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Question 1: Estimate an arc length of

a given function (Page 68)
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Q. estimate the length of the curve y = f(x) on the given interval using
n = 4 line segments.

1. f(x) =cosx,0<x gg

a) 1.906 b)1.555 c) 0.235 d)3.335

3

For the x-values of our points here we use (approximations of) 0, P

’

@ |Ad

T '
!4! 2'

Left Right Length
(0, 1) (0.393, 0.92) | 0.400
(0.393, 0.92) | (0.785, 0.71) | 0.449
(0.785, 0.71) | (1.18, 0.383) | 0.509
(1.18, 0.383) (1.571, 0) 0.548
Total 1.906
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a) 1.906

b)2.8

“10)9.114

Left Right Length
(0, 0) (0.393, 0.38) | 0.548
(0.393, 0.38) | (0.785, 0.71) | 0.509
(0.785, 0.71) | (1.18, 0.924) | 0.449
(1.18, 0.924) (1.57, 1) 0.400
Total 1.906
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3. f(x)=vx+1,0<x<3

Mr. Aghead

2)3.167 b)1.91 0) 3.51 d)0.6
Left Right Length
(0, 1) (0.75, 1.323) = 0.817
(0.75, 1.323) | (1.5, 1.581) 0.793
(1.5, 1.581) | (2.25, 1.803) | 0.782
(2.25, 1.803) (3, 2) 0.776
Total 3.167
4. fx)=1/x,1<x<?2
2) 1.1310 b)5.677 c) 9.41 d)60.5
Left Right Length
(1, 1) (1.25, 0.8) | 0.3202
(1.25, 0.8) (1.5, 0.67) 0.2833
(1.5, 0.67) | (1.75, 0.571) | 0.2675
(1.75, 0.571) (2, 0.5) 0.2600
Total 1.1310
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a)9.153 b)3.144 c) 2.797 d)13.157
Left Right | Length
(-2,5) | (-1, 2) | 3.162
(-1, 2) | (0,1) 1.414
(0, 1) | (1, 2) 1.414
(1,2) | (2,5) 3.162
Total 9.153
6. fx)=x*+2,-1<x<1
a) 3.0463 b)1.007 c) 9.42 d)14.287
Left Right Length
(-1, 1) (-0.5. 1.875) | 1.0078
(-0.5, 1.875) (0, 2) 0.5154
(0, 2) (0.5, 2.125) | 0.5154
(0.5, 2.125) (1, 3) 1.0078
| Total | 3.0463 |
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Question 2: Find a limit algebraically

or graphically, if it exists (Page 75)
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| Q. Identify each limit or state that it does not exist.
Y

h -2 \
1
a) xllr[l)’l_ f(x)
2) -2 b)2 03 d)4
o lip, 0
a)2 b)-2 0) 0 d)1
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c) lim f(x)

x—0
a) does not exist | b)0 c)-1 d)3
d) ling_ f(x)
a)2 b)-2 c)0 d)3
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e) lim_f(x)

x——2
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a)2

b)-3

f) 111112 f(x)

a) 2

b)1
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d)0
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2 A /@

a) 1 b)0
b) lim, f(x)

a)l b)5
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d)-2

d) lim f(x)

x—=2"

a)-1

b)1 )0 d)2
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a)3 b)1
f) lim f ()
a) does not exist | b)1
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L Question 3: Find limits of polynomial, rational,
and trigonometric functions using theorems

(Page 85)
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Q. Evaluate the indicated limit, if it exits. Assume that lin%| Si:x =1
. 2x ifx <2
1. Ll_rgf(x),where fx) = {xz if %557
a)4 b)1 c) 2 d)0
ligl_f(x) = lig}_Zx =2(2) =4
- B 7 AR,
I )= g
. (x4 T ifx<—1
2. I s where f(2) = {Bx +1 ifx>-1
a) Undefined b)0 c)-2 d)?2

The limit from the left is 2, but the limit from the right is -2.
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2x +1 if x<-1

3. lim f(x),where f(x) =<3 if—1<x<1

=l 2x + 1 if x>1
a) does not exist |b)1 "6) 3 d)-1

lim f(x) = lin}_(Zx +1)=2(-1)+1=+=1

X=b=1"
L e L H
2x +1 ifx<-—1
4. lim f(x),where f(x) =43 if—1<x<1
T3 2x 44 if x>1
a)3 b)-1 c)1 d)0
lim f(x) =3

x=>1
LBORS e
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5. lim (24h)"—4
h—0
a) 4 b)0 c) -4 d)1
2+h)?2—4 (A+4h+h%) -4 4h+ h? -
@+ -4 _( Fh) =4 _ _
h h h
lim4+h=4
h—=0
6. lim 102
h—0
a) 3 b)1 c) 2 d)0

(1+kP—1 143k+3b° b —1 _B(3+Bh+h)

h h h

im343h+h*=3
h—0

=534 3h4-h*
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sin(x2-4)
7' }c—rz x2—-4
a) 1 b)0 o 4 d)-1

Consider f(x) = S"* and a polynomial
X
p(x) =x? — 4 suchthat p(2) =0

. sinx
Also |im =— 1
x—=0 X

Therefore, by the theorem 3.4(viii),
lim f(p(x)) =L
X251

' sin(x* —4) .
-l =g -

tanx
8. }c—rO S5x
a) 1 b)5 c)0 d)1
5
~ tanx sin x 1sinx 1
lim =lim—=1 n( )
x—0 5x x—=05x cosx x=0\5 x cosx
_1(1_ smx)( )_1 1)(1)_
5 xl—r}é X a,—»ocosx 5 5
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Question 4: Use the squeeze theorem
to find limits (Page 85)
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Q. Use numerical and graphical evidence to conjecture the value of
G) Use the Squeeze Theorem to prove that you are correci:
identify the functions f and h, show graphically that

f(x) < x?sin(3) < h(x) and justify lim £ (x) = lim h(x).

a)0

b)1

c) 3

d)4

]
2

] x”sin (1/x)

—0.1

0.0054

—0.01

o x 1077

—0.001

—8x 1077

0.1

—0.005

0.01

—5x 107"

0.001

8x 107"

Conjecture: lim x?2 sin (l) ==:0)

x—0

X

Let f(x)'=+x?, h(x) = x°.
Then f(x) < x*sin (1) < h(x)

X

im(-x%) =0, IIm(x2)=20
x—=0 x—0

Therefore, by the Squeeze Theorem, lim x? sin (3) =0
x—0 X
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Q. Why can’t you use the Squeeze Theorem as in the previous exercise
to prove that lim x? sec (%) = 07 Explore this limit graphically.

x—0

You cannot use the Squeeze Theorem as in the previous exercise because
the secant function is not bounded between —1 and 1 like the sine function
is. This is difficult to investigate graphically because of the infinitely many

vertical asymptotes as x approaches 0.

Q. Use the Squeeze Theorem to prove that lim [x/E cos? (%)] =)

x—0*

|dentify the functions f and h, show graphically that
f(x) < +/x cos? (%) < h(x) for all x > 0, and justify lir51+f(x) = 0 and

li151+h(x) = 0.
Let f(x) = 0,h(x) = Vx. We see that:
fx) < VEcos? (3) < hx),
im0 =0, limyx=0
x—0* x—0*

Therefore, by the Squeeze Theorem,

lim [\/E cos? (%)] =0

x—-0%t

[ 0566991363 :p2 ) biual Jua) gill I Liié an 3 199 - SalS 7 il e Juaal ]
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Q. Suppose that f(x) is bounded: that is, there exists a constant M such
that |f(x)| < M for all x.Use the Squeeze Theorem to prove that
lim x2f(x) = 0.

x—0
Saying that |/ (x) < M for all x is the’same as saying —M < f(x).< M forall
e
This implies that —M < x?f(x) < Mx?.

Since +Mx?2 — 0 as x — 0, the Squeeze Theorem shows that

lim x f{x)=0

[ 0566991363 :a2 1 bia) Jual) gill I Lid ab ;3 199  SalS 7 il e Juaal ]
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Question 5: Use the continuity properties to study
the continuity of a function or a composition of
functions at a given point (Page 95)
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1 f(x) =X T3
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a) [=3, ) b) (=00, =2)

€) (=%, =3)

d) (2, )

2. f(x) =Vx*—4

a) (—oo,—2] and [2, o)
b) (2,0)

Q) (—90,~2)

d) (=%,—4) and (4, )

3. f(x) =Vx+2

a) (=%, ®) b) (=%, =2)

€) (=%, 2)

d) (=2, )

[ 0566991363 28 bl (ua) 5ill I 1 ad 43 199 = Sl ) e Juaa ]
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4. f(x) = @ -1y

Mr. Aghead

a)[1, ) b) (=1, =) ¢) (0, ») d) (=%, 1)

5. f(x) =sin"!(x + 2)

a) [=3, —1] b)[=3,1] c)[=1,1] d)[1,3]

6. f(x) = In(sinx)

a) (2km, (2k + 1)) for all integral values of k
b) (km, (k + 1)) for all integral values of k

¢) (0, )

d) (=0, 0)

[ 0566991363 :a2 1) il Jual ill I 1aié aa 53 199 - SalS 7l e Juas ]
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a) [—1, ©) whenever x # /2

b) [-V2; 0)
c) (0,c)
d) (—o0,0)

ln(x -1)
8. f(X) ==

a) (—oo,—1) and (2, )
b) (0, =)

c) (=90, —1)
d) (2, )

[ 0566991363 :a8, bl Jual gill I Lid an 53 199 - SalS 7 il e Juas) ]
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Question 6: Find horizontal, vertical, and
slant asymptotes using limits (Page 106)
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Q. determine all horizontal and vertical asymptotes. For each side of
each vertical asymptote, determine whether f(x) - o or f(x) - —oo.

