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(1-1)  

     𝑓(𝑥) =
2

𝑥2−4
  

   . (−∞, −2) ∪ (2, ∞)

{𝑥├| 𝑥 ≠ −2, 𝑥 ≠ 2, 𝑥 ∈ 𝑅┤} 

 

             𝑥2 − 4 ≠ 0 ⇒ 𝑥 ≠ ±2

. (−∞, −2) ∪ (−2,2) ∪ (2, ∞)

{𝑥 |𝑥 ≠ −2, 𝑥 ≠ 2, 𝑥 ∈ 𝑅}       

 
𝑓(𝑥) =

1

(𝑥+3)(𝑥+1)(𝑥−5)
        

(−∞, −3) ∪ (−3, −1) ∪ (−1,5) ∪ (5, ∞)

 {𝑥|𝑥 ≠ −3, 𝑥 ≠ −1, 𝑥 ≠ 5, 𝑥 ∈ 𝑅}

𝑥𝑥𝑥 
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  (55𝐺(𝑥), G(3)  = 3, G(2)  = 2G(1)  = 1

𝐺(𝑥 + 1) =
𝐺(𝑥 − 2)𝐺(𝑥 − 1) + 1

𝐺(𝑥)

𝑥 ≥ 3  𝐺(6)

𝐺(𝑥 + 1) =
𝐺(𝑥 − 2)𝐺(𝑥 − 1) + 1

𝐺(𝑥)

 

𝐺(6) =  𝐺  (5 + 1) =
𝐺(5 − 2)𝐺(5 − 1) + 1

𝐺(5)

=
𝐺(3)𝐺(4) + 1

𝐺(5)
             → 1

   𝐺(4) = 𝐺(3 + 1) =
𝐺(3 − 2)𝐺(3 − 1) + 1

𝐺(3)

=
𝐺(1)𝐺(2) + 1

𝐺(3)
=

(1)(  2) + 1

3
=

3

3
= 1 

   G(5) = G(4 + 1) =
G(4 − 2)G(4 − 1) + 1

G(4)
 

=
G(2)G(3) + 1

G(4)
=

(2)(3) + 1

1
= 7 

 

∴ G(6) =
(3)(1) + 1

7
=

4

7

 

(1-1)  
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𝑋𝑌 

56 𝑦 𝑥

 𝑦 𝑥

57 𝑥  𝑦 

  𝑥  𝑦

58 𝑦   𝑥  

 
59

xy

60

x

 y 

61

x y 

62

𝑥

63

𝑥, 𝑦

 

(1-1)  
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(1-1)  

(73 

( A

 ( B 
 

( C 
 

( D

ℎ(𝑥) =
ξ2𝑥 − 3

𝑥 − 5
                    

(A 𝑥 ≠ 5           

B      𝑥 ≥
3

2
 

 

C  𝑥 ≥
3

2
 , 𝑥 ≠ 5

 

D𝑥 ≠
3

2
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2𝑟 − 4

𝑟 − 2
 ( 64 

2𝑟 − 4

𝑟 − 2 
=

2(𝑟 − 2)

𝑟 − 2
= 2      

    

𝑟2 − 7𝑟 − 30

𝑟2 − 5𝑟 − 24
   (65 

𝑟2 − 7𝑟 − 30

𝑟2 − 5𝑟 − 24
=

(𝑟 − 10)(𝑟 + 3)

(𝑟 − 8)(𝑟 + 3)
=

𝑟 − 10

𝑟 + 3
 

 
𝑦

4
−

4𝑦

3𝑥
+

3𝑦

4𝑥
  ( 66 

   
𝑦

4
−

4𝑦

3𝑥
+

3𝑦

4𝑥
=

3𝑥𝑦 − 16𝑦 + 9𝑦

12𝑥
 =  

3𝑥𝑦 − 7𝑦

12𝑥
=   

𝑦(3𝑥 − 7)

12𝑥
   

1
𝑎

+
1
4

1
𝑎2 −

1
16

  ( 67

1
𝑎

+
1
4

1
𝑎2 −

1
16

=  

4 − 𝑎
4𝑎

16 − 𝑎2

16𝑎2

=
4 − 𝑎

4𝑎
÷

(4 − 𝑎)(4 + 𝑎)

16𝑎2

=
4 − 𝑎

4𝑎
·

16𝑎2

(4 − 𝑎)(4 + 𝑎)
=

4𝑎

4 + 𝑎
 

   

6𝑥2 − 11𝑥 + 4

6𝑥2 + 𝑥 − 2
∙  

12𝑥2 + 11𝑥 + 2

8𝑥2 + 14𝑥 + 3
   ( 68

(2𝑥 − 1)(3𝑥 − 4)

(2𝑥 − 1)(3𝑥 + 2)
·

(4𝑥 + 1)(3𝑥 + 2)

(4𝑥 + 1)(2𝑥 + 3)
 =

3𝑥 − 4

2𝑥 + 3

 

   

(1-1)  
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(1-1)  

𝑥 −
1

2
=

3

2
    (70

𝑥 =
3

2
+

1

2
=

4

2
= 2

 

𝑥 + 1

𝑥 − 3
− 1 ≤ 2  ( 71   

      
𝑥 + 1

𝑥 − 3
≤ 2 + 1

𝑥 + 1

𝑥 − 3
≤ 3

𝑥 + 1 ≤ 3𝑥 − 9

9 + 1 ≤ 3𝑥 − 𝑥
10 ≤ 2𝑥
∴ 5 ≤ 𝑥
[5, ∞]

 

 6

𝑥
+ 2 ≥ 0  ( 72    

6

𝑥
≥ −2

∴ 6 ≥ −2𝑥
 

∴
6

−2
≤ 𝑥 

            −3 ≤ 𝑥

[−3, ∞]          

   

 

 

  

8

𝑥
= 1 +

2

𝑥 − 2
   ( 69

8

𝑥
=

𝑥 − 2 + 2

𝑥 − 2

8

𝑥
=

𝑥

𝑥 − 2

∴ 𝑥2 = 8𝑥 − 16

∴ 𝑥2 − 8𝑥 + 16 = 0
(𝑥 − 4)(𝑥 − 4) = 0

𝑥 = 4 
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50(−3,8), (−4,4), (5,2), (−8,1)𝑦

51 (0,0),(2,6), (3,12), (4,24)𝑥 

 

 

 

 

 

 

(1-2) 
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52(−3, −18),(−2, −9), (−1, −3)

(4, −16),(6, −12), (8, −8)

 

(1-2) 
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540  1𝑥𝑦

𝑥  𝑥 

𝑦  𝑦𝑥 𝑥

 𝑦 𝑦

 

 

 

 

 

 

 

(1-2) 

 

55 

𝑓(𝑥) =
2𝑥2 + 3𝑥 − 2

𝑥3 − 4𝑥2 − 12 𝑥

𝒙𝟑 − 𝟒𝒙𝟐 − 𝟏𝟐 𝒙 ≠ 𝟎

𝒙( 𝒙𝟐 − 𝟒𝒙 − 𝟏𝟐 ) ≠ 𝟎 ⇒ 𝒙(𝒙 − 𝟔)(𝒙 + 𝟐) ≠ 𝟎

⇒ 𝒙 ≠ 𝟎 , 𝒙 ≠ 𝟔   , 𝒙 ≠ −𝟐

⇒ = { 𝒙|𝒙 ≠ 𝟎  , 𝒙 ≠ 𝟔   , 𝒙 ≠ −𝟐 , 𝒙 ∈ 𝑹}

 = { 𝒚|𝒚 ∈ 𝑹}           

   

 

 

 

 

 

 

𝒙

0 , 6 , −2 

𝒚
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56𝑓(𝑥) = 𝑛𝑥2𝑛{𝑦|𝑦 ≥ 0, 𝑦 ∈ 𝑅}

57𝑓(𝑥) = ξ𝑛𝑥𝑛{𝑦|𝑦 ≥ 0, 𝑦 ∈ 𝑅}

58𝑦 = −𝑥

59180∘𝑛𝑛

 

 

 

 

 

(1-2) 
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𝒂(𝒙)𝒃(𝒙)

60𝒃(𝒙) = 𝒂(−𝒙)

 
61𝒃(𝒙) = −𝒂(𝒙)

𝑏(𝑥) = [𝑎(𝑥)]2 (62

 
 
 

 

(1-2) 
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𝒂(𝒙)𝒃(𝒙)

𝒃(𝒙) = 𝒂(|𝒙|)

 

(64𝑏(𝑥) = [𝑎(𝑥)]3

 
 
 

 

(1-2) 
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65𝑥 = 4

 

66𝑦 = 2

67𝑥, 𝑦

 
 
 

 

(1-2) 

 

 

68𝑋
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81 𝑛1𝑥𝑛

( A ξ𝑛2 − 1           

    ( B   ξ𝑛 − 1 

C(ξ𝑛 + 1

D(𝑛 − 1

 

(1-2) 

 

82𝑓(𝑥) = 𝑥2 + 1−2 < 𝑥 < 3

A(5 < 𝑓(𝑥) < 9

B5 < 𝐹(𝑥) < 10  (

C (1 < 𝑓(𝑥) < 9    

D(1 ≤ 𝑓(𝑥) < 10  
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69𝑔(𝑥) = 𝑥2 − 10𝑥 + 3

𝑔(2) 

 
𝑔(2) = (2)2 − 10(2) + 3

= 4 − 20 + 3 = −13

 

𝑔(−4𝑥)

𝑔(−4𝑥) = (−4𝑥)2 − 10(−4) + 3

= 16𝑥2 + 40𝑥 + 3

𝑔(1 + 3𝑛) 

 𝑔(1 + 3𝑛) = (1 + 3𝑛)2 − 10(1 + 3𝑛) + 3

= 1 + 9𝑛2 + 6𝑛 − 10 − 30𝑛 + 3
= 9 𝑛2 − 24 𝑛 − 6

 

 

 

(1-2) 

 

𝑃(𝑋) =
2𝑥3 + 2

𝑥2 − 2
  (70 

𝑝(3) 

𝑝(3) =
2(3)3 + 2

(3)2 − 2

=
2(27) + 2

9 − 2

=
54 + 2

7
=

56

7
= 8

 

    

𝑝(𝑋2) 

𝑃(𝑋2) =
2(𝑥2)3 + 2

(𝑥2)2 − 2

         =
2𝑥6 + 2

𝑥4 − 2

 

  

𝑝(𝑥 + 1)  

𝑃(𝑥 + 1) =
2(𝑥 + 1)3 + 2

(𝑥 + 1)2 − 2

=
2(𝑥3 + 3𝑥2 + 3𝑥 + 1) + 2

𝑥2 + 2𝑥 + 1 − 2

 

   

=
2𝑥3 + 6𝑋2 + 6𝑥 + 4

𝑥2 + 2𝑥 − 1
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(1-2) 

 

(71  ℎ(𝑥) = 2𝑥2 + 4𝑥 − 7

ℎ(−9)    

   
ℎ(−9) = 2(−9)2 + 4(−9) − 7

= 2(81) − 36 − 7
= 162 − 43 = 119

 

ℎ(3𝑥) 

ℎ(3𝑥) = 2(3𝑥)2 + 4(3𝑥) − 7 

= 18𝑥2 + 12𝑥 − 7
 

 

 

ℎ(2 + 𝑚) 

ℎ(2 + 𝑚 = 2(2 + 𝑚)2 + 4(2 + 𝑚) − 7     

= 2(4 + 4𝑚 + 𝑚2) + 8 + 4𝑚 − 7

 = 8 + 8𝑚 + 2𝑚2 + 8 + 4𝑚 − 7

 = 2𝑚2 + 12𝑚 + 9

 

 

 

72𝑓(𝑥) = 𝑥2 − ξ2

  {𝑥|𝑥 ∈ 𝑅} 

𝑓(𝑥) =
1

𝑥2 − 16
   ( 73

𝑓(𝑥) =
1

𝑥2 − 16

𝑥2 − 16 = 0
𝑥2 = 16
𝑥 = ±4

 

    {𝑥|𝑥 ≠ ±4, 𝑥 ∈ 𝑅)

74 𝑓(𝑥) = ξ3𝑥 + 18  

     

3𝑋 + 18 ≥ 0
3𝑋 ≥ −18

𝑋 ≥
−18

3

𝑋 ≥ −6

 

{𝑥|𝑥 ≥ −6, 𝑥 ∈ 𝑅} 
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7527
1

3

= (33)
1
3 = 3 

766 4
5

6

= (26)
5
6 = 25 = 32 

7749−
1

2

= (72)−
1
2 = 7−1 =  

1

7
 

 

 

 

(1-2) 

 

7816−
3

4

(24)−
3
4 = 2−3 =

1

23
=

1

8
 

7925
3

2

= (52)
3
2 = 53 = 125 

8036−
3

2

= (62)−
3
2 = 6−3 =

1

63

=
1

216
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 . x = 0.

 𝑓(𝑥) =
𝑥5 +  𝑥6 

𝑥5
  (  38    

𝑥 = 0

 

𝑓(𝑥) =
𝑥4

𝑥5 
   ( 39

x0

∞−∞

 

 

 

 

 

 

 

(1-3)  

40 a, bf

𝒇(𝒙) = {
 𝒙𝟐 + 𝒂  , 𝑿 ≥ 𝟑

𝒃𝒙 + 𝒂  , −𝟑 < 𝑿 < 𝟑
−𝒃 − 𝑿   , 𝑿 ≤ −𝟑

 

𝒇(𝟑, ∞), (−𝟑, 𝟑), (−∞, −𝟑)

(−∞, +∞)3,-3

 

lim
𝑥→−3+

𝑓(𝑥) = lim
𝑥→−3−

𝑓(𝑥)   ( 1

𝑏 (−3) + 𝑎 = −𝑏 − (−3)

−3𝑏 + 𝑎 = −𝑏 + 3 ⇒ 2𝑏 − 𝑎 = −3

 

𝑎 = 9, 𝑏 = 3

 

 

 

 

2 

 lim
𝑥→3+

𝑓(𝑥) = lim
𝑥→3−

𝑓(𝑥)

 
(3)2 + 𝑎 = 𝑏(3) + 𝑎

9 + 𝑎 = 3𝑏 + 𝑎 ⇒ 3𝑏 = 9 ⇒ 𝑏 = 3
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lim
𝑥→−∞

𝑓(𝑥)

41  lim
𝑥→∞

𝑓(𝑥) = −∞𝑓

lim
𝑥→−∞

𝑓(𝑥) = −∞

−∞∞

42 lim
𝑥→∞

𝑓(𝑥) = −∞    𝑓

lim
𝑥→−∞

𝑓(𝑥) = ∞

−∞∞

43lim
𝑥→∞

𝑓(𝑥) = ∞𝑓

lim
𝑥→−∞

𝑓(𝑥) = −∞

(𝑥, 𝑦) → (−𝑥, −𝑦)

44lim
𝑥→∞

𝑓(𝑥) = ∞𝑓 𝑦

 lim
𝑥→−∞

𝑓(𝑥) = ∞

  𝑓(𝑥) = 𝑓(−𝑥)𝑦

 

 

 

 

 

 

(1-3)  
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(45 

𝑓(𝑥) =
𝑥(𝑥 + 3)

𝑥
 

𝑥 = 0    . x 

 y = x+3 

𝑥 = 0. 

