 () =
H:-?rn'-]{:l=[} Let 1 =x°.
(e=5Nu+2)=0 Factor,

u=3oru=-2 Zero Product Property

.

Replace w with x~

x=x 5 0rx=%i2 lake the square root of each side.

The solutions are /5, /5. iy/2. and —i/2.

-
P¥=5orxt=-2

24 4x4 - 14x2+12=0
SOLUTION:

4t - 14yt +12=0

Original equation

4

(22 =72 +12=0 (2x2)* =43
wW=Tu+12=0 Let u=2x"
(u=4)(u-3)=0 Factor.

u=4oru=3 Zero Product Property

2 2 ~..2
2x*=4o0r2x =3 Replace u with 2x

2 Divid h side by 2
3 vide cach side by 2

\3 ; » e
x=#*,2o0orx=% Take the square root of each side.

-
The solutions are /2. —+/2. -52£amd-—\,£
25.0x*—27x2+20=0
SOLUTION:

3 :
oxt—27x? +20=0 Original equation

(3x2) = 9(3x2) +20=0 (3x2)° = 9x*
w=9u+20=0 Let 1 =3x".
(u=4)(u-5)=0 Factor.

u=doru=35

3x’=4or3x’=

Zero Product Property

.
Replace w with 3x~.

=t o= Divide each side by 3
X o sy Xt 1de euch side by 3.
3 3 ’
23
x=+ 3 orx=t—— Take the square root of each side.
3

Solution
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Solve polynomial equations by writing them in quadratic form and factoring.
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Example 6, Example 7 & (16-27) 126 & 128

15
26. 44— 5x2-6=0
SOLUTION:
4t —sxi—6=0 Original equation

A2 =50 -6=0 (2] ="
4’ =S5u-6=0 Let u = 2x
[w—=2)4u+3)=0 Factor.

u=2oru=- Zero Product Property

Replace u with x~

2 2
27 24x*+ 14x2-3=0
SOLUTION:
24x + 1457 - 3=0 Original equation
24(x* ] +14(x7)=3=0 =) 1
240+ 144 -3=0 ety =2x
(Gu—1)[4u+3)=0 Factor.
3
= —_—— ¥ 0 0 ct P ope
u : oru 4 Zero Product Property
2 _ 1 2 3 ' 2
= orxT=- Replace v with x

Take the square root of each s

j
:
8
s
:

[ ]

lake the square root of each side.

Solution
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Example 1 & Example 2 217 & 218

Example 1 Graph Exponential Growth Functions

Graph f(x) = 2*. Find the domain, range, y-intercept, asymptote, and

end behavior.

Example 2 Graph Transformations of Exponential
Growth Functions

Graph g(x) = —3 - 3t 4 + 1.
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Graph exponential growth functions.
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Example 1 & Example 2 217 & 218

solution method

Learn Graphing Exponential Growth Functions

In an exponential function, the independent variable is an exponent.
An exponential function has the form f(x) = b*, where the base b is a
constant and the independent variable x is the exponent. For an
exponential growth function, b > 1. Exponential growth occurs when
an initial amount increases by the same percent over a given period
of time.

Graphs of exponential functions have asymptotes. An asymptote is a
line that a graph approaches.

Example 1 Graph Exponential Growth Functions

Example 2 Graph Transformations of Exponential
Growth Functions

Example 1 Graph Exponential Growth Functions

Graph f(x) = 2*. Find the domain, range, y-intercept, asymptote, and
end behavior.

Make a table of values. Then plot the points and sketch the graph.

x | fin= L ]
-3 0125 ]
-2 0.25
—1 05
0 1
1 2 [e] E'sS
2 a4
3 8

domain: all real numbers range: all positive real numbers

y-intercept: (0, 1) asymptote:y = 0

end behavior: As x — —o0, f{x) — 0 and as x — o9, f{x) — 00,

Example 2 Graph Transformations of Exponential
Growth Functions

Graph g(x) = —-% -3¥T4 4,

F

Transform the graph of g(x) = 3*

ag= —%; Reflect in the x-axis and \

compress vertically.

h = —4; Translate 4 units left.

[T

k = 1, Translate 1 unit up.

Solution
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Graph exponential decay functions. Example 6 & Example 7 219 & 220
Example 6 Graph Exponential Decay Functions Example 7 Graph Transformations of Exponential

Decay Functions

-4
Graph f(x) = ( ) Find the domain, range, y-intercept, asymptote, Graph g(x) = —2(%))‘ + 3.

and end behavior.
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Graph exponential decay functions.

solution method

Learn Graphing Exponential Decay Functions

Exponential decay occurs when an initial amount decreases by the same
percent over a given period of time. So, for an exponential function of the
form fix) = bX, exponential decay occurs when b is between O and 1.

Like exponential growth, exponential decay can be modeled by
A(t) = a(1 — n}, where ris the percent of decrease per time period.
The decay factoris 1 —r.