1.
a) f(x) = —

4—x2

a) vertical asymptotes at x = +2, horizontal asymptoteaty = 0

b)vertical asymptotes at x = 43, horizontal asymptote aty = 0

c) vertical asymptotes at x = 41, horizontal asymptoteaty = 2

d) vertical asymptotes at x = 0, horizontal asymptoteaty = 0

4 — x2 = 0 = 4 = x? so we have vertical asymptotes at x = +2.

f(x) >oasx » -2~
f(x) > —oasx » —2%
f(x) o masx > 2~
f(x) oFovus x - 27

. . X . X »
Againwe have |im - = lin¥ & = lim —
x—>-_|-oo 4—x x—»iooxz(‘_—z—l) x—vioox(—z—l)

=0

So there is a horizontal asymptote at y = 0.

[ 0566991363 :p2 4 baual Jua) gill I Lid ab ;3 199  SalS 7 il e Juaal ]
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) (x) = 7

a) vertical asymptotes at x = +2, horizontal asymptoteaty = —1
b)vertical asymptotes at x = +3, horizontal asymptote aty = =2
c) vertical asymptotes at x = 42, horizontal asymptote aty =1
d)vertical asymptotes at x = 0, horizontal asymptote aty = =1

Mr. Aghead

f(x) Doasx > 2" and x - —27
f(x) > —wasx - 2*and x - -2~

3)f(x)-—

a) no vertical asymptotes, horizontal asymptotes aty = +1

b) no vertical asymptotes, horizontal asymptotes aty = +2

c) no vertical asymptotes, horizontal'asymptotesaty = 0

d) vertical asymptotes at x = +2, horizontal asymptoteaty = —1

4+x

Since 4 + x? is never (, there are no vertical asymptotes.
1

= lim =t = 1
X—00 x—bm X—0C0 \/I
“ 12
and ]im — = lim = lim —

x—— CXJ\-' X——0Co x, X—>—00 ’

so there are horizontal asymptotes at y = 1 andy = 1.

[ 0566991363 :p2 1) biual Jua) gill I 1 an 43 199 = SalS 7l e Juaa) ]
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X

b) f(x) = ==

a) vertical asymptotes at x = +2, no horizontal asymptotes
b)vertical asymptotes at x = +1, no horizontal asymptotes
c) vertical asymptotes at x = 45, no herizontal asymptotes
d) no vertical asymptotes, horizontal asymptotesaty = +1

The function is only defined in (—2, 2). Two one-sided vertical asymptotes at
Xx=+2
f(x) > oasx —»27,and f(x) > —ccasx » —27.

No horizontal asymptotes.

3x%+1
3 f(.’X,') " x2-2x-3
a) vertical asymptotes at x = 3 and x = —1, horizontal asymptote aty = 3
b) vertical asymptotes at x = £+2, no horizontal asymptotes
c) vertical asymptotes at x = 0 and x = —1, horizontal asymptoteaty = 1
d) vertical asymptotes at x = 2 and x = 1, horizontal asymptoteaty = 3

The denominator factors: x? — 2x —3 = (x — 3)(x + 1)
Since neither x = 3 nor x = —1 are zeros of the numerator, we see that f (x)
has vertical asymptotesat x = 3andx = —1

f(x) >0 asx — 3
f(x) 5oasx - 3"
f(x) >oasx » —1"

f(x) > —oasx > —1%

[ 0566991363 :a8, bial Jual gill I Lid ab 53 199  SalS 7 il e Juaal ]
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1
. 3x2+1 : 3+.7
We have lim = lim —yfy=3

x—+oo Xx2—2x-3 2-+1oo 1=—-vug
5 0 55 T o

So there is a horizontal asymptote at y = 3

1-x

N f(X) - x2+x-2
a) vertical asymptote at x = —2, horizontal asymptoteaty = 0
b)vertical asymptote at x = 2, horizontal asymptote aty = —3
c) vertical asymptote at x = —1, horizontal asymptote aty = 0
d)vertical asymptote at x = 0, horizontal asymptote at y =3

f(x) »oasx »—2"
f(x) > —oasx > —-2"andx -» —2~

Again, we have ]im
x—+oo x24+x—2

= ( so there is a horizontal asymptoteat y = 0

[ 0566991363 :a2 1) il Jual ill I 3 ad 43 199 = SalS ) e Juaa ]
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5 f(x) =4tan"tx —1

a) no vertical asymptotes, horizontal asymptotes aty = 2w — 1
andy =—2mr—1

b) no vertical asymptotes, horizontalasymptotes aty = 2mw +.1
andy =—2m—1

c) no vertical asymptotes, horizontal asymptotes aty = 2w — 1
andy =2mr—1

d) no vertical asymptotes, horizontal asymptotesaty = 2 — 1
andy = —2m+ 1

The function is continuous for all x, so no vertical asymptotes.

We have lim 4tan™'x — 1 = 4(1im tan-lx) =] 4(5)— 1=2mr—1

X—00 X—00 2
and lim 4tan lx—1= 4( lim tan™! x) =1 =4 (— g) =1 ==
X——00 X——co
so there are horizontal asymptotesat y = 2r — land y = -2 = 1
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6. f(x) =In(1 — cosx)
a) vertical asymptotes at x = 2km for any integer k

b) no vertical asymptotes

¢) vertical asymptotes at x = km for any integer k

d)vertical asymptote at x = 2, horizontal asymptote aty = —3

The function |n x has a one-sided vertical asymptote at x = 0, so

f(x) = In(1 — cos x) will have a vertical asymptote whenever 1 — cosx = 0,
i.e., whenever cosx = 1.

This happens when x = 2k for any integer k.

Since 1 — cosx > 0 for all x, f(x) is defined at all points except for these
vertical asymptotes. Thus as f (x) approaches any of these asymptotes
(from either side), it behaves like In x approaching 0 from the right, so

f(x) - —wo as x approaches any of these asymptotes from either side.
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| Q. Determine all vertical and slant asymptotes.

x3

4—x2

T.y=

a) vertical asymptotes at x = +2, the slant asymptoteisy = —x
b)vertical asymptotes at x = 0, the slant asymptoteis y =x

c) vertical asymptotes at x = 1, the slant asymptoteisy = —x
d) vertical asymptotes at x = —3, the slant asymptoteisy = x
x%+1

2'}’:: x—2

a) vertical asymptote at x = 2, the slant asymptoteis y = x + 2
b)vertical asymptote at x = —2, the slant asymptoteisy = x — 2
c) vertical asymptote at x = 3, the slant asymptoteisy = —x + 2
d)vertical asymptotes at x = 42, the slant asymptoteis y = —x
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x3

S DA x2+x—4
: —14+V17 ;

a) vertical asymptotes at x = S the slant asymptoteisy =x — 1
. 1+V17 : _

b)verticalasymptotes at x = +;/_, the slant asymptote is y =x~ 2
& —-1-V17 .

c) vertical asymptotes at x = 2\;_, the slant asymptoteisy =x — 1
. ~1+V17 .

d) vertical asymptotes at x = H_, the slant asymptoteisy = x + 1

a) vertical asymptote at x = —3/2, the slant asymptote is y = x
b)vertical asymptote at x = —3/3, the slant asymptote is y = —x
c) vertical asymptote at x = /2, the slant asymptote is y = 3x
d)vertical asymptote at x = /3, the slant asymptote is y = x
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Question 7: Find limits at infinity and

limits that are infinite (Page 106)
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Q. Determine each limit (answer as appropriate, with a number, «, - or
does not exist).

x24+3x-=2

1. lim —;
x—o0 3x“+4x—-1

.a)l b)1 c)0 d)4
3
S _ 2 3 2
Coxtesx—2 . (1+3-5) (1+3-5) 1
lim = lim X X7/ — lim I
x x? X x?
2. limzx;_—xﬂ
x—oo 4x-—-3x-1
a)l b)2 c)1 d)0
)

i 2x2—x+1_l, A ELAIEYY o TR A
rowod4x2 —3x —1  xowdx? —3x—1\1/x2) xzowd—3/x—1/x2 2
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3. lim —
x——oo V4+x2
a)l b)?2 c)0 d)3
I —X I —X I 1 1
m = [Im = [Im —
x—»—oo1/4_|_x2 xX——0C0 _x.\/4+x2 xX——00 i_|_ 1 \/T
X2
: 2x2-1
N Jll—rnc;lo 4x3-5x—1
a)0 b)1 c) 2 d)3