𝑓(𝑥)𝑔(𝑥) = 𝑥 + 3𝑓(𝑥)𝑥 = 0      

 𝑓(𝑥) = {
𝑥 + 3, 𝑥 ≠ 0
3       , 𝑥 = 0

 

 

 

 

 

 

 

(1-3)  



 

22 
 

 

 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  58.f (x 

f (x 

 

a) 1   

 

b) 2   

 

c) 3   

 

d) 4  

 

(1- 3)  

 

  ( 59   −6𝑓(𝑥) = ξ𝑥2 − 6

A. [𝟔, 𝟕] 

 

B. [𝟕, 𝟖] 

C. [𝟖, 𝟗] 

D. [𝟗, 𝟏𝟎]
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(1-3)  

 

 𝑓(𝑥) =
2𝑥 + 1

𝑥
    ( 46 

𝑓(𝑥) =
2𝑥 + 1

𝑥

0 =
2𝑥 + 1

𝑥
0 = 2𝑥 + 1

 

−1 = 2𝑥

−
1

2
= 𝑥

𝑔(𝑥) =
𝑥2 − 3

𝑥 + 1
   ( 47

𝑔(𝑥) =
𝑥2 − 3

𝑥 + 1

0 =
𝑥2 − 3

𝑥 + 1

0 =
𝑥2 − 3

𝑥 + 1
0 = 𝑥2 − 3

 

            
3 = 𝑥2

𝑥 = ±ξ3
𝑥 = ±1.732

 

49 ℎ(𝑥) = ξ𝑋2 + 4𝑥 + 5  

 

 

 

 



 

24 
 

 

 

         

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1-3)  

:

     𝑓(𝑥) =
4𝑥 + 6

𝑥2 + 3𝑥 + 2
    ( 50

               

𝑥2 + 3𝑥 + 2 = 0
(𝑥 + 1)(𝑥 + 2) = 0

𝑥 = −1
𝑥 = −2

= (−∞, −2) ∪ (−2, −1) ∪ (−1, ∞)  

𝑔(𝑥) =
𝑥 + 3

𝑥2 − 2𝑥 − 10
   ( 51 

 

𝑥2 − 2𝑥 − 10 = 0

𝑥 = 1 − ξ11 , 1 + ξ11

   =  (−∞, 1 − ξ11) ∪ (1 − ξ11,1 + ξ11) ∪ (1 + ξ11, ∞)

52𝑔(𝑎) = ξ2 − 𝑎2

√2 − 𝑎2 ≥ 0

2 − 𝑎2 ≥ 0
−𝑎2 ≥ −2

𝑎2 ≤ 2

 
𝑎 ≤ ξ2, 𝑎 ≥ −ξ2

 = [−ξ2, ξ2]
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(1-3)  

𝑓(𝑥) =
2𝑥 − 5

𝑥2 − 3𝑥 + 1

53𝑓(9)

𝑓(𝑦) =
2(9) − 5

(9)2 − 3(9) + 1

=
18 − 5

81 − 27 + 1
=

13

55

54𝑓(3𝑏)

𝑓(3𝑏) =
2(3𝑏) − 5

(3𝑏)2 − 3(3𝑏) + 1

=
6𝑏 − 5

9𝑏2 − 9𝑏 + 1

55𝑓(2𝑎 − 3)

=
2(2𝑎 − 3) − 5

(2𝑎 − 3)2 − 3(2𝑎 − 3) + 1

4𝑎 − 6 − 5

4𝑎2 − 12𝑎 + 9 − 6𝑎 + 9 + 1

=
4𝑎 − 11

4𝑎2 − 18𝑎 + 19

 

 

 

 

56ℎ(𝑥) = ξ𝑋2 − 9

𝑓(−𝑋) = √(−𝑥)2 − 9

= √𝑋2 − 9 = 𝑓(𝑥)

 

𝑓(𝑥) =
𝑥 + 4

𝑥 − 2 
  (  57 

𝒇(−𝒙) =
−𝒙 + 𝟒

−𝒙 − 𝟐
≠ 𝒇(𝒙) 
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:  f (x

 

(42 

(−∞, 4) 

[4, 8] 

(8 , ∞ ) 

𝑓 (5)  =  3 

3𝑥 =  −2  

( −∞, −2)  

 (−2, ∞) 

𝑓 (−6)  =  −6  

 

 

 

 

 

(1- 4) 

 

 

 

( 44 𝑓      𝑥 = 𝑐       𝑥 > 𝑐 

   𝑥    c 

 

𝑓(𝑐)𝑓(𝑎)𝑓(𝑐)a c

𝑥a c
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45: 𝑔  𝑔 (𝑎)  =  8𝑔(𝑏)  =  −4

𝑔(𝑐)    . ِّ   𝑎 <  𝑐 <  𝑏 

g(a)g(b)   g 

cab    g 

   𝑥   g(c ) = 0   

    c

 

 

 

 

 

 

 

(46:      f (x) = sin x   

. 

  𝑥 

 . 

 .1    

{𝑥 | 𝑥 =  90 +  360 𝑛 , 𝑛  ∈  𝑍} 

−1 

{𝑥|𝑥 =  270 +  360 𝑛, 𝑛 ∈  𝑍 }     

 

 

 

 

 

 

 

(1-4) 

 

 

Type equation here. 

47:       (b, f (b)) , (a, f (a     f (x

    .(a, b 

 𝑦 𝑦

0 

 

 

 

 

 

 

  (48:     
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 𝑞 ≠  𝑛  𝐶𝐷. 

A(𝑞 + 𝑛                        𝑞 − 𝑛  ( 𝐵 

1

𝑞 + 𝑛
  (𝐷                                         

𝑞2 + 𝑞

𝑛2 − 𝑛
 ( 𝐶 

       

 

              

 

(1- 4) 

 

62 𝑦 = 𝑥3 + 2𝑥2 − 4𝑥 − 6  

x 

A𝑥 ≈  −0.7 

 𝑥 ≈ 2  

B 𝑥 ≈  −0.7 

 𝑥 ≈ −2

C  𝑥 ≈  −2 

 𝑥 ≈  0.7

D𝑥 ≈  2 

𝑥 ≈  0.7 
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(1-4) 

 

 x 

: 

. 

 

49𝑓(𝑥) = ξ𝑥2 − 2 , 𝑥 = −3

 

𝑥 = −32.65𝑥3

 𝑓(−3) = 2.65𝑥 = −3

50𝑓(𝑥) = ξ𝑥 + 1, 𝑥 = 3

 

𝑥 = 32𝑥3

 𝑓(3) = 23

ℎ(𝑥) =
𝑥2 − 25

𝑥 + 5
, 𝑥 = −5, 𝑥 = 5    (51

 

𝑥 = −5  𝑥 = 5

0𝑥5

ℎ(5) = 0 𝑥 = 5
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(1-4) 

 

 

 

 

52𝑓(𝑥) = |𝑋5|  

y

𝑓(−𝑥) = |(−𝑥)5|

= |−𝑥5| = |𝑥5| = 𝑓(𝑥)

 

 

𝑔(𝑥) =
𝑥 + 8

𝑥 − 4
    ( 53

 

𝑔(𝑥) =
𝑥2

𝑥 + 3
   (54 
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(1-4) 

 

: 

 

58𝑓(𝑥) = 𝑥10 − 𝑥𝑎 + 5𝑥8

 

  𝑥 → ∞    𝑓(𝑥) → ∞

  𝑥 → −∞    𝑓(𝑥) → ∞ 

𝑔(𝑥) =
𝑥2 + 5

7 − 2𝑥2
  ( 59

    𝑥 → ∞    𝑔(𝑥) → −
1

2

     𝑥 → −∞    𝑔(𝑥) → −
1

2
 

60ℎ(𝑥) = |(𝑥 − 3)2 − 1|

 

𝑥 → ∞    ℎ(𝑥) → ∞

  𝑥 → −∞    ℎ(𝑥) → ∞

 

: 

𝑓(𝑥) =
3𝑥

𝑥2 − 5
   ( 55 

 

𝐷𝑓 = ൛𝑥|𝑥 ≠ ±ξ5, 𝑥 ∈ 𝑅ൟ 

 

56𝑔(𝑥) = ξ𝑥2 − 9

   

𝐷𝑔 = (−∞, −3) ∪ (3, ∞) 

ℎ(𝑥) =
𝑥 + 2

ξ𝑥2 − 7
   ( 57

 𝐷ℎ = (−∞, −ξ7) ∪ (ξ7, ∞)
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(50

 .𝑔(𝑥)  =  [𝑥 +  4]

)( 4 4

a

a.

 

 

 

 

 

(1- 5) 

 

(51 :  𝑓(𝑥) 𝑔(𝑥) 𝑓(𝑥)𝑥

ℎ(𝑋)𝑔(𝑥)𝑦, ℎ(𝑥)𝑓(𝑥) 

   ℎ(𝑥), 𝑓(𝑥)𝑔(𝑥)𝑓(𝑥)𝑥 

 

𝑔(𝑥) = −𝑓(𝑥)ℎ(𝑥)𝑔(𝑥)𝑦

ℎ(𝑥) = 𝑔(−𝑥) = −𝑓(−𝑥)

𝑓(𝑥)−𝑓(𝑥) = 𝑓(−𝑥)   

ℎ(𝑥) = −𝑓(−𝑥) = −𝑓(𝑥) = 𝑔(𝑥)
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52𝑓(𝑥)𝑓(𝑥) = |𝑓(𝑥)|

  𝑓 (𝑥)          𝑓 (𝑥)  =  𝑓 (−𝑥 

𝑓(𝑥) = |𝑓(𝑥)|

  

𝑔(𝑥 )  =  𝑥2 − 4 𝑔 (1)  =  𝑔 (−1

𝑔(−1) ≠ |𝑔(−1)|

53𝑓(𝑥)𝑓(−𝑥) = |𝑓(𝑥)|

𝑓(𝑥)𝑓(𝑥) = 𝑓(−𝑥)

𝑓(−𝑥) = −|𝑓(𝑥)|𝑓(𝑥) = −|𝑓(𝑥)|

𝑔(𝑥) = −𝑥2 

𝑓(𝑥) = 𝑓(−𝑥)𝑓(𝑥) = −|𝑓(𝑥)|         

 

 

 

 

(1- 5) 
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54𝑓(𝑥) = ξ𝑥

(−2, −6) 

𝑔(𝑥)𝑓(𝑥)68 

𝑔(𝑥) = ξ𝑥 + 6 − 8

 

 

 

 

 

(1- 5) 

 

55: 4
1

4

 

𝑓(𝑥)44𝑓(𝑥)
1

4

𝑓 (
1

4
𝑥)   𝑓(𝑥)𝑓(𝑥)

𝑓(𝑥)𝑓(𝑥) = 𝑥2

4𝑓 (
1

4
𝑥) = 4 (

𝑥2

16
) =

 𝑥2

4

𝑥2   4𝑓 (
1

4
𝑥) ≠ 𝑓(𝑥)

 

 

 

 

 

 (56 :   

(a, b

6 x (a, b  (𝑎, −𝑏 −

6)    x6

(  a , b). (𝑎, −𝑏 +  6)
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 (66                 

A. (0, ∞) 

 

B. (−∞, 1) 

 

C. (−1, ∞) 
 

D. (1, ∞) 

 

(1- 5) 

 

 𝑦 =
𝑥2 + 8

2
        (  67 

 

A. ൛𝑦|𝑦 ≠ ±2ξ2ൟ 

B. {𝑦|𝑦 ≥ 4} 

 

C. {𝑦|𝑦 ≥ 0} 
 

D. {𝑦|𝑦 ≤ 0} 
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(1- 5)

 

 

57𝑔(𝑥) = −2𝑥2 + 𝑥 − 3, [−1.3]

 
𝑔(𝑥2) − 𝑔(𝑥1)

𝑥2 − 𝑥1
=

𝑔(3) − 𝑔(−1)

3 + 1
−12

4
= −3

𝑔(𝑥) = 𝑥2 − 6𝑥 + 1  , [4,8]  

𝑔(8) − 𝑔(4)

8 − 4
=

24

4
= 6

59𝑓(𝑥) = −2𝑋3 − 𝑥2 + 𝑥 − 4  , [−2,3]

𝑔(3) − 𝑔(−2)

3 + 2
=

−70

5
= −14
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(1- 5)

 

x 

 

 

𝑞(𝑥) = −   
12

𝑥
   ( 60

0𝑥 → ∞𝑞(𝑥)0

𝑓(𝑥) =
0 · 5

𝑥2
  ( 61

0𝑥 → ∞𝑓(𝑥)0

𝑝(𝑥) =
𝑥 + 2

𝑥 − 3
   ( 62

1𝑥 → ∞  
𝑥

𝑥
  𝑝(𝑥)1

 

 

y

 

 

𝑦 = 13 {2.25,5.75}

𝑦𝑥 = 0

𝑦 = (0 − 4)2 − 3 ⇒ 𝑦 = 13 

𝑦 = 0

0 = (𝑥 − 4)2 − 3 ⇒ (𝑥 − 4)2 = 3 

𝑥 − 4 = ±ξ3  ⇒ 𝑥 = 4 ± ξ3  ⇒ 𝑥 = 2.25 , 5.75 
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(1- 5)

 

y

 

 

 

 

 

 

     

𝑦 = 0{−1,0,2}

 

𝑦𝑥 = 0

⇒ 𝑦 = 0 

𝑦 = 0 

𝑥3 − 𝑥2 − 2𝑥 = 0
𝑥(𝑥2 − 𝑥 − 2) = 0

𝑥(𝑥 + 1)(𝑥 − 2) = 0

  𝑥 − 2 = 0      𝑥 + 1 = 0      𝑥 = 0

𝑥 = 2      𝑥 = −1      𝑥 = 0 

 
 

𝑦3

 

𝑦𝑥 = 0

⇒ 𝑦 = ξ−2 − 1 ∉ 𝑅 

𝑦 = 0

0 = ξ𝑥 − 2 − 1

1 = ξ𝑥 − 2
1 = 𝑥 − 2
1 + 2 = 𝑥

𝑥 = 3
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) ( f 𝑜 g)(x 

(65𝑓, 𝑔(66𝑓, 𝑔

(67     𝑔 ,    𝑓(68   𝑔,   𝑓  

 

 

 

 

 

(1- 6) 

 

 fI(x) = x 

69 (𝑓 · 𝑓)(𝑥) = 𝑥70(𝑓 + 𝑓)(𝑥) = 𝑥     

 
(𝑓(𝑥))

2
= 𝑥

𝑓(𝑥) = ξ𝑥

2𝑓(𝑥) = 𝑥

𝑓(𝑥) =
𝑥

2

71[𝑓 ∘ 𝑓](𝑥) = 𝑥(72[𝑓 ∘ 𝑓 ∘ 𝑓](𝑥) = 𝑥

𝑓  (𝑥) = |𝑥|
   [𝑓 ∘ 𝑓](𝑥) = 𝑋

𝑓(𝑥) =
1

𝑥

 

 

 

 

 

(73. 