Example 6 Graph Exponential Decay Functions

Example 7 Graph Transformations of Exponential
Decay Functions

L X N, W M, M, W A W S e M M, M M L M S X

§3§§g§§3§§tk\§k\Ek\k‘\\\tk\tk\tk\tk\tk\hxt ‘§k\Ek\§k\tk\%k\tk\%k\tk\%k\ék\‘

Example 6 & Example 7 219 & 220

Example 6 Graph Exponential Decay Functions

Graph f(x) = (-—) Find the domain, range, y-intercept, asymptote,
and end behavior.

Make a table of values. Then plot the points and sketch the graph.

domain: all real numbers : !

range: all positive real numbers \\

y-intercept: (0, 1) asymptote:y = 0

end behavior: as x — —,

fix) — oo and as x — o, fix) = 0 S -

Example 7 Graph Transformations of Exponential
Decay Functions

1\ ¥~ 4
Graphg(x) =—2(7) +3. 7 =
. . 1\ / -
g(x) is a transformation of fix) = (Z) ;
a = —2; Reflect in the x-axis and o) X

P—t—

stretch vertically.

h = 4; Translate 4 units right.

k = 3; Translate 3 units up.

Solution
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Distinguish among sample surveys, experiments, and observational studies. Example 4 &(11-14) 373 & 376

@ Example 4 Classify Study Types

UNIFORMS A research team wants to test new football uniform
designs and their appeal to young adults. They randomly select
100 young adults to view the different uniforms. The research
team observes and records the reactions to the uniforms.

Example 4

Determine whether each situation describes a survey, an experiment, or an
observational study. Then identify the sample, and suggest a population from
which it may have been selected.

11. An Internet service provider conducts an online study in which customers are
randomly selected and asked to provide feedback on their customer service.

12. A research group randomly selects 100 business owners, half of whom started
their own businesses, and compares their success.
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373 & 376

Example 4 &(11-14)

Distinguish among sample surveys, experiments, and observational studies.

18

13. Aresearch group randomly chooses 50 people to participate in a study to

determine whether exercising regularly reduces the risk of diabetes in adults.

14. An online video streaming service mails a questionnaire to randomly selected people

across the country to determine whether they prefer streaming movies or sports.
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Distinguish among sample surveys, experiments, and observational studies. Example 4 &(11-14) 373 & 376

solution method

Learn Types of Studies

In a survey, data are collected from responses given by members of a
group regarding their characteristics, behaviors, or opinions.

In an experiment, the sample is divided into two randomly selected
groups, the experimental group and the control group. The effect on
the experimental group is then compared to the control group.

In an observational study, members of a sample are measured or
observed without being affected by the study.

To determine when to use each type of study, think about how the
data will be obtained and how the study will affect the participants.
Each method of study relies on random selection of a sample to
ensure that it accurately represents the population.

@ Example 4 Classify Study Types

@ Example 4 Classify Study Types

UNIFORMS A research team wants to test new football uniform
designs and their appeal to young adults. They randomly select
100 young adults to view the different uniforms. The research
team observes and records the reactions to the uniforms.

Step 1 What is the purpose of the study?

The purpose is to determine if the new uniforms will be
appealing to young adults.

Step 2 Does this situation represent a survey, an experiment, or an
observational study?

This is a(n) observational study because the participants are
observed without being affected by the study.

Step 3 Identify the sample and population.

The sample is the 100 young adults involved in the study. The
population is all young adults.

Solution

Determine whether each situation describes a survey, an experiment, or an ebservational study. Then

identify the sample, and suggest a population from which it may have been selected.

11. An Infernet service provider conducts an online study in which customers are randomly selected and asked to

provide feedback on their customer service.

SOLUTION:

The purpose of the study is to get feedback on the internet service providers customoer service. This is a survey
because data are collected from responses given by members of a group regarding their characteristics. behaviors,
or opinions. The sanple is customers that take the online survey. The population is all customers of the infemet

service provider.
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Distinguish among sample surveys, experiments, and observational studies.

Example 4 &(11-14)

12, A research group randomly selects 100 business owners, half of whom started their own businesses, and compares

their success.

SOLUTION:

The purpose of the study is to compare the success of business owners. This 1s an observational study becanse the
participants are observed without being affected by the study. The sample is the 100 business owners selected for

the study. The population is all business owners.

13. A research group randomly chooses 50 people to participate in a study to determine whether exercising regularly

reduces the risk of diabetes i adults.

SOLUTION:

The purpose of this study is to determine whether regular exercise reduces the risk of diabetes in adults. This isan
experiment because the sample can be divided into two randomly selected groups, the experimental group and the
confrol group. The effect on the experimental group can be compared to the control group. The sample is the 50

adhlts participating in the study. The population is all adulfs.

14. An online video streaming service mails a questionnaire to randomly selected people across the couniry to
determuine whether they prefer streaning movies or sports.

SOLUTION:

The purpose of this study is fo deternune whether viewers prefer streaming movies or sports. This is a survey

because data are collected from responses given by members of a group regarding their characteristics. behaviors,

or opinions. The sample is people that recerve the questionnaire. The population is all online video streaming

VIEWeTs.

Solution
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Example3 & (7-10)

Classify sampling methods and identify bias in samples and survey questions.