5. lim In (x2+31)

X—00 X—
a) © b) —oo )0 d)3
1
T el e it
fin (5= ) = Jim 1n{ 1 )| = Jimin] = o
x2
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6. lim In(x sin x)
x—07

a) — b)1 c)0 dr
lim In(xsinx) = lim In(x) = —o0
x—=0t x0F

x—0
a)0 b)1 c) 2 d)-1
_2 1
lim e( x3) = lim—=0
x—0t x—o0 eX

X+1
8. lim e x%+z2

X—0Co

a)l

b)0 03 d)2

(—x2 (%—I—x—lz)) ‘_(1+L2)
x+1 TR S 7
lime x?+2 = lime\ ™" (Hx_?) = lim e (“F)

X—00 X—00 X—00
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9. lim cot™!x
X—0Co
a)0 b)1 c) 2 d)3
10. lim sec~1*-*!
xX—00 x+1
a)g b)0 01 d)9
1
: P X2+1 : -3 Xz(l‘l‘ﬁ) =1
lim sec™?! = lim sec = lmsec (x)=
xX—co X + xX—0co 2 l i) x—00
X \x T x2
1
' i Xz
11. }cll,%sm (e - )
a)0 c) 2 d)3
1
lim (sm (e_'c_z)) = lim (sin(e*)) = lim (sinx) =0
x—0+ X——00 x—0T
x]l)%’l (sm (e rz)) = xl_i)lzlm(sin(ex)) = J{li)r(I]le(sin x)=10

1
= lim (sin (e _F)) =
x—0
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12. lim sin(tan™!x)

X—00
a)l b)0 c)-1 d)3
lim sin(tan™ x) =Jim(sinx) = 1
13. lime~tanx
T
=37
a) does not exist | b)0 c)1 d)?2
lim e~ % = lime™ = lim e* =
x_)E x—00 X——00
2
but
lim e~ @"* = |lim @& % = lim e* = o0
nt X——0 X—00
x—>§
so the limit does not exist
14. lim tan"!(Inx)
x—=07T
a) —~ b)~ )0 d)1
lim tan"!(Inx) = lim tan™lx = z
x—07t X—==>00 2
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Question 8: Link and interpret the slope of a
secant line and tangent line (Page 136)
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Q. Graphically and numerically approximate the slope of the tangent line

x+1

A graph of y'= "’_: is shown in Figure 3:10a. We y
X
sketch the tangent line at the point (0, —1) in

Figure 3.10b, where we have zoomed in to provide

better detail. To approximate the slope, we estimate

the coordinates of one point on the tangent line

other than (0, —1). In Figure 3.10b, it appears that

FIGURE 3.10a
the tangent line passes through the point (1,1). An y= : ;}
estimate of the slope is then m,,,, ~ 16D 2.T0 s

-0
approximate the slope numerically, we choose

— (] o
L ' }
T T 1

several points near (0, —1) and compute the slopes : y

of the secant lines. For example, rounding the =

y-values to four decimal places, we have: /sl

Second Point = Second Point

(1,0) D= 8-y (0.5, =3) el ) PP F!rGUREt:’;"mb
’ 1 —0 = e P _()5 —0 = 4. anth mne
-0.8182 — (=1) -1.2222 — (=1)

0.1, -0.818 A BN LT TY WY Ll L) Tl L i e TS
( 2) T 18 | ( 1 ) —— 2

, | —0.9802 = (-1) o ~1.0202 - (-1)
(0.01, =0.9802) | —————~ =198 | (-0.01, =1.0202) | ———— =2.02

0.01 =0 —~0.01-0
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In both columns, as the second point gets closer to (0, —1), the slope of the
secant line gets closer to 2. A reasonable estimate of the slope of the tangent
line at the point (0, —1) is then 2.
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(B
Question 9: Find the derivative of a

function at a given point (Page 145)
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Q. If f(x) == (x #0), find f'(x).

a) —x?

b) x?

c) x

d)2x

f'(x) = lim

so that /" (x) = —x ™2

f(x+h)—f(x)

h

(-
. \x+h x
= h
[x — (x + h)]
= |lim xix $:i)
h—0 h
. l' _h
~ k=0 hx(x + h)
—1 1

im—&o—=
-0 x(x.# h) xe
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&

= Question 10: Understand the relationship

between continuity and differentiability
(Page 151) |
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| Q. Use the graph of f to sketch a graph of f".

1.
Y
A

» U
10— 5 —
a— o
6— a—
44— 2
2] 1
R L e T U L T O T D O T i O Y TOL N i
-0 -8 -4 -4 -2 /1B 2 4 6 i 10 5 4 a 2 1 ) 2 3
: —-
- x _
-4 >—
= ¢ =
& 3—
—8-] -
~10- 5—
5—
4 —
3—
‘l—
T T T ]
2 3 a4 s T L L A e (L i L
-5 4 a 2 1 [] 1 2 3
A —
4 X —
2 51 a |
. m
4
5.0+ 4
5—
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& —

d)

=10 -
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3'
Yy
A
» v
a)
5-
4 ’
3
| /
IR qw 7
& 4 a -2 1_l 1
-
C)
10—
a:
ﬁ:
e
.|

L L L O 7, LI L
10 -8 -8 -4 2
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f

i ) I Y
f =4 e o =]
x

L L L
-5 -d -3 -2 .1

d)

=10

A L B B
-8 -6 -4 =2 /1

-

—

—

-10~1
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Q. Use the given graph of f’ to sketch a plausible graph of a continuous
function f.

h‘-—-.l..—‘rl‘l;lli'l
2\5

b)

T T
-8 .8 - =

x

T T T 7

d)

s B 1
pilageilogendogunl

<
=

o

|
5.0

e =
o -

?IIII"I"I @ |

-
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D Question 11: Use differentiation rules and
higher derivatives in solving real-life problems

(Page 161)
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Q. Use the given position function to find the velocity and acceleration
functions.

1. s(t) = =16t% + 40t + 10

a) b)
v(t) =s'(t) = —32t + 40 v(t) =s'(t) = 32t — 40
ait) = v'(1) = s”(t) = —32 a(t) =v'(t) =s"(t) = —32
C) d)
v(t) =s'(t) = =32t + 40 v(t) =s'(t) = =32t
a(t) =v'(t) =s"(t) =30 a(t) =v'(t) =s"(t) =0

2. s(t) = =49t + 12t —3

a) b)
v(t) =s'(t) = —9.8t + 12 v(t) =s'(t) = +9.8t — 12
a(t) =v'(t) =s"(t) = —9.8 a(t) =v'(t) =s"(t) =9.8

C) d)

1 1
v(t) =s'(t) = Et‘i + 4t

v(t) = s'(t) = 10t™2
a(t) =v'(t) =s"(t) = -20t3

1 3
a(t) =v'(t) = —Zt_? + 4

[ 0566991363 :a2 1) bl Jual gill I 1é an 33 199 - MalS 7l o Juas ]
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3. s(t) =Vt + 2t2

a) _
v(t) = s'(t) = Et‘i + 4t

1 3
alt) =v(1) = —Zt_i + 4

b)

v(t) =s'(t) = —9.8t + 12
a(t) =v'(t) =s"(t) = —9.8

c)
v(t) =s'(t) = 10t~2
a(t) =v'(t) =s"(t) = -20t3

d)

v(t) =s'(t) =9.8t + 12
a(t) =v'(t) =s"(t) = 9.8

4. s(t) =10 _1_t0

a)
v(t) =s'(t) = 10t >
att)=v ) =s"(@)=—20t"

b)

v(t) =s'(t) = —9.8t + 12
a(t) =v'(t) =s"(t) = —9.8

C) L
v(t) =s'(t) = Et_? + 4t

1 3
a(t) =v'(t) = —zt 2t 4

d)

v(t) =s'(t) =t2
a(t) =v'(t) =s"(t) =20t3
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- Question 12: Use differentiation rules and
higher derivatives in solving real-life problems
(Page 161)
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Q. Find all values of x for which the tangent line to y = x> — 3x + 1 is (a)
at an angle of 45° with the x-axis; (b) at an angle of 30° with the x-axis,
assuming that the angles are measured counterclockwise.

a)
3)x:%01"x1=—% 1 b)x:%orxlz_?; 1
9x=(trzeforx=—(1+ 2 | x= (1 ore=-(1+2)

¥'=3xf—=3=3(x*—1)

The tangent line to y = f(x) intersects the x-axis at a 45° angle when
friE=1

3(xt=1) =1

1
2=1+2
5 3

2 2
X =—0rxy = ——
V3 V3
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or xz—%.
xZ%orx:—% x—(l—i)%orx——(l—i)%
. 33 . 3v3

The tangent line to y = f(x) intersects the x-axis at a 30° angle when
1
4 _—
[ = V3

3(x% —1) :%
> s 1—]—L
3v/3 1
X = (1 -|—3—\1/§)_orx: —(1 —|—$§)E

Q. Find all values of x for which the tangent lines to y = x® + 2x + 1 and
y = x* + x3 4+ 3 are (a) parallel; (b) perpendicular.
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Q. Find a second-degree polynomial (of the form ax? + bx + ¢) such
that (a) f(0) = -2, f'(0) =2 and f""(0) = 3. (b) f(0) =0, f'(0) =5 and
)= 1.
a)%x2+2x—2 b)x? + 2x — 2 C)§x2—2x—2 d)%x2+2x+2

f(x) =ax?*+bx+c, f(0)=c

f'(x) =2ax+b, f'(0)=>b
) =12a, f”(O) =20

Given f"'(0) = 3,welearn 2a = 3,0ra = E
Given f’(0) = 2 welearn h = 2,

And given f(0) = —2, we learn ¢ = —2.