"fgf ∘ g  " 

𝑔(𝑥) = 𝑥2 + 𝑥 + 1𝑓(𝑥) = ξ𝑥

[𝑓 ∘ 𝑔](𝑥) = ξ𝑥2 + 𝑥 + 1

 

 

 

 



 

40 
 

 
        
        

 

 

 

 

 

 

 

 

 

 

 

    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(74 [ f ∘ g](x)   

) g(xx ≠ 3 

:

 f (x g(x

,g(x) ≥ 13 ≤ x ≤ 4

   √
4−𝑥

𝑥−3

{x | 3 < x ≤ 4, x ∈ R}  

 

 

 

 

 

(1- 6) 
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81           ℎ(𝑥) =  2(𝑥 −  5 )2 , 𝑔(𝑥) =  𝑥2 +  9𝑥 +  21      

 ℎ[𝑔(x )]   

 

   𝑥4  +  18𝑥3  +  113𝑥2  +  288𝑥 +  256  ( A 

       

   2𝑥4  +  36𝑥3  +  226𝑥2  +  576x +  512 ( B   

 

 3 𝑥4  +  54𝑥3  +  339𝑥2  +  864x +  768 (C   

 

     4𝑥4  +  72𝑥3  +  452𝑥2  +  1152x +  1024  (D  

  

 

(1- 6) 

 

82𝑓(2) = 3   , 𝑔(3) = 2  , 𝑓(3) = 4   , 𝑔(2) = 5  

       [𝑓 ∘ 𝑔](3  

A. 2 

B. 3 

 

C. 4 

 

D. 5 
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(1- 6)

 

 

x

75𝑓(𝑥) = 2𝑥3 − 3𝑥2 + 4

 (0,4)

 (1,3)

76𝑔(𝑥) = −𝑥3 + 5𝑋 − 3

(1.29,1.3)

 (−1.29, −7.3)

 

𝑓(𝑥) =
𝑥2 − 3

𝑥 − 4
     ,       [−3,3]  (78

2),11(2 ,

   𝑔(𝑥) =
𝑥2 − 2𝑥 − 1  

𝑥2 + 3𝑥
   ,   [1,5]   ( 79   

     ( 3 , 2)  

 

77𝑓(𝑥) = 𝑥4 + 𝑥3 − 2

 (−0.75, −2.11)

 



 

43 
 

       

 

       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(1- 6)

 

80

 

a  

 

  (b

{43,48.54}

{137,146,148,150,156}

(c

48 54
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( 56: f6

𝑓−1

y 𝑓−1(𝑥) (0,6)

 

 

 

 

 

(1- 7) 

 

57: 

     𝑓(𝑋) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐         

(−∞,
−𝑏

2𝑎
) 𝑜𝑟 (

−𝑏

2𝑎
, ∞)

 

 

 

 

 

58. 

“               

.

 

 

 

 



 

45 
 

 

 

     

 

        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

60𝑓(𝑥)

lim
𝑥→−∞

𝑓(𝑥) = 0 lim
𝑥→∞

𝑓(𝑥) = 0

𝑓(𝑥) =
1

𝑥

0 

𝑦 .

 

 

 

 

 

(1- 7) 

 

59𝑓(𝑥) = 𝑥3 − 𝑎        ,     𝑓−1(23) = 3a

𝑓(𝑥) = 𝑥3 − 𝑎

𝑦 = 𝑥3 − 𝑎

𝑦 + 𝑎 = 𝑥3 ⇒ 𝑦 + 𝑎 = (𝑓−1(𝑥))3 

23 + 𝑎 =  (3)3 ⇒ 23 + 𝑎 = 27 ⇒ 𝑎 = 27 − 23 ⇒ 𝑎 = 4   
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68         𝑓(𝑥) =
3𝑥−5

2

𝑔(𝑥) =
2𝑥 + 5

3
    ( 𝐴

𝑔(𝑥) =
3𝑥 + 5

2
    ( 𝐵 

  

  𝑔(𝑥) = 2𝑥 + 5    ( 𝐶

𝑔(𝑥) =
2𝑥 −  5

3
    ( 𝐷 

  

 

(1- 7) 

 

69 m n 

𝑚2 + 𝑛2     (I

𝑚2 + 𝑛2  (II4

(𝑚 + 𝑛)2 (III4

  ( A 

I ( B 

I(  CII 

I (  D III
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(1- 6)

 

f ◦ g, g ◦ f 

61
𝑓(𝑦) = 𝑥2 − 9

𝑔(𝑥) = 𝑥 + 4

 
[𝑓 ∘ 𝑔] = 𝑥2 + 8𝑥 + 7

{𝑥|𝑥 ∈ R}      

[𝑔 ∘ 𝑓] = 𝑥2 − 5

{𝑥|𝑥 ∈ 𝑅}         
 

 

 

 

:

63𝑓(𝑥) = 𝑥2

 𝑦 = (0.2 ×)2(𝑎

 𝑦 = (𝑥 − 5)2 − 2(𝑏

5 

 𝑦 = 3𝑥2 + 6(𝑐

36

 

 

 

 

 

62
𝑓(𝑥) =

1

2
𝑥 − 7

𝑔(𝑥) = 𝑥 + 6

[𝑓 ∘ 𝑔] =
1

2
𝑥 − 4

{𝑥|𝑥 ∈ 𝑅}  

[𝑔 ∘ 𝑓 ] =
1

2
𝑥 − 1

{𝑥|𝑥 ∈ 𝑅}  
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(1- 6)

 

  

: 

64𝑓(𝑥) = 𝑥3

  𝑦 = |𝑥3 + 3|(𝑎

3 x

x

 𝑦 = −(2𝑥)3(𝑏

x

 𝑦 = 0.75(𝑥 + 1)3(𝑐

 

65𝑓(𝑥) = |𝑥|

  𝑦 = |2𝑥|(𝑎

  𝑦 = |𝑥 − 5|(𝑏

5 

 𝑦 = |3𝑥 + 1| − 4(𝑐

4 
1

3
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(1- 6)

 

 

 

66     𝑓(𝑥) = 𝑥3 − 𝑥      ,     [0,3]

𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1
=

𝑓(3) − 𝑓(0)

3 − 0
=

24 − 0

3
= 8

67     𝑓(𝑥) = 𝑥4 − 2𝑥 + 1    ,   [−5,1]

𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1
=

𝑓(1) − 𝑓(−5)

1 − (−5)
=

0 − 636

6
= −106
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51 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Exponential and 

Logarithmic and functions 

 
  

2-1  

2-2  

2-3  

2-4  

2-5  

2-6  
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1,60,3

 

𝑦 =  𝑎𝑏𝑥 

0,3𝑦  a  3

𝑥 𝑦 1,6

𝑦 =  𝑎𝑏𝑥 

6 = 3𝑏1 

      ∴     𝑏 =  2         

    ∴        𝑦 = 3(2)𝑥 

 

 

 

 

 

(2- 1)  

.

(a 𝒚 = 𝒂𝒃𝒙−𝒉 + 𝒌  𝒚 

(𝟎 , 𝒚  )

( b𝒚 = 𝒂𝒃𝒙−𝒉 + 𝒌𝒙

 𝒙 𝒌 <  𝟎

cb   𝒇(𝒙) = |𝒃|𝒙   

 𝒃 =  𝟏       𝒃 =  − 𝟏 
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   𝑓(𝑥) =  − 
2

3  
 (

3

4
)

𝑥−1

  

 

 

 

 

 

(2- 1)  

31358 mg  8

𝑦  =  𝑎𝑏𝑥

𝑦 =  𝑎 (1 − 0.35)𝑥      

𝑦 =  𝑎 (0.65)𝑥           

        𝑥 =  8  ,     𝑦 =  8 𝑚𝑔

  8 =  𝑎(0.65)8   

   𝑎 =  
8

(0.65)8
 ∴ 

a ≈ 251 𝑚𝑔
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32b 𝑓(𝑥) =  (
8

𝑏
)

𝑥

𝑏 > 8b = 10

 

 

 

 

 

(2- 1)  

33:  𝑔 (𝑥)  =  𝑏𝑥

𝑓(𝑥) = 𝑎𝑏𝑥−ℎ   + 𝑘

 

𝑔 (𝑥) =  𝑏𝑥     

|𝑎| > 1  |𝑎| < 1 

h h |ℎ|h

k   k |𝑘| 

k  
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40𝑓(𝑥) = ξ4 − 2𝑥

A3   C1 

B2   D0

𝑓(3) = √4 − 2(3) = ξ−2

  

 

41 𝑔(𝑥) = 4𝑥, 𝑓(𝑥) = ξ𝑥 + 1 (𝑓𝑜𝑔)(2) 

        

      3   ( 𝐶                                                           ξ3 ( 𝐴 

  8   ( 𝐷                                                        4 ξ3 ( 𝐵 

𝑓(𝑔(2)) = 𝑓(4(2)) = 𝑓(8) = ξ8 + 1 = ξ9 = 3  

 

(2 - 1)  



 

56 
 

 

 

 

       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2 -1 )

 

0,5 

34𝑓(−∞, −3)(−3,1)(1, ∞)

35𝑓(−∞, −4)(−4, ∞)

 

𝑓 (𝑥)     𝑓(|𝑥|)x)=h |𝑓(𝑥)|= (𝑥)g  

36𝑓 (𝑥) =  −4 𝑥 + 2 
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(2 - 1)

 

 𝑓 (𝑥)     𝑓(|𝑥|)x)=h |𝑓(𝑥)|= (𝑥)g  

37𝑓(𝑥) = ξ𝑥 + 3 − 6

 

(
𝑓

𝑔
) (𝑥)(𝑓. 𝑔)(𝑥)  (𝑓 − 𝑔)(𝑥)(𝑓 + 𝑔)(𝑥)𝑔(𝑥)𝑓 (𝑥)

 

38𝑓(𝑥) = 𝑥2 − 2𝑥

 𝑔(𝑥) = 𝑥 + 9             

(𝑓 + 𝑔)(𝑥) = 𝑥2 − 𝑥 + 9  

(−∞, ∞)   
 

(𝑓 − 𝑔)(𝑥) = 𝑥2 − 3𝑥 − 9   

 (−∞, ∞) 

𝑥3 + 7𝑥2 − 18𝑥(𝑓. 𝑔)(𝑥) 

(−∞, ∞) 

 

(
𝑓

𝑔
) (𝑥) =

𝑥2 − 2𝑥

𝑥 + 9

{𝑥|𝑥 ≠ −9, 𝑥 ∈ 𝑅} 

 

 

 

 

𝑓(𝑥) =
𝑥

𝑥 + 1
  ( 39 

 𝑔(𝑥) = 𝑥2 − 1

(𝑓 + 𝑔)(𝑥) =
𝑥

𝑥 + 1
+ 𝑥2 − 1; 

{𝑥|𝑥 ≠ −1, 𝑥 ∈ 𝑅} 

(𝑓 − 𝑔)(𝑥) =
𝑥

𝑥 + 1
+ 𝑥2 − 1

{𝑥|𝑥 ≠ −1, 𝑥 ∈ 𝑅}; 

(𝑓. 𝑔)(𝑥) = 𝑥2 − 𝑥 

(
𝑓

𝑔
) (𝑥) =

𝑥

(𝑥 − 1)(𝑥 + 1)2

{𝑥|𝑥 ≠ −1, 𝑥 ∈ 𝑅}  
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36 

1618 + 1618 + 1618 + 1618 + 1618 = 4𝑥

5 × 1618 = 4𝑥

5 × 436 = 4𝑥 

𝑦 = 4𝑎

a𝑦 = 5

5 = 4𝑎

                                      ∴ 𝑎 = 1.1610

∴ 5 = 41.1610

    5

5 × 436 = 4𝑥

41.1610 × 436 = 4𝑥

∴  437.1610

𝑥 = 37.1610

 

 

 

 

 

(2- 2) 

 

37𝒙 =  𝟐   

                                 4𝑥 = 42
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8272𝑥 ∙ 81𝑥+1 = 32𝑥+2 ∙ 94𝑥+1 

272𝑥 . 81𝑥+1

= (33)2𝑥. (34)𝑥+133 = 27, 34 = 81

=  36𝑥. 34𝑥+1

= 310𝑥+4

32𝑥+2. 94𝑥+1

(32𝑥+2). (32)4𝑥+132 = 9

= 32𝑥+2. 38𝑥+2

= 310𝑥+4

 

 

 

 

 

