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1. A 7.0 kg solid ball, radius 10cm, is rolling at 10m/s. Calculate the kinetic energy and

angular momentum of the ball.

v _10m7s 50/
.10m

| =2MR? =2(7)(0.1)? =0.028gm"2
L = lo = (0.028kgm*2)(100/ s) = 2.8kgm2/s
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Table 10.1

Object I c
a) Solid cylinder or disk LMR? -
b) Thick hollow cylinder or wheel LM(R] +R3)

c) Hollow cylinder or hoop MR? 1
d) Solid sphere MR’ 2
e) Hollow sphere IMR? i
f) Thin rod LMK

g) Solid cylinder perpendicular to symmetry axis AMR? + LMK’

h) Flat rectangular plate LM(a’ + b

i) Flat square plate Ma’

[6]




10.1 | Kinetic Energy of Rotation

10.1 and 10.2 38-44

Rotational Motion

Circular Motion

—~
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Sun /
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T e

Earth’s Axis

The kinematic quantities of circular motion.
de

Angular speed w = =

do _ 4%

Angular acceleration ¢ = — = —
dt dt?

The angular quantities are related to the linear quantities as follows:

Quantity Linear | Angular Relationship
Displacement s 6 s=r16
Velocity v ) V=Tw
a = rat — rw?#
_ ar =ra
Acceleration a a 2
A, = W°T
=/(a)? + (a)?

Kirans = E mv

The kinetic energy of a moving object was defined as

e

Axis of rotation

A point particle moving in a circle about the axis of rotation.




> |f the motion of this object is circular, we can use the relationship between linear and angular
velocity to obtain kinetic energy of rotation for a point particle’s motion on the circumference of
a circle of radius r about a fixed axis, as illustrated in Figure

1 1 1
K= Emvz = Em(ra))2 = Emrzwz
1
K., = Emrzw2

Several Point Particles in Circular Motion

The kinetic energy of a collection of rotating objects is written as the total kinetic energy (K) as
the sum of the individual kinetic energies of aII particles and can given by

n
1 1
rot _ZK ZE i 12 zizlmirizwiz
1=

All of the point particles in the system will undergo circular motion around the common axis of
rotation with the same angular velocity. With this constraint, the sum of the particles’ kinetic
energies becomes

1 " 2 2
T'Ot m; 7" (l) = m;r < miri ) (Ul'
Z Z T2 zi=1

remember moment of inertia I = Y™, m;r?

1 2
KTOt = EIC()

| Example 10.1 P 292 Rotational Kinetic Energy of Earth |

Assume that the Earth is a solid sphere of constant density, with mass 5.98 x 102* kg, radius
6370 km and its moment of inertia I = 9.71 x 103" kgm?

1. What is the angular frequency of Earth’s rotation

_20_ e o =7.272x107° rad
O Tlday 1x24x60x60 rad/s

2. What is the kinetic energy of this rotation?

1

1
K= Ela)z =X 9.71 x 1037 x (7.272 x 107°)%2 = 2.568 x 102°]

3. If the orbital speed of Earth around the Sun (v; eqren = 2.97 X 10* m/s), what is the kinetic
energy of of Earth’s motion around the Sun?




1 1
K = Emv2 =3 X 5.98 x 10%* x (2.97 x 10%)? = 2.637 x 1033
4. Which kinetic energy is greater than the other?
2.637 x 10%
55 = 10259
2.568x 10

the kinetic energy of Earth’s motion around the Sun is larger than the kinetic energy of Earth

motion around its self.
Ktran > Krota

| Concept Check 10.1 P 286 |

n
I= m;r}
i=1
Consider two equal masses, m, connected by a thin, massless rod. As
shown in the figures, the two masses spin in a horizontal plane around a
vertical axis represented by the dashed line. Which system has the highest

moment of inertia?

a. I =mr? +myr} = md? + md? = 2md?

b. I =mrf + myrf =m (%)2 +m (%)2 = 1Tomd2 = 2.5md?

c. I = m;r? + myr? = m(0)? + m(2d)? = 4md?

o)




10.2 | Calculation of Moment of Inertia  ( Indirect LMS)

We will represent an extended object by a collection of small identical-sized cubes of volume V
and (possibly different) mass density (p).

mass

= mass = p X Volume > m=pxV

n n
I= z mr? = (z p(F)rf V)
i=1 =1

The conventional calculus approach, letting the volume of the cubes approach zero (v — 0) in
this limit, the sum in above equation approaches the integral, which gives an expression for the
moment of inertia of an extended object:

I=pf r2 dv M=pJ dv = pv
|4 vV

p= Volume

We can now calculate moments of inertia for some objects with particular shapes.