Intheend f(x) = ax? + bx + ¢ :%xz + 2x — 2

| Q. Find a general formula for the nth derivative £ (x) for:
a) f(x) =+x
1
f(x) =Vx=x2

1 1
f @y x2

LR
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-G

o f(”)(x) = (=1 1.35.5:(2n — 3) x_2712__1

2?1
f®) = (~1)m!

%23 .(2n—2) _2n-1

m24..(2n—2)"
(2n-2)! e

f(?ﬂ(x) = (—1)n_1 22n=1(n —1)! >
b) f (x) = = |
]cr(x) e —2x_3
fu(x) — 6x_4

fii'(x) =—24x~3
The pattern is:

fWE) = =DM+ D)2

[ 0566991363 :a2 1) il Jual gill I 3 a3 199 — SalS 7l e (uaa ]




: a8 51} Jaia) ol gl
0566991363

Mr. Aghead

Q. Find the area of the triangle bounded by x = 0, y = 0 and the tangent
linetoy = % at x = 1. Repeat with the triangle bounded by x =0, y =0

and the tangent line to y = i at x = 2. Show that you get the same area

using the tangent line to y = i atany x = a > 0.

Fory = l, we have y’ = — iz . Thus, the slope of the tangentlineat x = g is
1 X X
==

When g = 1, the slope of the tangent line at (1, 1) is —1, and the equation of
the tangent line is y = —x + 2. The tangent line intersects the axes at (0, 2)
and (2, 0). Thus, the area of the triangle is % (2)(2) = 2.

When g = 2, the slope of the tangent line at (2, %) is — i, and the equation of

the tangent lineis y = — ix + 2. The'tangent line intersects the'axes at (0, 1)
and (4, 0). Thus, the area of the triangle is % (1) = 2.

In general, the equation of the tangent lineis y = — (:—?) x + % The tangent
line intersects the axes at (0, S) and (2a, 0). Thus, the area of the triangle is

o) =2
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Q. Show that the result of the previous exercise does not hold for y = —

x2°

That is, the area of the triangle bounded by x = 0, y = 0 and the tangent
line to y = x—lz at x = a > 0 does depend on the value of a.

1 E : _ 2

Fory =— =x7% wehave f'(x) = —2x7° = — 3

Thus, the slope of the tangentlineat x = a is — %
a

When g = 1, the slope of the tangent line at (1, 1) is —2, and the equation of

the tangent line is y = —2x + 3. The tangent line intersects the axes at (0, 3)
and G, 0). Thus the area of the triangle is % (3) G) = E.

When g = 2, the slope of the tangent line at (2, %) is — % , and the equation of

the tangent lineis y = — ix + %. The tangent line intersects the axes at (0, 3)
9

.

Since% = = g, we see that the result for previous exercise does not hold here.

and (3, 0): Thus the area of the triangle.is % G) (3) =
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(®
Question 13: Apply the chain rule for

differentiation (Page 177)
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Q. Use the relevant information to compute the derivative for

h(x) = f(g(x)).

a. h'(1), where f(1) =3, g(1) = 2, f(1) =4, f'(2) =3, g'(1)=—2,and
g'(3) =5. '

a)-6 b)3 c)0 d)1

h'(x) = f'(g(x)g'(x)
(@) = f'(g(1)g' (D) = f'(2).(~2) = —6

b. h'(2),where f(2) =1,g(2) =3, f'2) =-1,f'(3) = -3, 9'(1) = 2,
and g'(2) = 4.

a)-12

b)12 c) 0 d)1

h'(x) = f'(g(x))g' ()
h'(2) =£'(9(2)g'(2) = f'(3).(4) = —12
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Q. A function f is an even function if f(—x) = f(x) for all x and is an odd
function if f(—x) = —f(x) for all x. Prove that the derivative of an even
function is odd and the derivative of an odd function is even.

As a temporary device given any f, set g(x) = f(— x). Then by the chain
rule,

g@)=f'=x)(1)=—f(—x)
In the even case (g = f) thisreads f'(—x) = —f'(x) and shows f” is odd.
In the odd case (g = —f and therefore g’ = —f”), this reads

—f'(x) = —f'(—x) or f'(x) = f'(—x) and shows f" is even.

Q. In the graph of a differentiable function f is symmetric about the line
x = a, what can you say about the symmetry of the graph of f’.

To say that f(x) is symmetric about the line x = a is the same as saying that
f(a+ x) = f(a — x). Taking derivatives (using the chain rule), we have:

L fa+x) = @+

d

Tf@a—x)=fla-x(1) = —f'(a—x)
Thus, f'(a + x) = —f'(a — x) and the graph of f'(x) is symmetric through
the point (g, 0).

[ 0566991363 :p2 4 sl Jua) gill I Lid ab 53 199  SalS 7 il e Juaal ]




;a8 1) i) (Jua gl
0566991363

Mr. Aghead

| Q. Find the derivative where f is an unspecified differentiable function. |
1 |

a) f(x%) _
D2 [DF@I@ [ @)@ [0 (VE) =

Chain rule gives:

d d
—f() = £ = () = f' () (2%) = 2xf" (x?)

o) [ £ (x)]°
A2fCF @ (D2 [of F@)F ) [d)f (V) o=

Chain rule gives:

d - d _ ,
—[f@I = 2f () f (@) = 2/ (O ()
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c) f(f(x))
DO @ D2 D [02f@f @ [af (Vx) 2=

Chain rule gives:

d RN | ) y
——f(F@) = £ (f@F () = £ (f)) £«

2.
a) £ (y/%)
V(W D2 T 02 @ [QF () )

Chain rule gives:

d d 1
2 O =1 (Ve) o (V) = £ (V) o=
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b) \/f (x)
=@ |b-(5) () |o(-m5) Fe )zﬁf’_(x)

Chain rule gives:

Mr. Aghead

S| 1.4
& (@) = 7= f ) = Wf )
©) f (xf ()
DFCEET@ @) o) w% '@
-5 () O (725 /)

Chain rule gives:

d d
2 S (@) = f1(xf () 7 (xf ()

and product rule gives:

d
= f'(xf(2)) (f(x) + xaf(x)) = [N @)+ 217 =2)
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07()

0-()-r'6) Mm@ 4o (mp)-re|o()s ()

Chain rule gives:

= Q-r @ w6-r65--Er6)

b) L
f(x)
1 1

) (~ ) @ | D7/ ® |0-(2) £ () D) Fo

Chain rule gives:

%(%) - (_ f(jc)z)'ddx fad= (_f(alc)z

)@
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9 (7)
a) f' (fzcx)) (f(x[)f;cﬁ;(x)) b)2xf'(x?%)
o) f'COf(LF fF(x) d)xf’(x*)

Chain rule gives:

% [f (fzcx))] =i (fécx)) ddx (fécx))

and quotient rule gives
o X N[ =xf'(x)
2 (f(x))( COP )

4.
a) 1+ f(x?)

a) 2xf"(x*) b) xf"(x*) c) x*f'(x) d)xf"(x*)

Chain rule gives:

d T 50y 1% WP T 1 Py d Y = Fllsd - "(x2
a(lﬂc(x Nieiride )7 (%) = f1(x)(2x) = 2xf'(x%)
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b) |1+ f(x)]?