(2- 2) 

 

 

( 39

 

   𝟐𝒙 > −(𝟖𝟐𝟎𝒙)𝒙 

𝟐𝒙x −(𝟖𝟐𝟎𝒙)x
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(2 - 2) 

 

52𝑥  7𝑥−1 + 7 = 8    

 

A−1C  1  

B0D2  

  71−1 + 7 = 8   

1 + 7 = 8   

53𝑓(𝑥) = 5𝑥; 𝑓[𝑓(−1)]

 

 A−25          C5

B−5         D25 

𝑓[𝑓(−1)] = 𝑓[ −5] = 5(−5) = −25
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(2 - 2)

 

 

40𝑦 = 2(3)𝑥 𝑦 = 5(2)𝑥         41)        (42  𝑦 = 4(
1

3
)𝑥                    

 

 

 

 

 حل كل معادلة مما يأتي    

 ξ 𝑥 + 5 − 3 = 0   (43 

 ξ𝑥 + 5 = 3 

    𝑥 + 5 = 9  

 𝑥 = 9 − 5 

 𝑥 = 4  

44 )ξ3𝑡 − 5 − 3 = 4 

 ξ3𝑡 − 5 = 4 + 3 

 ξ3𝑡 − 5 = 7  

   3𝑡 − 5 = 49 

     3𝑡 = 49 + 5 

 3𝑡 = 54 

 𝑡 =
54

3
      

 𝑡 = 81     

 

 

 

                          

 

45  )ξ2𝑥 − 1
4

= 2 

  ξ2𝑥 − 1
4

= 2 

 2𝑥 − 1 = 24 

 2𝑥 − 1 = 16  

 2𝑥 = 16 + 1     ⇒ 2𝑥 = 17  

𝑥 =
17

2
= 8.5  

46 )(5𝑥 + 7)
1

5 + 3 = 5 

 (5𝑥 + 7)
1

5 + 3 = 5  

 (5𝑥 + 7)
1

5 = 5 − 3  

 (5𝑥 + 7)
1

5 = 2  

 5𝑥 + 7 = 25 ⇒ 5𝑥 + 7 = 32  

  5𝑥 = 32 − 7 ⇒ 5𝑥 = 25  

 𝑥 =
25

5
= 5  
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(2 -2)

 

47(3𝑥 − 2)
1

5 + 6 = 5 

 (3𝑥 − 2)
1

5 + 6 = 5      

 (3𝑥 − 2)
1

5
 = 5 − 6       

   (  3𝑥 − 2) = (−1)5      

  3𝑥 − 2 = −1          

 3𝑥 = −1 + 2         

 3𝑥 = 1                

𝑥 =
1

3
               

(𝑥)[ℎ𝑜𝑔]; (𝑥)[𝑔𝑜ℎ] 

49  ℎ(𝑥) = 2𝑥 − 1 

 𝑔(𝑥) = 3𝑥 + 4

 [𝑔𝑜ℎ](𝑥) = 𝑔(ℎ(𝑥))

 = 𝑔(2𝑥 − 1)

 = 3(2𝑥 − 1) + 4

  = 6𝑥 − 3 + 4

 = 6𝑥 + 1

  [ℎ𝑜𝑔](𝑥) = ℎ(𝑔(𝑥))

 = ℎ(3𝑥 + 4)

 = 2(3𝑥 + 4) − 1

 = 6𝑥 + 7

 = 6𝑥 + 7

 

                          

 

48 )(7𝑥 − 1)
1

3 + 4 = 2 

(7𝑥 − 1)
1
3 + 4 = 2 

(7𝑥 − 1)
1
3 = 2 − 4 

(7𝑥 − 1)
1
3 = −2 

7𝑥 − 1 = (−2)3 

7𝑥 = −8 + 1 

7𝑥 = −7 

𝑥 = −1 

 

50 )ℎ(𝑥) = 𝑥 + 4 

𝑔(𝑥) = |𝑥| 

[𝑔𝑜ℎ](𝑥) = 𝑔(ℎ(𝑥)) 

= 𝑔(𝑥 + 4) 

= |𝑥 + 4| 

[ℎ𝑜𝑔](𝑥) = ℎ(𝑔(𝑥)) 

= ℎ(|𝑥|) 

= |𝑥| + 4 
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(2 -2)

 

51𝑓(𝑥) = 2𝑥 + 1 

 

𝑓(𝑥) = 2𝑥 + 1 

𝑦 = 2𝑥 + 1

𝑥 = 2𝑦 + 1

2𝑦 = 𝑥 − 1

𝑦 =
𝑥 − 1

2

𝑓−1(𝑥) =
𝑥 − 1

2
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49

 

   𝑙𝑜𝑔41642

 

 

 

 

 

(2- 3) 

 

𝒍𝒐𝒈𝟑  𝟗 𝒍𝒐𝒈𝟐  𝟒 𝒍𝒐𝒈𝟐𝟏𝟔  𝒍𝒐𝒈𝟒  𝟏𝟔 

50𝑦 = 𝑙𝑜𝑔𝑏𝑥𝑏, 𝑥, 𝑦

 

𝑦 = 𝑙𝑜𝑔𝑏0 

. 𝑏𝑦 = 0𝑏 𝑦  𝑏𝑦 = 0

 

 

 

 

 

51y  

(0,1)1

. 

(1,0)(0,1)

 

 

 

 

 

52 

𝑙𝑜𝑔1

7
 
49 
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53 

; 𝑙𝑜𝑔971𝑙𝑜𝑔861 ; 𝑙𝑜𝑔751

  ; 𝑙𝑜𝑔7512 

𝑙𝑜𝑔861; 2 

𝑙𝑜𝑔971;2 

 

 

 

 

 

(2- 3) 

 

54𝒚 = 𝒍𝒐𝒈𝒃𝒙

a𝒚 𝟐𝟓𝐥𝐨𝐠𝟐  𝟑𝟑𝟓𝟓𝟒𝟒𝟑𝟐 = 𝟐𝟓

b𝒚𝐥𝐨𝐠𝟒
𝟏

𝟔𝟒
= −𝟑

c𝒚0 1 𝐥𝐨𝐠𝟐 ξ𝟐 =
𝟏

𝟐

d𝒙 1𝐥𝐨𝐠𝟕 𝟏 = 𝟎

 

 

 

 

 

55𝑔(𝑥) = 𝑎 𝑙𝑜𝑔10(𝑥 − ℎ) + 𝑘𝑙𝑜𝑔10𝑥

• 𝑎 < 0𝑥

• |𝑎| > 10 < |𝑎| < 1

• ℎℎ > 0|ℎ|

ℎ

• 𝑘 𝑘 > 0|𝑘|

𝑘 < 0
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log2

1

32
      (70   

( A 5          B
1

5
           C−

1

5
       D−5 

∴ 2𝑥 =
1

32
  ⇒ 2𝑥 = (32)−1 ⇒ 2𝑥 = (2)−5 ⇒ 𝑥 = −5

 
 71𝑦𝑦 = 4𝑥 − 1 

   

A0      B1              C2          D3

𝑦 = 0 ⇒ 𝑦 = 4𝑥 − 1 ⇒ 0 = 4𝑥 − 1 ⇒ 4𝑥 = 1 ⇒ 4𝑥 = 40 ⇒ 𝑥 = 0 

    

 
 

(2 - 3) 

 

69𝑥log8 16 = 𝑥 

A 
1

2
                   B

3

4
C 

4

3 
                         D2  

 

 log8 16 = 𝑥 ⇒  8𝑥 = 16 ⇒ 23𝑥 = 24 ⇒ 3𝑥 = 4 ⇒ 𝑥 =
4

3
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(2 - 3)

 

: 

56                      (𝒚 =  − (
𝟏

𝟓
)

𝒙
                   57𝒚 = −𝟐. 𝟓(𝟓)𝒙

 58                    𝒚 = 𝟑𝟎−𝒙                       59𝒚 = 𝟎. 𝟐(𝟓)−𝒙

       

 

  

     : 

60         3𝑛−2 > 27 

𝟑𝒏−𝟐 > 𝟑𝟑                 

𝒏 − 𝟐 > 𝟑                 

𝒏 > 𝟓                   

                    

 

 

 
    61 )22𝑛 ≤

1

16
 

22𝑛 ≤ 2−4 

𝑛 ≤
−4

2
 

𝑛 ≤ −2 

 



 

68 
 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

6216𝑛 < 8𝑛+1 

24𝑛 < 23𝑛+3 

4𝑛 < 3𝑛 + 3 

𝑛 < 3 

  

  

644𝑥+2 = 484𝑥 

4𝑥+2 = 48  

4𝑥 × 42 = 48  

4𝑥 =
48

16
= 3 

 

659𝑥 =
1

81

9𝑥 =
1

81
 

9𝑥 = 9−2 

𝑥 = −2 

9−2 =
1

81
 

 

 

                          

 

63)  325𝑝+2 ≥ 165𝑝 

25(5𝑝+2) ≥ 24(5𝑝)   

25𝑝 + 10 ≥ 20𝑝  

25𝑝 − 20𝑝 ≥ −10   

5𝑝 ≥ −10  

𝑝 ≥ −2  

 

6626𝑥 = 45𝑥+2 

26𝑥 = 22(5𝑥+2) 

6𝑥 = 10𝑥 + 4  

6𝑥 − 10𝑥 = 4  

−4𝑥 = 4 

𝑥 = −1  

26(−1) = 22(5(−1)+2) 

2−6 = 2−6

 

(2 - 3)
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(2 - 3)

 

 

 

 

67493𝑝+1 = 72𝑝−5 

72(3𝑝+1) = 72𝑝−5         

6𝑝 + 2 = 2𝑝 − 5        

6 𝑝 − 2𝑝 = −5 − 2     

4𝑝 = −7              

𝑝 =
−7

4
             

 

                       

    

 

 

 

68  )9𝑥2
= 27𝑥2−2 

9𝑥2
= 27𝑥2−2 

32𝑥2
= 33(𝑥2−2) 

2𝑥2 = 3𝑥2 − 6 

2𝑥2 − 3𝑥2 = −6 

−𝑥2 = −6 

𝑥2 = 6 

∴ 𝑥 = ±ξ6 
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47

:

a) . 

 

log𝑏

𝑥𝑧

5
= log𝑏 𝑥 + log𝑏 𝑧 − log𝑏 5

b) . 

 

log𝑏 𝑚4𝑝6 = 4 log𝑏 𝑚 + 6 log𝑏 𝑝

c) . 

log𝑏

𝑥3𝑦4

𝑧5
= 3 log𝑏 𝑥 + 4 log𝑏 𝑦 − 5 log𝑏 𝑧

 

 

 

 

 

(2- 4) 

 

47.

𝑚𝑝 = 𝑚𝑝

(𝑏log𝑏 𝑚)
𝑝

= 𝑏log𝑏(𝑚𝑝)

𝑏𝑝 log𝑏 𝑚 =  𝑏log𝑏(𝑚𝑝)

log𝑏 𝑚 𝑝 = log𝑏(𝑚𝑝)

plog𝑏 𝑚 = log𝑏(𝑚𝑝)
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49  logξ𝑎(𝑎2) 

logξ𝑎(𝑎2) = 𝑥

(ξ𝑎)
𝑥

= 𝑎2

(𝑎
1
2)

𝑥

= 𝑎2

𝑎
𝑥
2 = 𝑎2

𝑥

2
= 2

𝑥 = 4

 

 

 

 

 

(2- 4) 

 

50:

 

log𝑏 24 ≠ log𝑏 20 + log𝑏 4    log𝑏 24

 

 

 

 

 

log4 3 ≈ 0.7925 log4 5 ≈ 1.1610log4 18

2.085
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(2 - 4) 

 

64       2 log5 12 − log5 8 − 2 log5 3

A               log5 2Clog5 3

B                log5 0.5D1

  

65 y𝑦 = log2(𝑥 + 1) + 3

A               3C1

B               2D0  
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(2 - 4)

 

 𝑓 𝑔 

52𝑔(𝑥) = −2𝑥;𝑓(𝑥) = 2𝑥 

               𝑥  

53𝑓(𝑥) = 5𝑥; 𝑔(𝑥) = 5𝑥+3

 3 

54𝑓(𝑥) = (
1

4
)

𝑥
;𝑔(𝑥) = (

1

4
)

𝑥
− 2
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(2 - 4)

 

55log4 16𝑥

 log4 42𝑥 = 2𝑥log44

  = 2𝑥 × 1

  = 2𝑥

 

 

 

 

                       

    

 

 

56log3 27𝑥

   log3 33𝑥 =

3𝑥log33

  = 3𝑥 × 1

  = 3𝑥

 

57 𝐼   

𝐼 = (
𝑝

𝑅
)

1

2
 P  𝑅 

𝑃 =  120𝑤   𝑅 =  3𝛺 

.

𝐼 = (
𝑝

𝑅
)

1
2

𝐼 = (
120

3
)

1
2

= 6.3𝐴
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:

58𝑔(𝑥) = 𝑥 − 73;𝑓(𝑥) = 𝑥 + 73

 𝑓(𝑔(𝑥)) = 𝑓(𝑥 − 73)

 = 𝑥 − 73 + 73

= 𝑥                   

 

 

 

 

                       

    

 

:

 

6034𝑥 = 33−𝑥

  34𝑥 = 33−𝑥

 4𝑥 = 3 − 𝑥

 5𝑥 = 3

𝑥 =
𝟑

𝟓

 

                       

    

 

(2 - 4)

 

59ℎ(𝑥) =
1

7
𝑥 + 11; 𝑔(𝑥) = 7𝑥 − 11

  ℎ(𝑔(𝑥)) = ℎ(7𝑥 − 11)

   =
1

7
(7𝑥 − 11) + 11

 = 𝑥 −
11

7
+ 11

≠ 𝑥

 

6135𝑥. 811−𝑥 = 9𝑥−3

 35𝑥. 34(1−𝑥) = 32(𝑥−3)

 5𝑥 + 4 − 4𝑥 = 2𝑥 − 6

 −𝑥 = −6 − 4

 −𝑥 = −10

 𝑥 = 10
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6249𝑥 = 7𝑥2−15

 72𝑥 = 7𝑥2−15

 2𝑥 = 𝑥2 − 15

 𝑥2 − 2𝑥 − 15 = 0

 (𝑥 + 3)(𝑥 − 5) = 0

 𝑥 = −3 , 𝑥 = 5

 

 

 

 

                       

    

 

(2 - 4)

 

63log2(𝑥 + 6) = 5

 25 = 𝑥 + 6

 𝑥 + 6 = 32

  𝑥 = 32 − 6

 𝑥 = 26
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32 2  -≥ log2 𝑥  

 

 

 

 

 

(2- 5) 

 

33  )

 log3 27 + log9 27 + log27 27 + log81 27 + log243 27                  

= log3 33 + log9 9
3
2 + log27 27 + log81 81

3
4 + log243 243

3
5 

 =  3 +
3

2
+ 1 +

3

4
+

3

5
                 

 =
137

20
= 6.85                             
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34:𝑏 > 1

log𝑏 𝑥 > log𝑏 𝑦𝑥 > 𝑦

0 < 𝑏 < 1

0 < 𝑏 < 1log𝑏 𝑥 > log𝑏 𝑦𝑥 < 𝑦

1 

 

 

 

 

 

(2- 5) 

 

35

.