First, we’ll assume that the axis of rotation passes through the center of mass of the object

Rotation about an axis through the Center of Mass

Object |
A hollow cylinder rotating 1
about its symmetry axis. I= EM(Rf + R2)
1
I = =MR?
A solid cylinder rotating 1 2
about its symmetry axis c=5 = I = cMR?

A thin cylindrical shell or
hoop, for which all the

mass is concentrated on the
circumference




A solid cylinder of height h
rotating about an axis through
its center of mass but
perpendicular to its symmetry
axis.

1—M(1R2+ 1 h2>
T \4 12

A long thin rod, where R<<I|

moment of inertia for a wheel

1
I= EM(Rf + R3)

-

2

{ RS Ny
e
bt N\

2
— 2
Solid sphere rotating about I'= 5MR
any axis through its center of 2 B )
Mass c= T = I =cMR
: . : 2
A thin spherical shell rotating I = —MR?
about any axis through its 3
center of mass is c== = I=cMR?

A rectangular block with side
lengths a, b, and c rotating
about an axis through the
center of mass and parallel to
side ¢

Flat square plate




Parallel-axis theorem
Big Question what is the moment of inertia for rotation about an axis that does not pass through
the center of mass?

The parallel-axis theorem answers this question. It states that the moment of inertia, I, for
rotation of an object of mass M about an axis located a distance d away from the object’s center
of mass and parallel to an axis through the center of mass, for which the moment of inertia is I,,,
IS given by

I” - Icm + MdZ

Note that, the moment of inertia with respect to rotation about an arbitrary axis parallel to an
axis through the center of mass can be written as

I = M(cR? +d?) 0<c<1

where R is the maximum perpendicular distance of any part of the object from its axis of rotation
through the center of mass d is the distance of the rotation axis from a parallel axis through the
center of mass.

| Example 10.1 P 292 moment of inertia of Earth |

Assume that the Earth is a solid sphere of constant density, with mass 5.98 x 10%* kg and radius
6370 km. Calculate the moment of inertia of the Earth with respect to rotation about its axis?

I—ZMRZ
5

2
I = =X 5.98 x 102%* x (6370 x 103)2
I1=9.71x 1037 kgm?

101040 P 318 |

A 24-cm-long pen is tossed up in the air, reaching a maximum height of 1.2 m above its release
point. On the way up, the pen makes 1.8 revolutions. Treating the pen as a thin uniform rod,
calculate the ratio between the rotational kinetic energy and the translational kinetic energy at
the instant the pen is released. Assume that the rotational speed does not change during the toss.

w

~\
I L)
AG = 1.8rev h
Uf =0 m/S Krot —277 | ’c_o\ l
Ktran _':. ()

1—11\/112 -
12 | ¢




Ei:E
Ki+Ui=Kf+Uf

1,
-mv; +0=0+mgh

2
v; =/2gh =V2x9.81 X 1.2 =485m/s
1 2 1 2
Keran = 5mvi =5m X 485% = 11.76m (J)
Kror = _I(‘)i2

12

27 A6

= = = —

) ) A7

vy = v; + alt
0 = 4.85 — (9.81At) = At =0.495s
A0 18X 2m
= = 22.89rad/s

©=At T 70495
1 /1
Krot = E X (Emﬂ) X (A)l2
1 /1
Krot = 5 % (Em(0.24)2) x (22.89)2 = 1.2578m (J)

Krot  12578m

= =0.107
Kiran  11.76m




Kot = Emr w
I = mr?
1 2
KTOt :EIw

10.3 | Rolling Without Slipping:
10.3 45-46

Rolling Motion: is a special case of rotational motion that is performed by round objects of
radius R that move across a surface without slipping.

For rolling motion, we can connect the linear and angular quantities by realizing that:
linear distance moved (r) by the center of mass is the same as the length of corresponding arc
(RO) of the object’s circumference.