8. Which is your favorite type of music, pop, or country?

9. Are you a member of any after-school clubs?

10. Don’t you agree that employees should pack their lunch?

19

@ Example 3 Identify Biased Questions

FOOD A restaurant owner wants to determine which kinds of meals

meat-based dishes. She releases a survey to her customers asking the
following question: Do you prefer a plain salad or a delicious steak?

Identify any bias in the question.

itiona

vegetarian options or more tradi

she should add to her menu

Examples 2 and 3

In your reasoning.

Identify each sample or question as biased or unbiased. Expla

7. Do you think that the workout facility needs a new treadmill and racquetball court?
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Classify sampling methods and identify bias in samples and survey questions. Example3 & (7-10) 3728375

solution method

Learn Randomness and Bias

Statistics is an area of mathematics that deals with collecting,
analyzing, and interpreting data.

A characteristic of a population is called a parameter. Because it is not
always practical to collect data from a large population, it may be
collected from a representative sample. A characteristic of a sample is
called a statistic.

A population consists of all the members of a group of interest. A bias
is an error that results in a misrepresentation of a population.

Key Concept - Types of Samples

simple random Each member has an equal chance of being selected.
systematic Members are selected according to a specified interval.
self-selected Members volunteer to be included in the sample.
convenience Members that are readily available are selected.

stratified Members are selected from similar, nonoverlapping
groups.

@ Example 3 Identify Biased Questions

( Example 3 Identify Biased Questions

FOOD A restaurant owner wants to determine which kinds of meals
she should add to her menu: vegetarian options or more traditional
meat-based dishes. She releases a survey to her customers asking the
following question: Do you prefer a plain salad or a delicious steak?
Identify any bias in the question.

Step 1 Identify the purpose of the question. The purpose is to
determine which dishes are most popular with customers.

Step 2 Identify the bias in the sample. The question provides
descriptions of each kind of food, and the description for the steak
favors it over the salad.

Solution
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372 8375

Example3 & (7-10)

Classify sampling methods and identify bias in samples and survey questions.

19

new treadmill and racquetball court?

7. Do vou think that the workout facility needs a

T.

SOLUTION

biased; Sample answer: The question 15 askang about two 1ssues: whether the workout facility needs a new

treadmull and whether the workout facility needs a new raccuefball court.

7

orite tvpe of nusic, pop. or coumn

8. Which is vour fav

T.

SOLUTION

The question onlv gives two opitons, and thus encourages a certain response.

biased; Sample answer

& Are you a member of any after-school clubs?

T.

SOLUTION

le answer. The question does not influence parficipants.

unbiased; 5

employees should pack their lunch?

L=

-

10. Don't vou agree that

SOLUTION:

response. The phrase “don’t vou agree” suggests that

L=

ourages a certain

red should agree.

biased; Sample answer: The question enc

the people survey
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Analyze normally distributed variables by using the Empirical Rule. Key Concept * The Empirical Rule 396
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Solve quadratic equations by using the Quadratic Formula. i (1-6,12,13 ) 47
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Divide polynomials by using synthetic division. 1 Example 4 & Example5 103 & 104
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Solve polynomial equations by factoring.
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24
Solve exponential equations in one variable.
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(a,b) Analyze standardized data and distributions by using z-values. [The table will be provided in the question)

1 Example 8 & 14 400 & 402
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Analyze normally distributed variables by using the Empirical Rule.

Key Concept # The Empirical Rule 396

Examples 2-4 Prize, (X) ‘ Frequency
4. FUNDRAISING At a fundraising dinner, the underside of 200 $5 150
plates were randomly tagged with a sticker to indicate winning $50 40
a cash prize. The frequency table shows the number of $100 9
winning plates for each prize. Construct a relative frequency
table, and graph the probability distribution. $1000

BASKETBALL An athletic director made a probability

distribution of the heights of her team’s basketball players, > 0'()222
and distributed a flyer that claimed that the majority of the % 012‘55
players on the basketball team are 71inches or taller. Identify 8 o5
any flaws in the representation of the probability distribution. &_9 0.245

0.24

Basketball Team Heights

Q
o

©
Height (in.)

&

%
& 2

)
¥ i

7
A©
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Analyze normally distributed variables by using the Empirical Rule. Key Concept # The Empirical Rule 396

6. TRACK The preliminary times for a 110-meter hurdles race are
shown. Create a histogram of the set of data. Determine whether
the data can be approximated with a normal distribution.

Times (seconds)

14.75,14.77,14.31, 14.83, 14.84,
14.35, 14.69, 14.63, 14.74,
14.82, 14.25,14.93




Learn Normal Distributions

The normal distribution is the most common continuous probability
distribution of a random variable. A normal distribution occurs as a
sample size increases due to the Law of Large Numbers.

Key Concept - Law of Large Numbers

As the number of trials increases, the experimental probability

approaches the theoretical probability.

Key Concept - The Normal Distribution

« The graph of a normal distribution is continuous, bell-shaped, and
symmetric with respect to the mean.

« The mean, median, and mode are equal and located at the center.

« The curve approaches, but never touches, the x-axis.