𝑦 = log𝑏 𝑥

𝑦 = 𝑏𝑥

 

 

 

 

 

36.

log3(𝑥 + 4) = log3(3𝑥 + 12)
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37:

 

a 1 x  0,1y  

.

 

b0.1x  1y  

.

 

c 𝑦 = 𝑙𝑜𝑔𝑏 0 

b 

 

d 𝑦 =  𝑙𝑜𝑔𝑏 1 

b 

 

 

 

 

 

(2- 5) 

 

38

𝑦 = log𝑏 𝑥  x(1,0)𝑦

𝑦𝑦 = 𝑏𝑥(0,1)𝑥, 𝑦𝑦 

𝑥(1,0)𝑥  

(0,1)(0,1)

𝑦 y
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(2 - 5) 

 

50  (4, −160)(0, −10)

A                     𝑓(𝑥) = −10(2)𝑥

B                    𝑓(𝑥) = 10(2)𝑥

C                    𝑓(𝑥) = −10(4)𝑥

D                    𝑓(𝑥) = 10(4)𝑥

51  log4 𝑥 − log4(𝑥 − 1) =
1  

2  
    

A                    −
1

2
( C−2

B                     
1

2
D2
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3933𝑥−2 > 81

  33𝑥−2 > 34                     

 3 𝑥 − 2 > 4                       

 3𝑥 > 6                      

  𝑥 > 2                      

 

418𝑥−4 = 24−𝑥

23(𝑥−4) = 24−𝑥

3𝑥 − 12 = 4 − 𝑥

3𝑥 + 𝑥 = 4 + 12

4𝑥 = 16 ⇒  𝑥 = 4

    

 

 

 

(2 - 5)

 

4034𝑥−7 = 272𝑥+3

  34𝑥−7 = 33(2𝑥+3)

 4𝑥 − 6𝑥 = 9 + 7

 −2𝑥 = 16    

𝑥 =
16

−2
     

 𝑥 = −8      
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42log4 256 

  log4 44 = 4 log4 4 = 4

43log2
1

8

 log2
1

8
= log22−3

 = −3log22 = −3

 

 

                       

    

 

 

:

46𝑥5. 𝑥3

 𝑥5+3 = 𝑥8 

 
 

47(2𝑝2𝑛)3

 23𝑝2(3)𝑛1(3) = 8𝑝6𝑛3

 

 

 

 

 

                       

(2 - 5)

 

44log6216

Log6216 = log663 

= 3log66 = 3 

45log72401

log72401 = log774

  = 4log77 = 4

 

 

 
𝑥4𝑦6

𝑥𝑦2
  (48

 𝑥4−1𝑦6−2 = 𝑥3𝑦4 

(
𝒄𝟗

𝒅𝟕
)

𝟎

(𝟒𝟗

           1= 
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36

 .

 

 

(2- 6) 

 

37logξ𝑎 3 = log𝑎 𝑥x 

  logξ𝑎 3 = log𝑎 𝑥

 
log𝑎 3

log𝑎 ξ𝑎
= log𝑎 𝑥 

 
log𝑎 3

1

2

= log𝑎 𝑥ξ𝑎 = 𝑎
1

2

 2 log𝑎 3 = log𝑎 𝑥2

 log𝑎 32 = log𝑎 𝑥

 32 = 𝑥

   9 = 𝑥

 

 

 

 

3
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38log𝑏 𝑥 𝑔(𝑥)  = .  log 𝑥f (x) =  

b  

log𝑏 𝑥 =
log 𝑥

log 𝑏
=

1

log 𝑏
log 𝑥 b 

𝑏 > 1𝑓 

𝑏 = 2𝑏 = 25

𝑏 < 1𝑥

 

 

(2- 6) 

 

39  log3 27 log27 3 

log𝑏 𝑎log𝑎 𝑏

 log3 27 = 3

log𝑎 𝑏 =
1

log𝑏 𝑎
    

 
log𝑏 𝑏

log𝑏 𝑎
=

1

log𝑏 𝑎
1

log𝑏 𝑎
=

1

log𝑏 𝑎

 

 

 

 

log27 3 =
1

3
 

log𝑎 𝑏 =
1

log𝑏 𝑎
 

 

log𝑏 𝑏 = 1 
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40

.

 

 

(2- 6) 
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(2 - 6) 

 

47𝑓[𝑔(𝑥)]

𝑔(𝑥) = 𝑥 − 5, 𝑓(𝑥) = 𝑥2 + 4𝑥 + 3

A 𝑥2 + 4𝑥 − 2

 (  B 𝑥2 − 6𝑥 + 8

        𝑥2 − 9𝑥 + 23  ( C 

D 𝑥2 − 14𝑥 + 6

          

           

4827 (
3

5
)

𝑥+1
= 125

A −4

B−2

C2

D4
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41log5 7 +
1

2
log5 4 = log5 𝑥

𝑥 = 14

422 log2 𝑥 − log2(𝑥 + 3) = 2

 𝑥 = 6 

43log6 48 − log6
16

5
+ log6 5 = log6 5𝑥

 𝑥 = 15

 

 

                       

    

 

 

(2 - 6)

 

44log8(3𝑦 − 1)   < log8(𝑦 + 5)

 3𝑦 − 1 < 𝑦 + 5

 3𝑦 − 𝑦 < 5 + 1

 2𝑦 < 6        

 𝑦 < 3       

∴
1

3
< 𝑦 < 3

 

 

                       

    

 

log9(9𝑥 + 4) ≤ log9(11𝑥 − 12)  (45  

9𝑥 + 4 ≤ 11𝑥 − 12

9𝑥 − 11𝑥 ≤ −12 − 4

−2𝑥 ≤ −16

𝑥 ≥
−16

−2

𝑥 ≥ 8 
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(2 - 6)

 

(463500

5.𝑡 = 𝑙𝑜𝑔0.95
𝑝

3500

tp 

3000 

A  

B(5

C    (3

D  ( 8

 

𝑡 = 𝑙𝑜𝑔0.95

𝑝

3500

𝑝 = 3000

𝑡 =  𝑙𝑜𝑔0.95

3000

3500
 

  𝑡 ≈  3 
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https://www.liveworksheets.com/2-mz567841ta
https://www.liveworksheets.com/2-gb593737mg
https://www.liveworksheets.com/2-gt595716ei
https://www.liveworksheets.com/2-ma594138tx
https://www.liveworksheets.com/2-vq595680px
https://www.liveworksheets.com/2-my592662az
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Trigonometric Identities and Equations

 

3-1  

3-2  

3-3  

3-4  

3-5  
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5

10

.

𝜃

 

 

(3- 1) 

 

261 − sin 𝑥 = cos 𝑥

  𝑥 = 45°       

 

27 

cos 𝜃 =
𝐸𝑅2

𝐼

sec 𝜃 =
𝐼

𝐸𝑅2

1

cos 𝜃
=

𝐼

𝐸𝑅2

𝐼 cos 𝜃 = 𝐸𝑅2

cos 𝜃 =
𝐸𝑅2

1
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28

cos2 𝜃 + sin2 𝜃 = 1 

sin2 𝜃 + cos2 𝜃 =  

𝑐2

𝑎2
+

𝑏2

𝑎2
=

𝑐2 + 𝑏2

𝑎2
=

  
𝑎2

𝑎2
= 1

 

 

(3- 1) 

 

29tan(−𝑎) = − tan 𝑎

  

tan(−𝑎) =
sin(−𝑎)

cos(−𝑎)

=
− sin 𝑎

cos 𝑎

= −
sin 𝑎

cos 𝑎

= − tan 𝑎
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30 : tan 𝜃 sin 𝜃

sin2 𝜃

cos 𝜃
sin2 𝜃 sec 𝜃

 

 

(3- 1) 

 

31: 

 sin2 𝜃 + cos2 𝜃 = 11 + cot2 𝜃 = csc2 𝜃

sin2 𝜃

 

 

32(
sin2 𝜃

cos2 𝜃+sin2 𝜃

. 

 
 
 
 
 
 

𝑎

𝑏 + 𝑐
=

𝑎

𝑐
+

𝑎

𝑏
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(3 - 1) 

 

39cos 𝐷 = 0.8𝐷𝐹തതതത

 

A5  3.2 ( C

B4( D10

          

40sin 𝑥 = 𝑚0 < 𝑥 < 90°tan 𝑥

 
1

𝑚2
     ( 𝐴

𝑚ξ1 − 𝑚2

1 − 𝑚2
     ( 𝐵

1 − 𝑚2

𝑚
   ( 𝐶

𝑚

1 − 𝑚2  
  ( 𝐷
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.

33cos−1 (−
1

2
)

 
2

3
𝜋 = 2.09             

34tan (cos−1 6

7
)

  0.60                   

 

 

                       

    

 

 

(3 - 1)

 

37k 𝑓 (𝑥) = {
𝑘 + 𝑥2, 𝑥 < 5
3𝑥 + 2, 𝑥 ≥ 5

𝑥 = 5

𝑘 + 𝑥2 = 3𝑥 + 2

𝑥 = 5

𝑘 + 25 = 15 + 2

𝑘 = 17 − 25

𝑘 = −8

 

                       

    

 

35sin (𝐴𝑟𝑐𝑡𝑎𝑛
ξ3

3
)

 0.5                   

36cos (𝐴𝑟𝑐𝑠𝑖𝑛
3

5
)

 0.8                  

 

382𝑥 = 32𝑥−2

2𝑥 = 32𝑥−2 ⇒ 2𝑥 = 25(𝑥−2)

𝑥 = 5𝑥 − 10 ⇒  𝑥 − 5𝑥 = −10

−4𝑥 = −10 ⇒ 𝑥 =
−10

−4
⇒  𝑥 = 2.5
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44

 

  sin2 𝜃 − cos2 𝜃 = 2 sin2 𝜃  

  

 

 

45: sin2 𝜃 + cos2 𝜃 = 1 sin 𝜃 = ξ1 − cos 𝜃

 

45°, 30° = 𝜃 

sin 30° ≠ ξ1 − cos 30°

 

 

 

46

𝐬𝐢𝐧𝟐 𝜽 + 𝐜𝐨𝐬𝟐 𝜽 = 𝟏

 
 
 

 

(3- 2) 

 

47(sin 𝜃)

(cos 𝜃)

 
 
 

 



 

97 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

48𝛼, 𝛽cos2 ∝ + cos2 𝛽 = 1

𝛼, 𝛽

cos2 ∝ + cos2 𝛽 =    cos2 𝛼 + cos2(90 − 𝛼)            

= cos2 𝛼 + sin2 𝛼

= 1                       

 

 

49

1 + tan2 𝜃 = sec2 𝜃

1 +
sin2 𝜃

cos2 𝜃
= sec2 𝜃

cos2 𝜃 + sin2 𝜃

cos2 𝜃
= sec2 𝜃

1

cos2 𝜃
= sec2 𝜃

sec2 𝜃 = sec2 𝜃
 

 

(3- 2) 

 

 1 + cot2 𝜃 = csc2 𝜃

1 +
cos2 𝜃

sin2 𝜃
= csc2 𝜃

sin2 𝜃 + cos2 𝜃

sin2 𝜃
= csc2 𝜃

1

sin2 𝜃
= csc2 𝜃

csc2 𝜃 =  csc2 𝜃 
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(3 - 2)  

 

56cos 𝜃0 < 𝜃 <
𝜋

2

   
cos 𝜃

cos2 𝜃 + sin2 𝜃
 (A

   

1 − sin2 𝜃 

cos 𝜃
( B

cot 𝜃 sin 𝜃     (𝐶 

tan 𝜃 csc 𝜃 ( D

          

57

sin3 𝜃 cos 𝜃 + cos3 𝜃 sin 𝜃 = sin 𝜃 cos 𝜃

 

                        sin3 𝜃 cos 𝜃 + cos3 𝜃 sin 𝜃 = sin 𝜃 cos 𝜃 (sin2 𝜃 + cos2 𝜃)

                                                = sin 𝜃 cos 𝜃 (1)

                                          = sin 𝜃 cos 𝜃
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50sin 𝜃cos 𝜃 =
2

3
0° < 𝜃 < 90°

4

9
+ sin2 𝜃 = 1

sin2 𝜃 = 1 −
4

9

sin2 𝜃 =
5

9

∴  sin 𝜃 =
ξ5

3

51csc 𝜃cos 𝜃 = −
3

5
90° < 𝜃 < 180°

9

25
+ sin2 𝜃 = 1

sin2 𝜃 = 1 −
9

25

sin2 𝜃 =
16

25 

sin 𝜃 =
4

5

csc 𝜃 =
1

sin 𝜃
=

5

4

52cos 𝜃sec 𝜃 =
5

3
270° < 𝜃 < 360°

cos 𝜃 =
1

sec 𝜃
=  

3

5

 

 

(3 - 2)
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53𝜃

sin 𝜃 =
9

18
=

1

2

∴ 𝜃 = 𝑠ℎ. 𝑓   sin−1 (
1

2
)

  = 30             

 

 

                       

    

 

 

(3 - 2)

 

 

54sin 𝜃 cos 𝜃 (1 + cot2 𝜃)

 sin 𝜃 cos 𝜃 (1 + cot2 𝜃)