(T)linear distance by the center of mass — (Re)the lenght of corresponding arc of the object’scircumferance

Reminder e The radius R, remains constant.

eV =Rw

ea =Ra
The total kinetic energy of an object in rolling motion is the sum of its translational and
rotational kinetic energies:

Reminder o] = cMR? 0< ¢ <1

Object

Solid cylinder or disk

Hollow cylinder or hoop

Solid Sphere

Hollow Sphere

WIN VNP (N -RO




Notice:

e The kinetic energy of a rolling object is always greater than that of an object that is sliding,

® Upotential energy = mgh

¢ Etotal mechanical energy — Kkinetic energy + Upotential energy

Kiotar = Kerans T Krot

2 1 2
Kiotal = Emv +§Iw
2

1 1 %

Kioptas = Emv2 + 5 (cmR?) (E)
r 1 2

Kiotar = Emv + E(cmv )

1 2
Kiotar = (1 + C)Emv

provided they have the same mass and linear velocity.

® we can apply the concept of conservation of total mechanical energy (the sum of kinetic and

potential energy).

Concept Check 10.2 P 294

A solid sphere, a solid cylinder, and a hollow cylinder have the same mass and radius and are

rolling with the same speed. Which one of the following statements is true?

Csolid sphere —

2 1

1 2
Kiotal = (1 + C)Emv

a) The solid sphere has the highest kinetic energy.
b) The solid cylinder has the highest kinetic energy.
c) The hollow cylinder has the highest kinetic energy.

d) All three objects have the same kinetic energy.

g Csolid cylinder = E Chollow cylinder =




| Solved Problem 10.1 / Sphere Rolling Down an Inclined Plane |

A solid sphere with a mass of 5.15 kg and a radius of 0.340 m |
starts from rest at a height of 2.10 m above the base of an

influence of gravity. What is the linear speed of the center of l

T“\_\
inclined plane and rolls down without sliding under the ; ~

\‘A
- > X

mass of the sphere just as it leaves the incline and rolls onto a

horizontal surface? Sphere roIIinglggZ\./n an inclined
m = 5.15 kg r=0.34m
v, =0m/s h; =2.10m
w; =0m/s vy =777

Ei = Ki,total + Ui

Ki,total = Ki,rtational + Ki,translational

K; :—Iw2+1mv2=(1+c)lmv2=0
l,tOtal 2 2 2

Er = Kf totar + Ur

Kf,total = Kf,rtational + Kf,translational

1 1+¢c

Kitotas = (1 +¢) X Emvz =— muv?
Ef = Kf,total + Uf
1+c¢ 5 1+c¢
= > mvc + 0 = Ef= > mv
Ei =Ef
1+c¢ 5
mgh = mv
2
_ |2gh
V= 1+c¢
2gh 2X9.81x2.1
v= = = 5.425m/s
1+4+c 2

1+%

3




| Example 10.2 Race Down an Incline |

A solid sphere, a solid
cylinder, and a hollow
cylinder (a tube), all of the
same mass m and the same
outer radius R, are released
from rest at the top of an
incline and start rolling
without sliding. In which
order do they arrive at the
bottom of the incline?

Radius R —_ @\
v (OGN
/3 Hoop
7 ' Cylinder

[ e
Sphere All mass M

h

E1=Ef

Ki,total +U; = Kf,total + Uf

. _|2gh _ |2g9h _ |2gh _ |2gh (faster)
Usolid sphere = 1+¢ - 1+ 2~ 7= 1.4 fas er
5 5
’ 2gh ’ 2gh ’Zgh .
Usolid cylinder = 1+c = s 1 = 15 (middle)
2

2gh 2gh 2gh
Vhollow cylinder = = = |75

1+c¢ J1+4+1 | 2

1
K., = Emrzou2
I = mr?
KTOt == EI (Dz

(slower)




1
Kiotar = (1 + C) Emvz

_ |2gh
V= 1+ec




10.4 | Torque

We have seen that a force can cause linear motion of an object, which can be described in terms
of the motion of the center of mass of the object.

Big question: Where are the force vectors acting on an extended object placed in a free-body
diagram?