« The total area under the curve is equal to 1, or 100%.

The area under the normal curve represents the amount of data within
a certain interval, which can be used to determine the probability that
a random data value falls within that interval. This area is defined in
relation to the mean and standard deviation of the data.
When a set of data is normally distributed, or approximately normal,
the Empirical Rule can be used.

Key Concept - The Empirical Rule

In a normal distribution with mean p and standard deviation o,

L—=30 =20 p—0o 7] p+o p+20 p+3c
I gyt I
95%
99.7%
- approximately 68% of the data fall within 1o of the mean,
« approximately 95% of the data fall within 2o of the mean, and
« approximately 99.7% of the data fall within 3¢ of the mean.

When a set of data is not approximately normal, it cannot be
represented by the Empirical Rule. Skewed data is one example of a
set of data that is not approximately normal.

The data are normally distributed,
symmetric about the mean, and
bell-shaped.

distributed. The data can be modeled
by the normal distribution.

The data are skewed to the left.
A normal curve would not be the best
curve to model the distribution.

20
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Analyze normally distributed variables by using the Empirical Rule.

Key Concept # The Empirical Rule 396

The data are approximately normally o

solution method

4 FTUNDERAISING At a fimdraising dinner, the inderside of 200 plates were randomly tagged with a sticker to indi
wimming a cash prize. The frequency table shows the mmnber of winning plates for each pize. Construct a relative fiv
fable, and graph the probability distribution.

Frequency

85 150
$30 40
$100 9
$1000 1

SOLUTION:

The relative frequency table converts the frequencies o probabilities. Divide each frequency by the tofal mmber of

Frequency Relative Frequency |
85 150 150+ 200=0.75
8§50 40 40-+200=02
$100 9 0+200=0.045
$1000 1 1 +200=0.005

The bars are separated on the graph because the distribution is discrete. Each imique outcome is indicated on the v
axis, and the probability of each oufcome occumng is indicated on the verfical axis.

08 Prizes Won

07
06
05
04
0.3
0.2

01

Probability

5 50 1001000
Prize Amount ($)

Solution
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Analyze normally distributed variables by using the Empirical Rule.

Solution

Key Concept # The Empirical Rule 396

5. BASKETBALL An athletic director made a probabilify distritastion of the heights of her team’s baskefball player:
taller. Tdentify any flaws in the representation of the probability distribution.

Basketball Team Heights

0.265
£ 026
:E 0.255
a
9 0.25
a 0245
0.24 & . \o) V)
© A A e
q}.\/ {._—,b/ 4:\/ .AFJ/
Height (in.)
SOLUTION:

The scale of the y-aus misleadingly shows the differences m probabilities. The scale makes 1f appear that many mor

6. TRACK The prelininary times for a 110-meter lnirdles race are shown. Create a istogram of the set of data.
Determine whether the data can be approximated with a normal distnbution.

1475, 14.77, 1431, 14.83, 14.84,
14.35, 14.69, 14.63, 14.74,
1482, 14.25, 14.93

SOLUTION:

. [T T

The data set is skewed. Thus, the data cannot be approximated with a normal distribution.
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Solve quadratic equations by using the Quadratic Formula.

21

Example 1

Solve each equation by using the Quadratic Formula.

1. x2+8x+15

3.12x2—-22x+6=0

=0

2. x2 —18x+ 72

=0

-5

6. —8x2 + 4x

=0

5. x2+8x+5

—d

4. 4x? — 6x
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Solve quadratic equations by using the Quadratic Formula.

21

=0

13. 8x2 + 5x — 1

=0

122. 24+ x—8
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Solve quadratic equations by using the Quadratic Formula.

(1-6,12,13 }
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Learn Using the Quadratic Formula

To solve any quadratic equation, you can use the Quadratic Formula.

Key Concept - Quadratic Formula

The solutions of a quadratic equation of the form ax? + bx + ¢ = 0,
where a # 0, are given by the following formula.

_ —b+4p2—
- 2a

dac

0 Go Online You can see how the Quadratic Formula is derived.

@ Example 1 Real Roots, ¢ Is Positive

CONTEST At the World Championship Punkin Chunkin contest in
Bridgeville, Delaware, pumpkins are launched hundreds of yards.
The path of a pumpkin can be modeled by h = —4.9t2 + 11.7t + 42,
where h is the height and t is the number of seconds after launch.

Part A Use the Quadratic Formula to solve 0 = —4.9t2 + 11.7t + 42.

—b + /b? — 4ac
= Tac Quadratic Formula
N7 £/(17)2 — 4(—4.9)(42)
= 2(—4.9) a=-49,b=17c=42
_ —NM7 + 1/136.89 + 823.2 .
= —98 Square and multiply.
—11.7 + +/960.09
= —;8 Add.
17+ +/960.09 11.7 — +/960.09 . =
= o8 or o8 Multiply by —

The approximate solutions are 4.4 seconds and —2.0 seconds.

Part B Interpret the roots.

The negative root does not make sense in this context because the
pumpkin launches at O seconds. The pumpkin lands after 4.4 seconds.