 = sin 𝜃 cos 𝜃 × csc2 𝜃

= sin 𝜃 cos 𝜃 ×
1

sin2 𝜃

=
cos 𝜃

sin 𝜃
= cot 𝜃

 

 

                       

    

sin4 𝜃 − cos4 𝜃

sin2 𝜃 − cos2 𝜃
  ( 55

  

=
(sin2 𝜃 + cos2 𝜃)(sin2 𝜃 − cos2 𝜃)

sin2 𝜃 − cos2 𝜃

 = sin2 𝜃 + cos2 𝜃 = 1
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29

sin (
𝜋

3
− 𝜃) cos (

𝜋

3
+ 𝜃) − cos (

𝜋

3
− 𝜃) sin (

𝜋

3
+ 𝜃)

= sin [(
𝜋

3
− 𝜃) − (

𝜋

3
+ 𝜃)]

= sin [
𝜋

3
− 𝜃 −

𝜋

3
− 𝜃]        

= sin(−2𝜃)                        

 

 

30cot(𝐴 + 𝐵)cot 𝐴, cot 𝐵

cot(𝐴 + 𝐵) =
1

tan(𝐴 + 𝐵)
                        

=
1

tan 𝐴 + tan 𝐵
1 − tan 𝐴 tan 𝐵

=
1 − tan 𝐴 tan 𝐵

tan 𝐴 + tan 𝐵

                      =
1 −

1
cot 𝐴

∙
1

cot 𝐵
1

cot 𝐴
+

1
cot 𝐵

∙
cot 𝐴 cot 𝐵

cot 𝐴 cot 𝐵

=
cot 𝐴 cot 𝐵 − 1

cot 𝐴 + cot 𝐵

 

 

(3- 3) 
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(31A,B

d

(𝑥1, 𝑦1) = (cos 𝐵 , sin 𝐵), (𝑥2, 𝑦2) = (cos 𝐴 , sin 𝐴) 

 

 𝑑 = √(cos 𝐴 − cos 𝐵)2 + (sin 𝐴 − sin 𝐵)2

 𝑑2 = (cos 𝐴 − cos 𝐵)2 + (sin 𝐴 − sin 𝐵)2

𝑑2 = (cos2 𝐴 − 2 cos 𝐴 cos 𝐵 + cos2 𝐵)  + (sin2 𝐴 − 2 sin 𝐴 sin 𝐵 + sin2 𝐵)

𝑑2 = cos2 𝐴 + sin2 𝐴 + cos2 𝐵 + sin2 𝐵 − 2 cos 𝐴 cos 𝐵 − 2 sin 𝐴 sin 𝐵 

𝑑2 = 1 + 1 − 2 cos 𝐴 cos 𝐵 − 2 sin 𝐴 sin 𝐵 

𝑑2 = 2 − 2 cos 𝐴 cos 𝐵 − 2 sin 𝐴 sin 𝐵 = 2 − 2 cos(𝐴 − 𝐵) 

 

 

33A, B, C  

 𝒕𝒂𝒏 𝑨 +  𝒕𝒂𝒏 𝑩 +  𝒕𝒂𝒏 𝑪 =  𝒕𝒂𝒏 𝑨 𝒕𝒂𝒏 𝑩 𝒕𝒂𝒏 𝑪 

A, B, C .  .

𝑨 = 𝟑𝟓°, 𝑩 = 𝟔𝟎°, 𝑪 = 𝟖𝟓°

𝒕𝒂𝒏 𝑨 +  𝒕𝒂𝒏 𝑩 +  𝒕𝒂𝒏 𝑪 = 𝟎. 𝟕𝟎𝟎𝟐 + 𝟏. 𝟕𝟑𝟐𝟏 + 𝟏𝟏. 𝟒𝟑𝟎𝟏 = 𝟏𝟑. 𝟖𝟔

𝒕𝒂𝒏 𝑨 𝒕𝒂𝒏 𝑩 𝒕𝒂𝒏 𝑪 = (𝟎. 𝟕𝟎𝟎𝟐)(𝟏. 𝟕𝟑𝟐𝟏)(𝟏𝟏. 𝟒𝟑𝟎𝟏) = 𝟏𝟑. 𝟖𝟔

 

 

(3- 3) 
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(3- 3) 

 

( 43    sin(60° + 𝜃) cos 𝜃 − cos(60° + 𝜃) sin 𝜃

1

2
(  𝐴

 

2

ξ3
  ( 𝐵 

 

 

 

   

          

           

        

  

 

44cos 𝜃 + 0.3 = 0

𝜋 < 𝜃 <
3𝜋

2
cot 𝜃

cos 𝜃 = −0.3 = −
3

10
     ,          cos2 𝜃 + sin2 𝜃 = 1

9

100
+ sin2 𝜃 = 1

∴ sin2 𝜃 =
91

100
  ⇒ sin 𝜃 =

−ξ91

10

cot 𝜃 =
cos 𝜃

sin 𝜃
=   cos 𝜃 ÷ sin 𝜃

=
−3

10
÷

−ξ91

10

=
3

ξ91
=

3ξ91

91 

 

ξ3

2
 ( 𝐶

 

ξ3   (𝐷 
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34sin 𝜃 csc 𝜃 − cos2 𝜃

= sin 𝜃 ×
1

sin 𝜃
− cos2 𝜃

 = 1 − cos2 𝜃 = sin2 𝜃

 

 

                       

    

 

 

(3- 3) 

 

36sec 𝜃0° < 𝜃 < 90°, tan 𝜃 =
1

2

tan2 𝜃 + 1 = sec2 𝜃

= (
1

2
)

2

+ 1 = sec2 𝜃

1

4
+ 1 = sec2 𝜃

∴ sec2 𝜃 =
5

4
⇒ sec 𝜃 =

ξ5

2

37cos 𝜃180° < 𝜃 < 270°, sin 𝜃 = −
2

3

cos2 𝜃 + sin2 𝜃 = 1

cos2 𝜃 +
4

9
= 1

cos2 𝜃 =
5

9
⇒ cos 𝜃 =

−ξ5

3

 

 

35cos2 𝜃 sec 𝜃 csc 𝜃

= cos2 𝜃 ×
1

cos 𝜃
×

1

sin 𝜃

=
cos 𝜃

sin 𝜃
= cot 𝜃
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38sec 𝜃cot 𝜃 = −
7

12
90° < 𝜃 < 180°

1 + cot2 𝜃 = csc2 𝜃

1 +
49

144
= csc2 𝜃

∴ csc2 𝜃 =
193

144
⇒∴ csc 𝜃 =

ξ193

12

39sin 𝜃cos 𝜃
3

4
270° < 𝜃 < 360°

cos2 𝜃 + sin2 𝜃 = 1

9

16
+ sin2 𝜃 = 1

sin2 𝜃 =
7

16 
⇒  sin 𝜃 =

−ξ7

4

40tan 𝜃8 cos 𝜃 − 5 = 00 < 𝜃 <
𝜋

2

8 cos 𝜃 = 5

cos 𝜃 =
5

8

cos2 𝜃 + sin2 𝜃 = 1

25

64
+ sin2 𝜃 = 1

sin2 𝜃 =
39

64
⇒ sin 𝜃 =

ξ39

8

tan 𝜃 =
sin 𝜃

cos 𝜃
 ⇒=

ξ39

8
÷

5

8
=

ξ39

5

 

(3- 3) 
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(3- 3) 

 

: 

sin 𝜃

tan 𝜃
+

cos 𝜃

cot 𝜃
= cos 𝜃 + sin 𝜃      (41

sin 𝜃

tan 𝜃
+

cos 𝜃

cot 𝜃
= cos 𝜃 + sin 𝜃

sin 𝜃

sin 𝜃
cos 𝜃

+
cos 𝜃

cos 𝜃
sin 𝜃

= cos 𝜃 + sin 𝜃

sin 𝜃 ∙
cos 𝜃

sin 𝜃
+ cos 𝜃 ∙

sin 𝜃

cos 𝜃
= cos 𝜃 + sin 𝜃

cos 𝜃 + sin 𝜃 = cos 𝜃 + sin 𝜃

42     sec 𝜃 (sec 𝜃 − cos 𝜃) = tan2 𝜃

 sec 𝜃 (sec 𝜃 − cos 𝜃) = tan2 𝜃

1

cos 𝜃
(

1

cos 𝜃
− cos 𝜃) = tan2 𝜃

1

cos2 𝜃
− 1 = tan2 𝜃

 sec2 𝜃 − 1 = tan2 𝜃

tan2 𝜃 = tan2 𝜃 
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27sin 15° .   

.

 

 

cos 30°
1

2

ξ3

2

                        

 

 

28:

tan
1

2
𝜃 =

sin 𝜃

1 + cos 𝜃

∠𝑃𝐵𝐷∠𝑃𝑂𝐷

𝓂∠𝑃𝐵𝐷 =
1

2
𝓂∠𝑃𝑂𝐷

tan
1

2
𝜃 =

𝑃𝐴

𝐵𝐴
=

𝑃𝐴

1 + 𝑂𝐴
=

sin 𝜃

1 + cos 𝜃

 

(3- 4)  
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29

cos 2𝜃

cos 𝜃cos 2𝜃 = 2 cos2 𝜃 − 1

sin 𝜃cos 2𝜃 = 1 − 2 sin2 𝜃

cos 𝜃 , sin 𝜃cos 2𝜃 = cos2 𝜃 − sin2 𝜃

 

 

30sin(𝐴 + 𝐵)sin 2𝜃

cos(𝐴 + 𝐵)cos 2𝜃

sin 2𝜃 = sin(𝜃 + 𝜃)

= sin 𝜃 cos 𝜃 + cos 𝜃 sin 𝜃

= 2 sin 𝜃 cos 𝜃

cos 2𝜃 = cos(𝜃 + 𝜃)

= cos 𝜃 cos 𝜃 − sin 𝜃 sin 𝜃

= cos2 𝜃 − sin2 𝜃

 

 

(3- 4)  
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31

 1 − 2 sin2 𝜃 = cos 2𝜃

1 − 2 sin2 𝐴

2
= cos 𝐴

𝐴

2
𝜃 A2𝜃

sin2 𝐴

2
=

1−cos 𝐴

2
sin2 𝐴

2

sin
𝐴

2
= ±√

1−cos 𝐴

2

2 cos2 𝜃 − 1 = cos 2𝜃

2 cos2 𝐴

2
− 1 = cos 𝐴

𝐴

2
𝜃𝐴2𝜃

cos2 𝐴

2
=  

1+cos 𝐴

2
cos2 𝐴

2

cos
𝐴

2
= ±√

1+cos 𝐴

2

 

 

32115 ft/s 

d  

𝑑 =
2𝜗2 sin 𝜃 cos 𝜃

𝑔
    (𝑔 = 32𝑓𝑡/𝑠2). 𝜃 = 45°

𝑑 =
2𝜗2 sin 𝜃 cos 𝜃

𝑔
=

𝜗2 sin 2𝜃

𝑔

𝜗2 sin 2𝜃

𝑔
 

sin 2𝜃 = 12𝜃 = 90°𝜃 = 45°

 

 

(3- 4)  
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(3- 4)  

 

43tan
𝜃

2
0 < 𝜃 < 90°cos 𝜃 =

ξ3

2
 

  2 − ξ3    ( AC(
ξ3

3

B(ξ3 − 2( D ξ3 

 

 

   

          

           

        

  

 

44 

 

A(𝑦 = 3 cos 2𝜃   (C𝑦 = 3 cos
1

2
𝜃

B (𝑦 =
1

3
cos 2𝜃D(𝑦 =

1

3
cos

1

2
𝜃
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:

𝐜𝐨𝐭 𝜽 + 𝐬𝐞𝐜 𝜽 =
𝐜𝐨𝐬𝟐 𝜽 + 𝐬𝐢𝐧 𝜽

𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽
  ( 𝟑𝟑

𝐜𝐨𝐭 𝜽 + 𝐬𝐞𝐜 𝜽 =
𝐜𝐨𝐬𝟐 𝜽 + 𝐬𝐢𝐧 𝜽

𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽

𝐜𝐨𝐭 𝜽 + 𝐬𝐞𝐜 𝜽 =
𝐜𝐨𝐬𝟐 𝜽

𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽
+

𝐬𝐢𝐧 𝜽

𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽

𝐜𝐨𝐭 𝜽 + 𝐬𝐞𝐜 𝜽 =
𝐜𝐨𝐬 𝜽

𝐬𝐢𝐧 𝜽
+

𝟏

𝐜𝐨𝐬 𝜽

𝐜𝐨𝐭 𝜽 + 𝐬𝐞𝐜 𝜽 = 𝐜𝐨𝐭 𝜽 + 𝐬𝐞𝐜 𝜽 

 
 

𝐬𝐢𝐧𝟐 𝜽 + 𝐭𝐚𝐧𝟐 𝜽 = (𝟏 − 𝐜𝐨𝐬𝟐 𝜽) +
𝐬𝐞𝐜𝟐 𝜽

𝐜𝐬𝐜𝟐 𝜽
   (𝟑𝟒 

𝐬𝐢𝐧𝟐 𝜽 + 𝐭𝐚𝐧𝟐 𝜽 = (𝟏 − 𝐜𝐨𝐬𝟐 𝜽) +
𝐬𝐞𝐜𝟐 𝜽

𝐜𝐬𝐜𝟐 𝜽

𝐬𝐢𝐧𝟐 𝜽 + 𝐭𝐚𝐧𝟐 𝜽 = 𝐬𝐢𝐧𝟐 𝜽 +
𝐬𝐞𝐜𝟐 𝜽

𝐜𝐬𝐜𝟐 𝜽

𝐬𝐢𝐧𝟐 𝜽 + 𝐭𝐚𝐧𝟐 𝜽 = 𝐬𝐢𝐧𝟐 𝜽 +
𝟏

𝐜𝐨𝐬𝟐 𝜽
÷

𝟏

𝐬𝐢𝐧𝟐 𝜽

𝐬𝐢𝐧𝟐 𝜽 + 𝐭𝐚𝐧𝟐 𝜽 = 𝐬𝐢𝐧𝟐 𝜽 +
𝐬𝐢𝐧𝟐 𝜽

𝐜𝐨𝐬𝟐 𝜽 

𝐬𝐢𝐧𝟐 𝛉 + 𝐭𝐚𝐧𝟐 𝜽 = 𝐬𝐢𝐧𝟐 𝜽 + 𝐭𝐚𝐧𝟐 𝜽

 

 

                       

(3- 4)  
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36sin 135°

 sin(180° − 45°) sin 45° =  
ξ2

2

37cos 105°

 cos 105° = cos(60° + 45°)            

 = cos 60 ° cos 45° − sin 60 ° sin 45°

=
ξ2 − ξ6

4
                                          

38sin 285°

  sin(285°) = sin(360° − 75°)   

 = sin 75°   = sin(45° + 30°)     

    = sin 45 °cos 30° + cos 45 °sin 30°

                                          =
−ξ6 − ξ2

4 

 

 

:

35 )(𝐬𝐢𝐧 𝜽 − 𝐜𝐨𝐬 𝜽)𝟐 = 𝟏 − 𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽  

(𝐬𝐢𝐧 𝜽 − 𝐜𝐨𝐬 𝜽)𝟐 = 𝟏 − 𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽 

            𝐬𝐢𝐧𝟐 𝜽 + 𝐜𝐨𝐬𝟐 𝜽 − 𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽 = 𝟏 − 𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽     

𝟏 − 𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽 = 𝟏 − 𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽 

  

 

 

                       

    

 

 

(3- 4)  

 

39cos 210°

      cos 210° = cos(180° + 30°)

  = cos 180 ° cos 30° − sin 180 ° sin 30°

         =
−ξ3

2

40sin(−240°)

       sin(−240°) = sin(30° − 270°)

= sin 30 °cos 270° − cos 30° sin 270°

        =
ξ3

2

41cos(−120°)

cos(−120°) = cos(60° − 180°)

   = cos 60° cos 180° + sin 60° sin 180°

          =
−1

2
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 31

𝟐 𝐬𝐢𝐧 𝜽 𝐜𝐨𝐬 𝜽 = 𝐬𝐢𝐧 𝜽;   𝟎° ≤ 𝜽 ≤ 𝟑𝟔𝟎°

.