2f 1 o x f(x)—xf'(x)
a) 2f" ()1 + f(x)] b)f '(f(x))( £ ()2 )
o) 2xf (%) df Of (L+£()

Chain rule gives:

d d
—[1+4 f()]? =2[1 +f(x)]a(1 +f(x) =2[1+ f()lf' (%)

dx
=2f"()[1+ f(x)]
) f(14f(x))
' ’ , [ x F(x)=xf"(x)
a) f'Cf'(1+ f(x) b/ () (L)
¢) 2xf'(x?) d) f'Gf' (f())

Chain rule gives:

d d
—f(A+f@)] = (1+f@) = (1+f®) =f'(1+f))f' &)
= f'()f'(1+ f(x))
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0 Question 14: Find the derivative of an

inverse function using the Chain Rule
(Page 176) )
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| Q. f has an inverse g. Use Theorem 5.2 to find g'(a).
1. fx)=x>+4x—1, a=-1

| a) 1 b)0 c) 2 d)1

. 4

f(x) ='x3 + 4x — 1 is a one-to-one function with f(0) = —1 and f'(0) = 4.
Therefore g(—1) = 0 and

g=l)=

i, _ 1 3
f'lg=D) f© 4

2. f(x) =x°+4x—2, a= -2

a) = b)0 c) 2 d)1
4

f(x) = x> + 4x — 2 is a one-to-one function with f(0) = —2 and f'(0) = 4.

Therefore g(—2) = 0 and

g(—2)

_ 1 B 1 _1
- f(g=2) f(O) 4
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3. f(x) =x>+3x3+x, a=5

a)— b) 15 16) 2 )1
f(x) = x°.4 3x3 + x is a one-to-one function with f(1) = 5 and:
f(1)=5+9+1=15.

Therefore g(5) = 1 and

g'(5) =

11 1
f'g®®) f@ 15

4. f(xX)=x+2x+1, a=-2

a) = b)5 c)0 d)1
5
f(x) = x* + 2x + 1 is a one-to-one function with f(—1) = —2 and

f'(—1) = 5. Therefore g(—2) = —1 and

(D)= =2
IV T g=2) FD 5
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5. f(x) =Vx3+2X+4, A=2

a) 2 b)1 c)0 d)-2
f(x) =&x¥+ 2X + 4 is a one-to-one function and f(0) = 2.s0.g(2) = 0.
Meanwhile,
1
') = 3x% 4 2
L 2\/x3+2x-|i4( )
’ O —
f i ) =5 1
g'(2) = 2

fl(g@2) )

6. f(x) =Vx>+4x3+3x+1, a=3

e b) 10 0) 3 A1

f(x) = /x5 + 4x3 + 3x + 1 is a one-to-one function and f (1) = 3 so
g(3) = 1. Meanwhile,
5x* +12x%2 + 3

'(x) = ,

J 2Vx% + 4x3 + 3x + 1
(1) = 20 10
e

g'3) =

fg®) @) 10
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- Question 15: Find the derivatives of
trigonometric functions using differentiation
rules (Page 184)
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| Q. Find the derivative of each function.
1. f(t) = sin 3t sec 3t

a) 3 sec?(3t) b) 0 ' ¢) oSt d) 6w? sec? 3w

sin? 4w

f(t) =tan 3t
£1(t) = % [tan(3t)] = sec?(3t)(3) = 3 sec?(3t)

2. f(t) =+/cos5tsec5t

a)0 b) 3 sec?(3t) ¢) 2cosiw d)6w? sec? 3w

sin? 4w

. |
fit) = \/cos St'(cos 50) =1

d
I (f)za(ﬂ =0
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1

=L f(W) - sin 4w
q) Thcostw b) 3 sec?(3t) )0 d) 6w? sec? 3w
sin? 4w 7 2 . _
— —4 cos 4w
' — aw (4) =
Fiow (sin 4w)? 3 wi(4) sin? 4w

4. f(w) = w?sec? 3w

a) 6w? sec? 3w tan 3w + 2w sec? 3w
b) 3 sec?(3t)
c) 0

= w?(2sec3w)(sec 3w tan 3w)(3) + sec?(3w) (2w)
= 6w?sec? 3w tan 3w + 2w sec? 3w
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5. f(x) = 2sin 2x cos 2x

a) 4 cos?(2x) — 4 sin?(2x) b)0
c) sec?Vx2 +1 d) 8x sin x sec 3x

£ (x) = 2{sin(2x) [— sin(ZIx)](Z) + cos(2x) [cos(2x)](2)}
= —45sin?(2x) + 4 cos?(2x) = 4 cos?(2x) — 4 sin®(2x)

6. f(x) =4 sin® 3x + 4 cos? 3x

a)0 b) 4 cos?(2x) ) sec?vx2 +1 d)8x sin x sec 3x
f(x) = 4[sin?(3x) + cos?*(3x)| = 4

d
Fo)=—4)=0
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7. f(x) =tanvx? +1

Mr. Aghead

a)\/%sec2 vxZ +1 b)0
c) 4 cos*(2x) d)8x sin x sec 3x

sec®/x2 +1

flars (Secz \/m) : (%) (% & 1)‘%(2x) - \/xzxﬁ

8. f(x) =4x? sin x sec3x

a) 8x sin x sec 3x + 4x*[cos x sec 3x + sin x sec 3x tan 3x (3)]
b) 0

c) 4 cos?(2x)
d) sec?vVx2 + 1
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9. f(x) = sin3(cos Vx3 + 2x2)

a) % (3x2 + 4x)(x3 + 2x2)_%. sin?(cos Vx3 + 2x2)
. COS (cos Va3 + 2x2) : (— siny/x3 + 2x2)

b) 4[tan3(sin?(x? + 2x))]. [sec?(sin?(x3 + 2x))].[2 sin(x3 + 2x)]
[cos(x? + 2x)]. (3x* + 2)

c) —(x? —x)(x3 — 4x2)_%. sin?(cos V3 — 2x2)
. COS (— cos+/x3 + 2x2) : (sin \/x32x2)

d) 8[tan®(sin?(x3 — x))]. [sec?(sin?(x3 — x))]. [2 sin(x3 + 2x)]
Jcos(x® + 2x)]. (3x% + 2)

P{x)=3sin" (cos \/m) .COS (COS vx3 + 2x2) . (— siny/x3 + 2x2)

1 1
% (x3 + 2x2)72(3x% + 4x)

3 1 :
= E(?vc2 + 4x)(x3 + 2x%)52. sin? (cos V3 + 2x2)

. COS (cos VX3 + 2x2) : (— siny/x3 + 2x2)
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10. f(x) = tan*(sin?(x?® + 2x))

a) 4[tan3(sin2 (x> + 2x))]. [sec?(sin%(x3 + 2x))]. [2 sin(x3 + 2x)]
Jcos(x® + 2x)]. (3x% + 2)

b) % (3x% 4+ 4x)(x3 + 2x2)_%. sin?(cos V3 + 2x2)
. COS (cos VX3 + 2x2) . (— siny/x3 + 2x2)

c) 8[tan®(sin? (x> — x))]. [sec?(sin?(x? — x))]. [2 sin(x> + 2x)]
Jcos(x® + 2x)]. (3x?% + 2)

d) —(x? —x)(x3 — 4x2)_%. sin?(cos Vx3 — 2x2)
. COS (— cos+y/x3 + 2x2) . (sin \/x32x2)
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Question 16: Find the derivatives of
natural logarithmic functions (Page 194)
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| Q. Use logarithmic differentiation to find the derivative. |
1. f(x) - xsinx '

a) xSin = (x cos x.Inx+sin -"‘) b) (sin x)*. (x cotx + In(sin x))
X

c) x4 (—Zx Inx + (4 — x?%) i) d) (x*)**(81Inx + 8)

In f(x) =sinx.Inx

flx) _d B sinx
) —dx(smx.lnx)—cosx.lnx—l— »

F100) S (x cosx . Inx + sinx)
X) =x

X

2. faxygxt ™™

a) x**° (—lenx + (4 — x?%) %) b) (x*)**(81Inx + 8)

¢) (x*)*(8Inx + 8) d)xV* (ﬁln et \/1_5)

Inf(x) = (4—x*)Inx
') _ s
o —2xInx + (4 — x°)=
)

f'(x) = x*>° (—Z_xlnx + (4 — x?) %)
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3. f(x) = (sinx)*

a) (sin x)*. (x cotx + In(sin x)) b) xsinx (x cos x.In x+sin x)
X

c) x**° (—Zx Inx + (4 — x*%) i) | d) (x*)**(81Inx + 8)

| In f(x) ==x.n(sinx)
]]:((;C)) —- ddx (x.In(sinx)) = i s

. + In(sinx) = xcotx + In(sinx
sin x ( ) ( )

f'(x) = (sinx)*. (x cotx + In(sin x))

4. f(x) = (%)™

a) (x*)**(8Inx + 8) b) x (—lenx (4 —x?) i)
C) (x)zx(lnx + 1) d) x\/f (ﬁlnx + \%)

Inf(x) =8xInx

iy 1
() =8lnx + 8x;
f'(x) = (x*)**(8Inx + 8)
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5. f(x) — xlnx