Ans: A force can be exerted on an extended object at a point away from its center of mass, which
can cause the object to rotate as well as move linearly.
Moment Arm

>The moment arm is: The perpendicular distance from the line of action of the force to the axis
of rotation.

> Consider the hand attempting to use a wrench to loosen a bolt in. It is clear that

G

T lﬁ)

It will be downright impossible to | It will be quite a bit harder to turn It will be easiest to turn the bolt
turn the bolt the bolt

Three ways to use a wrench to loosen a bolt

Notice: e Force is not the only relevant quantity to rotate object.

e The perpendicular distance from the line of action of the force to the axis of rotation,
called the moment arm (r,),

e The angle at which the force is applied, relative to the moment arm.




Three considerations (13), (7), (0) are
quantified by the concept of Torque (7)
(also called moment).

T=7rXF

magnitude of the torque 7 = rf sin 8

T=r.f
(T‘J_ = rsin 9) Right-hand rule for the direction of the torque | The force F and momentarmr,
for a given force and position vector. with the angle 0 between them

Notice

e The position vector (¥) is measured with the origin at the axis of rotation.

e The Sl unit of torque is Nm, not to be confused with the unit of energy, which is the joule
(J =N.m)

e Torque is an example of an axial vector. (Angular quantities can also be vectors, called
axial vectors)

e An axial vector is any vector that points along the rotation axis.

e The direction of the torque is given by a right-hand rule.

e The torque points in a direction perpendicular to the plane spanned by the force and
position vectors.

e Thus, if the position vector points along the thumb and the force vector points

e along the index finger, then the direction of the axial torque vector is the direction of the
middle finger, as shown in.

e Torqgue vector is perpendicular to both the force vector and the position vector.

The net torque is defined as the difference between the sum of all clockwise torques and the sum
of all counterclockwise torques:

Thet = § Tcounterclockwise — § Tclockwise

The sign of torque

The sign of torque can be

= : Positive torque Negative torque
positive or negative.
v y
o 2
- =8 ™ / - N
A common convention: ] \ ’ T
- 1 X X
* positive torques cause
counterclockwise rotation 7 4
* negative torques cause )
clockwise rotation Counterclockwise Clockwise
rotation rotation




Concept Check 10.4

Choose the combination of position vector, 7, and force vector, F : I{:’ /‘ﬁ b
that produces the torque of highest magnitude around the point | *= 7 7

indicated by the black dot. () ®) ©

If the given triangle plate is fixed from the point O 0

and can rotate around this point, find the net torque e 3
applied by the given forces. o B
dm
Fed N—
A. 16 Nm Clockwise C. 8 Nm Counterclockwise S
B. 16 Nm Counterclockwise | D. 8 Nm Clockwise ] -
3 Fs=6 N
F1:5 N
T=1fsin@ t=r,f
7, =0N.m 7, = NN
Ty =12fa8inb, ¢ T, =1.f
T, =2X4Xsin90"=+8N.m 7, = 2 X 4 = FEISINgR
counterclockwise (ccw) counterclockwise (ccw)
= in@
T3 = 13f3sin6, ¢ e
4
T3=5><6><sin6=5><6><§=24N.m T3=4X6=24N.m
. lockwi
clockwise (cw) clockwise (cw)
T3=—24N.m T3 =_

Ttotal - O + 8 + (_24‘)

Ttotal ES _16 Nm




Trotqr = 16 N.m clockwise (cw)

If the plate is fixed from the point O, find the net torque of the given forces. ( assume that distance
d=0.1mandF, = 15N, F, = 10N, F; = 25N, F, = 5N

e

1%

Fs

F2 d
N/

d
T=rfsin®@ ; O6=90 = sin(90°) =1
T, =(2xd)x (15) = (2% 0.1) X (15) =3 N.m
t, = (0.2) X (15) = 3 N.m

clockwise
7, =(3Xd)x (10) = (3x0.1) X (10)
7, = (0.3) X (10) =3 N.m

clockwise
73 = (1 xd)x(10) = (1 x0.1) x (25)
73 = (0.1) X (25) =25 N.m

counterclockwise
7, =0d x5=(0x0.1) x (5)
7, =(0)x(5)=0N.m

Ttotal = (_3) + (_3) + (+2.5) + O
Ttotal - _35 Nm

4




3.5N.m

clockwise