 𝒔𝒊𝒏𝜽 

 𝒔𝒊𝒏𝜽  .

 

 

32     sin 2𝑥 < sin 𝑥  ;0 ≤ 𝑥 ≤ 2𝜋     

 
5𝜋

3
< 𝑥 < 2𝜋    

𝜋

3
< 𝑥 < 𝜋

sin 2𝑥 < sin 𝑥

sin 2𝑥 − sin 𝑥 < 0

2 sin 𝑥 cos 𝑥 − sin 𝑥 < 0

sin 𝑥 (2 cos 𝑥 − 1) < 0

sin 𝑥 (2 cos 𝑥 − 1), 2 cos 𝑥 − 1 sin 𝑥

    
5𝜋

3
< 𝑥 < 2𝜋,

𝜋

3
< 𝑥 < 𝜋

       
5𝜋

3
< 𝑥 < 2𝜋,

𝜋

3
< 𝑥 < 𝜋 

 

(3- 5)  
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33

     

 

 

 

 

34.

.

 

 

(3- 5)  

 

35

0° ≤ 𝜃 ≤ 360°

2 cos 𝜃 = 0         ;           90°, 270°
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36csc 𝑥 = ξ2 , cot2 𝑥 + 1 = 2

cot2 𝑥 + 1 = 2

csc2 𝑥 = 2

csc 𝑥 = ξ2

sin 𝑥 =
1

ξ2

𝑥 =
𝜋

4

csc 𝑥 = ξ2

sin 𝑥 =
1

ξ2

𝑥 =
𝜋

4

 

 

(3- 5)  
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(3- 5)  

 

47           sin 𝜃 + cos 𝜃 tan2 𝜃 = 0 

A   
5𝜋

2
            B 

7𝜋

4
         C2𝜋          D

3𝜋

4

 

48     csc 𝑥 =
−2ξ3

3
         0° < 𝑥 < 360

A (30°        150°       ( C                                  210°            330°

 ( B60°        120°                 D (240°         300°
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(3- 5)  

 

37cos 165°

cos 165° = cos(120° + 45°)                                                

= cos 120 °cos 45° − sin 120 ° sin 45°

=
− ξ6 − ξ2

4
                                     

 sin 22
1°

2
    ( 38

sin
45°

2
= √

1 − cos 45°

2

=
√1 − √ 2

2 

2
 = √

2 − ξ2

2

sin
7𝜋

8
      (39

sin
7𝜋

8
= sin

315° 

2
       

= √
1 − cos 315°

2
                cos 315 ° = cos 45° =

ξ2

2

= √
2 − ξ2

2
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(3- 5)  

 

 

cos
7𝜋

12
    (40

cos 105° = cos(45° + 60°)                    

                               = cos 45° cos 60° − sin 45° sin 60° 

=
− ξ6 + ξ2

4
         

 

 

 

 

41sin(270° − 𝜃) = − cos 𝜃

sin(270° − 𝜃) =                                            

                    = sin 270° cos 𝜃 − cos 270° sin 𝜃

= − cos 𝜃 − 0 ∙ sin 𝜃

= − cos 𝜃 =    

42cos(90° + 𝜃) = − sin 𝜃

cos(90° + 𝜃) = − sin 𝜃

cos 90° cos 𝜃 − sin 90° sin 𝜃 = sin 𝜃

0 ∙ cos 𝜃 − 1 ∙ sin 𝜃 = − sin 𝜃

− sin 𝜃 = − sin 𝜃
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(3- 5)  

 

43 )cos(90° − 𝜃) = sin 𝜃 

cos(90° − 𝜃) = sin 𝜃 

cos 90° cos 𝜃 + sin 90° sin 𝜃 = sin 𝜃 

0. cos 𝜃 + 1. sin 𝜃 = sin 𝜃 

sin 𝜃 = sin 𝜃 

44 )sin(90° − 𝜃) = cos 𝜃 

sin(90° − 𝜃) = cos 𝜃 

sin 90° cos 𝜃 − cos 90° sin 𝜃 = cos 𝜃 

1. cos 𝜃 − 0. sin 𝜃 = cos 𝜃 

cos 𝜃 = cos 𝜃 

 

 

 

45

ℎ =
𝜗2 sin2 𝜃

2𝑔
  𝜃 v  

g   9.8 m/sec

a) 
𝜗2 sin2 𝜃

2𝑔
=

𝜗2 tan2 𝜃

2𝑔 sec2 𝜃
 

𝑣2 sin2 𝜃

2𝑔
=

𝑣2 tan2 𝜃

2𝑔 sec2 𝜃

𝑣2 sin2 𝜃

2𝑔

=
𝑣2   

sin2 𝜃
cos2 𝜃

2𝑔  
1

cos2 𝜃

=
𝑣2 sin2 𝜃

2𝑔
=

𝑣2 sin2 𝜃

2𝑔
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(3- 5)  

 

( 𝒃  80100m/s 

.

𝒉 =
(𝟏𝟏𝟎)𝟐 𝐬𝐢𝐧𝟐 𝟖𝟎

𝟐(𝟗. 𝟖)
≈ 𝟓𝟗𝟖. 𝟕𝟑𝒎 

 

 

 

64ℎ(𝑥)  . 

[−5, ∞)

[−5, ∞)
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https://www.liveworksheets.com/2-rn595896pb
https://www.liveworksheets.com/2-zd601184pm
https://www.liveworksheets.com/2-af601250xl
https://www.liveworksheets.com/2-ds601929iv
https://www.liveworksheets.com/2-zv601479iv
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Conic Sections

 
 

4-1  

4-2  

4-3  

4-4  
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(36𝑥2 + 6𝑥 − 4𝑦 + 9 = 0

𝑥2 + 6𝑥 = 4𝑦 − 9 

(𝑥 − 3)2 = 4𝑦 

𝑐 =  1  

   

 

 

(4- 1)  

 

37.

 

 

38

(𝑦 − 5)2 = −8(𝑥 + 2).

(−2,5)𝑝 = −2 𝑦 

 𝑦
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39𝐴 =
4

3
𝑥𝑦

2.42 y )   

3.

𝑦2 = 4𝑐𝑥     ,       𝑦 =
3

2

(
3

2
)

2

= 4𝑐𝑥

9

4
= 4𝑐𝑥

𝑐𝑥 =
9

16

𝐴 =
4

3
𝑥𝑦

2.4 =
4

3
(

9

16𝑐
) (

3

2
)

2.4 =
9

8𝑐

∴ 𝑐 =
9

8 × 2.4
=

15

32

4𝑐 =
4 × 15

32
 𝑥 ⇒ 4𝑐 =

15

8 
𝑥

∴ 𝑦2 =
15

8
𝑥

 

 

(4- 1)  
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(4- 1)  

 

(40  

.

 𝑥 

 𝑦  y 

 

 𝑦 . 

 𝑦  

 𝑥  𝑥 

 𝑥  𝑥 
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(4 - 1)  

 

49𝑥
𝑥

3
2.𝑥

1
2

𝑥
1
2

A𝑥−
1

4Bξ𝑥3C𝑥
3

4Dξ𝑥2

50

A𝑦 = 𝑥

B𝑦 = |𝑥| 

C𝑦 = ξ𝑥

D𝑦 = 𝑥2 
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(4 - 1)  

 

         

41            log16 4

log16 16
1
2 =

1

2
              

    

 

 

 82𝑥−1 = 2 (
1

16
)

−
1

2
      ( 44

 23(2𝑥−1) = 2(2−4)
−1

2

 = 2(2)2

 = 23

 6𝑥 − 3 = 3

 6𝑥 = 6

 𝑥 = 1

46log3 𝑥 ≤ −3

 log3 𝑥 ≤ log3 3−3 

𝑥 ≤ 3−3

𝑥 ≤
1

27

            

    

 

42             log4 16𝑥

log4 42𝑥 = 2𝑥               

 

43              log3 27𝑥

log3 33𝑥 = 3𝑥             

 

45log3(−𝑥) + log3(6 − 𝑥) = 3

 log3(−𝑥) + log3(6 − 𝑥) = log3 33 

 (−𝑥)(6 − 𝑥) = 27

 𝑥2 − 6𝑥 − 27 = 0

 (𝑥 − 9)(𝑥 + 3) = 0

 𝑥 = 9

𝑥 = −3
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(4 - 1)  

 

47

ℎ(𝑥) = 16 −
12

2𝑥 + 3

a) ℎ(−3) 

ℎ(−3) = 16 −
12

2(−3) + 3

       = 16 −
12

−6 + 3

= 16 −
12

−3
          = 16 − (−4) = 20

b) ℎ(6𝑥) 

 

ℎ(6𝑥) = 16 −
12

2(6𝑥) + 3

       = 16 −
12

12𝑥 + 3
 

= 16 −
4

4𝑥 + 1
       

c) ℎ(10 − 2𝑐) 

ℎ(10 − 2𝑐) = 16 −
12

2(10 − 2𝑐) + 3

               = 16 −
12

20 − 4𝑐 + 3

= 16 −
12

23 − 4𝑐
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(4 - 1)  

 

 48sin 𝜃 cos 𝜃 =
1

2
sin 𝜃 + cos 𝜃𝜃

(sin 𝜃 + cos 𝜃)2

= sin2 𝜃 + 2 sin 𝜃 cos 𝜃 + cos2 𝜃

= (𝑠𝑖𝑛2𝜃 + cos2 𝜃) + 2(sin 𝜃 cos 𝜃)

= 1 + 2 × (
1

2
)

= 1 + 1 = 2

sin 𝜃 + cos 𝜃 = ξ2

 

 



 

130 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

37 (-1, 3)

8 4   

 

(4- 2)  

 

38
𝑥2

𝑝
+

𝑦2

𝑝+𝑟
= 1 ,

𝑥2

𝑝+𝑟
+

𝑦2

𝑝
= 1

𝑟 > 0

 𝑏2 = 𝑝    𝑎2 = 𝑃 + 𝑟

𝐶 = ±ξ𝑟 

(0, ±ξ𝑟)  
𝑥2

𝑃
+

𝑦2

𝑝 + 𝑟
= 1 

                ( ±ξ𝑟, 0)           
𝑥2

𝑝 + 𝑟
+

𝑦2

𝑝
= 1
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(4- 2)  

 

𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 

𝐴 = 𝜋𝑎𝑏

39𝑏 + 𝑎 = 12, 𝐴 = 35𝜋

𝐴 = 𝜋𝑎𝑏
𝐴 = 35𝜋

  35𝜋 = 𝜋𝑎𝑏

∴ 𝑎𝑏 = 35, 𝑎 + 𝑏 = 12 → 𝑏 = 12 − 𝑎

𝑎(12 − 𝑎) = 35

𝑎2 − 12𝑎 + 35 = 0
(𝑎 − 5)(𝑎 − 7) = 0

   𝑎 = 7                     𝑎 = 5

𝑥2

47
+

𝑦2

25
= 1                       ,                    

 𝑥2

25
+

𝑦2

49
= 1

40𝑎 − 𝑏 = 5, 𝐴 = 24𝜋

𝐴 = 𝜋𝑎𝑏
𝐴 = 24𝜋

24𝜋 = 𝜋𝑎𝑏

∴ 𝑎𝑏 = 24, 𝑎 − 𝑏 = 5 → 𝑎 = 5 + 𝑏
𝑏(5 + 𝑏) = 24

𝑏2 + 5𝑏 − 24 = 0

(𝑏 + 8)(𝑏 − 3) = 0

𝑏 = −8                    𝑏 = 3

𝑥2

9
+

𝑦2

64
= 1                  ,                    

  𝑥2

64
+

𝑦2

9
= 1
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41

    ℎ > 0, 𝑘 < 0     (𝑥 − ℎ) 
2 + (𝑦 − 𝑘)2 = 𝑟2

[ ℎ − 𝑟 , ℎ + 𝑟]

(𝑥 − 4) 
2 + (𝑦 − 5)2 = 82

[−4,12]      𝑜𝑟    [4 − 8,4 + 8]

.

 

42

ab

𝐶 = ξ𝑎2 + 𝑏2

abc

𝑒 =
𝑐

𝑎

 

(4- 2)  
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(4- 2)  

 

 ( 53  K10 M 6

KK 

 ( A6     ( B 8 ( C 10D(2ξ34

54. 