'a) zx[(lnx—l] Inx b)x[(ln x+1]Inx C) _x[(lnx+2] Inx d)x[(ln x—i]lnx

Inf(x) =Inx.Inx =Inx

g d 21

j]i((;c)) T dx U= ;rlclx
¥ Inx [210X Inx—1]1
f(x):xnx ]:2x[(nx ]Inx

6. f(x) = x0*

e 1 b) 2 [(nx—1]Inx

a) x (zﬁlnx+ﬁ) ) 2x

¢) (x*)**(8Inx + 8) d) x*** (—Zx Inx + (4 — x2) 1)

Inf(x) =+vxInx

Feo_ 1 1
o - M‘l“x +‘rx1
' — o e W Bance
i)y (zﬁlnx-l—\/})
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Question 17: Find the derivatives of
exponential functions (Page 193)
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| Q. Differentiate each function.
1. f(x) = x3e*

a)x’e*(x+3) |b)1+2%log2< |c)4%*(—3xIn4) |d)8e***!
F(x)=3Ixe*+ %" . 5= x%e* (x+3)

2. f(x) = e** cos4x

a) 2e* cos 4x + e**(—sin 4x)4 b)8e***1
c)1+2*log2 d)x?e*(x + 3)
3.f(t) =t+2¢

a)l+ 2flog2 b)x2et(t + 3) ) —3tIn4 d)8e*t+1
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a) 4°*(1 + 3tIn4)

b)x%e(t + 3)

c) 1+ 2 log?2

d) 884t+1

fr(t) — 43t =3 t43t(ln 4)3 — 43{:(1 +311n 4)

5. f(X) — Ze4x+1

a) 884x+1

b)x%e*(x + 3)

c)1+ 2'log2

d)—3tIn4

6. f(x) = (1/e)*

ff(x) — 2€4x+1(4) - 8€4x+1

a)—e*

b) 8€4x+1

c) x?e*(x + 3)

d)1+ 2¢log2
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7. h(x) = (1/3)*°

| b)8et* 1 €)=e™* d)x2e(x+ 3)

a)—2x.In3. G)x

x2 %2

h'(x) =In (%) ST (%)xz = 2x. ln%. @) = —2x.In3. G)

8. h(x) = 47*°

a) ~2x.47".In(4) *|d)2x. 47 In(4)

b)—2x.In3. (%)xz c)2x.In3. G)x
h'(x) =47 .In(4).(=2x)'= —2x.47*".In(4)

0. f(u) — eu2+4u

a) e* 4 (2u + 4) by e (2u— 4)
c) e U, (u+4) d) pur—4u (—u+4)

2,4y @ .
f’(u) — el +4u.a(u2 4+ 41&) o eu-+4u_(2u ) 4)
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10. f(u) = 3etanv

a)3e™M¥sec?u |b)e™M¥seciu |c) —e™M¥sectu |d)2e™ ¥ sec’u

o4 = tanx i = tanx 2
T'{x) =3¢ x (tanx) = 3e sec‘ x

1. f(w) :e‘*TW

AW (4w—1) eV (4w-1) e W(4w-1) —e*W(4w-1)
a)—— b)—— ) — d)—— =~
. w.4e™W —et™ 1 e™(Uw -1)
fiiw) = - — :
w w

1-6w 1+6w 1-6w 1-w
a)—ow b)—aw ) —w d)—w
: 1.e% —w.e".6 e —6we®™v 1-6w
f'w) = = =

(eﬁw)z == (GGW)Z == e 6w
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13. f(x) =In2x

a)= b) - 2 d)Inx

Fe ¢ @)=

R | =

14. f(x) =In+8x

1
a)z

b)Inx C)‘_l d)In+/8x

()—1'1 8+11
Flx =3In 1znx
f(x):ﬂ
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Question 18: Use implicit differentiation to
find derivatives of inverse trigonometric

functions (Page 204)
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| Q. Find the derivative of the given function.
1.
a) f(x).-=sin"'(x3 + 1)

1 —(2x+1) 2
2) Gy 1- (x3+1)2 b)z x(1-x) ‘) J1-(x%+x)? d)xm

Differentiating with respect to x, f'(x) = di [sin™!(x?® + 1)].
X
By the Chain rule we get,

1 d 1
r — 3 1) = 3 2
g J1—(x3+1)2dx(x e Jl—(x3+1)2(X)
B 3x?
- JI=GP+ 1)?

b) f(x) = sin™'(V/x)

1 3x2 2 —(2x+1)
a) 2\ x(1—x) b)m C) d),jl—(xz+x)2
Differentiating with respectto x, f'(x) = — [sm 1(\/_ )]

By the chain rule, we get:

1

J1-63)

el

" (V%) =

2dx

1 1
e e
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2.
a) f(x) = cos™(x* + x)

—(2x+1) 2 1 32
) 1—(x2+x)2 b)xvxz—fl C)?-‘ x(1-x) d),_/1—(x3+1)2

Differentiating with respect to x, f'(x) = di [cos™1(x?% + x)]-
X
By using Chain rule,

= d ~{ 2%+ 1
f'(x) = (x*+x) = ( )
J1— (2 +x)2dx J1— (x% +x)2
o -1(2
b) f(x) = cos (x)
2) 2 ) —(2x+1) ) 1 d 3x?
xVx2—4 V1—(x2+4x)? vax(l—x) )m
Differentiating with respect to x, ' (x) = - [cos™* ()|
By using Chain rule,
2
P = -

zdx _
}1— (3) /1— () P
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3.
a) f(x) = tan™'(Vx)

1 -1 ..tan_lx 1
a)2V§(1+x) )(x2+1) - d)2(1+x2)V2+tan‘1x

1+x2

Differentiating with respect to x, f'(x) = - [tan™! (vx)]
o
By using Chain rule,

1 d 1 i 1
e (Vx)? dx V) =@ra (2\/5) T 2vx(1 +x)

b) f(x) =tan™! (i)

-1
a)(x2+1)

_1.1. 1

d)2(1+x2)v2+tan‘1x

) 1 etan
2v/x(1+x) C) )

Differentiating with respectto x, ' (x) = % [tam‘1 G)]
By using Chain rule,

, 1 d 1 1 (-1 —1
A= 1)2dx(;):( 1)(x2):(x2—|—1)

Rl
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4.

a) f(x) =v2+tan-lx

a) 1 etan™1x ) -1 ) D
2(1+x2)V2+tan~1x b) 1422 (x2+1) 2% (1+x)
Differentiating with respect to x, ' (x) = — (V2 + tan1 x).
By using Chain rule,
1 d 1 1
)= (2+tan"1x) = ( )
/ 2v/2 + tan~1 xdx 2v2 + tan~1 x \1 + x?
1
21+ x2)V2 ftan1x
b) f(x) = gtan™" x
tan"1x 1 -1 1
a) : Tiat b) 2(1+x2)V2+tan~1x C) (x2+1) d) 2Vx(1+x)

Differentiating with respect to x, f'(x) = - ('~ %),
"

By using Chain rule,

(%) = (etan-ix)(

1 etan
1—|—x2)
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C
Question 19: Learn Rolle's Theorem

and use it in applications (Page 214)
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Q. Find a value of ¢ satisfying the conclusion of Rolle’'s Theorem for
f(x) = x* — 3x% + 2x + 2 on the interval [0, 1].

a)1 -3 b)3+2v3 i) 1+5V3 Q)1 =22

First, we verify that the hypotheses of the theorem are satisfied: f is
differentiable and continuous for all x [since f (x) is a polynomial and all
polynomials are continuous and differentiable everywhere]. Also,

f(0) = f(1) = 2. We have

f'(x) =3x% —6x+2
We now look for values of ¢ such that
f'(c)=3c ~6c+2=0 _
By the quadratic formula, we get c = 14 %ﬁ ~ 1.5774 [not in the interval
0, )]Jand ¢ = 1 —§\/§ ~ 0.42265 € (0,1).
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(B
Question 20: Learn the Mean Value Theorem
and use it in applications (Page 219)
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| Q. Prove that | sina | < |a| for all a.
First, note that f (x) = sinx is continugus and differentiable on any interval
and thatforany qa,

| sina {'={sina —sin0|,
since sin 0 = 0. From the Mean Value Theorem, we have that (for ¢ = 0)

sina —sin0 (o)
= 1'{€) =TOS¢E;
a—0

for some number ¢ between g and (. Notice that if we multiply both sides of

by a and take absolute values, we get
|sina|=|sina—sin0|=|cosc|la—0| =|cosc||a]
But, | cos ¢ | < 1, for all real numbers ¢ and so, from, we have
|sina| =|cosc||a] < (1)|a] = |al,
as desired.
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Question 21-a: Determine the continuity

C

of a function at a given point (Page 96)
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| Q. Determine values of a and b that make the given function continuous. |
hr <o
Lf@x%&  ifx=0

bcosx ifx>0

_ ~ 2sinx ~sinx
lim f(x) = lim =2 Im =2
x—=0— x—0" X x=20 X

Hence a must equal 2 if f is continuous.

lim f(x) = lim bcosx =b lim bcosx =b
x—0" x—0" x—0"

so b and a must equal 2 if f is continuous.

ae* +1 if x <0
.1 X e
2. f(x) ={sin™'3 if0<x<2
x?—x+b if x> 2
Weneed qe® + 1 = sin™10, soa = —1.