@ Example 1 Real Roots, c Is Positive

Example 2 Real Roots, ¢ Is Negative

Example 3 Complex Roots

Solve each equation by using the Quadratic Formula.
1Lx?+8x+15=0

SOLUTION:

_ —bxy b -dac
2a

—8+4/(8)7-4(1)(15)

= a=1,b=8c=15

2(1)
-8t/ 04 —-60

= Square and multiply.

Chuadratic Formula

|
|
o
H+
gu) b2

= Subtract,

I+ b

|
oo
(]

-

!
I
8T &

2
=-3or -3 Simplify.
2.x1-18x+72=0

SOLUTION:

-b ty_’bf -dgc
x:

2a
_ —(=18)£4/(-18)-a(1)(72)
2(1)
18+./324—288

= Square and multiply

Cuadratic Formula

=— . Subtract.

\.' =

Simplify.

Solution



3121 -22x +6=0
SOLUTION:

—b 2] b* = dae
2a
—(=22) 4/ (=227 = 4(12)(6)
2(12)
22+./484— 288
24
_ 224196

X=

3.0
T2

4 4x—r=-2
SOLUTION:

Set the equation equal to 0.

43.3_,5“;—2 Original e

4 —fr+2=0 vdd 2 1o e

Use the Quadratic Fornmla.

_ =btyb’=dac
p=

2a

_ —(=6)£4/(=6)" - 4{4)(2)
)

204

0./ 36-32

]
6.4
8
2
8

| 1
or -

21
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Solve quadratic equations by using the Quadratic Formula.

Quadratic Formula

Square and multiply.
Subtract.
V196 =14

Simplify.

quation

ach side.

Quadratic Formula

Square and multiply.

Subiract.
Jd4 =2
Simplify.

5 xt+8x+5=0
SOLUTION:

X =
2a

_ ~8+y/(8)-4(1)(5)

_ bty b*=dac

2(1)
_ —82/64-20
2
_ -8x 44
2
_ -84
2
_—82211
2

—4+./11

Quadratic Formula

Square and multiply.
Subtract.
Product Property of Square Roots

Ja=2

Divide the numerator and denominator by 2.

6. —8x2+4x=-5
SOLUTION:

Set the equation equal to 0.

—Bx’+4xr=-5 Original equation

—Bxl4dx4+5=0

Use the Quadratic Fornmla.

_ —E?tlsz—‘hn.'
y=

2a

_ =44/ (4) - 4(=3)(5)

2(-8)
_ ~4x4/16+160

-16

_ 44176

T

_ 4216411
-16

_ T4x4yll
-16

Add 3 to each side.

Quadratic Formula

Square and multiply.
I".l.ILl-
Product Property of Square Roots

J16=4

Solution

Divide the numerator and denominator by =4,
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Solve quadratic equations by using the Quadratic Formula.

21

=10

12.x=+x-8

SOLUTION:

-
b =dac
2a

-ht

T
|
|
|
|
=4}
|
o
=
=
e
¥
=
o l=
| )
-
)
+I
|

Simplify

0

Lt
L]

1

(]

“+5x -

13 8x

SOLUTION:

O

-
b =dac
2u

-ht

2(8)

57

Simpl

-1

16
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Divide polynomials by using synthetic division. Example 4 & Example5 103 & 104

Example 4 Use Synthetic Division Example 5 Divisor with a Coefficient Other Than 1

. A4 —37x*+4x+9
Find (3x3 — 2x2 — 53x — 60) + (x + 3). Find = — =5 —
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Divide polynomials by using synthetic division.

Example 4 & Example5

e e e B e e e e e R e S R R e A R e A AR S AR

a1 Aol placiily sgdodl i Rl T

'\'\\‘\'\\'\'\\\'\"\'\\'\\\\'\'\\'\\‘\\'\"\'\\\‘\\\'\\\'\\‘\\\\\\\‘\\\\\\\\\\\\\\\\\\\\ A T A S A R R R R R

T R T T

103 & 104

solution method

Learn Dividing Polynomials by Using Synthetic Division

Synthetic division is an alternate method used to divide a polynomial by

a binomial of degree 1. You may find this to be a quicker, simpler method.

Key Concept « Synthetic Division

Step 1 After writing a polynomial in standard form, write the coefficients
of the dividend. If the dividend is missing a term, use O as a
placeholder. Write the constant a of the divisor x — a in the box.
Bring the first coefficient down.

Step 2 Multiply the number just written in the bottom row by @, and
write the product under the next coefficient.

Step 3 Add the product and the coefficient above it.
Step 4 Repeat Steps 2 and 3 until you reach a sum in the last column.

Step 5 Write the quotient. The numbers along the bottom row are the
coefficients of the quotient. The power of the first term is one less
than the degree of the dividend. The final number is the remainder.

Example 4 Use Synthetic Division

Example 5 Divisor with a Coefficient Other Than 1

Example 4 Use Synthetic Division

Find (3x3 — 2x2 — 53x — 60) = (x + 3).

Step 1 Write the coefficients of the dividend -2 —-53 -60
and write the constant a in the box.
Becausex+ 3 =x—(—3),a=—3.