2715

 
𝑦2

13.5
+

𝑥2

7·5
= 1       (  𝐴 

𝑦2

56.25
+

𝑥2

182·25
= 1        ( 𝐶

𝑦2

182·25
+

𝑥2

56.25
= 1       ( 𝐵

𝑦2

7.5
+

𝑥2

13.5
= 1        ( 𝐷                    
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(4- 2)  

 

      :

43𝑦 = 3𝑋2 − 24𝑥 + 50

 
3𝑥2 − 24𝑥 = 𝑦 − 50

3(𝑥2 − 8𝑥) = 𝑦 − 50

3(𝑥2 − 8𝑥 + 16 − 16) = 𝑦 − 50

3(𝑥 − 4)2 = 𝑦 − 50 + 48

(𝑥 − 4)2 =
1

3
(𝑦 − 2)

4𝐶 =
1

3
→ 𝑐 →

1

12

 

(4,2)

(4,2
1

12
)

𝑦 =
23

12

𝑥 = 4
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(4- 2)  

 

      :

      

44𝒚 = −𝟐𝒙𝟐 + 𝟓𝒙 − 𝟏𝟎

  
−2𝑥2 + 5𝑥 = 𝑌 + 10

−2(𝑥2 + 2.5𝑥 + 1.5625 − 1.5625) = 𝑦 + 10

−2(𝑥 + 1.25)2 = 𝑌 + 6.875

(𝑥 + 1.25)2 =
−1

2
(𝑦 +

55

8
)

4𝐶 =
−1

2
⇒ 𝑐 =

−1

8

(
5

4
· −

55

8
)

(
5

4
· −

−56

8
)

𝑦 =
−27

4

𝑥 =
5

4
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(4- 2)  

 

𝑥 = 5𝑦2 − 10𝑦 + 9    (45 

5(𝑦2 − 2𝑦) = 𝑥 − 9

5(𝑦2 − 2𝑦 + 1 − 1) = 𝑥 − 9

5(𝑦 − 1)2 = 𝑥 − 9 + 5

5(𝑦 − 1)2 = 𝑥 − 4

(𝑦 − 1)2 =
1

5
(𝑥 − 4)

4𝐶 =
1

5

𝑐 =
1

20

  (𝟒, 𝟏)

   (𝟒. 𝟎𝟓, 𝟏)

3.95   𝑥 =

𝑦 = 1

 

 

 

 𝜃0 ≤ 𝜃 ≤ 2𝜋. 

 sin𝜃 = cos𝜃(46

cos𝜃

 tan𝜃 = 1

 

 

 :  𝜃 = 45 →
𝜋

4

 

   𝜃 = 225 →
5𝜋

4
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(4- 2)  

 

sin𝜃 = 1 + cos𝜃   (47

   
sin𝜃 − cos𝜃 = 1

sin2𝜃 − cos2𝜃 − 2sin𝜃cos𝜃 = 1
1 − 2𝑠𝑖𝑛𝜃cos𝜃 = 1

 

 
−2sin𝜃cos𝜃 = 0 

2sin𝜃cos𝜃 = 1

sin2𝜃 = 0  

2𝜃 = 360
𝜃 = 180 → 𝜋

2𝜃 = 180

𝜃 = 90 →
𝜋

2

 2sin2𝑥 + 3sin𝑥 + 1 = 0    (48

(2𝑠inθ + 1)(sin𝜃 + 1) = 0
2𝑠𝑖𝑛𝜃 = −1

sin𝜃 =
−1

2

 

𝜃 = 360 − 30 = 330 →
11𝜋

6
 

𝜃 = 180 + 30 = 210 →
7𝜋

6
sin𝜃 = −1

270 →
3𝜋

2
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(4- 2)  

 

𝑓−1

𝑓(𝑥) =
𝑥 − 2

𝑥 + 3
(49 

𝑦 =
𝑥 − 2

𝑥 + 3
                                                                              

𝑥 =
𝑦 − 2

𝑦 + 3
→ 𝑦 − 2 = 𝑥𝑦 + 3𝑥

𝑦 − 𝑥𝑦 = 3𝑥 + 2

𝑌(1 − 𝑥) = 3𝑥 + 2

𝑦 =
3𝑥 + 2

1 − 𝑥

𝑓−1(𝑥) =
3𝑥 + 2

1 − 𝑥
𝑥 ≠ 1

 𝑓(𝑥) = ξ5 − 𝑥          (50

𝑦 = ξ5 − 𝑥

𝑥 = √5 − 𝑦

𝑥2 = 5 − 𝑦

𝑦 = 5 − 𝑥2

𝑓−1(𝑥) = 5 − 𝑥2          (0, ∞)

   𝑓(𝑥) = ξ𝑥2 − 9     (51
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(4- 2)  

 

 52𝑔(𝑥) = − (
1

3
)

𝑥
+ 3

 

 

(−∞, 𝟑)
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(4- 3) 

 

(34

𝑦2

5
−

𝑥2

15
= 1

 

35𝑟𝑥2 = −𝑠𝑦2 − 𝑡   𝑟, s , 𝑡   

a𝑟𝑠 = 0

𝑟 𝑠 =  0   𝑟 =  0   𝑠 =   0 𝑥2

 𝑦2 

b𝑟𝑠 > 0

𝑟 𝑠 >  0rs

.

C𝑟 = 𝑠

𝑟 =  𝑠 

 1

d𝑟𝑠 < 0

r s < 0r  s
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36

 

37 𝐹1 (0, 9) , 𝐹2(0, -9 PP𝐹1

 6P 𝐹2

𝑦2

9
−

𝑥2

72
= 1

 

(4- 3) 

 

كتابة المعادلة على الصورة القياسية. برهن أن   عندa = b طع الزائد المتطابق الساقين عندما يتشكل الق( 38

 .   ξ2  لكل قطع زائد متطابق الساقين هو الاختلاف المركزي 

  b  =𝒂بما أن القطع الزائد متساوي الساقين فإن 

وبما أن  

𝑪𝟐 = 𝒂𝟐 + 𝒃𝟐

𝒂 = 𝒃                       𝒄𝟐 = 𝒂𝟐 + 𝒂𝟐

𝒄𝟐 = 𝟐𝒂𝟐

𝒄 = 𝒂ξ𝟐

 

𝒆وبما أن   =
𝒄

𝒂
 فإن   

𝒆 =
𝒂ξ𝟐

𝒂
= ξ𝟐 

   ξ𝟐لذا فإن الاختلاف المركزي للقطع الزائد المتساوي الساقين هو  
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39

. 

 k , h    

𝑎2c

𝑏2 = 𝑐2 − 𝑎2𝑏2

 

 x  𝑦

 

(4- 3) 
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(4- 3) 

 

47(
𝑥

4
)

2
− (

𝑦

5
)

2
= 1

  𝑦 =
4

5
𝑥, 𝑦 = −

4

5
𝑥        ( 𝐴

𝑦 =
5

4
𝑥, 𝑦 = −

5

4
𝑥        ( 𝐵

  𝑦 =
1

4
𝑥, 𝑦 = −

1

4
𝑥        ( 𝐶

  𝑦 =
1

5
𝑥, 𝑦 = −

1

5
𝑥        ( 𝐷

 

 

   

          

           

        

  

 

48 

 = 1
(𝑥+1)2

4
−

(𝑦−1)2

1

𝑎 = 2    ,    𝑏 = 1

      =    
𝑏

𝑎
=

1

2

𝑦 − 1 = ±
1

2
(𝑥 + 1)
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(4- 3) 

 

  :

(𝑥 − 8)2 +
(𝑦 − 2)2

81
= 1  (40

 

(𝑥 − 2)2

16
+

(𝑦 + 5)2

36
= 1   ( 42   

    

    

 

 

43 80 ft/s

 tℎ = −16𝑡2 + 80𝑡 + 5

a

ℎ = −32𝑡 + 80 ⇒ −32𝑡 + 80 = 0 ⇒ 𝑡 =
80

32
= 2.5

∴ ℎ = −16(2.5)2 + 80(2.5) + 5 = 105        ⟸ 𝑡 = 2.5   

b

2.5

2.5 × 2 = 5   

 

    

    

𝑥2

64
+

(𝑦 + 5)2

49
= 1    ( 41
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(4- 3) 

 

      𝜃

44tan𝜃 = sec𝜃 − 1

⇒
sin𝜃

cos𝜃
−

1

cos𝜃
= −1

sin𝜃 − 1

cos𝜃
= −1

sin𝜃 − 1 = −cos𝜃

sin𝜃 + cos𝜃 = 1

sin2𝜃 + cos2𝜃 + 2sin𝜃cos𝜃 = 1

1 + 2sin𝜃cos𝜃 = 1 ⇒  2sin𝜃cos𝜃 = 0

2sin𝜃cos𝜃 = 0
sin2𝜃 = 0

2𝜃 = 0

𝜃 = 0
𝜃 + 2𝜋𝑛 = 2𝜋𝑛

45sin𝜃 + cos𝜃 = 0

cos𝜃             𝑠in𝜃 = −cos𝜃

sin𝜃

cos𝜃
= −

𝑐𝑜𝑠𝜃

cos𝜃
      ⇒    tan𝜃 = −1

           𝜃 = 315, 𝜃 = 135     ⇒    𝜃 =  
3𝜋

4
+ 𝑛𝜋

46csc𝜃 − cot𝜃 = 0
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21

A=C

 

    𝐵 = 0

 

22

𝐴 𝑥 ² + 𝐵 𝑥 𝑦 + 𝐶 𝑦 ² +  𝐷 𝑥 + 𝐸 𝑦 + 𝐹 = 0 𝐴 = 9𝐶 

9𝑥2 + 6𝑥𝑦 + 𝑦2 + 2𝑥 + 2𝑦 + 8 = 0

 

(4- 4) 

 

23

 

 = 0 𝐵 

   𝐴 𝒙 ²  𝐶𝑦 ² 𝐴 =  𝐶

CA( 𝐴 ≠  0 , 𝐶 ≠  0 ) 

𝐶  𝐴 ( 𝐴 ≠  0 , 𝐶 ≠  0 ) 
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(4- 4) 

 

31

3𝑥2 + 6𝑥𝑦 + 3𝑦2 − 4𝑥 + 5𝑦 = 12 

𝐵2 − 4𝐴𝐶 = 36 − 4(3)(3)

= 36 − 36 = 0 

(32  2,2

0,6 

A𝑦 = 𝑥2 − 4𝑥 + 6

 

B𝑦 = 𝑥2 + 4𝑥 − 6 

 

C𝑦 = −𝑥2 − 4𝑥 + 6 

 

D𝑦 = −𝑥2 + 4𝑥 − 6 
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(4- 4) 

 

24      

  
𝑦2

225
−

𝑥2

400
=   1 

   

00

𝑎2 = 225 →∴ 𝑎 = 15 

𝑏2 = 400 →∴ 𝑏 = 20

𝑐2 = 400 + 225 = 625 

∴ c = 25 

(0, ±15); (0, ±25); 𝑦 = ±
3

4
𝑥 

    

    

 

 

𝑦2

18
+

𝑥2

9
= 1     ( 25

𝑎2 = 18 →∴ 𝑎 = ξ18 = 3ξ2
𝑏2 = 9 →∴ 𝑏 = 3

c = ξ18 − 9  = ξ9 = 3 
 

(0, ∓3ξ2) 

 

    

    

 

(0, ∓3)

(∓3,0)

6ξ2

6 
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(4- 4) 

 

26 𝟒𝒙𝟐 + 𝟖𝒚𝟐 = 𝟑𝟐 

𝒙𝟐

𝟖
+

𝒚𝟐

𝟒
= 𝟑𝟐

𝒂𝟐 = 𝟖 →∴ 𝒂 = 𝟐ξ𝟐 
𝒃𝟐 = 𝟒 →∴ 𝒃 = 𝟐 
𝒄𝟐 = 𝒂𝟐 − 𝒃𝟐  = 𝟒 

𝐜 = 𝟐
 
 

 
 

(27   𝑥2 + 25𝑦2 − 8𝑥 + 100𝑦 + 91 = 0 

(𝑥2 − 8𝑥) + 25(𝑦2 + 4𝑦) = −91 
 (x − 4)2 + 25(𝑦 + 2)2 = −91 + 16 + 100 

   (𝑥 − 4)2 + 25(𝑦 + 2)2 = 25 
(𝑥 − 4)2

25
+

(𝑦 + 2)2

1
= 1 

   𝑎2 = 25 → 𝑎 = 5 
   𝑏2 = 1 → 𝑏 = ±1 

   c = ξ25 − 1 = ξ24 = 2ξ6 
 

4,-2

(9,-2).(-1,-2)

 
 

 

(∓𝟐, 𝟎)

(𝟎, ∓𝟐)

𝟒ξ𝟐

 4 

00 

(∓𝟐ξ𝟐, 𝟎) 

 

(4 ∓ 2ξ6, −2)

(4,-3).(4,-1) 

:  

10

2
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28  91.8

94.9  

x 

2a = 94.9 + 91.8 = 186.7 

∴ 𝑎 = 93.35 

1

2
= 𝑐

c = 93.35 − 91.8 = 1.55 

𝑏 = ξ𝑎2 − 𝑐2

b = √(93.35)2 − (1.55)2 

=93.34

𝑥2

(93.35)2
+

𝑦2

(93.34)2
= 1

    

    

 

(4- 4) 
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29log4 8𝑛 + log4(𝑛 − 1) = 2 

log4 8𝑛 + log4(𝑛 − 1) = log4 42 

8n(𝑛 − 1) = 16 

8𝑛2 − 8𝑛 − 16 = 0

𝑛2 − 𝑛 − 2 = 0

(𝑛 + 1)(𝑛 − 2) = 0

                  𝑛 = 2         ,   𝑛 = −1        

 

30log9 9𝑝 + log9(𝑝 + 8) = 2 

 

log9 9𝑝 + log9(𝑝 + 8) = log9 92 

9𝑝(𝑝 + 8) = 81 

9𝑝2 + 72𝑝 − 81 = 0

𝑝2 + 𝑝8 − 9 = 0 

(𝑝 + 9)(𝑝 − 1) = 0 

          𝑝 = 1            ,      𝑝 = −9  

    

    

 

(4- 4) 
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