Weneed22 — 2+ b =sin 11, sob:%—z.
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a(tan™tx+2) ifx<0
3. f(x) ={2eb* +1 ifx=0
In(x—-2)+x* ifx>0

First note that
lim f(x) = lim In(x —2)+x*=In(3—2)+342=9
x—371 x—3+

Also f(3) = 2e3P + 1,
so if f is continuous, 2¢3? + 1 must equal 9;

thatis e3% = 4,s0h = “‘T‘* Then note that £(0) = 2¢®© 4+ 1 = 3,
Also, _
lilg)l_ fER) ]ir(I)l_ a(tan lx + 2) = altan 10 + 2) = a(0 +2)= 2aq,
X=> xX=>r 4

so a mustequal 3/2 if f is continuous;

[ 0566991363 :a2 1) il Jual ill I 3 a3 199 — SalS 7,8l e (Juaa ]




;a8 51} Jaia) el gl
0566991363

Mr. Aghead

4

(®
Question 21-b: Find limits at infinity

and limits that are infinite (Page 106)
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Q. Suppose that the size of the pupil of a certain animal is given by f(x)

(mm), where x is the intensity of the light on the pupil. If f(x) = %::0

find the size of the pupil with no light and the size of the pupil with an

infinite amount of light.
80x~ 3 + 60 (x93 . 80+60x% 80
703 )= lim =

x—0+ 24+ 5x03 2

=40 mm

lim
x—=0t 2x703 45

- 80x7 %3 +60 60
lim =

e e g L

80x~93+60

Q. Repeat previous exercise with f(x) = eI

—0.3
59+99% o see that the size with no light is
8+15x~03

£(0) = 10 mm, and the size with infinite light is lim f(x) = 4 mm
X—00

Re-write the function as f (x) -
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Q. Modify the function in exercise 33 to find a function f such that
lim f(x) = 8 and llmf(x) = 2.

x—07t

fx) =

x93 160
10x-03+30

x 2% 116

Q. Find a function of the form f(x) = o such that 11%1 filx) =5
X—
and lim f(x) = 4.
X— 00
g(x)=4x%* + 4
) 20x7%% + 16
= =
JO) =iy
_ (20x7%*+16).x%* .. 20+16x%*
Therefore, llm f(x) OjflLI(I]l+ = Attt i o
20X 116
1m f(x) = lim =4

x—o dx =04 4 4
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Q. Suppose that the velocity of a skydiver t seconds after jumping is

. 32 1—e—20V32k N o
given by v(t) = —J: Find the limiting velocity with k = 0.00064

1+4+e—2tV32k°

and k = 0.00128.By what factor does a skydiver have to change the
value of k to cut the limiting velocity in half?

the terminal velocity is — /% )

When k = 0.00064, the terminal velocity is — e —224.
When k = 0.00128, the terminal velocity is — e —158.
0.00128
Solve {E — 1\/§. Squaring both sides,22 =1 2 soq =4
ak 2 k ak 4 k
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Question 22: Apply the Product Rule
on derivatives (Page 169)
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Q. Suppose that for some toy, the quantity sold Q(t) at time t years
decreases at a rate of 4%; explain why this translates to Q'(t) =
—0.04Q(t). Suppose also that the price increases at a rate of 3%; write
out a similar equation for P'(t) in terms of P(t).The revenue for the toy is
R(t) = Q(t)P(t). Substituting the expressions for Q'(t) and P’'(t) Into the
product rule R'(t) = Q'(t)P(t) + Q(t)P'(t), show that the revenue
decreases at a rate of 1%. Explain why this is “obvious.”

The rate at which the quantity Q changes is Q'.

Since the amount is said to be "decreasing at a rate of 49" we have to ask
49, of what?" The answer in this type of context is usually 49 of itself. In
other words, Q' = — 0.04Q.

As for P, the 39 rate of increase would translate as P’ = (0.03P.

By the product rule with R = P(Q, we have:

R' = (PQ) =P'Q +PQ' = (0.03P)Q + P(— 0.049)
= —(0.01)PQ = (= 0.01)R
In other words, revenue is decreasing at a rate of 1%.
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Q. As in the previous exercise, suppose that the quantity sold decreases
at a rate of 4%. By what rate must the price be increased to keep the
revenue constant?

Revenue will be constant when the derivative is 0.

Substituting, Q' = — 0.04Q and, P* = aP into the expressionfor R’ gives,
R' = —0.04QP + aQP R’ = (—0.04 + a)QP.

This is zero when g = (.04, so price must increase by 49%,.

Q. Suppose the price of an object is $20 and 20,000 units are sold. If the
price increases at a rate of $1.25 per year and the quantity sold increases
at a rate of 2000 per year, at what rate will revenue increase?

R' = Q'P+ QP
At a certain moment of time (call it ¢,) we are given
P(t,) = 20 (ujm)’ Q(t,) = 20,000(items)
P'(ty) = 1.25($/item/year)
Q'(ty) = 2,000(item/year)
R'(t,) = 2,000(20) + (20,000)1.25
R'(t,) = 65,000 ($/year).

So, revenue is increasing by $65,000/year at the time ¢,.

[ 0566991363 :p2 4 sl Jua) gill I Liid ab 53 199  SalS 7 il e Juaal ]




;a8 1) i) (Jua gl
0566991363

Mr. Aghead

Q. Suppose the price of an object is $14 and 12,000 units are sold. The
company wants to increase the quantity sold by 1200 units per year,
while increasing the revenue by $20,000 per year. At what rate would the
price have to be increased to reach these goals?

We are given P = $14,Q = 12,000and Q' = 1,200.We want R’ = $20,000.
Substituting these values in to the expression for R’ (see exercise 25) yields:
20,000=1200*14 + 12,000P’ Solve to get P’ = (.27 dollars per year.

Q. A baseball with mass 0.15 kg and speed 45 m/s is struck by a
baseball bat of mass m kg and speed 40m/s (in the opposite direction of

the ball’'s motion).After the collision, the ball has initial speed u(m) =
% m/s. Show that u'™ > 0 and interpret this in baseball terms.

Compare u'(1) and u'(1.2).
ifu(m) = % then using the quotient rule,

m .

du (m+0.15)(82.5) — (82.5m—6.75)1  19.125

dm (m + 0.15)2 ~ (m+0.15)2
Which is clearly positive. It seems to be saying that initial ball speed is an

increasing function of the mass of the bat. Meanwhile,

y 12125
BT &4
1(1.2) = 2225 10,49
AR T Agme T

Which suggests that the rate at which' this speed is increasing is decreasing.
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Q. In the previous exercise, if the baseball has mass M kg at speed 45
m/s and the bat has mass 1.05 kg and speed 40m/s, the ball’s initial

speed is u(M) = % m/s. Compute u'(M) and interpret its sign

(positive or negative) in baseball terms.

(M + 1.05) % (86.625 — 45M)

W) —
(M + 1.05)2
—% (M + 1.05)(86.625 — 45M)
(M + 1.05)2
_ (—45M — 47.25) — (86.625 — 45M)  —133.875
B (M + 1.05)2 (M + 1.05)2

This quantity is negative. In baseball terms, as the mass of the baseball
increases; the initial velocity decreases.
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= Question 23: Solve real-life problems using
derivatives of exponential and logarithmic
functions (Page 194)

FRQ - aulda)l aliwli J

iT*-E‘:’:";gﬂn- i~y ; Whatsapp <) s Jaally dual 5l :
P 0566991363 il e Liual |

Mr. Aghead

[ 0566991363 :a2 1) il Jual ill I 1ié an 33 199 - SalS 7l o Juas ]




Mr. Aghead 128 1) aiuda) Juaa) gall
0566991363

| Q. find an equation of the tangent line to y = f(x) atx = 1.
1. f(x) = 3e*”

f)E e =3¢

Fi)= 3e* 2x

Fii1)=3e2(1) =6e

So, the equation of the tangent line is,
y =6e(x—1)+ 3e

2. f(x)y=3*
Fil)—=3"=3
=3 In3iex"™
Fely=3Inde

So, the equation of the tangent line is,
y=3In3.e(x—1)+3
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3. f(1) = 0
/ e 2 1 |
f(z)=2clnx+=x .E=2:Bln:z:+:r-
ff1)=2"1ln1+1=2-0+1=1
So the equation of tangent line is
y=1(x—-1)+0ory=z— 1.

4. f(x) = 2 I3

fle) = 25322 = 2

®
Slope = f/(z) at z = 1.

Slope m = % = 6.