Then bring the first coefficient down.

|
[w
W |e—w

Step 2 Multiply by @ and write the product. —-3] 3 -2 -53 -60
The product of the coefficient and -9
ais 3(—3) = —9. 3 |

Step 3 Add the product and the coefficient. —3] 3 -2 —-53 —-60

Step 4 Repeat Steps 2 and 3 until youreach —3| 3 -2 —-53 —60
a sum in the last column. -9 33 60
3 -1 —200 0

Step 5 Write the quotient. Because the degree of the dividend is
3 and the degree of the divisor is 1, the degree of the quotient
is 2. The final sum in the synthetic division is O, so the
remainder is 0.

The quotient is 3x2 — 11x — 20.

Example 5 Divisor with a Coefficient Other Than 1

4x* — 37x% + 4x + 9

Find 2x —1

To use synthetic division, the lead coefficient of the divisor must be 1.

(4x*—37x2 +4x +9) + 2

Divide the numerator and denominator by 2.

2x—1) =2
2 -3 4 2x+2
=] Simplify the numerator and denominator.
=1
2

— 1 =1
X—O=X—3500=5.

Complete the synthetic division.

1 37 S
2 2 0 T2 2 2
1 7
1 5 -9 -5
2 1 —18 -7 1
The resulting expression is 2x3 + x2 —
Now simplify the fraction. ATE
1y ‘ .
T=7 v o Multiply the numerator and denominator by 2.
x=z (x-3)-2
2 . .
=5 =1 Simplify.

The solution is 2x3 + x2 — 18x — 7 + —2X2_ T

You can check your answer by using long division.

Solution
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Solve polynomial equations by factoring.

23

Examples 1-3

Factor completely. If the polynomial is not factorable, write prime.

3. a® — ag?pb

2. 64x* + xy°

1. 8¢c3 — 2743

6. w3 — 2)3

5. 18x5 + 5y%

4, x573 +°



8. 12ax? — 20cy? — 18bx? — 10ay? + 15by? + 24cx?

127

10. 8x5 — 25y3 + 80x* — x2)® + 200x3 — 10xy>

(1-10)

ol padt J1 2adenl il el
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Solve polynomial equations by factoring.

Solve exponential equations in one variable.

S

23
24

7. gx2 — 3hx2 — 6fy2 — gy? + 62 + 3hy?
9. a3x?2 — 16 a°x + 64a° — b3x? + 16b°x — 64b3



Solution
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. Solve polynomial equations by factoring. (1-10) 127
solution method _
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24
Solve exponential equations in one variable.

Learn Solving Polynomial Equations by Factoring

Like quadratics, some polynomials of higher degrees can be factored.
A polynomial that cannot be written as a product of two polynomials
with integral coefficients is called a prime polynomial. Like a prime
real number, the only factors of a prime polynomial are 1and itself.

Example 1 Factor Sums and Differences of Cubes

Example 2 Factor by Grouping

Similar to quadratics, some cubic polynomials can be factored by using

polynomial identities. Example 3 Combine Cubes and Squares

Key Concept - Sum and Difference of Cubes

General Case
a*+b3=(a+b)la?—ab+ b
a*—b3=(a—b)a?+ab+ b?)

Factoring Technique
Sum of Two Cubes

Difference of Two Cubes

Polynomials can be factored by using a variety of methods, the most
common of which are summarized in the table below. When factoring
a polynomial, always look for a common factor first to simplify the
expression. Then, determine whether the resulting polynomial factors
can be factored using one or more methods.

Concept Summary - Factoring Techniques

Number of
Factoring Technique General Case
Terms
any Greatest Common 20467 + 6ab = 2abab2 + 6
number Factor (GCF) a ob = Zob(g )
Difference of Two % — b2 = (a + b{a — b)
Squares
two Sum of Two Cubes @ + b = (a + b)(@® — ab + b?)
Difference of Two 3 3 5 2
Cubes a b* = (@ — b)(a* + ab + b%)
Perfect Square a? + 2ab + b = (a + b?
Trinomials a? — 2ab + b? = (a — b)?
three
acx? + (ad + bc)x + bd
General Trinomials
= (ax + b)(cx + d)
four or ax + bx + ay + by
more

Grouping =x(a + b) + y(a + b)

=(a+ b)x+y)

Factor completely. If the polynomial is not factorable, write prime.

1.8 -274°

SOLUTION:

8¢ =274
=(2¢)* - (3d)?

=(2¢ = 3d)(2¢)? + 2¢(3d) +(3d)?]

=(2¢ = 3d)(4¢? + 6¢d +94d°)

2. 64x% +x33

SOLUTION:

64x* + 007
= x(64x° +_1‘3)
=x[(4x)* + (»)°]
= x(4x +y)[(4x)* = 4x(y) + (»)]

=x(4x + p)(16x% = 4xy +?)

3. a®—a%t

SOLUTION:

a® = abb
=a’(a®-b%)
=u:[(41=)2—(b"]2]
=a’(a® - b*)a’ +b?)

=a’[(a) = (6)*(a)’ +(b)’]

=a*(a-b)(a)+alb)+(b))a+b)(a) -alb)+(b)*]

2 =8¢’ (3d) =27d
Diftference of two cubes
Simplify.
Original expressioi
Factor out the GCl
(4x)" =64x": (y)' =y
Sum of two cubes
Simplity
Original expression
Factor out the GCF.
la’') =a’; (b°) =5
Difference of two squares
(a)=a’; (b) =b°
Sum and differnce of two cubes
Simplify.

=a’(a=b)la’ +ab+b*)a+b)a® - ab +b?)



el gadi ) 33l LS o

23
Solve polynomial equations by factoring. (1-10) 127
4 x53 4,9 8. 12ax” — 20cy” — 18bx” — 10ay” + 158)” + 24cx?
7 T
SOLUTION: SOLUTION:
63,0 . , |2{.f.'t':-2{h'_'|':- 186y = IIIr.r_L':+15.h_|.':+ 24ex° Original expression
Xy +y Original expression . . R . . i o _

o6 6 . — =(12ax" = 18hx" + 24ex?) + (= 10ay™ + 150" = 20c°)  Group to find a GCF.
=3 (x"+") Factor out the GCF, R ,

ol 3 ol e a3 g =6y (2a = 3b +4¢) = 5y (2a - 3b + 4e) Factor out the GCl
=y [[.1'_] +{J.='1] ] x“ ) =x" ) =y - {m_] _ ﬁyl][lr: -3 +de) Distributive Property
=}.-1'[_,_-3 +}.2}[[x2]‘_1-3[}.2}4.[_}.1]2] Sum of two cubes

- - . 32 16n3 3332 3. caz3
=32+ = x4 yY) Simplify. 0. a’x? — 16a°x + 64a° — b’x? + 16b°x — 64b
SOLUTION:
5.18:%+ 5%
”3.‘_: = |6u3x +64.u': —!:?'_x3+ lﬁfljx— Iﬁl‘H]j Original expression

SOLUTION:
There is not an infeger, that when raised to the third power 15 equal to 18. There is not an integer, that when raisec
to the third power is equal to 5. Therefore, the polynomial 18x% + 518 is prime.

6w —27°
SOLUTION:
There is not an infeger. that when raised to the third power is equal to 2. Therefore, the polynomial w* — 237 is
prime.

7. gx? - 3hx’ - 67 — g7 + 6” + 3l

SOLUTION:

gxz -3l — e_.ﬂ-z-m-z +|E_:fk! + 3.&_1:2 Original expression
:{ﬁ}'-’.'z +gx2 - 3#.1;:] + [—fl.f}'z -,53_]’: + 3#}‘2] Group to find a GCF.
=x2(6f+g = 3h) =y (6 +g = 3h) Factor out the GCF.
=(x? =2 )(6f + g = 3h) Distributive Property
=[()* - 0 )er+g - 3h) (e =x () =y

=(x+y)x=p)or+g—3n)

Difference of two squares

=(ax? = 16a7y + 6407 ) + (=157 + 1657y — 645°7)

= (% = 165 +64) - H (x> = 160 + 64)

=la? =B )= 165 +64)

=[ia) = (6F)x* - 16x + 64)
=(a=b)lla) +alb)+(B)1x* - 16x + 64)
=(a —b]{uz +ab+57)(x* = 16x + 64)

=(a=b)la*+ab+b*)x-8)

10. 8x° - 25% + 80x* —x 3% + 2000 - 10ny°
SOLUTION:
g’ = 2507 + 80x* = x2? + 20007 - 1007

= (87 + 80+ 200:7) + (=237 = 100 = 257)
=8 (x? + 100 +25) — (= + 10x +25)

=(8x" - p*)x" + 10x+25)

=[(2¢)* = (P + 100 +25)
= (2 — )220+ 2x(3) + (P 1e? + 10x + 25)
=(2x —_1-‘](4.1'3 + 2y +_v2){.¥3 +10x +25)

=(2x —_I--'J{4x2 + 2y +_1-2]|{x +5)7

Group to find a GCF.
Factor out the GCF.
Distributive Property

(x) =x2; (WP =»*
Difference of two cubes
Simplify.

Perfect square trinomial

Original expression
Grroup to find a GCF.
Factor out the GCF,

Distributive Property

(26)F =8x7; (v =)’
Difference of two cubes
Simplify.

Perfect square trinomial

Solution
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@ Example 8 Find Area Under the Standard Normal
Curve by Using a Calculator

INTERNET TRAFFIC The number of daily hits to a local news Web site
is normally distributed with u = 98,452 hits and o = 10,325 hits.
Find the probability that the Web site will get at least 100,000 hits
on a given day, P(X > 100,000).