Equation of the line passing through (z;,y1)
with slope m is y — y1 = m(z — x1).
Atz;=1,9 = f1)=2.In13 =0.
Therefore equation is y —0 =6-(z — 1) or
y = 6z — 6.
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| Q. find all values of x for which the tangent line to y = f(x) is horizontal.

1. (a) f(x).= xe™**

Given that, the tangent line to f(x) is horizontal. Therefore slope is zero.

Hence,

f' (z) =e % 2.1'0_21 =0
e 2*(1-2z) =

PV — 1

Ir = 9

(b).f(x) = xe™*

Given that, the tangent line to f (x) is horizontal. Therefore slope is zero.
Hence,
f(z) =z- (=3¢ ) +e ¥ =0.
= e 3 (=3z+1)=0
=3r—-1=0

1
=2 T= -
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2. (a) f(x) = x%e™%*

Given that; the tangent lineto f(x) is hdri'zontal. Therefore slope is zero.
Hence, 3 |

f(z) '=$2-(—2e_2m)+2:c-e_zx =0
= -—-zz+1=0
=g=1

(b) f(x) = x%e™*

Given that, the tangent line to f(x) is horizontal. Therefore slope: is zero.

Hence,
f'(z) = 2. (-3¢ ) +2z-e 3 =0
= -3z+2=0
== 2
=3
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Question 24: Find derivatives
implicitly (Page 199)
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Q. Find y”’(x) implicitly for y? + 2e™™ = 6. Then find the value of y"’ at
the point (0 2).

Solution V\e begin by dlft'erenlmlu'q., both QIdL‘S of the equation with respeu to x.
We have® > K |

d e
H(l{ +2¢7) = d (6)

By the chain rule and the product rule, we have
2y (x) + 27|y — xv'(x)] = 0. (8.3)

Notice that we don’t need to solve this for y'(x). Dividing out the common factor of
2 and differentiating again, we get

V()Y () + yy" (x) = e [=y — xy' (¥)]ly + :r_u'(.r)l
—e Yy (x) + u'(r) +xv"' (v)] =

(.mupm;, al] the terms mvo]vm;, y" (x) ony one side of the equation b“ es uq

u.- N

3 _uy "(x) = xe™y = -y (1)]‘"' YNy +xy () + 2¢” “"1; h}
Factoring out the y"'(x) on the left, we get
(v —xe™ )" (x) = =y )] = e[y +xv/ @] + 267y (v),

1 (V12 — a=XxY il (312 + QoW

. v ()5 = e ™y + xy'(x) (\)

so that v (x) = l | l — l 4 (8.4)
: y—xe™

Notice that (8.4) gives us a (rather messy) formula for y"(x) in terms of x, y and
y '(x). If we need to have u (x) in terms of x and y only, we can solve (8.3) for

i (x) and substitute into (8.4). However, we don’t need to do this to find 1{'"(0)
Instead, first -»tlb%tntutc y=0andy =2 into (5 3) to get

4y (U} ’( 2)
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from which we conclude that v'(0) = 1. Then substitute x = 0,y = 2 and v'(0) = 1
into (8.4) to get
-15@2 +2 3

I!H‘(n = = ——
: “ 2

-—

See Figure 3.43 for a graph of v* + 2¢7™ = 6 near the point (0,2). =

FIGURE3.43

V420" =6
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| Q. find the derivative of the given function.
1.
a) f(x) =sin"! (x*+1)

Diff'rentiating‘with réspect to x,
(@) = 7 [sin! (& +1)].
T
By the Chain rule we get,
1 d
(@) = )
\/ 1—(z3+1)**

- ——— (3

\/ 1-(x3+1)?

2

_ 3z |
\/1 — (23 +1)°

(z° +1)
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b) f(x) =sin™! (Vx)

lefrentlatmg with respect to x,

Flz)= [sm : (\/E)] :

By the Cham rule, we get

f'@) = ———— v (V)
V1i- (3

B \/117:1: (2\1/5)

_ 1
2y/z(1—x)
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2.
a) f(x) =cos™! (x*+x)

Diffrentiating with respect to A
d
Fiz) = F [cos™! (z* + )] .
By using Chain rule,
-1 d

F(x) = (e + )
\/1 (22 + )2 dx
_ —(2z 1+ 1)
\/1 — (22 4 z)°
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b) f(x) = cos™! G)

Diffrentiating with respect.to 'z,

rio- 4o

By using Chain rule,

/() = 7 :1(2)2 = (%)

T

) V1 :1(%) (;3)

2
- zVrZ—4
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3.
a) f(x) =tan"! (Vx)

lefrentlatlng with respect to z,

f (@) = & [tan" (V)]

By the Cham rule,

.1 d
f(m)_1+(\/5)2d$

S (1i:c) (2\1/5)

1
- 2/z(1+2)

(Vz)
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b) f(x) =tan™! (1

Diffrentiating with respect to x,

' (N d a1 1
[ (x) = - [tan (T)] :

By the Chain rule,
1 d (1
f@)=T—rq (_)
1+ (3)" 4P\

oy (&)

R
@ +1)
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a) f(x) = V2+tanlx

Diﬁtentiating with respect to x,

d
FS — =1
FE) = o (\/Q—I-tan :z:) :
By the Chain rule,

1 d
/
T =
f @) 2v2 + tan" 1z dx

1 1
© 92v2+tan 1z (1 +x2)
1

2(1+22) V2 + tan 'z

: a8 51} Jaia) ol gl
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2 + tan" 1z
( )
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b) f(x) - etan‘lx

Diﬁrentiating with respect to ,
. d - .
ff (.’B) > (etan :z:) .
dx
By the Chain rule,

r@=(") (53)
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o)
(0 Question 26: Understand the Mean Value
Theorem and use it in applications
(Page 219)
~ L FRQ - aJlaall aliwDI J

TUEEHAEse | Whatsapp ) e Sealls deal s
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Q. prove that the limit is correct using the appropriate definition (assume
that k is an integer)

1. If f'(x) < O°for all x, prove thatf(x) is a decreasing functlon
that is,if a < b, then f(a) > f(h)-

Let a < b. f is differentiable on (a, b) and
continuous on [a, b, since it is differentiable
for all z. This means that

f(b) — f(a)

b—a

for some ¢ € (a, b). Therefore f(b) — f(a) =
f'(¢) (b — a) is negative, and f(a) > f(b).

= f'(c)

2. flx)=x"+5x+1

f'(z) = 3z* + 5. This is positive for all z, so
f(x) is increasing.
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3 f) =2 +3x° -1

f'(z) = 52* +9z% > 0 for all z. f’ = Q.only
at z =0, so f(z) is increasing,.

4 flx)==x=3x+1

f'(x) = —3z* — 3. This is nagative for all z,
so f(x) is-decreasing.

5. flx) =2+ 27 +1

f'(z) = 42® + 4z is negative for negative z,
and positive for positive z, so f(z) is nei-
ther an increasing function nor a decreasing
function.
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6. f(x)=¢

f'(x) = €*..This is positive for all z, so f(z)~
is increasing. N

7 fl)=e™

fi(x) = —e™® < 0 for all z, so f(z) is a
decreasing function.

g f(x)=Inx
1
f(x)= =
f'(z) > 0 forzz > 0, that is, for all z in the
lomain of f. So f(z) is increasing.
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9. f(x) = Inx?

1 2 . ;
f'(z) = — .2z = — is negative for negative
x, and positive for positive z, so f(z) is nei-
ther an inereasing function nor a decreasing
function.
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Q. Suppose that s(t) gives the position of an object at time ¢. If s is
differentiable on the interval [a, b], prove that at some time t = c, the
instantaneous velocity at t = ¢ equals the average velocity between times
t=aandt=>b

The average velocity on [a, b| ;SM

By the Mean Value Theorem, there exlsts ac € (a,b)suchthat
s(b) —s(a
I OLLC)

b—a
Thus, the instantaneous velocity at t = ¢ is equal to the average velocity

betweentimest = gand ¢t = b.
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Q. Two runners start a race at time 0. At some time t = a, one runner has
pulled ahead, but the other runner has taken the lead by time t = b.
Prove that at some time t = ¢ > 0, the runners were going exactly the
same speed.

Let f(t) be the distance the first runner has gone after time ¢.and let g(t) be
the distance the second runner has gone after time ¢. The functions f(¢) and
g(t) will be continuous and differentiable. Let h(t) = f(t) — g(t)-

Att =0, f(0)=0and g(0) = 0so h(0) = 0.

Att =a, f(a) > g(a) so h(a) > 0. Similarly,att = b, f(b) < g(b) so
h(b) < 0.

Thus, by the Intermediate Value Theorem, there is time ¢t = ¢, for

to € (a, b) where h(t,) = 0. Rolle’s Theorem then says that there is time

t = cwherec € (0, t,) suchthath'(c) = 0.Buth'(t) = f'(¥).= g'(t), so
h'(c)=f'(c) — g'(c) = 0 impliesithat f'(c) = g'(c), i.e.,;attime t = c the
runners are going exactly the same speed.
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