Visits Summary

98,452 132
/\/\'\/\/ Daily Monthly

Visitors - Articles

Visits Summary - Last 30 Days

Visitor Demographics Views by Category
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Example 8

14. TESTING The scores on a test administered to prospective employees are
normally distributed with a mean of 100 and a standard deviation of 12.3.
a. What percent of the scores are between 70 and 807

b. What percent of the scores are over 1157

c. If 75 people take the test, how many would you expect to score lower than 757
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(a,b) Analyze standardized data and distributions by using z-values. (The tahle will be provided in the guestio

Example 8 & 14

solution method

Learn The Standard Normal Distribution

The Empirical Rule is only useful for evaluating specific values. Once
the data set is standardized, any value can be evaluated. Data are
standardized by converting them to z-values. The z-value of a specific
data value is a measure of position, and it represents the number of
standard deviations that a given data value is from the mean.

The z-value for a data value X in a set of normally distributed data is
zZ= Tﬂ‘ where 11 is the mean and o is the standard deviation.

If the distributions are standardized by using z-values, any distribution
can be compared to any other distribution.

The standard normal distribution is a normal distribution with a mean
of 0 and a standard deviation of 1. You can take any normal distribution
and convert it to the standard normal distribution by standardizing it.

The standard normal distribution allows you to determine how much
of the data falls between any two z-values, or to the left or right of

any z-value. The area under the normal curve between two points
corresponds to the proportion of the data that falls in a given interval.

Because the area under the curve is 1, the area under the curve
between two points represents the probability that a data value
falls in that interval.

The proportion of values within each interval, or the associated
probability of a data point falling within that interval, can also be found by
using probability tables. For these values, round to the hundredths place.

To use a Standard Normal Distribution Table to find the probability of
data being in the interval [—1.09, 0.69], complete the following steps.

@ Example 8 Find Area Under the Standard Normal
Curve by Using a Calculator

@ Example 8 Find Area Under the Standard Normal
Curve by Using a Calculator

INTERNET TRAFFIC The number of daily hits to a local news Web site
is normally distributed with p = 98,452 hits and o = 10,325 hits.
Find the probability that the Web site will get at least 100,000 hits
on a given day, P(X > 100,000).

Visits Summary

98,452 ' 132
A s

Visits Summary - Last 30 Days

Visitor Demographics Views by Category

Step 1 Find the corresponding z-value for X = 100,000.
X a—
z= 2=k Formula for z-value

3
100,00 — 98,452
10325 X =100,000, . = 98,452, and o = 10,325

z =~ 0150 Simplify.
Step 2 Find the probability.

Zi=

The area under the curve when z > 4 is negligible. [normalcdfi@. 158,
So z = 4 can be used as an upper bound for 44835086818
finding area. You can use a graphing calculator to
find the area between z = 0150 and z = 4.

ress and select normalcdf. Enter
P DISTR] and sel ledf. E

the interval and press to display the area.

The area is 0.44. Therefore, the probability of the Web site getting at
least 100,000 hits in one day is 44.0%.

Solution
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Example 8 & 14 400 & 402

14 TESTING The scores on a test adnuinistered to prospective employees are normally distnbuted with a mean of
100 and a standard deviation of 12.3.

a. What percent of the scores are between 70 and 807
b. What percent of the scores are over 1157
c. If 75 people take the test. how many would you expect to score lower than 757

SOLUTION:

a. Find the corresponding z-values for =70 and V= 80.

X—un i .
= : Formula for value
o
70— 100 . R
IE e— Y =70, 0u=100,0=12.3
12.3
= =30 Subtract
z 123 : act.
z=—21.439 Divade.
X—u i i )
= * Formula for z — values.
o
B0 =100 : -
z=————— X=80,u=100,0=12.3
12.3
r= —20 Subtract
z 123 : act.
z=—1.626 Divade.
You can use a graphing calculator to find the area between - =—2 44 and z =-1.63. Press 2nd [DISTR] and

select normaledf. Enter the interval and press ENTER to display the area.
The area is 0.0446. Therefore, the probability of the scores being between 70 and 80 1s 4.3%.

Solution

b. The area under the curve when 7 > 4 is negligible so this can be used as the upper bound. Find the
comesponding z-value for Y=115.

X—=u ] ) )
= : Formula for =z — values.
a
=100 s =100,0=12.3
12.3
15 Sul
= Subitract.
12.3
z=1.220 Divade.

You can use a graphing calculator to find the area between 2 = 1.220 and z = 4. Press 2nd [DISTR] and
select normaledf. Enter the interval and press ENTER to display the area.
The area 15 0.1112. Therefore, the probability of the scores being over 11515 11.1%.
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c. Find the corresponding z-values for U= 0 and 1= 75
Solution
X—u . ) ;
= - Formula for z — values.
o
=] w '|' () — | Wl = )
12.3
=10} I
= Subtract.
12.3

ze=—H, 130 [hvide.

X—n
= . Formula fior 1
o
75 -
':ﬂ X=75u=100,7=12.3
12.3
—_ =23 hitrac
= 23 Subtract.
= —2033 [hvade.

You can vse a graphing caloulator to find the area between 7 =—8.130 and z=-2.033. Press 2nd [DISTR] and
select normaledf. Enter the interval and press ENTER to display the area.

The area 1s 0.0210. Therefore, the probability of the scores being between 0 and 75 is 2.1%.

Since 75 people took the test, nmiltiply by the probability to predict the number of people that would score lower
than 75.

75 % 2.1%=1.575 or 2 people.



